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APPENDIX |

THE RELATIONSHIP TO THE RADIUSMARGIN BOUND

Recall that the optimalw||?> can be computed as

LIWll? = maxaers |0 a5 — § 500 avaggiyik(xi ;)| "
subject to: > oy, =0; o >0

Let us define

1/n1 WhenXZ‘ €D

l/ng WhenXi € Dy

Please note thati; is within the feasible region of the maximization problemiq.(1) because

it satisfies) " | a;y; = 0 anda; > 0. Taking theq; as the (sub-optimal) solution of (1) leads to

D it O — % ZZj:l @ 0yiyk (%5, %5) =2 — 5 Zz] 1 Qi05Yyk (%, %) < %”WHz (3)

The inequality is becausg|w]|? is defined as the maximum value of the object function in

Eq.(2).

Furthermore, it can be shown that

D i itk (Xi, %;)

= (ZXiED1 x;€D1 +2 inepl,XjEDQ + ine’Dg,xJ- EDQ) ala]yly]k(xﬂ X])

_ 1 s
— (&S00, 25 Loum, +i2 o, ) R %)) "
o [Sum(KDl Dl 2Sum(KD1’D2) Sum(K7327D2):|
= - +
ning n3
— ni+no Sum(Kp, p,) + Sum(Kp, p,)  Sum(Kp,p)
ning ni no ni+n2
_ ni+n2
- ning
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Combing the results in Eqg.(3) and (4) and noting that 1/||w||, it can be obtained that

1
Y'<

T4 () (s ®)

ning

Please note that — (M> tr(S%) is always non-negative for a kernel which maps the input
data onto a unit hypersphere, including all stationary &srand the normalized kern&lsThe
result in (5) indicates that (i} is upper bounded by a function @f(S‘g) and (ii) to allow~?

to be maximized, ther(S%) needs to be maximized too.

Similarly, the optimalR?? is obtained by solving

R = maxgern [Z;; Bikii — szzl BiBiki

subject to: > Bi=1; 3;>0

(6)

Similarly, let us defined; = 1/(ny + ny) and j3; is also within the feasible region of the

maximization problem in Eq.(6). Takin@ as the (sub-optimal) solution of Eq.(6) leads to

7 — tr(Kpp) LIS
;ﬁik(X¢,Xz—) =Y BiBik(xi,x)) = ﬁ - Z; Bi3ik(xi,x;) < R? @

i,j=1
The inequality is due to thak? is defined as the maximum value of the object function in
Eq.(6).

Y1t can be proven thatr(S%) = (%) [m? — m$||?, wherem? is the mean vector of clagsin the kernel space. Thus,

[4 - (”1—+”2> tr(S%)} can be rewritten ag — |m{ — m$||%. Sincem? is a convex combination of all the samplegx),

ning
in classi, it must lie inside the unit hypersphere when a stationargasmalized kernel is used. Hendan? — mJ|| must be
less thar, the length of the diameter. For a Gaussian RBF kerfhel; — mJ || is even less thar/2 because¢(x;), ¢(x;))
is always positive.
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Moreover, it can be shown that

tr(Kp,p) n 2R _ (Kpp) 1

(mfnf) - Zz’,j:l BiBik(xi, x;) = (mfnf) ~ nitma)? ExieD,xjeD k(xi, x;)
_ 1 Sum(KD7D)
e 7(n1+n2) tl"(KD7D) — 7n1+n2 (8)
_ 1 ¢

Combining the results in Eq.(7) and (8), it can be obtained th

2 1 ¢
R*> O nz)tr(ST) )

Hence,mtr(sg’ﬁ) is a lower bound ofR? and, to allowR? to be minimized, thetr(S%)

needs to be minimized.

APPENDIX I

THE RELATIONSHIP TO THEKERNEL ALIGNMENT

¢
tr(S%)
_ Sum(Kp, p,) + Sum(Kp, p,) . Sum(Kp p)
- ni n2 ni+ng

— Su + Sog _ S11+S522+28512
ni ng ni+nz (10)
-1
= (n1+ng) 2511 + 1522 — 2512

= (m + n2)71 [511 + 522 — 2512] (When ny = n2)
= (m+n)  (Kyy")
For a Gaussian kernel (and a part of normalized kernelsje tise:(x;, x;) € (0, 1] and thus

k*(x;,x;) < k(x4,%;). Hence, it can be obtained that

KK)= > FEox)< Y kxix) (11)

Xi,Xj €D Xi,Xj €D
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Recall thatm® denote the mean of all training samples in the kernel spacanl be shown that

D KX X;) = P xep [1— 5ll00x) — o(x))1?]
= (m+m)’ =53 xep l60x) — o(x))|?

= ()’ =5 . xen l(0(xi) —m?) — (6(x;) — m?)||?

(12)
(" Yxxen(d(x) —m?) T (6(x;) —m?) =0 )
= (n4 )’ = (m+n2) Yoy ep lld(xi) — m??
= (ny +1n2)? — (ny + no)tr(SH)
Therefore,
(K, K) < (nq 4 n2) | (ny +ny) — tr(S5) (13)

APPENDIX III

THE RELATIONSHIP TO THEKFDA

According to the definitions o8, and S%, it is known that both of them are PSD (Positive

Semi-Definite). Following the property of Rayleigh Quotieih can be obtained that

WTS¢W
0< ™ 28Y < X0 (S%)

w!w

(14)

wTS2w
0< 2% < )0 (S9)

- w'w

where .. (S%) and ... (S%) denote the maximal eigenvalue f, andS?, respectively. Thus,

the objective function of KFDA can be expressed as

j(W) . WTS%W . WTS%W/WTW
o WTS$W o WTS?W/WTW

(15)

WTS%W/WTW

= Amaz (S5)
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Hence,
WTS%W/WTW>

mMaXwek [j(W)] Z MaXwex ( Amaz(si)

(16)

Amaz (%) > tr(S%)
)\maac(sgz) - tI‘(S?)

The last inequality is based on the following two facts: (1 plbinary classificationank(S%) =
1 and S‘g has one and only one non-zero eigenvalue. Thus, it can bmebtmatAmm(S%) =
tr(S%); (2) It is known that> %™ X,(S2) = tr(S%) and that\;(S%) > 0 sinceS? is PSD.

Thus, it can be shown th@it< \,,..(S5) < tr(S%).

APPENDIX IV

THE CONVEXITY ANALYSIS OF J%,(n)

Correction: Equation (12) in the main text of this paper should be coeets

TLam) = (L =X) (=T%(m)) + Alln — nl” (17)

and xﬁg(n) is to be minimized. The following analysis is revised accordingly based on the
corrected equation (12).

Since f(x) = exp(—=z) is convex, the kernek(x,y) = exp [— Zle ni(z; —v;)?|, will be a
convex function for);. Instantly, it can be obtained thatm(Kp, ;) = >_, cp, >y, ep, ¥(Xp. ¥q)
is also convex because a nonnegative weighted sum of comwetidns is still convex. In
addition, please note thgt(n) = |[n — n,||* is also convex and thdt < A < 1. Thus,J,(n)

can be written a difference of two convex functions as fodow
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T%em) = A) (=T?(m) + Alln — noll?
- (tr %) + Al =l
= N (SmCen) _ sre | SumCEein) ) gzl — |2 (18)
= [(1—A>M+Ann nol?] = [(1 - T, 2emiind ]
= g(n) — h(n)

whereg(n) £ [(1 — ) SunKe) 4 A — } and h(n) 2 [(1 )Y, W] Both

are convex fom. This also indicates thaf,%,(n) is not a convex function for.
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