
•From Theorem 1, distance becomes 
 

•Hyperbolicity & other properties: paper
•For              ,  "pushes back      " & low non-
linear distortion close to center:

t-self of Poincaré disk
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Suppose f t-Riemann integrable.  Then, the function  
 

defined by                                          is such that                  .
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DtF = f

•Basic idea: generalize Riemann summation in Riemann integration framework

•Theorem 1: any f is t-Riemann integrable for all           or for none. In the former case, we have

•Theorem 2: when it exists, let                                                          . 

          Best part of model 
close to       but this region 
is numerically error-prone  
(➚ risk of mapping to      )

Hyperbolic Embeddings of Supervised Models 
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Take homeSummary

3 key contributions, independent reusability: 

•Link supervised learning and distances in 
hyperbolic geometry→embed more models! 

•New monotonic decision tree models, 
extracted from decision trees→benefits+ 

•New fundamental theorem of t-calculus → 
general use in ML (integral ML distortions: 
Bregman & f-divergences, IPMs, OT, etc.)

More in paper: 

•How to embed ensembles of boosted DTs
•Modified Sarkar's embedding for MDTs
•Application to Lorentz model
• Integration extended to tempered: properties 
& in-context analysis (geometry, ML):
- additivity, dilativity, Chasles relationship, etc.
- chain rule, mean value theorem, etc.
- generalized hyperbolic Pythagorean theorem
- data processing & convexity properties, etc.

Code & more: https://richardnock.github.io/

•Models of hyperbolic geometry models used in 
ML for two purposes:
- embed data
- embed unsupervised models (e.g. hierarchies)

•We demonstrate their capabilities to embed 
supervised models: (ensembles of) decision 
trees (DTs). To get there, we solve 3 problems:
- extract monotonic decision trees from DTs
- embed trees in Poincaré disk (d(origin,node) = 

absolute confidence of prediction for log-loss)
- smoothly bend distance → readability➚ & 

tackle known numerical issue of Poincaré disk  

•Last step involves a generalization of Leibnitz-
Newton's fundamental theorem of calculus of 
independent interest

②

③

①

t-self of Poincaré disk

•DT = hard to interpret / visualize:
- Non monotonic rules (fct of confidences      )
- No global visualization (BIG, many numbers)

Decision Tree (DT) Monotonic Decision Tree (MDT)

•Extract monotonic subtree
- monotonic rules (                                         )
- No global visualization (big, many numbers)

•Embed whole MDT in Poincaré disk:
- dist. to origin of node =      → faithful embed.
- center:                       , border: 
- equidistant isolines  
•Best part of model close to border
- ➚➚ numerical inaccuracies, little readability
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•Generalization of Leibnitz-Newton's 
fundamental theorem of calculus
- smoothly changes integral (→ distances)
- tempered Poincaré disk       hyperbolic
- stretches region close to border → readability ➚
- ➘ non-linear stretch close to center
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Embedding in Poincaré disk
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Class probability estimation vs Poincaré disk model Monotonic Decision Trees Tempered calculus 101
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z  t z
0 .
=

z � z0
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F is a t-primitive of f (zeroes in z=a) 
f is the t-derivative of F

•Poincaré disk model   : 
•2D hyperbolic geometry model
•Conformal, geodesics = circular 
arcs (     to       if prolonged)
•Hyperbolicity → low distortion 
embedding for everything-tree
•For any           with Euclidean 
norm             , the distance to 
the center of the disk is 

•Class Probability Estimation:
•2 classes (             ), model H   
→ posterior
•Log-loss incurred (pointwise):

•Duality with real-valued 
classification via the canonical 
link of the loss:

•Classification confidence:
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→ embed prediction p with 
some z such that 

<latexit sha1_base64="IrxDebx8kRVb+YjNGYzGQfR58so="></latexit>

kzk = |2p� 1|

isolines p

Confidential + Proprietary

Monotonic (Decision) Tree corresponding to a DT (UCI abalone)
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•A DT = tree + posterior 
prediction at each node 
→ good candidate model
•BUT          not monotonic 
on paths  
→ risks of unreadable / 
messy embeddings
•We use its monotonic 
decision tree (MDT) 
→ Cf paper (algo., prop.)
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Contributions illustrated
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Trivia: can you guess               ?
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Riemann integration 
framework

<latexit sha1_base64="01BPu0vwer2JPsO7kDATSrSPNDs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSIIQklE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1Fipft4rld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohp1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IQ3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVHxripu/bJcvc3jKMAxnMAZeHANVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8fcyuMtA==</latexit> + (         , tempered addition)<latexit sha1_base64="ZWvOAAgHuI0Gzc5ZKBgJKYDVCxs=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRUZdFNy6r2Ad0hpJJ0zY0kxmSO4Uy9E/cuFDErX/izr8xfSy09UDgcM693JMTpVIY9Lxvp7C2vrG5Vdwu7ezu7R+4h0cNk2Sa8TpLZKJbETVcCsXrKFDyVqo5jSPJm9Hwbuo3R1wbkagnHKc8jGlfiZ5gFK3UcV0kgVAkiCkOoih/nHTcslfxZiCrxF+QMixQ67hfQTdhWcwVMkmNafteimFONQom+aQUZIanlA1pn7ctVTTmJsxnySfkzCpd0ku0fQrJTP29kdPYmHEc2clpQrPsTcX/vHaGvZswFyrNkCs2P9TLJMGETGsgXaE5Qzm2hDItbFbCBlRThraski3BX/7yKmlcVPyrivdwWa7eLuoowgmcwjn4cA1VuIca1IHBCJ7hFd6c3Hlx3p2P+WjBWewcwx84nz8PQJNL</latexit>

t 2 R

<latexit sha1_base64="ygetV0B/AHPg7AmfSdZetv+57bA="></latexit>

(t)Z b

a
f(x)dtx = L→                      = t-Riemann integration

(t=1 → classical Riemann integration)

<latexit sha1_base64="k3Mwaef/dmfbSp5026xgwhKA2uU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgv2QNpTNdtMu3d2E3Y0QQn+FFw+KePXnePPfuE1z0NYHA4/3ZpiZF8ScaeO6305pZXVtfaO8Wdna3tndq+4ftHWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJrczv/NElWaRfDBpTH2BR5KFjGBjpccUXaN+LJA3qNbcupsDLROvIDUo0BxUv/rDiCSCSkM41rrnubHxM6wMI5xOK/1E0xiTCR7RnqUSC6r9LD94ik6sMkRhpGxJg3L190SGhdapCGynwGasF72Z+J/XS0x45WdMxomhkswXhQlHJkKz79GQKUoMTy3BRDF7KyJjrDAxNqOKDcFbfHmZtM/q3kXdvT+vNW6KOMpwBMdwCh5cQgPuoAktICDgGV7hzVHOi/PufMxbS04xcwh/4Hz+AC4Sj1k=</latexit>

y = ±1

- Nivanen et al., 2003

https://richardnock.github.io/

