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Abstract

This paperinvestigateghe efficient parallelizationof algorithmswith strongstability
guaranteeto factordensesymmetricindefinitematrices.t shavs how thebounded
Bund-Kaufmanalgorithmmay be efficiently parallelized andthenhow its performance
canbeenhancedby usingexhaustve block searchingechniqueswhichis effective in
keepingmostsymmetricinterchangesvithin the currenteliminationblock. This canavoid
wastedcomputatiorandthe communicatiomormallyinvolvedin parallelsymmetric
interchangeshut requiresconsiderableffort to reduceits introducedoverheadslt has
alsogreatpotentialfor out-of-corealgorithms.

Resultson a 16 nodeFujitsuAP3000multicomputershavedthe block search
increasegerformancever the (plain) boundedund-Kaufmanalgorithmby 5-14%on
stronglyindefinitematricesandin somecaseout-performinghe well-knowvn
Bunch-Kaufmaralgorithm(which is without strongstability guarantees).

KeyWordsand Phrases. symmetricindefinitematricesLDLT decompositiongensdinear
algebraparallelcomputing block-gyclic decomposition.

1 INTRODUCTION

Large symmetricindefinitesystemsof equationsrisein mary applicationsjncluding
incompressiblélow computationspptimizationof linearandnon-linearprograms,
electro-magnetiield analysisanddatamining. An importantspecialcase poccurringin the
lattertwo applicationsaresemi-definiteandweakly-indefinit€ie. closeto definite)systems.



Stablealgorithmsfor solving N x N symmetricindefinitesystemsandyet exploit symmetry
to have only N{ + O(N?) floatingpoint operationsarewell known (see(Golub& Loan1989)
andthereferencesvithin). Thediagonalpivoting methodsaredominantin theliterature,and
several high-performancénplementation®f algorithmsbasedn this methodhave been
given(Anderson& Dongarral989,Jones& Patrick 1991,Kaufman1995,Ashcraft,Grimes&
Lewis 1998, Strazdin2000).

Therehave only beena few studiessofar on parallelimplementatiorof thesealgorithms,
especiallyon distributedmemaoryarchitecturesln (Jones& Patrick 1991),therearesome
resultson a small-scalesharednemorymachine andin (Strazdinsl999,Strazdins2000),
distributedmemoryimplementationsredescribedn somedetail. However, all of theserefer
to variantsof the Bunch-Kaufmaralgorithm,which hasbeenrecentlyshovn to have no strong
stability guaranteegAshcraftetal. 1998).

In this paperwe describenow to derive stablevariantsof diagonalpivoting methoddo yield
high performanceon parallelplatforms.Notethatit hasalreadybeenarguedthatthese
methodsshouldhave considerabl@dwantagesn parallelimplementatioroverthealternatves,
eg. thetridiagonalmethodgqStrazdin2000).

Themainoriginal contributionsof this paperis firstly to shav how a symmetricindefinite
factorizationalgorithmwith strongstability guaranteemay be efficiently parallelized and
secondlyto shav how parallelandserialperformancdor densematricescanthenbeimproved
by adaptingechniquesisedpreviously usedonly in the sparseserialcase.An analysisof
thesemethodsandcomparisorwith establishedlgorithmsarealsogiven.

This paperis organizedasfollows. Section2 describeshe maindiagonalpivoting method,
with the developmenf the parallelizationof onestablealgorithmthis method beinggivenin
Section3. Sectiord describeghetechniqueof searchindor pivotsin the currentelimination
block, which offers potentialfor improvedparallelandserialperformanceAn analysisof the
pivoting behaior of thesealgorithmsis givenin Section5, with performanceesultsthen
beinggivenin Section6. Conclusionsaregivenin Section?.

2 DIAGONAL PIVOTING ALGORITHMS

In the diagonalpivoting method thedecompositiod = PLDLT PT is performedwhereP is
apermutatiormatrix, L isan N x N lower triangularmatrix with a unit diagonalandD is a
block diagonalmatrix with eitherl x 1 or 2 x 2 sub-blockdGolub& Loan1989).

Figurel indicatesthe partialfactorizationof a blockedalgorithm. The dashedrapezoidn
Figurel representshe panel AL of the matrix currentlybeingfactored.

Thefactorisatiorof A proceedsolumnby column;in the eliminationof columnj, 3 cases
arise:

1. Eliminateusingal x 1 pivotfrom A; ;. This correspondso the definitecase andwill
beusedwhen A, ; is sufiiciently large (comparedvith max(A;1.m ;)).

2. Eliminateusingal x 1 pivotfrom A; ;, where: > j. This correspondso the
semi-definitecase;a symmetricinterchangevith row/columnsi and; mustbe
performed.
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Figurel: Partial LDLT factorizationshaving a symmetricinterchangéetweercolumns; and
1

3. Eliminateusinga2 x 2 pivotusingcolumnsi’, i’ > j, andi, s > j + 1 (thiscase
producesa2 x 2 sub-blockat columnyj of D) This correspond$o theindefinitecasea
symmetricinterchangevith rows/columng’,i andandy, j + 1 is performed.

Thetestsusedto decidebetweernthesecasesandthe searchesisedto selectcolumns (andi’),
yield severalalgorithmsbasedn the method the mostwell-known beingthe severalvariants
of the Bunch-Kaufmaralgorithm.

The Bunch-Kaufmaralgorithmrestrictsi’ = j andalwaysfindsa columns for case< or 3
within asinglesearchfor thisreasonjt canbeimplementedrery efficiently (Anderson&
Dongarral989,Jones& Patrick 1991,Strazdins2000).

However, it hasbeenrecentlyshown for this algorithmthereis no guaranteehatthe growth of
L is boundedandhenceno overall strongstability guarante€Ashcraftet al. 1998).Variants
suchasthe boundedBund-KaufmanandfastBund-Parlett algorithmshave beendevised
which overcomesghis problem(Ashcraftetal. 1998). The extraaccurag of thesemethods
resultsfrom moreextensve searchingor stablepivot columns: (and:’) for case® and3, with
acorrespondinglynorefrequentuseof thesecases.

For linearsystemghatarecloseto definite,the diagonalpivoting methodgpermitmost
columnsto be eliminatedby casel, requiringno symmetricinterchangeskor parallel
implementationthisis a highly usefulproperty asevenfor large matricesthe communication
startupandvolumeoverhead®f symmetricinterchangecanbelarge (Strazdinsl999).

Insteadof suppressingnterchangesyhich evenif donejudiciously mayresultin thelossof
someaccuray (Strazdin2000),high parallelperformanceanalsobe achievedwith a
block-seach algorithmthatsearche$or suitablepivot columns; andi’ from the current
storageblock. If this searchwassuccessfulthe symmetricinterchangesvould requireno
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communicationresultingin no paralleloverhead Sucha stratgy couldbebasednthe
exhaustve pivot searchstrategy usedfor sparsematriceg(/Ashcraftetal. 1998),which alsohas
strongguaranteesf accuray.

However, if the searchwasnot successfulanequallystablemeansof eliminatingcolumnj
mustthenbe used.We chosethe boundedBunh-Kaufmanalgorithmover thefast
Bund-Parlett algorithm,asthe latterrequiressortingof the columnsby the sizeof the
diagonal whichwould give it higherparalleloverheads.

3 THE PARALLEL BOUNDED BUNCH-KAUFMAN
ALGORITHM

This sectiondescribesow to efficiently parallelizethe boundedBunch-Kaufmaralgorithmof
(Ashcraftetal. 1998).Figure2 indicateshe computationsorrespondingo the partial
factorizationin Figurel. It givesamorecompletedescriptiorthanin (Ashcraftetal. 1998),
indicatinghow it is usedin conjunctionwith aleft-looking level 2 factorizationincorporated
into ablock algorithm. Notethatw;, w}; andw; referto partsof W correspondingo a;, a; and
a;. For thesale of simplicity, it is assumedhattheinput matrix s invertible.

A new featurein ourimplementations the useof ‘half interchangesivhensearchingor
suitablecandidatecolumns.Theformationof v correspondso a ‘half interchange’with a;
denotingtheremainingpartof row/columns, ie. a; = (A, j., Aiy1.xy-1,;). Thecompletionof
theinterchange < i wouldtheninvolve a; < a;, plusthedoublerow swapa;;, w’; < a;, w;.

For case3, theconditionwy; = -, indicatesthatthe new valueof A, ; is the maximumof the
new columnsj andj + 1: this ensureshatthe growth from scalingthesecolumnsby D]-‘1 is
boundedabore by afactorof 2, whenthegrowth parametery = 0.5 (Ashcraftetal. 1998).The
r epeat loop mustterminatein atmost/N — j stepsasthevalueof +; mustbe monotonically
increasingeachiteration;previousempiricalstudieshave shovn thaton averaget terminates
in only 2.5iterations(Ashcraftetal. 1998),which concurswith our experiencealso.

The’half-interchangesin the above implementatiorthusavoid someof the overheadf afull
interchangeccurredon eachtime step,particularlyusefulfor parallelimplementationNote
thatthis alsosarestwicesasmary interchangesvhenusingthefactoredmatrix to performa
linearsystemsolwe. It alsoensureshatat mostoneinterchangeccursperindex position,
enablingP to berepresentetly a standargivot vector

Thematrix operationf Figure2 arecodedentirelyin termsof the DBLAS DistributedBLAS
Library (Strazdinsl996,Strazdinsl997,Strazdinsl998),which is a portableversionof
parallelBLAS. The DBLAS routinesalreadyoptimizemuchof thecommunicatiorbehaior
of theseoperationsa descriptionof how they areparallelizedcanbe found elsavhere
(Strazdinsl996,Strazdins1998).

Otheroptimizationsusedto reducecommunicatiorstartupsn the ordinaryBunch-Kaufman
factorization(Strazdinsl999) have beensimilarly performedon this implementationan
optimizationapplyingparticularlyin this caseoccurson case3 whenj; # ' andj + 1 # i.
Here,two 'half-interchangesareusedto form v onthelasttwo iterations;uponloop exit, they
aresimultaneouslyompleted.To compensatéor theslight differencefrom two consecutre



createanev matrix W alignedwith A-
for eachj in currentpanel
wW; «— (w;-)TAj + aj; "=k
find thepos.i of themax.in w;; v; = [(w;);]
i f |4, <oy, (notcasel)
r epeat
createnew vectorv alignedwith w;
v+ (wh)TAj +a
find the pos.r of themax.in v; v, = |v,|
if vl <oy, (case?2)
w; + v, completeinterchangg « 4
else if v =, (case3)
Wj41 < U,
completeinterchangeg, j + 1 < ¢, 4
el se
wj 08 Gy =i
unt il case2or3applies;
i f case3applies
D, = ( Ajj Ajry )
Ajirg Ajrign
(aj,aj41)  (wj,wj1)Dj"
skipcolumnj + 1
el se
aj < wj/Aj;
Al-=AWT

Figure 2: Partial BoundedBunch-Kaufmanfactorizationof an N x N symmetricindefinite
matrix A



full interchangest is sufficientto simply extendtherow swapa; <+ a; to includeelementsn
columnj + 1, thusrequiringno extracommunications.

It is possibleto adoptthe algorithmof Figure2 to performa ‘right-looking’ level 2
factorizationwhich meanghateachof thethew columnsin W aremaintainecateach
iterationusingrank-lupdatesinterchangesnustthenbe performedon W asthey arein A,
considerablycomplicatingthe code(andaddingsomeoverhead) For this reasonandthefact
thatgenerallyrank-1updatesareconsiderablyslowerthanmatrix-vectormultiplies (seeFigure
2), right-lookingfactorizationsaregenerallynot usedin implementingthe diagonalpivoting
method.However, in Sectiond, we will shav thatthey canhave anadvantageundersome
circumstances.

4 BLOCK SEARCH METHODS

Considera parallelimplementatiorof the boundedBunch-Kaufmaralgorithmona P x )
processogrid, with A beingdistributedusingandr x r block-¢yclic matrix distribution, ie.
block (i, j) of A will beonnode(i mod P, j mod Q). We chooseanalgorithmicblocking
factorw = r; thusW and A would be containedn asinglenodecolumn(cf. Figure1l).

In case and3, theinterchangg <« i« mayrequireparallelcommunicationf i is outsidethe
currentstorageblock of columnj. Furthermoretherewill be computationabverheads
impliedin the computatiorof v in theleft-looking algorithm(on averagerequiring% floating
point operationseachtime). Thesetwo form the majoroverhead®f thealgorithm.

However, if we wereto form W usingaright-lookingvariant,andwe couldfind suitablepivot
columnswithin the currentstorageblock, all interchangesvould theninvolve only local
memorymovementsandboth of theseformsof overheadsouldberemoved.

We will now look at suitablemethodsalreadyexisting for sparseanatrices andthenexplore
how they may be efficiently adaptedor the paralleldensecase.

4.1 Sparse Methods

A methodperforminga block searchin the sparsecaseis the exhaustivepivoting strategy
(Ashcraftetal. 1998),which originatesfrom the earlierMA27 codesby Duff andReid (Duff
& Reid1983).Theblock searchtechniques usedin multifrontal methodswherethe ability to
selecta pivot from the currentblock of columnshasa large payof in preservinghe sparsityof
thematriceg/Ashcraftetal. 1998).

Here,ablock of w columnscurrentlyunderconsideratiorfor eliminationarearrangedn a
gueue Eachiterationof the searchselectscolumns (initially from the headof the queue,
working inwards).After computingy;, it is thenmatchedwith eachcolumni’ precedingt in
thequeue Notethatatthis point, it mustbe ensuredhatall updatesrom previous
eliminationshave beenappliedto columnsi and:’. The condition:

max{y; Wi | + vj|[Wiar|, v; | Wil + 7| Wi |} (1)
< |WipaWiy — W3 |/«
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determineshatcolumnsi and:’ canform astable2 x 2 pivot (Ashcraftetal. 1998). After this,
column: maybeconsideredor al x 1 pivot; the sametestasfor casel in Figure2 is used.

If astablepivotis found,thenthe associated@olumnsareremovedfrom the queueandthe
searchs terminatedptherwisecolumns is put atthe endof the queue(the searchwill alsobe
terminatedvhenthis occursfor eachof thew columns).Thus,this searchcanpotentiallylook
atall ““*1) potentialpivots, the dominantcostin this casewill bethe computatiorof w
columnmaximums.lt hasbeenfoundthatthis exhaustve searchwasmoreeffective for sparse
matricesthanusingalimited searchiover 2w — 1 potentialpivots,asis donein the MA27
codes)wheresearchor the2 x 2 pivot for columni is restrictecto a singlecolumni’ where

Wy = max{W;;1.,—1,:} (Ashcraftetal. 1998).

Priority is givento 2 x 2 pivots,wherea1 x 1 pivot will notbechecleduntil myys 2 x 2
pivotsfor columni have beensearchedwherearecommendedaluefor the heuristic
parameternsy.o = 5 (Ashcraftetal. 1998). Thereasorgiventherefor this biasis thatthe
operationdor 2 x 2 pivotsarefaster

Oneremainingpointis whatto do if no stablepivotsarefoundin the currentblock. A number
of freshcolumns(from thetrailing sub-matrixA’) will bethenbroughtto the headof the
queue andthewhole proceswill thenberepeatedWhile the queuesizew maythusgrow to
beO(N), eventuallythewholefactorizationwill complete(Ashcraftetal. 1998).

It shouldbe notedthatin the sparseserialcase the datastructuresisedpermitinterchanges
(includinggueuensertionsanddeletions)with little overhead.

4.2 Adaption for the Dense Parallel Case

The exhaustve searchstratggy mentionedn the previous sectioncould be adoptedor this
purpose However, to realizeanactualperformancemprovementover our bounded
Bunch-Kaufmanmplementationyhich apartfrom the overheadsnentionedn Section4,
usesfastcomputationatomponentsthefollowing principlesmustalsobe obsened:

1. thenew algorithmshouldnot usesignificantlyslower computationatomponentsin
particular it shoulduseexisting optimizedBLAS andDistributedBLAS kernels
(requiringpacledstorage).

2. theoptimaltargetblockingfactorw for the matrix multiply A’- =AXW? shouldbe
guaranteedio bereachedThis guaranteethatoptimal speedor the dominantpartof
the overall computatioris achiered.

3. ary new overheads$ntroducedshouldbe minimized.

Thus,from thefirst principle,the useof queuedor managinghe currentblock shouldbe
avoided,asit will leadin this caseto a complex and/orinefficientimplementationaswe
requirethe packed matrix storagefor computationaspeedinsteadwheneliminatingcolumn
4, if wefind asuitable2 x 2 pivot', i in theblock, theinterchangeg, j + 1 < i, are
performednstead(andsimilarly foral x 1 pivot).

Secondlyif asuitablepivot cannotbe foundat columnj in the currentblock, thebounded
Bunch-Kaufmaralgorithmwill thenbe usedto eliminatecolumn;. Notethatin thedense



parallelcase pur blocksizesarefixed by the block-gyclic matrix distribution; usingthe
boundedBunch-Kaufmarasa ‘f all-though’ensures fixed blockingfactorcanalwaysbe
reachedProvidedtheblock searchs normally successfulthis will only slow down theoverall
computatiormamginally. In this hybrid algorithm,the growth boundsarethenthe maximumof
thosein eitheralgorithm,thatthe elementof L areboundedy max{é, ﬁ} andthe growth

of thetrailing sub-matrixat eachstepis boundedy é (Ashcraftetal. 1998).

Thirdly, in orderto computey;,; andW,; ;.; efficiently at eachsearcharight-looking
factorizationshouldbe used(it turnsout thatthis needapplyonly to W, not AL aswell). This
is apotentialproblem,asit seemgo violatethefirst principle (seethe endof Section3). The
computatiorof the~’s, whichin theworstcasecouldoccur@ timespercolumn,is the
mainsourceof new overheadln the parallelcontext, to computeanew ;, areduction
operationis required neededg, P communicatiorstartupgo bring thevalueof ~; to thenode
holding W.; ;.;, which thenhasall informationrequiredto evaluatethe search.Thevalueof ;
plustheresultof the searchat column: is thenbroadcasto all nodesin the column,requiring
afurtherlg, P startups.Thesestartupscanbeamortizedby afactorof b by finding 7;.;15,—1 at
the sametime; thetradeof is in performingsomepotentiallyunnecessargolumnscansn
casea pivotis foundbeforecolumni + b, — 1. Empiricalstudieshave shavnthatb, = 4isa
goodcompromiseFinally, the overall resultof the searchs thenbroadcasto all nodes.

We canlimit theworst-cas@verheadf the~ calculationgo ~ ww, searcheperblock, where
1 < w, < %, by limiting thesearchrom columnjj to columnj + w, — 1. Thisis dueto the
obsenationthatmostsuccessfusearchegenerallyterminaterelatively early.

While in itself thiswasfoundto have madelittle differenceto the overall performancethis
ideapermitsa hybrid left-and-rightlooking implementationif uponthe currentsearchthis
wasthefirst time column: wasaccessedhe (left-looking) updatesrom the eliminationof
previouscolumnsin theblock areappliedbeforethe searchwasperformed.Fromthenon,
column; of W is maintainedn aright-lookingfashion.This maximizeghe useof left-looking
updategespeciallyfor weakly-indefinitematriceswherecasel predominates)yhile
maintainingall advantage®f theblock search.

The samebiastowards2 x 2 pivotsasdescribedn Sectiond wasimplementechere,aswe
alsofoundit optimalin thedensecase We foundthatbiasingthe searchtowards1 x 1 pivots
causedcascadesbf occurrencesf case2 (seeSection5). The secondnainadwantageof the
2 x 2 biasis thatit will reducethe overheacdf calculationof ~;, astwo columnsratherthan
onegeteliminatedon a successfusearch.

5 PIVOTING BEHAVIOR

In orderto understandhe performanceotentialof the Bunch-Kaufmanpounded
Bunch-Kaufmarandblock searchalgorithms,it will be usefulto first investigatestatistics
indicatingtheir pivoting behaior. For this study we chooseheblock sizew = 64, thematrix
size N = 1000, andusesimulatedmatricesof theform A = A’ + 81, whereA’ hasdouble
precisionrandomelementdrom [—1, 1] and0 < 5.

It is usefulto definethreequantitiesrelatedto pivoting choicesandoverheadsf representshe
numberof interchangeandhalf-interchange¢scaledby 0.5) dividedby N. The numberof



interchangesredeterminedrom the numberof case® and3 (aninstanceof case3 where
j + 1 # i wouldadd1 to this countif j =4, and2if j # ).

f"islike f but only thoseinterchangesvherei (or ') areoutsidethe currentstorageblock are
counted.Regardingthe costof aninterchangevithin a storageblock (requiringno
communicationpsnegligible, f’ thenindicatesthe paralleloverhead®f interchangesA low
valueof f’ indicatesa highratio of successfublock searches.

The quantity s representshe numberof columnmaximumfinding operationgperformedoy
thealgorithm,dividedby N. This representsourceof overheadn the computation,
particularlyfor theblock search.

Figure3 givesa comparisorof thesequantitiesfor the Bunch-Kaufmar(BK), bounded
Bunch-Kaufman(BBK) andblock search-augmentdzbundedBunch-KaufmanBS)
algorithms;eachpointrepresentshe averagedvaluefrom 20 suchrandomlygenerated
matrices.For larger N, all quantitiesendto increaseslightly with increasing3, but the
relative differencesarethe same.

A usefulconcepto introduceatthis pointis thatof short-rangeandlong-ranganterchangem
thediagonalpivoting methods By the‘range’, we meanthe differencebetweerthetwo indices
involved;interchangesvithin the currentstorageblock arethusshort-rangeAs mentioned
earlier short-rangenterchangesnaythusbe moredesirablen termsof performancehan
long-range However, considercase2 with theinterchange <« i. This meanghatcolumny
wasunsuitableasal x 1 pivot, becauseatthattime, its diagonalelementwasrelatively weak
comparedvith its off-diagonalmaximum.This interchangevould thenresultin the original
columnbeingagainconsideredsa potentiall x 1 pivot afteri — j updateslf i is closeto j,
the probabilityis high thatthe columnwill still prove unsuitableasal x 1 pivot, andcase2
couldagainbe selectedThis couldresultin ‘cascadesbf case? pivots. Ontheotherhand,if
is faraway from j, thisis muchlesslik ely to occurastherewill be moreupdatesappliedto the
original column,amplifiedby thefactthatthe columnis now considerablyshorter

Thevaluefor f for BBK is higherthanBK for low g; thisindicatesthe effect of the BBK
searchtakingseveraliterationsbeforea suitablepivot is found,whereasBK alwaysfindsa
pivot effectively in asingleiteration(andlosesits stability guaranteethereby).As mentioned
in Sectiord.2, our block searchimplementatiornis limited to w, = 16 columnsaheadrather
thanin thefull block. Thisreducedhevalueof f’ by < 0.015, indicatingthatthelimited
searchs atleastaseffective, atleastunderthe currentcircumstances.

Thevalueof f’ beingmuchlowerfor BS indicatesthe block searchhasa high successate,
evenfor low 3. However, its valueof f beingsignificantlygreatethanBK is a pointfor
concern:while it doesnotin this case(becaus®f thelow f’) imply computationa(in theform
of extra matrix multiplies) or communicatioroverheadsit doesindicatesomeextra overhead
atleastin termsof local memorymovements.

Thereasorwhy f is highfor BSis unclear Onehypothesiss thatastheblock search
generates largernumberof case (andpossiblycases3), asunsuitablecolumnssometimes
getrepeatedlyshufled towardsthe endof the block, dueto the short-rangenatureof the
interchangesAn experimentwasperformedo causehe block searchto fail if the current
columnwasalreadymovedtwice within the sameblock by occurrencesf case2. Thisin fact
resultedn aslightly increasedralueof f (andindeedf’), notsupportingthe hypothesigand
alsoshawing thatthis strateyy would notimprove the block search).
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Figure3: Averagedgivotingandsearctoverheagarametersor simulatedl 000 x 1000 matrices

Thevalueof s is, asexpectedsignificantlyhigherfor BS, from 6 timesat 5 = 0, decreasindo
twice,at 8 = 10. Dependingontherelative slownessof the vectormaximumfinding function
(for theUltraSFARC BLAS, it is only abouttwice asslow asa vectorcopy (Strazdins1998))
this may or may not represena significantoverhead Note thatthe averagenumberof vector
maximumcalls persearchcanbe approximatedy s/ f, astheblock searchs notinvokedat
columnj whencasel occurs.

The computationabverheadf the extra vectormatrix multiplieswhich BK (andBBK)
performover BS canbe approximatedy:

ws
mpg ~ (fBK - f]lss)ﬂ

2Smy

whereZfzx representthe speecperelementof matrix-vectormultiply overvectormaximum
f|nd|ng "For the UltraSRARC BLAS, fmx 2 0.25. Undertheseconditions we seethat
mpk ~ 6 andmgpk ~ 8 atg3 = 0, |nd|cat|ng|ndeedacomparablelme penaltyasgivenby
theextrasearchoverhead®f BS, sgx — sgs andsgpk — sgs, respectrely.

6 PERFORMANCE

The FujitsuAP3000(Ishihata,Takahash& Sato1997)is a distributedmemory
multicomputeycomprisedf RISCscalamprocessorgUltraSFARC) with a deepmemory
hierarchy(having a 16KB top-level datacacheanda 1MB 2nd-level cachepoth
direct-mappedanda 64-entryTLB). It hascommunicatiometworkswith characteristics
sharedby mostotherstate-of-the-artlistributedmemorycomputersthatis, high
communicatiorcostsrelative to floating point speedandrow or columnbroadcastdaving to
be simulatedby point-to-pointmessagesl’ he AP3000alsohasmary propertiesof the cluster
computingmodel;this extraflexibility contributesto its communicatiorcosts.

Figure4 givesperformanceesultson an AP3000basedn 200MHz UltraSFRARC Il hodesfor
doubleprecisiondata. Thesearefor a combinedfactorizatiorandsolve computationas
pivoting advantagegainedin the factorizationwill alsobenefitthe solve stage A storage
block sizew = r = 64 wasfondto be optimal,with the block searchparametew, = 16.
Highly tunedUItraSFARC BLAS, capableof sustaining300 MFLOPson large matrix-matrix
multiply, wasused(Strazdinsl998).
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Figure4: Performancef LDLT algorithmson1 x 1 (left) and4 x 4 (right) AP3000for simulated
N x N matrices

Onthe4 x 4 processogrid, at 3 = 0, BK out-perform$BS by ~ 10%, andBSiin turn
out-performsBBK by thesamemamin. At 3 = 5, BS out-performsBK by = 6%, andBBK by
~ 8%. All threealgorithmshave essentialljthe sameperformancet 3 > 10. Thisis because
their pivoting behaior is almostthe samefor thesematrices.

Thedifferencesdetweertheserial(1 x 1 grid) performancas similar, exceptthemaginsarea
little smallerbetweerBK andBSatg = 0, and,at 3 = 5, BSis only fasterby amodest
maugin for N > 2500.

Without a hybrid right-and-leftlooking level 2 factorizationn BS, BS generallyperformed
5-10%worsethanBBK for g > 5, shawing how importantthe secondprinciple of Section4.2
isin practice.At 5 = 0, thehighfrequeng of block searchesneanghatthereis ahigher
fractionof right-lookingupdatesn BS thanfor larger 3; this plusthe overheadf s ~ 8 for
thesematrix sizes,is counteringts inherentpivoting advantageover BK here.

7/ CONCLUSIONS

In this paper we have demonstratetiow the boundedBunch-Kaufmaralgorithmmaybe
efficiently parallelized.Despiteits overheaddueto its performingextra (long-rangesearches
for pivots,overthe Bunch-Kaufmaralgorithm,it is still reasonablyompetitve in termsof its
performanceespeciallyfor matricescloseto definite. This we deemanacceptableostfor the
extra stability guaranteesf theformer.

By augmentinghe boundedunch-Kaufmarwith a block searchproceduresye retainthe
stability guaranteebut getsignificantimprovementn serialandparallelperformanceThisis
achievedby exploiting short-rangesearche$o avoid wastedmatrix-vectormultipliesand
reducecommunicatiorcostsin the symmetricinterchanges.

However, the block searchincreasedhe overall numberof interchangesiesultingin some
extramemorymovementoverheadsThereasorfor thisincreasas yet unknown.
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Theblock searchtechniquenvasderivedfrom the exhaustve block searchstratey for serial
sparsematriceshowever becausehetradeofs (potentialgainsandthe natureof overheads)
arevery different,considerableffort wasrequiredfor its efficientadaptionto thedense
parallelcase.lt reliesonusinga blockedalgorithmwherethe blockingfactorequalsthe
block-gyclic distribution’s storageblock size. The mostseriousoverheademainingis the
computationahndcommunicatioroverheadsn the extra columnmaximumfinding operation,
asour currentimplementatiorcanincreaseéhe numberof theseby up to 8 times.

Futurework would beto try to reducethenumberof searcheskor example,if thetestof
Equationd.1fails when~; is substituteddy 0, thereis no needto calculatey;. Alternatively, if
thevalueof ~; wascalculatedn a previousblock searchthatold valuecould be substituted
insteadfor a sharpettest. Anotherstrat@y is to searchfor mostlikely 2 x 2 pivotsfirst; a
usefulheuristicfrom sparsdechniquess to find the maximumelementn column: from the
diagonalblock.

Anotherpossibleémprovementwhich couldincreasef’ for stronglyindefinitematriceswould
beto imitatethe sparsestratgy morecloselyby moving columnsfor which ablock search
faileddown to the endof the storageblock. Thesecouldthenbe exchangedwith ‘fresh’
columnsfrom the (k£ * LCM(P, Q))th next globalstorageblock, wherek > 0. While this
would involve very little communicationit would not avoid wastedcomputation
(matrix-vectormultiplies).

Finally, provideda high valueof f’ canbe sustainedthe exhaustve block-searchechnique
may be extremelyusefulin implementingan efficientandstable(parallel)out-of-coreLDLT
factorizationalgorithm,whereonly a sectionof columnsmaybein memoryatonce.Thisis
becausdinding a stablepivot in the currenteliminationblock alsomeanst is in the section,
andthusavoiding thelarge penaltyin bringingin anout-of-corepivot into memoryfor
considerationFor thisreasonjt mayalsobe usefulto extendthe searchto theremainderof
thesection|f thesearchwithin the eliminationblock fails.
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