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Abstract—In this paper, we consider the minimum data rate
problem for linear system stabilization under noiseless commu-
nication channels. Previous results indicated that having a data
rate very approaching the entropy bound leads to large delays
and data buffer sizes. In analogy, the entropy bound in Shannon’s
source coding theorem in traditional information theory displays
this behavior, where the data rate can be arbitrarily close to the
entropy bound but only at the cost of boundlessly enlarging the
blocklength. However, in this work, we show the analogy is not
strict. We prove that it is possible to stabilize a linear system
at a rate equal to the entropy bound with zero delay, that is,
where each system state is encoded and decoded within one time
unit. We establish a set of sufficient conditions for guaranteeing
zero-delay entropy-achieving codes. Following this we design an
entropy-achieving code with finite blocklength satisfying the set
of sufficient conditions, where the codeword length is uniformly
bounded.

Index Terms—Linear system control, stabilization, minimum
data rate, entropy-achieving code, finite blocklength, zero delay.

I. INTRODUCTION

A. Motivation

The minimum data rate problems for stabilizing Networked
Control Systems (NCS) have been studied nearly 20 years with
the earliest results appearing in [1] and [2]. By achieving the
minimum data rate (i.e., the entropy bound), the NCS is able to
most efficiently utilize the limited communication bandwidth.
However, there is a drawback in that for existing entropy-
bound-achieving methods the blocklength1 goes to infinity
when the data rate approaches the entropy bound (see [3],
[4] for examples). As a result, if a data rate gets closer to
the minimum data rate, each codeword needs the information
from more time units to be encoded, and the NCS will face
two serious problems: (i) the system delay is unacceptably
large, and (ii) the data buffer for codeword storage is also
unacceptably large. Unfortunately, it is impossible to reduce
the blocklength while approaching the entropy bound using
the methods in the literature, even for the simplest scalar (one-
dimensional) linear systems. Even though some efforts were
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1In this paper, the blocklength is the number of system states in adjacent
time units to encode a codeword. The length of one time unit refers to the
sample period of a NCS.

made for reducing the cost caused by finite blocklength coding
(e.g., [5]), it is still not able to achieve the entropy bound
in general. For this reason, the minimum data rate problems
have been studied incompletely for stabilizing NCSs. This
incompleteness comes from the fact that the encoding and
decoding methods used are informed from Shannon’s source
coding theorem (see Chapter 5 in [6]), where the encoder
encodes every k system states xt (a.k.a. source symbols) to a
packet as follows2

x1x2 · · ·xk︸ ︷︷ ︸
k

xk+1xk+2 · · ·x2k︸ ︷︷ ︸
k

· · · (1)

In Shannon’s source coding theorem, it is well known that the
larger the blocklength k is, even though the closer the data rate
will get to the entropy bound, the longer the codeword will
be. This fact implies that if we still follow the framework of
Shannon’s source coding theorem, any attempt to reduce the
blocklength will eventually become a compromise so that the
data rate is pushed away from the entropy bound. Therefore,
it is necessary to jump out of the conventional framework and
find a completely different way to study the minimum data
rate for stabilizing NCSs.

In this work, we examine the linear system stabilization
problem where the entropy bound can be achieved (with-
out any gap) by using finite blocklength codes. Actually, if
abandoning the view “encoding more system states is the
only way to reduce the data rate”, we can achieve this goal.
Surprisingly, encoding only one system state at each time unit,
i.e., the blocklength is k = 1 in (1), is enough to achieve this
goal, which means the system delay can be zero for entropy-
achieving codes.

B. Related Work

Generally speaking, in source coding design3 for stabiliza-
tion, the data rate reflects the ability to eliminate the system
uncertainties: if the uncertainties gradually vanish under a
sufficiently high data rate while the control law asymptotically
pushes the system towards a fixed point (or a given region),
then the system will be stabilized. For all those data rates that
can guarantee system stabilization, there is a tight lower bound
called the entropy bound, and minimum data rate problems
seek this entropy bound and/or propose the coding method to
achieve this bound.

2Since the existing works are based on Markov systems, encoding the last
symbol (e.g., xk , which contains the uncertainty from x1 to xk) is equivalent
to encoding all the symbols in one block.

3The channel is assumed to be noiseless.
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For discrete-time MIMO linear control systems with/without
bounded disturbances, the minimum data rate for stabilization
was obtained in [7], where the asymptotic observability was
utilized to calculate a lower bound of minimum data rate
which was then proved to be tight. In [8], an identical lower
bound was derived for stabilizing linear stochastic systems
in the mean square sense, and any data rate strictly greater
than this lower bound can be achieved by using finite-
dimensional coder-controller with periodic alphabet. Surpris-
ingly, this lower bound (given in [7], [8]) has the same form as
the topological entropy for linear mappings first introduced in
1965 by [9], and the topological entropy measures the average
number of distinguishable orbits over time for a control-free
dynamical system [10], [11]. Actually, the minimum data
rate for stabilization equaling the topological entropy is a
coincidence, since the former corresponds to the orbits related
to stabilization (i.e., towards a fixed point or region) rather
than all the orbits generated by an uncontrolled system as
the latter corresponds to. In other words, the minimum data
rate for stabilization reflects the local property of a mapping,
while the topological entropy represents the global property.
The reason why this coincidence happens for linear control
systems is that: the uncertainties are always generated with
the same speed regardless of where the uncertainty region
is, because local property means global property in linear
mappings. But for nonlinear systems, it is not the case.
To describe the minimum data rate for stabilizing nonlinear
control system, we need another kind of topological entropy,
and this entropy was established in [12], named Topological
Feedback Entropy (TFE). In [12], the TFE provided a strict
way to describe the minimum data rate for stabilizing discrete-
time linear/nonlinear control systems, and as an example the
TFE for the locally uniformly asymptotically stabilization
was calculated. Afterwards, a topological entropy called the
invariance entropy [13], [14] was defined to determine the
minimum data rate for stabilizing continuous-time control
systems. Different from the discrete-time control systems, the
control law is designed as a continuous-time function (rather
than a constant value during a sampling interval), and it is
immediately updated when receiving a new codeword [15],
just like the event-triggered control strategy. The invariance
entropy also works on discrete-time control systems, and the
comparison with the TFE was fully discussed in [16].

All above studies are about the minimum data rate for
all possible classes of quantizers. But if one only considers
the logarithmic quantizers (a very important class of quantiz-
ers [17]), what should the minimum data rate for stabilization
be? In [18], this problem was completely solved for discrete-
time linear control systems.

Thanks to these seminal studies, the foundation of the
minimum data rate stabilization theory was well established.
However, as stated in Section I-A, the coding methods they
used are all with the form of (1). That means, practically
speaking, when approaching the entropy bound, the data rate
results in an unacceptable system delay and an unacceptably
large data buffer size for real-time control systems. Mathemat-
ically speaking, all the existing results just consider the case
that R > H , where R is the data rate of a designed coding

method and H is the entropy bound, and these works are not
able to study the case R = H .

C. Our Contributions

In this work, we study the source coding theory for
stabilizing discrete-time MIMO linear control systems, and
propose a finite blocklength entropy-bound-achieving code for
stabilization. The main contributions are: We establish a zero-
delay framework of encoding-decoding designs where each
system state is encoded and decoded within one time unit,
i.e., the blocklength is 1. More importantly, in this framework
we propose a set of sufficient conditions for entropy-achieving
codes that once an encoding-decoding design satisfies this
condition, then its data rate achieves the entropy bound without
any gap. Based on this set of sufficient conditions, an entropy-
achieving code with zero delay is designed, where the lengths
of all the codewords are uniformly bounded.

D. Paper Organization

Section II gives the preliminaries of this paper, and it has
four subsections: Firstly, the system model is given in Sec-
tion II-A. Secondly, in Section II-B a coding-quantizing frame-
work is established. Thirdly, a zero-delay encoding-decoding
framework is proposed in Section II-C. Finally, in Section II-D
the problem description is provided. In Section III, we propose
a set of sufficient conditions for zero-delay entropy-achieving
codes as a criterion for coding designs. Based on this criterion,
an entropy-achieving code with bounded codeword length is
designed in Section IV. Concluding remarks are given in
Section V.

E. Notation

Throughout this paper, R, Z+, and Z+ denote the sets
of real numbers, non-negative integers, and positive integers,
respectively. Rn stands for the n-dimensional Euclidean space.
µn(A) is the Lebesgue measure on a measurable set A ⊆ Rn.
D(B) denotes the diameter of a compact set B ⊆ Rn
with D(B) = maxx,y∈B ‖x − y‖. Symbol 0 represents the
number zero or zero matrices (including vectors) with proper
dimensions. The limit superior and limit inferior are denoted
by lim and lim, respectively. For a square matrix A ∈ Rn×n,
the spectrum is spec(A), and the spectral radius is ρ(A). | · |
denotes the magnitude of a complex number. If not specified,
‖ · ‖ refers to the Euclidean norm. For a ∈ R, (a)+ returns
max{0, a}.

II. SYSTEM MODEL AND PROBLEM DESCRIPTION

A. System Model

Consider the fully observed, time-invariant, linear system
Σ:

xt+1 = Axt +But, t ∈ Z+, (2)

where the state is xt ∈ X = Rn, and the input is ut ∈
U = Rm. The system matrix and input matrix are A ∈ Rn×n
and B ∈ Rn×m, respectively. Without loss of generality, we
assume the magnitudes of all eigenvalues in A are not less
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than 1, and pair (A,B) is controllable [4], [7].4 The feedback
control system is shown as Fig. 1, where the initial state x0
is deterministically unknown in a compact set X 0 ⊂ X with
µn(X 0) > 0. Initially, state x0 is unknown to the encoder-
decoder pair, but X 0 is known to the encoder-decoder pair.

Controller Plant Sensor

Decoder Encoder

tu

txˆ
tx

Encoder-Decoder Pair

Bit String (e.g., 01001)

Noiseless Channel

Fig. 1. Networked control system with a noiseless channel, where the
dynamics of the plant are governed by (2).

At each time t ∈ Z+, the encoder obtains the state xt from
the sensor and the decoder passes the quantized state x̂t to
the controller. The controller applies the control signal ut =
ψt(x̂t) to the plant which affects the state xt+1 at time t+ 1
through (2), where ψt : X → U is known to the encoder-
decoder pair. We can see that, without the encoder-decoder
pair (in this case, x̂t = xt), the system in Fig. 1 becomes a
classic discrete-time linear control system. With the encoder-
decoder pair, the system in Fig. 1 is referred to as the quantized
system.

At each time t, the encoder encodes the information from
state xt to a codeword, i.e., a bit string (see Fig. 1), and sends
it to the decoder through a noiseless channel. After receiving
this codeword, the decoder decodes it to get the quantized
state x̂t, which is used by the controller. This process (from
t = 0 towards ∞) is called the encoding-decoding process
with blocklength 1, because each codeword depends only on
the system state at one time. Since the codeword is encoded
and decoded within one time unit, the system delay is zero,
i.e., any x̂t can be obtained by the controller at time t. In
this paper, we focus on how to design the encoding-decoding
process and the control law to stablize the quantized system
of (2) with minimum data rate and blocklength 1 (i.e., zero
delay).

B. Coding-Quantizing Framework

This framework tells how a point a in a compact set A,
called coding range, is encoded to a codeword, and how it is
quantized. Briefly speaking, the main idea is to use a set of
compact sets to cover A. Then, each compact set is endowed
with a unique bit string. For each compact set, we select one
point as its representative, as the quantized value.

In general A may be hard to succinctly characterize so we
introduce an easy-to-describe superset B and divide it into
some regions (which may include parts not in A). In fact these
divisions are a cover, and Definition 1 furnishes the necessary
notations and terminology, illustrated in Fig. 2.

Definition 1 (Coding Cover, Coding Cell, and Coding Scale).
Given a coding range A ⊂ Rn, which is a compact set, the

4Since the magnitudes of all eigenvalues in A are not less than 1, pair
(A,B) is controllable means it is stabilizable.
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Fig. 2. Illustrations of coding cover and codeword. The shaded area is the
coding range A and the area B enveloped by the thick lines is a superset of A.
The coding coverQ(A) (the grided parallelogram) is the set of all coding cells
σ(κ)(A) (the parallelogram) whose joint (i.e., the area B) contains A. For
point a, it falls into four coding cells σ(κ)(A) (κ ∈ Ka = {κ∗, κ1, κ2, κ3}),
and the encoder-decoder pair has a consensus on choosing σ(κ∗)(A) as the
coding cell that point a located in. Then, the codeword is chosen as the same
as the cell code of σ(κ∗)(A). Since κ∗ = (3, 2), the codeword is 01010,
where the first two bits 01 represent 2 (since it starts from 1 rather than 0),
and for the same reason the last three bits 010 stand for 3.

coding cover Q(A) is a finite set of compact sets σ(κ)(A)
with the index set K 3 κ and the bijective κ 7→ σ(κ)(A),
when satisfying the following three conditions:

(i) µn
(
σ(κ)(A)

)
> 0, ∀κ ∈ K;

(ii)
⋃
κ∈K σ

(κ)(A) ⊇ A;

(iii) µn

(
σ(κ′)(A)

⋂
σ(κ′′)(A)

)
= 0, ∀κ′, κ′′ ∈ K (κ′ 6=

κ′′).
We call σ(κ)(A) as the coding cell ofA with index κ. We define
D := maxκ∈KD

(
σ(κ)(A)

)
as the coding scale of coding

cover Q(A).

In Definition 1, a coding cover needs to satisfy three
conditions: (i) every coding cell has a positive volume in Rn;
(ii) any point in coding range A must fall in at least one coding
cell; and (iii) any overlap between two coding cells is with zero
volume. The coding scale reflects the worst-case diameter for
the coding cells in the coding cover. An illustrative example
of the coding cover is given in Fig. 2.

Note that the encoder and the decoder should have a
consensus on the coding range A and the coding cover Q(A).

Definition 2 (Selected Coding Cell). Given a coding cover
Q(A) and a point a ∈ A, the selected coding cell of a is a
mapping S : A → Q(A) such that

S(a) ={
σ(κ)(A), if a ∈ σ(κ)(A) holds for only one κ ∈ K,
σ(κ∗)(A), if a ∈ σ(κ)(A) holds for more than one κ ∈ K,

(3)

where the encoder and the decoder have a consensus on
choosing κ∗.

The role of selected coding cell is indeed to classify all the
points in set A into different cases (i.e., different coding cells).
It builds up a link between any point a ∈ A and coding cells
σ(κ)(A) ∈ Q(A). Based on this link, the encoder can classify
a given point a ∈ A to the coding cell S(a) which corresponds
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to a unique bit string, called codeword (see Definition 3).
Through decoding this codeword, the decoder knows which
coding cell is selected by the decoder, i.e., the decoder can
obtain S(a).

Based on the selected coding cell in Definition 2, we define
the codebook and the codeword as follows.

Definition 3 (Codebook and Codeword). Given a coding
cover Q(A) with #Q(A) > 1 (or equivalently #K > 1),
each σ(κ)(A) is endowed with a unique string of L =
log2d#Q(A)e bits, called the cell codeword

c
(
Q(A), σ(κ)(A)

)
= b1b2 . . . bL, (4)

where bl ∈ {0, 1} (l ∈ {1, . . . , L}) is the lth bit of the
codeword, and L is the codeword length. All cell codewords
form the codebook C(Q(A)), i.e.,

C(Q(A)) =
{
c
(
Q(A), σ(κ)(A)

)
: κ ∈ K

}
. (5)

Then, the codeword of point a ∈ A is

c(Q(A), a) := c (Q(A),S(a)) , (6)

where S(a) is the selected coding cell (see Definition 2).
If #Q(A) = 1 (or equivalently #K = 1), the codebook is

C(Q(A)) = ∅, and there are no generated codewords of ∀a ∈
A. In this case, the codeword length is L = log2 #Q(A) = 0.

In Definition 3, different coding cells have different cell
codewords, and all the cell codewords form the codebook.
According to condition (ii) in Definition 1, any point a in
coding range A must fall into at least one coding cell, and this
guarantees that any a ∈ A must have a codeword. From (6),
we know that this codeword is exactly the cell codeword of
selected coding cell S(a).

Through decoding a codeword, the decoder can have a
consensus on S(a) with the encoder, even though the decoder
does not know point a. For control systems, furthermore, the
quantized value of point a is needed by the controller (see
Fig. 1), which is selected from S(a).

Before defining the quantized value, we introduce the def-
initions of the representative, the representative set, and the
representative mapping.

Definition 4 (Representative, Representative Set, and Repre-
sentative Mapping). Given a coding cover Q(A), point β(κ) is
a representative of coding cell σ(κ)(A), if β(κ) ∈ σ(κ)(A). A
representative set is the set of the representatives of all coding
cells in the coding cover, i.e.,

B(Q(A)) =
{
β(κ) : κ ∈ K

}
. (7)

Then, the representative mapping is p : Q(A) → B(Q(A))
such that

p(σ(κ)(A)) = β(κ). (8)

Definition 4 says that any point in a coding cell can be its
representative. Once the representatives of all the coding cells
are selected, these representatives form the representative set.
Then, the representative mapping, which must be common to
the encoder and decoder, matches each coding cell with its

representative. We can now define the quantized value of any
point a ∈ A.

Definition 5 (Quantized Value). Given a coding cover Q(A)
and a representative mapping p, the quantized value of any
point a ∈ A is â = p(S(a)).

C. Zero-Delay Encoding-Decoding Framework

In this subsection, we establish the zero-delay encoding-
decoding framework where each codeword is encoded and
decoded in only one time unit. This contrasts with existing
frameworks which use multiple time units to generate one
codeword (see Section I-A).

Now, we start describing the encoding-decoding process
from time t = 0. At time t = 0, the very parts to be designed
are the coding cover Q0(X 0), the codebook C0(Q0(X 0)), and
the representative mapping p0 : Q0(X 0) → B(Q0(X 0)). The
encoding-decoding process at time t = 0 has three design
stages.

In stage 1, the coding range X 0 is determined for time
t = 0: Since both the encoder and the decoder know X 0, the
coding range is determined automatically.

In stage 2, the codeword is encoded and decoded: At
time t = 0, the encoder obtains x0 from the sensor (see
Fig. 1). Through the selected coding cell (see Definition 2),
the encoder knows which coding cell the state x0 falls in.
We label this coding cell as X̂0, and call it the selected
coding cell at time t = 0, i.e., X̂0 = S0(x0). By Defi-
nition 3, the codeword c(Q0(X 0), x0) is then encoded via
c(Q0(X 0), x0) = c(Q0(X 0), X̂0) by the encoder. Afterwards,
the encoder sends this codeword to the decoder. Through de-
coding this codeword, the decoder knows the selected coding
cell X̂0, since one codeword uniquely corresponds to one
coding cell.

In stage 3, the quantized state x̂0 is determined: Since both
the encoder and the decoder know X̂0, they calculate the
same quantized state x̂0 via x̂0 = p0(X̂0), where p0 is the
representative mapping at t = 0. After deriving x̂0, the decoder
passes x̂0 to the controller which generates the control signal
u0 = ψ0(x̂0).

At time t = 1, the coding range X 1 is determined by both
encoder and decoder in stage 1 through

X 1 =
{
x1 : x1 = Ax̃0 +Bψ0(x̂0), x̃0 ∈ X̂0

}
. (9)

Then, the remaining stages for time t = 1 follow those at time
t = 0, (with subscript 1).

Proceeding similarly, we can establish the whole encoding-
decoding process for t ∈ Z+. Next, we give the rigorous
description of the encoding-decoding process. The following
definitions strictly describe the coding range and the selected
coding cell at each time t.

Definition 6 (Coding Range at t). At time t ∈ Z+, the coding
range is

X t =
{
xt : xt = Ax̃t−1 +Bψt−1(x̂t−1), x̃t−1 ∈ X̂t−1

}
.

(10)
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The coding range includes all possible states that can be
reached by system (2) and X̂t−1. At time t = 0, we define
X 0 (the range of initial state) as the coding range.

Definition 7 (Selected Coding Cell at t). At time t ∈ Z+,
the selected coding cell X̂t is the selected coding cell (see
Definition 2) of state xt, i.e., X̂t = St(xt).

From Definition 6 and Definition 7, we can observe that
the coding range and the selected coding cell are defined
iteratively in time. For example, X t relies on X̂t−1, and
conversely, X̂t is dependent on the coding range X t (see
Fig. 3).

Remark 1 (Distinguishing four notations of system state xt,
x̃t, xt and x̂t). The actual state of system (2) at time t is
xt, which is known to the encoder, but cannot be obtained
by the decoder. Even though the decoder does not know xt,
it can know which coding cell xt belongs to, and we use x̃t
to represent a point in this selected coding cell, i.e., in X̂t.
For xt, it composes the coding range X t. As for x̂t, it is the
quantized value of xt.

0x

0
ˆ

0

1x

1
ˆ

1

t

0t  1t 

Stage 1 Stage 1

Fig. 3. Coding ranges and selected coding cells. The shaded ellipse in the
left-hand side is X 0 which the initial state x0 lies in. At time t = 0, in
stage 1, the coding range X 0 is determined. At time t = 0, in stage 2, the
selected coding cell X̂0 is determined by the state x0 at the encoder and
the decoder sides, respectively, where the coding range X 0 is ‘divided” by
the coding cover into 16 congruent parallelograms and X̂0 is one of these
parallelograms. At time t = 1, the coding range is determined through (10)
at the encoder and the decoder sides, respectively, and the selected coding
cell is derived similar to that at t = 0. This process goes iteratively as time
goes by.

Now, we strictly describe the encoding-decoding process at
each t ∈ Z+, for a given design of the coding cover Qt(X t),
the codebook Ct(Qt(X t)), and the representative mapping
pt : Qt(X t) → B(Qt(X t)). This is summarized in Table I,
which includes three stages:

Stage 1) Determining coding range. Both the encoder
and the decoder determine the coding range X t through
Definition 6.

Stage 2) Encoding and decoding. The encoder derives
the selected coding cell X̂t through Definition 7. Then,
the encoder encodes c(Qt(X t), xt) via c(Qt(X t), xt) =
c(Qt(X t), X̂t), and sends the codeword c(Qt(X t), xt)

to the decoder. Through decoding this codeword, the
decoder obtains the selected coding cell X̂t.

Stage 3) Generating quantized state. Both the encoder
and the decoder use the representative mapping pt to
derive the quantized state x̂t. The quantized state is used
for the control signal ut = ψt(x̂t) on the decoder side,
and this signal is known to both encoder and decoder.

D. Data Rate and Problem Description

Conventionally, the data rate is defined in the asymptotically
time-average sense (see also [4], [12])

R := lim
T→∞

1

T

T−1∑
t=0

log2Mt, (11)

where Mt is the cardinality of the coding alphabet at time t,
which means the noiseless channel transmits log2Mt bits in
the tth time unit.

In the zero-delay encoding-decoding framework, each code-
word is decoded in one time unit, and thus log2Mt equals
the codeword length Lt = dlog2 #Qt(X t)e. For the rigor-
ousness of our results, we specify the data rate definition
in the zero-delay encoding-decoding framework as follows.
Given a system Σ defined in (2), initial set X 0, coding-
cover sequence (Qt(X t))t∈Z+

=: Q, codebook sequence
C =: (Ct(Qt(X t)))t∈Z+

, representative mapping sequence
Π = (pt)t∈Z+

, and control law sequence Ψ = (ψt)t∈Z+
, the

data rate is expressed as

R(Σ,X 0,Q,C,Π,Ψ) := lim
T→∞

1

T

T−1∑
t=0

Lt. (12)

Next, we give the definition of stability for quantized
system.

Definition 8 (Stability). Given system Σ, initial set X 0,
coding-cover sequence Q, codebook sequence C, represen-
tative mapping sequence Π, and control law sequence Ψ, if
∀x0 ∈ X 0, the system state xt satisfies limt→∞ xt = 0, then
the quantized system is stable; Otherwise, it is unstable.

This paper focuses on how to design coding-cover sequence
Q, codebook sequence C, representative mapping sequence Π,
and control law sequence Ψ (i.e., the coding cover, codebook,
representative mapping, and control law at each time t ∈ Z+)
to stabilize the quantized system of (2) with minimum data
rate under our zero-delay encoding-decoding framework.

III. ENTROPY-ACHIEVING ANALYSIS

In this section, we propose a set of sufficient conditions for
an entropy-achieving design and with finite codeword length.
That means the rate will be equal to the entropy5

H(A) =
∑

λ∈spec(A)

log2 |λ|, (13)

and the codeword length Lt (t ∈ Z+) is bounded.

5This entropy is known as the topological feedback entropy [12], or the
invariance entropy [13], [14], and it is numerically equal to the topological
entropy [9] for linear mappings.
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TABLE I
ENCODING-DECODING PROCESS IN EACH TIME UNIT

Encoder Decoder

Stage 1) 1. determine X t via Definition 6 1. determine X t via Definition 6
Stage 2) 1. determine X̂t via xt obtained from the sensor

2. encode c(Qt(X t), xt)
3. send c(Qt(X t), xt) 1. receive c(Qt(X t), xt)

2. decode c(Qt(X t), xt) to determine X̂t
Stage 3) 1. calculate x̂t = pt(X̂t) 1. calculate x̂t = pt(X̂t)

2. pass x̂t to the controller

Firstly, we give an important lemma to lower bound all
data rates for linear system stabilizations. This lower bound is
exactly the entropy H(A).

Lemma 1 (Lower Bound). For any linear system Σ, and any
initial set X 0 ⊂ X , the data rate for stabilization is lower
bounded by

R(Σ,X 0,Q
s,Cs,Πs,Ψs) ≥ H(A), (14)

where the superscript s in Qs, Cs, Πs, and Ψs means the
coding-cover sequence, the codebook sequence, the represen-
tative mapping sequence, and the control law sequence to
stabilize system (2).

Proof: The proof follows a standard volume argument,
which can be found in e.g., [7] and [4].

Remark 2. The entropy H(A) represents the rate of gener-
ated uncertainties by a given system Σ; while the data rate
R(Σ,X 0,Q

s,Cs,Πs,Ψs) reflects the speed to eliminate those
uncertainties. Lemma 1 tells that to stabilize a system, the
speed of eliminating uncertainties cannot be slower than the
speed of generating uncertainties.

Lemma 1 gives the fundamental limit of data rate for
stabilizations, which is similar to the Shannon entropy in
source coding theory (see [6]). In the literature, this similarity
inspired the researchers to use the same idea from source
coding theory to derive entropy-achieving codes. To be more
specific, all the existing results package multiple time units’
system states into one codeword [see (1) in Section I-A] and
approach the entropy bound through enlarging the blocklength.
As a result, the existing methods can only achieve rates
R(Σ,X 0,Q

s,Cs,Πs,Ψs) > H(A). When the data rate equals
the entropy bound H(A), the blocklength is infinite, which
means the codeword length and the system delay are also
infinite.

Indeed, it is possible to achieve the entropy bound with finite
blocklength, even in the zero-delay framework proposed in
Section II-C. We give a sufficient set of conditions for entropy-
achieving codes in Theorem 1. Before that, we give a special
class of coding covers as follows.

Definition 9 (Perfect Coding Cover). A coding cover Q(A)
is perfect if the following two conditions hold:

(i) ∀κ′, κ′′ ∈ Kt, µn
(
σ(κ′)(A)

)
= µn

(
σ(κ′′)(A)

)
;

(ii)
⋃
κ∈K

σ(κ)(A) = A.

Remark 3. In Definition 9, condition (i) means all the coding
cells have the same Lebesgue measure. Condition (ii) implies
a perfect coding cover partitions6 the set A.

Theorem 1 (Entropy-Achieving Criterion). A quantized sys-
tem is stabilized with data rate

R(Σ,X 0,Q
s,Cs,Πs,Ψs) = H(A), (15)

and uniformly bounded codeword length, if the following five
conditions are satisfied in system designs:

(i) ψt(x̂t) = −Kx̂t such that ρ(A−BK) < 1;
(ii) lim

t→∞
Dt = 0 [Dt is the coding scale of coding

cover Qt(X t)];
(iii) ∃t ∈ Z+, s.t., Qt(X t) is perfect for all t ≥ t;
(iv) ∃L: ∀t ∈ Z+, s.t., log2 #Qt(X t) ∈ Z+

⋂
[0, L];

(v) lim
t→∞

1
t log2 µn(σ

(κt−1)
t−1 (X t−1)) = 0.

Proof: See Appendix A.

Remark 4 (Illustrations of the Five Conditions). In Theo-
rem 1, condition (i) means that the control law to stabilize a
quantized system is just as to stabilize a linear system using
linear feedback. Condition (ii) requires the coding scale of
Qt(X t) converges to 0 as t goes to infinity, which means
the decoder asymptotically observes the system state xt. If
conditions (i) and (ii) are satisfied, then the quantized system
is stabilized (see the proof of Theorem 1).

Condition (iii) means that once t is large enough, the coding
cover must be perfect, which means the coding range X t
is equally partitioned. As for condition (iv), the numbers of
designed coding cells should be integer powers of 2 and
bounded for all t ∈ Z+. The most important condition is (v),
and it is related to the convergence rate/speed of coding scale
Dt. To be more specific, Dt cannot converge exponentially fast
(i.e., lim

t→∞
1
t log2Dt < 0 cannot hold), otherwise condition (v)

will be violated:

lim
t→∞

log2 µn(σ
(κt−1)
t−1 (X t−1))

t
≤ lim
t→∞

log2$nD
n

t

t
< 0,

(16)
where $n is the volume of the n-dimensional ball of radius
1.7 If conditions (iii)–(v) are satisfied, then the data rate is
H(A) [i.e., (15) holds], and the codeword length is bounded.

6Rigourously speaking, a perfect coding cover is not a partition of A,
since the intersection of two coding cells can be non-empty, even though the
intersection are with measure zero [see condition 3) in Definition 1].

7We note that $n = 2π
n
2 /Γ(n

2
), where Γ(·) is the Gamma function.
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Note that any system design satisfying the five conditions
in Theorem 1 will result in a finite blocklength entropy-
achieving code whose blocklength is 1, i.e., with zero delay.
In Section IV, we design a zero-delay entropy-achieving code
by using Theorem 1.

Before giving this design in Section IV, we examine the
convergence rate of xt in Theorem 1. Through condition (v)
in Theorem 1 and the corresponding discussions in Remark 4,
one can observe that xt cannot converge exponentially fast,
since the worst case ‖xt‖ cannot be smaller than half of
the coding scale Dt (see Appendix B for a detailed proof).
Actually, when the data rate is equal to the entropy, no entropy-
achieving code can achieve exponential convergence. This
result is given in Proposition 1, which can be regarded as
the converse of Theorem 1 w.r.t. condition (v).

Proposition 1 (Rate Gap of Exponential Convergence). If xt
converges exponentially fast, i.e., ∃α ≥ ‖x0‖, β > 1 such that

‖xt‖ ≤ αβ−t, t ∈ Z+, (17)

then the data rate R defined by (11) satisfies

R ≥ H(A) + n log2 β, (18)

where n log2 β is the rate gap of exponential convergence.

Proof: See Appendix C.

Remark 5. The result in Proposition 1 holds for all possible
encoding-decoding processes, not only for the cases in the
zero-delay encoding-decoding framework. This result tells us
that there is a non-zero rate gap if one wants xt to converge
exponentially fast, i.e., β > 1. A faster convergence rate, i.e.,
a larger β, requires a larger rate gap. In other words, it is
impossible to have exponential convergence while having zero
rate gap to the entropy. Our result in Theorem 1 makes β = 1
as guaranteed by condition (v).

IV. ENTROPY-ACHIEVING SYNTHESIS

In this section, we propose the method to stabilize the
quantized system of (2) with data rate H(A) in zero-delay
encoding-decoding framework. From Section IV-A to Sec-
tion IV-D, we give the details about how the coding cover,
the codebook, and the representative mapping are designed
at each t ∈ Z+ in our method. Based on above designs, we
design the detailed encoding-decoding process at the encoder
and decoder sides in Section IV-E.

Note that there are two novel aspects in our design method:
• We directly design the coding cover in the original (state)

space by introducing the parallelepiped-shape coding
cells (see Section IV-A). Thus, there is no need to make
any transformation between the original space and the
transformed space in each time unit.

• We introduce the edge-length constraint which can ac-
curately control the convergence process of coding cells
w.r.t. time (see Section IV-E). Therefore, condition (v)
in Theorem 1 can be satisfied. In contrast, the existing
methods in the literature, e.g., [3], [4], [7], cannot satisfy
condition (v) in Theorem 1.

To facilitate the readers to understand the proposed method,
we would like to mention that: (i) A high-level description of
the proposed encoding and decoding designs is given in Ta-
ble I. The encoder design has three stages, namely, determining
coding range, encoding, and generating quantized state. The
decoder design also has three corresponding stages, namely,
determining coding range, decoding, and generating quantized
state. (ii) The detailed designs of encoder and decoder are
described in Algorithm 1 and Algorithm 2, respectively, in
Section IV-E. Detailed explanations are also given for each
stage in the encoder/decoder design after each algorithm.

A. Coding Cover Design

Most of previous studies design hyper-rectangular coding
cells in a transformed space related to the real Jordan form,
and then transform these coding cells back to the original space
(e.g., [4], [7], [12]). We call these indirect designs, since this
forward and back transformations have to be done in every
time unit. In contrast, our coding cell design is directly made
in the original space, i.e., no transformations related to the real
Jordan form are required in every time unit.

Now, we give a description of a n-dimensional paral-
lelepiped generated by n+ 1 points.

Definition 10 (Parallelepiped). ∀v(0), . . . , v(n) ∈ Rn such that
v(1) − v(0), . . . , v(n) − v(0) are linearly independent, then the
parallelepiped generated by these n+ 1 points is

P(v(0), . . . , v(n)) ={ n∑
i=1

θi(v
(i) − v(0)) + v(0) : θ1, . . . , θn ∈ [0, 1]

}
. (19)

We call v(0), . . . , v(n) the generating points of the paral-
lelepiped in (19).

In contrast to the traditional definition of the parallelepiped,
which depends on n linearly independent vectors (see [19]),
Definition 10 requires n + 1 generating points so that the
coding cell design can be simplified.

Lemma 2 describes the form of transformed parallelepiped
by invertible affine mappings.

Lemma 2 (Parallelepiped Under Invertible Affine Transfor-
mation). Let ϕ : Rn → Rn be any invertible affine mapping,
then the transformed parallelepiped is ϕ(P(v(0), . . . , v(n))) =
P(ϕ(v(0)), . . . , ϕ(v(n))).

Proof: See Appendix D.

Remark 6 (Two Facts of Transformed Parallelepiped). From
Lemma 2, we can observe that any parallelepiped is still
parallelepiped after applying any invertible affine mapping.
Furthermore, the transformed parallelepiped has an easy-to-
compute form w.r.t. Definition 10 by simply transforming each
v(i) in P(v(0), . . . , v(n)) to ϕ(v(i)).

Remark 7 (Preservation of Parallelepiped-Shape). Remark 6
implies that if the selected coding cell X̂t at time t is a
parallelepiped P(v(0), . . . , v(n)), then the coding range X t+1

at time t+1 is also a parallelepiped P(ϕ(v(0)), . . . , ϕ(v(n))),
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where ϕ(v(i)) = Av(i) + But for i ∈ {1, . . . , n}. Therefore,
it is important to discuss how to get the parallelepiped-
shaped X̂t for all t ∈ Z+. This is given as follows: At time
t = 0, even though X 0 is generally not a parallelepiped,
we can find n + 1 generating points v

(0)
0 , . . . , v

(n)
0 such

that X 0 ⊆ P(v
(0)
0 , . . . , v

(n)
0 ). To satisfy condition (iii) in

Theorem 1, we partition P(v
(0)
0 , . . . , v

(n)
0 ) into congruent

parallelepiped-shaped coding cells with edge length d
(i)
0 ,

where ‖v(i)0 − v
(0)
0 ‖/d

(i)
0 := κ

(i)
0 ∈ Z+, for i ∈ {1, . . . , n}.

The symbol κ(i)0 is the maximum number of partitioning sets
w.r.t. the axis v(i)0 − v

(0)
0 , and is always a power of 2. The

index set of the coding cells has the following form

K0 =
{
κ0 =

(
κ
(0)
0 , . . . , κ

(n)
0

)
:

κ
(i)
0 ∈

{
1, . . . , κ

(i)
0

}
, i ∈ {1, . . . , n}

}
. (20)

Now, each coding cell σ(κ0)
0 (X 0) can be uniquely determined

by index κ0 ∈ K0, and the coding cover can be expressed as
Q0(X 0) = {σ(κ0)

0 (X 0) : κ0 ∈ K0}. A 2-dimensional example
for the partition is given in Fig. 4. Since each coding cell
σ
(κ0)
0 (X 0) (κ0 ∈ K0) is a parallelepiped, the selected coding

cell X̂0 is parallelepiped-shaped. At time t = 1, according
to Lemma 2, we can derive X 1 ⊆ P(v

(0)
1 , . . . , v

(n)
1 ), where

v
(i)
1 = Aṽ

(i)
0 +Bu0 (i ∈ {1, . . . , n}), and the other parts are

the same as those at time t = 0.
Proceeding forward, we can readily obtain that X̂t is

parallelepiped-shaped for all t ∈ Z+ and so obtain X t for
all t ∈ Z+. Furthermore, ∀t ∈ Z+, we have⋃

κt∈Kt

σ
(κt)
t (X t) = X t, (21)

which together with the congruent coding cells implies condi-
tion (iii) in Theorem 1 holds with t = 1.

o
(0) (1) (0) (2) (0

0 0 0 00

), ,( )O v v v v v 

(0)

0v

)

0

(2v

(1)

1v

*

0
 *

0 7,3 

 1
0x

 2

0x

 1
0d

 2

0d

Fig. 4. Parallelepiped coding cells in 2 dimensions. The parallelepiped
P(v

(0)
0 , v

(1)
0 , v

(2)
0 ) (see the parallelogram enclosed by thick lines) is par-

titioned into 8× 4 parallelepiped-shaped coding cells with lengths d(1)0 and
d
(2)
0 (see the parallelogram pointed to by large yellow arrow). Symbols o and
O
(
v
(0)
0 , v

(1)
0 − v(0)0 , . . . , v

(n)
0 − v(0)0

)
represent the origins of the original

coordinate system and the affine coordinate system, respectively. The blue
(shaded) area in P(v

(0)
0 , v

(1)
0 , v

(2)
0 ) is X̂0 = σ

(κ∗0)
0 (X 1), where the index

κ∗0 is calculated by (29) and (30).

Remark 8 (Coding Cell Design). Based on X t =

P(v
(0)
t , . . . , v

(n)
t ), the parallelepiped-shaped coding cell is

expressed as

σ
(κt)
t (X t) = P

(
ṽ
(κt,0)
t , . . . , ṽ

(κt,n)
t

)
, (22)

for all t ∈ Z+ and κt ∈ Kt [Kt is with a similar form to (20)
for K0], where

ṽ
(κt,0)
t = v

(0)
t +

n∑
j=1

κ
(j)
t d

(j)
t

v
(j)
t − v

(0)
t

‖v(j)t − v
(0)
t ‖

, i = 0

ṽ
(κt,i)
t = ṽ

(κt,0)
t + d

(i)
t

v
(i)
t − v

(0)
t

‖v(i)t − v
(0)
t ‖

, i ∈ {1, . . . , n}.

(23)
Fig. 4 provides an illustrative case for n = 2 and t = 1.

Note that the coding cover Qt(X t) is uniquely determined
when the coding cells are designed.

B. Codebook Design

This subsection gives the detailed design of the codebook,
which assigns each coding cell (designed in Section IV-A)
with a unique cell codeword.

If #Kt > 1, ∀κt =
(
κ
(0)
t , . . . , κ

(n)
t

)
∈ Kt, the cell

codeword of σ(κt)
t (X t) is

c
(
Qt(X t), σ(κt)

t (X t)
)

= b
(κt)
1 . . . b(κt)ι1︸ ︷︷ ︸

log2 κ
(1)
t

. . . b
(κt)
ιn−1+1 . . . b

(κt)
ιn︸ ︷︷ ︸

log2 κ
(n)
t

,

(24)
where ιi =

∑i
j=1 log2 κ

(j)
t ∈ Z+ for i ∈ {1, . . . , n}, specifi-

cally, ιn = Lt. Note that ιi gives the last index corresponding
to κ(i)t . Let ι0 := 0 and ∀l ∈ {ιi−1+1, . . . , ιi} (i ∈ {1, . . . , n})
the bit bl in (24) is

bl =
⌊ (κ

(i)
t − 1) mod 2l−ιi−1

2l−ιi−1−1

⌋
. (25)

It can be verified that, in this cell codeword design, every
coding cell is endowed with a unique cell codeword. If #Kt =
1, then we set

c
(
Qt(X t), xt

)
= null, (26)

which means the codeword length is Lt = 0.
Note that the codebook Ct(Qt(X t)) is uniquely determined

when the cell codewords are designed.

C. Representative Mapping Design

We choose the centroid of a coding cell as its representative,
and the representative set has the following form

Bt(Qt(X t)) ={
b
(κt)
t : b

(κt)
t =

1

2

n∑
i=1

(
ṽ
(κt,i)
t −ṽ(κt,0)t

)
+ṽ

(κt,0)
t , κt ∈ Kt

}
.

(27)

Thus, the representative mapping is pt : Qt(X t) →
Bt(Qt(X t)) such that

pt
(
σ
(κt)
t (X t)

)
=

1

2

n∑
i=1

(
ṽ
(κt,i)
t − ṽ(κt,0)t

)
+ ṽ

(κt,0)
t . (28)
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D. Control Law Design

We design the control law ut = −Kx̂t for the controller
such that ρ(A−BK) < 1 holds. Note that the feedback matrix
K is known to the encoder and the decoder. The control law
design satisfies condition (i) in Theorem 1.

E. Encoding-Decoding Process

In this subsection, we describe the encoding and decoding
processes such that the quantized system of (2) is stabilized
with zero-delay entropy-bound-achieving code, based on the
designs of coding cover (see Section IV-A), codebook (see
Section IV-B), representative mapping (see Section IV-C), and
control law (see Section IV-D).

Algorithm 1 gives the details about what the encoder does
at each time t. Before starting Algorithm 1, two more things
should be stressed: Firstly, this algorithm needs a buffer to
store n + 1 generating points v(0)t , . . . , v

(n)
t for the transited-

state set X t and n+ 1 generating points ṽ(0)t , . . . , ṽ
(n)
t for the

selected coding cell X̂t, which are replaced with the generating
points at time t+1, respectively. Thus, the buffer size is finite.
Secondly, the initial generating points v(0)0 , . . . , v

(n)
0 at time

t = 0 are not arbitrarily given if we want to achieve the entropy
bound H(A), as we discuss in the following remark.

Remark 9 (Initial Points). Let J = W−1AW ∈ Rn×n
be the real Jordan form (see Chapter 3.1.4 in [20]) of
A, where the transformation matrix is W ∈ Rn×n. Note
that ∀α ∈ R+, αW is still a transformation matrix, since
(αW )−1A(αW ) = J . Then, select v(0)t and α such that
X 0 ⊆ P(v

(0)
0 , v

(0)
0 +αcol1(W ), . . . , v

(0)
0 +αcoln(W )), where

coli(W ) is the ith column of W . Now, the other n gen-
erating points are determined by v

(i)
0 = v

(0)
0 + αcoli(W )

(i ∈ {1, . . . , n}). We stress that only the initial points are
related to the real Jordan form which will not be used for
subsequent times t ∈ Z+.

Algorithm 1 Encoder Design
Input: xt.
Output: c(Qt(X t), xt).
1: if t == 0 then
2: v

(0)
0 , . . . , v

(n)
0 are given by Remark 9;

3: else
4: v

(i)
t = Aṽ

(i)
t−1−BKx̂t−1, i ∈ {0, . . . , n}, where ρ(A−BK) < 1;

5: end if
6: δ(i)t = ‖v(i)0 − v

(0)
0 ‖/(t+ 1), i ∈ {1, . . . , n};

7: d(i)t = ‖v(i)t − v
(0)
t ‖/2

⌈(
log2(‖v

(i)
t −v

(0)
t ‖/δ

(i)
t )
)+⌉

, i ∈ {1, . . . , n};
8: Use (29) and (30) to derive κ∗t =

(
κ
∗(1)
t , . . . , κ

∗(n)
t

)
;

9: Calculate ṽ(0)t , . . . , ṽ
(n)
t by (32);

10: Send c(Qt(X t), xt), which is calculated from (24) or (26) with κt =
κ∗t , to the decoder.

11: x̂t ← (33);

The line-by-line explanation of Algorithm 1 is given as
follows. Firstly, the input and the output for the encoder
is the current state xt obtained from the sensor and the
corresponding codeword (see the encoder block in Fig. 1).
Secondly, the three stages in Table I from the encoder side
are:

1) Determining coding range. From Line 1 to Line 5,
generating points v(i)t+1 (i ∈ {1, . . . , n}) are calculated:
for t = 0, Line 2 gives the initial points v(0)0 , . . . , v

(n)
0

through Remark 9. for t ∈ Z+, Line 4 calculates gener-
ating points v(0)t , . . . , v

(n)
t for determining the transited-

state set X t, which follows from Remark 7. Line 6 and
Line 7 give a method to choose the edge-length constraint
δ
(i)
t and the edge length d(i)t for i ∈ {1, . . . , n} such that
d
(i)
t ≤ δ

(i)
t . Note that with properly designing the edge-

length constraint δ(i)t , the convergence process of the edge
length d(i)t can be accurately designed. In this work, we
just provide a special case of δ(i)t .

2) Encoding. Lines 8 and 9 finish the process of the
coding cell selection based on the current state xt ob-
tained from the sensor. Firstly, the encoder calculates
the coordinate of xt in the affine coordinate system(
v
(0)
t , v

(1)
t − v

(0)
t , . . . , v

(n)
t − v(0)t

)
by solving

n∑
i=1

a
(i)
t

(
v
(i)
t − v

(0)
t

)∥∥v(i)t − v(0)t ∥∥ = xt − v(0)t , (29)

which is a group of linear equations with a unique
solution a

(1)
t , . . . , a

(n)
t ∈ R+. Secondly, the encoder

derives κ∗t = (κ
∗(0)
t , . . . , κ

∗(n)
t ) via

κ
∗(i)
t =

⌈
a
(i)
t

d
(i)
t

⌉
, i ∈ {1, . . . , n}. (30)

Thus, the selected coding cell X̂t = σ
(κ∗t )
t (X t) is

expressed as (23) with κt = κ∗t and ṽ
(κt,j)
t = ṽ

(j)
t

(j ∈ {0, . . . , n}), i.e.,

X̂t = P
(
ṽ
(0)
t , . . . , ṽ

(n)
t

)
, (31)

where
ṽ
(0)
t = v

(0)
t +

n∑
j=1

κ
∗(j)
t d

(j)
t

v
(j)
t − v

(0)
t∥∥v(j)t − v(0)t ∥∥ , i = 0

ṽ
(i)
t = ṽ

(0)
t + d

(i)
t

v
(i)
t − v

(0)
t∥∥v(i)t − v(0)t ∥∥ , i ∈ {1, . . . , n}.

(32)
In Line 10, the codeword c(Qt(X t), xt) =

c(Qt(X t), σ
(κ∗t )
t (X t)) is encoded by (24) or (26)

with κt = κ∗t , and then is sent to the decoder.
3) Generating quantized state. In Line 11, the quantized

state x̂t is determined by

x̂t = pt(X̂t) =
1

2

n∑
i=1

(
ṽ
(i)
t − ṽ

(0)
t

)
+ ṽ

(0)
t , (33)

which follows from Section IV-C and X̂t = σ
(κ∗t )
t (X t).

Algorithm 2 gives the details of the decoder design. Similar
to Algorithm 1, this algorithm also needs a finite size buffer
to store generating points v

(0)
t , . . . , v

(n)
t and ṽ

(0)
t , . . . , ṽ

(n)
t ,

and the initial points v(0)0 , . . . , v
(n)
0 are the same as those in

Algorithm 1.
The line-by-line explanation of Algorithm 2 is given as

follows. Firstly, the input and the output for the decoder
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Algorithm 2 Decoder Design
Input: c(Qt(X t), xt).
Output: x̂t.
1: The same as Lines 1-7 in Algorithm 1;
2: if #Kt > 1 then
3: Use (34) to obtain κ∗t ;
4: Derive ṽ(0)t , . . . , ṽ

(n)
t by (32);

5: else
6: ṽ

(i)
t = v

(i)
t for i ∈ {0, . . . , n};

7: end if
8: Pass x̂t ← (33) to the controller;

is the codeword c(Qt(X t), xt) and the estimated-state x̂t,
respectively, which can be found in the decoder block in Fig. 1.
Secondly, the three stages in Table I from the encoder side are:

1) Determining coding range. This stage is shown in
Line 1, which is the same as the determining coding range
stage from the encoder side.

2) Decoding. From Line 2 to Line 7, the generating points of
selected coding cell X̂t are determined by decoding the
codeword c(Qt(X t), xt) sent from the encoder: When
#Kt > 1, the index κ∗t = (κ

∗(1)
t , . . . , κ

∗(n)
t ) of corre-

sponding coding cell is uniquely determined by

κ
∗(i)
t =

ιi∑
l=ιi−1+1

bl2
l−ιi−1−1 + 1, i ∈ {1, . . . , n}.

(34)

Then, the selected coding cell X̂t is determined by (31).
When #Kt = 1, the decoder does not do any decoding,
since the encoder sends nothing. In this case, we have
X̂t = X t.

3) Generating quantized state. In Line 8, the quantized
state is determined by (33), and then is sent to the
controller.

Note that both Algorithm 1 and Algorithm 2 have low
computational complexity. For Algorithm 1, the complexity
is at the level of O(n3), which is due to solving the linear
equation (29). For Algorithm 2, the complexity is O(n), i.e.,
with linear complexity.

We would highlight an important part in our design, i.e., the
edge-length constraint δ(i)t which non-exponentially converges
to 0. On the one hand, it makes sure d(i)t ≤ δ

(i)
t always holds

such that condition (ii) in Theorem 1 is satisfied. On the other
hand, it also guarantees d(i)t ≥ δ

(i)
t /2 when t is sufficiently

large [see (76) in Appendix E], which ensures non-exponential
convergence of d(i)t , so as the measure of each coding cell.
We can see that the constraint from δ

(i)
t is bidirectional, i.e.,

δ
(i)
t /2 ≤ d

(i)
t ≤ δ

(i)
t . Note that the edge-length constraint

design is very different from the existing methods. In the
literature, the edge (usually in a transformed space) decreases
periodically (every T time units, where T is the period) which
has to be exponentially convergent; while our design can make
the edge decrease in every time unit controlled by δ

(i)
t . This

difference is similar to that between the time-triggered and
event-triggered controls, where the edge-length constraint δ(i)t
triggers the change of d(i)t and also determines how much d(i)t
should be reduced in each time unit.

Now, we prove that the encoding-decoding process in Algo-
rithm 1 and Algorithm 2 stabilizes the quantized system of (2)
with finite length entropy-bound-achieving code.

Theorem 2 (Achieving Entropy Bound with Uniformly
Bounded Codeword Length). Under the designs in Sec-
tion IV-A, Section IV-B, Section IV-C, and Section IV-D, the
quantized system of (2) is stabilized by Algorithm 1 and
Algorithm 2, with date rate equaling H(A), and the codeword
length is upper bounded by

Lt ≤ n
⌈

log2(2‖A‖)
⌉
, t ∈ Z+. (35)

Proof: See Appendix E.

Remark 10 (Extension to Handling Interfering Signals). Con-
sider system (2) with interfering signal wt:

xt+1 = Axt +But +Bwwt, (36)

where Bw ∈ Rn×q and wt ∈ Rq is a q-dimensional exogenous
signal generated by an exosystem of the form

wt+1 = Awwt, (37)

in which Aw ∈ Rn×n is marginally stable (i.e., the interfering
signal wt is bounded) with its eigenvalues satisfying |λw| = 1,
and the initial state w0 is deterministically unknown to the
decoder8 in a compact setW0. The design is given as follows:

i) Controller: We use the static feedback control law [21]

ut = −Kx̂t −Kwŵt, (38)

where x̂t and ŵt are the quantized xt and wt, respec-
tively; K ∈ Rm×n and Kw ∈ Rm×q are control gains.

ii) Encoding-decoding process for wt: The encoder and de-
coder designs are the same as that in Algorithms 1 and 2,
respectively, except for the system equation being (37)
(i.e., Line 4 in Algorithm 1 becomes v(i)t = Awṽ

(i)
t−1).

iii) Encoding-decoding process for xt: At each t, we encode
and decode wt first so that ŵt is derived. Then, we
still use Algorithms 1 and 2 to encode and decode xt,
respectively, where Line 4 in Algorithm 1 is replaced by:

v
(i)
t =

[
1 + D(Ŵt−1)

‖ṽ(i)t−1‖

]
Aṽ

(i)
t−1 − BKx̂t−1 − BwKwŵt−1

for i ∈ {0, . . . , n}, where ρ(A − BK) < 1 and
BKw = Bw.

It is not hard to prove limt→∞ xt = 0 with R = H(A). Here
we give an outline of the proof: Firstly, we need to guar-
antee limt→∞ xt = 0 by applying the input-to-state stability
technique to the closed-loop system xt+1 = (A − BK)xt +
BK(xt− x̂t)+(Bw−BKw)ŵt+BKw(wt−ŵt) with xt− x̂t
and wt−ŵt regarded as the inputs, where (Bw−BKw)ŵt = 0
as BKw = Bw. Note that limt→∞(xt − x̂t) = 0 and
limt→∞(wt − ŵt) = 0 hold since ii) and iii) give the
asymptotic observations of wt and xt, respectively. Secondly,
we need to prove R = H(A). For ii), its data rate is 0,
as H(Aw) = 0. For iii), the data rate is H(A), which can

8We assume the pair
([
A Bw
0 Aw

]
,
[
I 0

])
is observable. The decoder

can observe wt within finite time steps. Without loss of generality, we assume
w0 is known to the encoder.
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be proved by making contradictions to assuming any data
rate greater than H(A), since limt→∞D(Ŵt−1) = 0 and
|λw| = 1.

V. CONCLUSION AND FUTURE WORK

In this work, we have designed entropy-achieving codes
with finite blocklength 1 (i.e., zero delay) for linear system
stabilization, and such a design has no precedent in the
literature. A coding-quantizing framework established the rela-
tionship between the system state, codeword, and quantization.
More significantly, an encoding-decoding framework has been
provided such that each system state is encoded and decoded
within only one time unit. With this zero-delay framework, we
have proposed a set of sufficient conditions as a criterion for
obtaining a zero-delay entropy-achieving code. Finally, by our
proposed criterion, an entropy-achieving code with zero delay
is designed, where the quantization is directed conducted in
the original space rather than the transformed space (related
to the real Jordan form), and all the codeword lengths are
uniformly bounded.

For future work, we will consider a realistic constraint
on the maximum number of bits that can be transmitted
in every time unit. Note that the constraint on the number
of bits can be caused by the limited amount of energy
available at the encoder side in each time unit. Even though
in Theorem 2 the codeword length is uniformly bounded by
L = n

⌈
log2(2‖A‖)

⌉
, further consideration is required when

less than L bits are permitted for transmission in every time
unit. In that case, our encoding-decoding framework cannot
achieve zero delay anymore, since there always exist some
codewords which cannot be fully transmitted in one time unit.
Therefore, it is very interesting and practical to consider such
a constrained case in our future work.

APPENDIX A
PROOF OF THEOREM 1

To start with, we give a lemma for the matrix power norm
bound as a preparation, which is an enhanced version of
Theorem 3.5 in [22] and can be proved by using a similar
idea.

Lemma 3. Given F ∈ Rn×n, for each γ > ρ(F ), there exists
Mγ ≥ 1, such that ∀k ∈ Z+, ‖F k‖ ≤Mγγ

k holds.

Now, we can prove Theorem 1. This proof contains two
steps: the first step proves that the quantized system is sta-
bilized by conditions (i) and (ii); and the second step proves
that the data rate spent by the stabilized system is exactly the
entropy bound H(A) under conditions (iii)–(v).

1) Since pair (A,B) is controllable, there exists linear
feedback matrix K ∈ Rm×n such that ρ(A − BK) < 1,
which implies condition (i) is satisfiable. For any K satisfying
condition (i), we set x̂t = xt − (xt − x̂t), and system (2) can
be rewritten as

xt+1 = (A−BK)xt +BK(xt − x̂t), t ∈ Z+. (39)

The solution to (39) is

xt =(A−BK)tx0 +

t−1∑
τ=0

(A−BK)t−1−τBK(xτ − x̂τ ),

=(A−BK)tx0 +

t−1∑
τ=0

(A−BK)t−1−τBK(xτ − x̂τ )

+

t−1∑
τ=t

(A−BK)t−1−τBK(xτ − x̂τ ),

(40)

where the first item goes to 0 as t → ∞, and similarly the
second item also goes to 0 as t → ∞ for any t ∈ Z+. Now,
we prove the third item also goes to 0 for a proper t ∈ Z+.
Since ρ(A−BK) < 1, it follows from Lemma 3 that for any
γ ∈ (ρ(A−BK), 1), there exists a Mγ ≥ 1 such that ‖(A−
BK)t−1−τ‖ ≤ Mγγ

t−1−τ . Then, ∀ε > 0, there exists a t ∈
Z+ such that ∀τ ≥ t, ‖BK(xτ− x̂τ )‖ ≤ ε(1−γ)/Mγ . This is
because limτ→∞ ‖xτ−x̂τ‖ = 0, which is guaranteed by ‖xτ−
x̂τ‖ ≤ Dτ−1 and limτ→∞Dτ−1 = 0 [see condition (ii)].
Then, the norm bound of the third item in the right-hand side
of (40) is ∥∥∥ t−1∑

τ=t

(A−BK)t−1−τBK(xτ − x̂τ )
∥∥∥

≤
t−1∑
τ=t

∥∥(A−BK)t−1−τBK(xτ − x̂τ )
∥∥ ,

≤
( t−1∑
τ=t

Mγγ
t−1−τ

)ε(1− γ)

Mγ

(a)

≤ ε,

(41)

where inequality (a) follows from
∑t−1
τ=t γ

t−1−τ ≤∑t−1
τ=−∞ γt−1−τ = 1/(1−γ). Inequality (41) means the third

item in the right-hand side of (40) also goes to 0 as t → ∞.
Hence, the quantized system is stabilized.

2) We label those coding-cover sequences satisfying condi-
tions (ii)–(v) as Qa = (Qat (X t))t∈Z+

, where the superscript a
refers to the achievability. By Definition 3 and condition (iv),
the codeword length at time t is

Lt = log2

⌈
#Qat (X t)

⌉
= log2 #Qat (X t). (42)

In addition, with condition (iii), we can derive that ∀t ≥ t,

log2 #Qat (X t) = log2

µn(X t)
µn(σ

(κt)
t (X t))

, (43)

holds for all κt ∈ Kt. Noticing that µn(X t) =
|det(A)|µn(X̂t−1) [with (10) and observing that ut−1 =
ψt−1(x̂t−1) is a constant w.r.t. x̃t−1], we have

T−1∑
t=t

log2 #Qat (X t) = log2

T−1∏
t=t+1

|det(A)|µn(X̂t−1)

µn(σ
(κt)
t (X t))

= log2

|det(A)|T−t−1µn(X̂t)
µn(σ

(κT−1)
T−1 (X T−1))

, (44)
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where T ≥ t + 2. Then, the data rate [defined in (12)] under
the coding-cover sequence Qa is

R(Σ,X 0,Q
a,C,Π,Ψ)

= lim
T→∞

1

T

T−1∑
t=0

Lt,

(a)
= lim

T→∞

1

T

T−1∑
t=t+1

Lt,

(b)
= lim
T→∞

1

T
log2

|det(A)|T−t−1µn(X̂t)
µn(σ

(κT−1)
T−1 (X T−1))

,

(45)

where equality (a) follows from

lim
T→∞

1

T

t∑
t=0

Lt = 0. (46)

Equality (b) in (45) is derived from (42) and (44). Note that

lim
T→∞

log2 µn(X̂t)
T

(c)
= 0,

lim
T→∞

log2 µn(σ
(κT−1)
T−1 (X T−1))

T

(d)
= 0,

(47)

where (c) follows from T →∞ and −∞ < log2 µn(X̂t) <∞
[since 0 < µn(X̂t) ≤ µn(X 0)]. Equality (d) is established by
condition (v). Then, with (47), we can rewrite (45) as

R(Σ,X 0,Q
a,Ca,Π,Ψa)

= log2 |det(A)| =
∑

λ∈spec(A)

log2 |λ|, (48)

where Ψa refers to the control law sequence satisfying condi-
tion (i), and Ca stands for the coding cover sequence satisfying
condition (ii). Since the quantized system is stabilized under
conditions (i) and (ii) [see step 1) in this proof], (15) holds.

According to condition (iv), we have Lt =
log2(#Qat (X t)) ≤ L, i.e., the codeword lengths for the
entropy-achieving codes are finite. �

APPENDIX B
PROOF OF THE NON-EXPONENTIAL STABILITY IN

THEOREM 1

Firstly, we give a lower bound on the worst case ‖xt‖ (after
decoding) in the following lemma.

Lemma 4 (Lower Bound of ‖xt‖). For t ∈ Z+, we have

max
κt∈Kt

max
xt∈σ(κt)

t (X t)
‖xt‖ ≥

Dt

2
. (49)

Proof: For σ(κt)
t (X t), where t ∈ Z+, we have

D(σ
(κt)
t (X t)) = max

x,y∈σ(κt)
t (X t)

‖x− y‖, (50)

i.e., the maximum ‖x − y‖ gives the diameter of coding cell
σ
(κt)
t (X t). We select a maximizer (x∗, y∗) such that

(x∗, y∗) = argmax
x,y∈σ(κt)

t (X t)
‖x− y‖, (51)

which means ‖x∗ − y∗‖ = D(σ
(κt)
t (X t)). Then, we have

D(σ
(κt)
t (X t)) = ‖x∗ + (−y∗)‖,

≤ ‖x∗‖+ ‖y∗‖,
≤ 2 max{‖x∗‖, ‖y∗‖},
= 2 max

xt∈{x∗,y∗}
‖xt‖,

≤ 2 max
xt∈σ(κt)

t (X t)
‖xt‖.

(52)

This implies

max
xt∈σ(κt)

t (X t)
‖xt‖ ≥

1

2
D(σ

(κt)
t (X t)). (53)

Noticing that maxκt∈Kt D(σ
(κt)
t (X t)) = Dt, we get (49).

Since xt can possibly be in any coding cell σ(κt)
t (X t) after

decoding, the worst case ‖xt‖ is not smaller than Dt/2 as
given in Lemma 4. If we assume xt converges exponentially
fast, then the following would hold

0 > max
κt∈Kt

max
xt∈σ(κt)

t (X t)
log2 ‖xt‖ ≥

log2Dt

2
, (54)

which indicates log2Dt < 0. From our discussions in Re-
mark 4, we know that it will contradict condition (v) in
Theorem 1. Therefore, xt converges asymptotically but not
exponentially. �

APPENDIX C
PROOF OF PROPOSITION 1

We use a similar way as Proposition 3.2 in [7] to give this
proof. If xt converges exponentially fast, then (17) holds. At
t ∈ Z+, we define the following set

Ωu0,...,ut =
{
x0 : ‖xt‖ ≤ αβ−t

}
, (55)

where xt = Atx0 +
∑t−1
τ=0A

t−1−τBuτ . Note that Ωu0,...,ut ⊆
X 0 indicates the set of x0 ∈ X 0 satisfying (17) under control
sequence u0, . . . , ut. To control all the initial values x0 ∈
X 0 to satisfy (17), we need several control sequences such
that the union of their corresponding Ωu0,...,ut contains X 0,
since otherwise there would exist x0 ∈ X 0\

⋃
u0,...,ut

Ωu0,...,ut

violating (17). Thus,
∏t
τ=0Mτ (recall that Mτ is the coding

alphabet at time τ ) must be no less than the number of sets
Ωu0,...,ut to cover X 0. Observe that the measure of Ωu0,...,ut

is

µn(Ωu0,...,ut) = |det(A)|−tµn
({
xt : ‖xt‖ ≤ αβ−t

})
= |det(A)|−t$n(αβ−t)n.

(56)

Then, a lower bound of Rt := 1
t

∑t−1
τ=0 log2Mτ can be derived

by using the measures:

Rt ≥
1

t
log2

µn(X 0)

|det(A)|−t$n(αβ−t)n
,

= H(A) + n log2 β +
1

t
log2

µn(X 0)

$nαn
.

(57)

It combined with R = limt→∞Rt gives (18). �
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APPENDIX D
PROOF OF LEMMA 2

As ϕ is invertible, we have ϕ(·) = F ·+b , where F ∈ Rn×n
is invertible, and b ∈ Rn. This means ϕ(

∑n
i=1 θi(v

(i)−v(0))+
v(0)) = F (

∑n
i=1 θi(v

(i)−v(0))+v(0))+b =
∑n
i=1 θi[(Fv

(i)+
b)−(Fv(0)+b)]+(Fv(0)+b) =

∑n
i=1 θi[ϕ(v(i))−ϕ(v(0))]+

ϕ(v(0)). Thus,

ϕ(P(v(0), . . . , v(n)))

=
{ n∑
i=1

θi[ϕ(v(i))−ϕ(v(0))]+ϕ(v(0)) : θ1, . . . , θn ∈ [0, 1]
}
.

(58)

Since F is invertible, vectors ϕ(v(i)) − ϕ(v(0)) (i ∈
{1, . . . , n}) are linearly independent, thus the right-hand side
of (58) is P(ϕ(v(0)), . . . , ϕ(v(n))). �

APPENDIX E
PROOF OF THEOREM 2

Before start, we give the following lemma to calculate the
measure of any parallelepiped in Definition 10, which can be
easily obtained from Corollary 1 in [19].

Lemma 5 (Measure of Parallelepiped). Given a parallelepiped
P(v(0), . . . , v(n)), its measure is

µn(P(v(0), . . . , v(n))) =∣∣∣det
([
v(1) − v(0) . . . v(n) − v(0)

])∣∣∣ . (59)

In this proof, we prove that by the control law ut = −Kx̂t
with ρ(A−BK) < 1, Algorithm 1, and Algorithm 2, all the
five conditions in Theorem 1 are satisfied.

Satisfying condition (i). Since we use the control law ut =
−Kx̂t such that ρ(A−BK) < 1, condition (i) in Theorem 1
holds.

Satisfying condition (ii). According to Line 6 and Line 7
in Algorithm 1, we know that ∀i ∈ {1, . . . , n} and ∀t ∈ Z+,
d
(i)
t ≤ δ

(i)
t holds. As limt→∞ δ

(i)
t = 0, we can derive

limt→∞ d
(i)
t = 0 for all i ∈ {1, . . . , n}. This means

limt→∞Dt = 0, because Dt ≤
∑n
i=1 d

(i)
t always holds.

Satisfying condition (iii). Since the coding cells are congru-
ent for any given time (see Remark 7), with (21) in Remark 7,
we know that condition (iii) in Theorem 1 holds with t = 1.

Satisfying condition (iv). By Line 7 in Algorithm 1, for
any axis v(i)t − v

(0)
t (i ∈ {1, . . . , n}), the maximum number

of partitions κ(i)t satisfies log2 κ
(i)
t ∈ Z+. More specifically,

κ
(i)
t = 2

⌈(
log2

‖v(i)t −v
(0)
t ‖

δ
(i)
t

)+⌉
. (60)

For t = 0, we can obtain ‖v(i)1 − v
(0)
1 ‖ ≤

‖A‖‖ṽ(i)0 − ṽ
(0)
0 ‖ ≤ ‖A‖‖v(i)0 − v

(0)
0 ‖ = ‖A‖δ(i)0 ,

and thus log2 κ
(i)
0 = d(log2(‖v(i)1 − v

(0)
1 ‖/δ

(i)
0 ))+e ≤

d(log2(‖A‖))+e = dlog2(‖A‖)e holds. For t ∈ Z+,
we have ‖v(i)t − v

(0)
t ‖ ≤ ‖A‖d(i)t−1 ≤ ‖A‖δ(i)t−1

and δ
(i)
t−1/δ

(i)
t = (t + 1)/t, which implies

log2 κ
(i)
t ≤ dlog2[‖A‖(t+ 1)/t]e ≤ dlog2(2‖A‖)e. Therefore,

for L = ndlog2(2‖A‖)e, we can derive log2(#Qt(X t)) =

log2(#Kt) =
∑n
i=1 log2 κ

(i)
t ∈ Z+

⋂
[0, L], which

establishes condition (iv) in Theorem 1. Additionally, because
Lt ≤ L holds for all t ∈ Z+, we can derive (35) in
Theorem 2.

Satisfying condition (v). We divide this part of the proof
into three steps: In the first step, we derive an important
inequality in (73) to describe the relationship among the
“total uncertainty”, the edge length of a coding cell, and the
maximum number of partitions, in each axis. In the second
step, based on (73), an upper bound in (78) is given for the
number of all potential coding cells. In the third step, we
complete the entire proof.

Step 1: Let w(i)
t = v

(i)
t − v

(0)
t and w̃(i)

t = ṽ
(i)
t − ṽ

(0)
t for all

i ∈ {1, . . . , n} and t ∈ Z+. For t ∈ Z+,

w̃
(i)
t+1

(a)
=

1

κ
(i)
t+1

w
(i)
t+1

(b)
=

1

κ
(i)
t+1

Aw̃
(i)
t , (61)

where κ(i)t+1 is the maximum partition number for axis w(i)
t+1 =

v
(i)
t+1 − v

(0)
t+1, and (a) follows from the congruence of coding

cells. Equality (b) is established by Line 4 in Algorithm 1.
With (61), we get( t∏

τ=1

κ(i)τ

)
w̃

(i)
t = Atw̃

(i)
0 , t ∈ Z+, i ∈ {1, . . . , n}. (62)

Then, we define9

w̆
(i)
t := w̃

(i)
t

t∏
τ=1

κ(i)τ . (63)

With (62) and (63), we have

w̆
(i)
t = Atw̃

(i)
0 , t ∈ Z+, i ∈ {1, . . . , n}. (64)

From Remark 9, we know that

W :=
[
w̃

(1)
0 , . . . , w̃

(n)
0

]
(65)

is a transformation matrix such that J = W−1AW . By
Theorem 3.4.1.5 in [20], the real Jordan form is a real block
diagonal matrix

J =

S⊕
s=1

Js, (66)

where the spectrum of each Js ∈ Rrs×rs has only one element
λs ∈ C, i.e., spec(Js) = {λs}. By (64), (65), and (66), the
following is obtained[

w̆
(1)
t , . . . , w̆

(n)
t

]
= At

[
w̃

(1)
0 , . . . , w̃

(n)
0

]
= WJ t. (67)

We group the columns of W as

W =
[
W̃

(1)
0 , . . . , W̃

(S)
0

]
, (68)

9We note that w̆(i)
t corresponds to the ith edge of the parallelepiped formed

by the coding cells σ(κt)
t indexed by all potential codewords from time steps

1 to t.
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where W̃ (s)
0 :=

[
w̃

(rs−1+1)
0 , . . . , w̃

(rs)
0

]
(s ∈ {1, . . . , S}) and

r0 := 0. Then, with (66) and (67), we have

W̆
(s)
t :=

[
w̆

(rs−1+1)
t , . . . , w̆

(rs)
t

]
= AtW̃

(s)
0

= W̃
(s)
0 J ts, s ∈ {1, . . . , S}. (69)

For any column w̆(i)
t in W̆ (s)

t (s ∈ {1, . . . , S}), we have∥∥w̆(i)
t

∥∥ =
∥∥W̃ (s)

0 J tse
(i−rs−1)
rs

∥∥
≤
∥∥W̃ (s)

0

∥∥
F

∥∥J ts∥∥∥∥e(i−rs−1)
rs

∥∥ =
∥∥W̃ (s)

0

∥∥
F

∥∥J ts∥∥, (70)

where e(i−rs−1)
rs ∈ Rn is a column vector whose (i− rs−1)th

entry is 1 and other entries are 0. Note that in (70) s = s(i)
is a function of i, and it has the following form

s(i) = 1(i) + 1(i− r1) + · · ·+ 1(i− rS−1), (71)

where 1(·) is the Heaviside step function. In the rest of this
proof, we use s instead of s(i), for the sake of simplicity. Since
the real Jordan form Js is similar to one (or two) complex
Jordan block(s), for sufficiently large t ∈ Z+, its power norm
has the following bound10∥∥J ts∥∥ ≤ trs |λs|t, t ≥ t. (72)

Hence, inequality (70) can be rewritten as∥∥w̆(i)
t

∥∥ ≤ trs |λs|t∥∥W̃ (s)
0

∥∥
F
, t ≥ t. (73)

Step 2: Recall that w̆(i)
t = w̃

(i)
t

∏t
τ=1 κ

(i)
τ [see (63)], where

κ
(i)
τ is either equal to 1 (no partitioning occurs for axis w(i)

τ )
or greater than 1 (partitioning occurs). Now, we define the
time set of partitioning occurring w.r.t. axis w(i)

t as

T (i)
partition =

{
t ∈ Z+ : κ

(i)
t > 1

}
, (74)

which is non-empty11. We label the kth smallest element in
T (i)
partition as tk,i. Thus, ∀t ≥ max{t, t1,i}, we can find a k ∈

Z+ such that t ∈ [tk,i, tk+1,i), and

t∏
τ=1

κ(i)τ =

tk,i∏
τ=1

κ(i)τ
(c)

≤
trsk,i|λs|tk,i

∥∥W̃ (s)
0

∥∥
F

‖w̃(i)
tk,i
‖

≤
trs |λs|t

∥∥W (s)

0

∥∥
F

‖w̃(i)
tk,i
‖

, (75)

where (c) follows from (63) and (73). Now, we want to find
a lower bound on ‖w̃(i)

tk,i
‖ to upper bound the right-hand side

10In [12], a similar but tighter bound can be found, while our bound is
simpler and good enough for this proof.

11We can show that T (i)
partition is a non-empty set by contradiction: If

we assume T (i)
partition is an empty set, i.e., no partitioning occurs, then w(i)

t

(where w(i)
t is an eigenvector w.r.t. |λs| ≥ 1) is non-decreasing with t ∈ Z+,

i.e., ‖w(i)
t+1‖ = ‖Aw̃(i)

t ‖ = ‖λsŵ(i)
t ‖ = |λs|‖w̃(i)

t ‖ ≥ ‖w̃
(i)
t ‖ = ‖w(i)

t ‖.
Noticing that limt→∞ δ

(i)
t = 0 (Line 6 in Algorithm 1), we know that

partitions must occur. It contradicts the no partitioning assumption. Thus,
T (i)
partition must be non-empty. Furthermore, we can verify that T (i)

partition is
a countably infinite set.

of (75), which relies on rewriting Line 7 of Algorithm 1 that

‖w̃(i)
tk,i
‖ = ‖w(i)

tk,i
‖/2
⌈(

log2(‖w
(i)
tk,i
‖/δ(i)tk,i )

)+⌉
(d)
= ‖w(i)

tk,i
‖/2
⌈
log2(‖w

(i)
tk,i
‖/δ(i)tk,i )

⌉
(e)

≥
δ
(i)
tk,i

2

(f)
=

‖w(i)
0 ‖

2(tk,i + 1)
≥ ‖w(i)

0 ‖
2(t+ 1)

,

(76)

where the substitutions d(i)tk,i = ‖w̃(i)
tk,i
‖ and ‖w(i)

tk,i
‖ = ‖v(i)tk,i−

v
(0)
tk,i
‖ are made in the first line; equality (b) holds since κ(i)tk,i >

1 (partitioning occurs) at tk,i so that ‖w(i)
tk,i
‖ = κ

(i)
tk,i
δ
(i)
tk,i

>

δ
(i)
tk,i

; inequality (e) follows from d·e ≤ ·+ 1; equality (f) is
established by Line 6 in Algorithm 1. Then, inequality (75)
can be rewritten as

t∏
τ=1

κ(i)τ ≤
2(t+ 1)trs |λs|t

∥∥W (s)

0

∥∥
F

‖w(i)
0 ‖

, (77)

which means ∀t ≥ max{t, t1,1, . . . , t1,n}, the following holds

t∏
τ=1

#Kτ =

t∏
τ=1

n∏
i=1

κ(i)τ ≤
n∏
i=1

2(t+ 1)trs |λs|t
∥∥W (s)

0

∥∥
F

‖w(i)
0 ‖

.

(78)

Step 3: For the measure of each coding cell at time t = 0,
we have

µn

(
σ
(κ0)
0 (X 0)

)
= µn(P(ṽ

(0)
0 , . . . , ṽ

(n)
0 )) = |det(W )|,

(79)

which follows from (65) and Lemma 5. ∀t ∈ Z+, we have

µn

(
σ
(κt)
t (X t)

)
=
µn(P(v

(0)
t , . . . , v

(n)
t ))

#Kt

=
|det(A)|µn(P(ṽ

(0)
t , . . . , ṽ

(n)
t ))

#Kt
. (80)

By (79) and (80), the measure of each coding cell at any given
time t is

µn

(
σ
(κt)
t (X t)

)
=
|det(A)|t|det(W )|∏t

τ=1 #Kτ
. (81)

Combining it with (78), we can derive

log2 µn

(
σ
(κt)
t (X t)

)
t

≥ log2(|det(A)|t|det(W )|)
t

−
n∑
i=1

log2

(
2‖W (s)

0 ‖F
‖ŵ(i)

0 ‖
(t+ 1)trs |λs|t

)
t

. (82)

We stress that as t → ∞ limit exists in the right-hand side
of (82) and equals 0, since when t → ∞ both the first and
second items go to |det(A)|. Note that in the second item, s
is a function of i [see (71)] such that each s appears exactly rs
times for i ∈ {rs−1 + 1, . . . , rs}. As t→∞, the second item
goes to

∑S
s=1 rs log2 |λs| = log2 |det(A)|. Then, observing

that log2 µn

(
σ
(κt)
t (X t)

)
/t ≤ 0 holds for sufficiently large t,

we can obtain condition (v) in Theorem 1. �
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