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Abstract

This paperinvestigatestheefficientparallelizationof algorithmswith strongstability
guaranteesto factordensesymmetricindefinitematrices.It shows how thebounded
Bunch-Kaufmanalgorithmmaybeefficiently parallelized,andthenhow its performance
canbeenhancedby usingexhaustive block searchingtechniques,which is effective in
keepingmostsymmetricinterchangeswithin thecurrenteliminationblock. Thiscanavoid
wastedcomputationandthecommunicationnormallyinvolvedin parallelsymmetric
interchanges,but requiresconsiderableeffort to reduceits introducedoverheads.It has
alsogreatpotentialfor out-of-corealgorithms.

Resultsona 16nodeFujitsuAP3000multicomputershowedtheblock search
increasedperformanceover the(plain) boundedBunch-Kaufmanalgorithmby 5–14%on
stronglyindefinitematrices,andin somecasesout-performingthewell-known
Bunch-Kaufmanalgorithm(which is without strongstability guarantees).

KeyWords and Phrases: symmetricindefinitematrices,LDLT decomposition,denselinear
algebra,parallelcomputing,block-cyclic decomposition.

1 INTRODUCTION

Largesymmetricindefinitesystemsof equationsarisein many applications,including
incompressibleflow computations,optimizationof linearandnon-linearprograms,
electro-magneticfield analysisanddatamining. An importantspecialcase,occurringin the
lattertwo applications,aresemi-definiteandweakly-indefinite(ie. closeto definite)systems.
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Stablealgorithmsfor solving
�����

symmetricindefinitesystemsandyet exploit symmetry
to haveonly � ����
	�� ��
�� floatingpoint operationsarewell known (see(Golub& Loan1989)
andthereferenceswithin). Thediagonalpivotingmethodsaredominantin theliterature,and
severalhigh-performanceimplementationsof algorithmsbasedon this methodhavebeen
given(Anderson& Dongarra1989,Jones& Patrick1991,Kaufman1995,Ashcraft,Grimes&
Lewis 1998,Strazdins2000).

Therehaveonly beena few studiessofaron parallelimplementationof thesealgorithms,
especiallyon distributedmemoryarchitectures.In (Jones& Patrick1991),therearesome
resultson asmall-scalesharedmemorymachine,andin (Strazdins1999,Strazdins2000),
distributedmemoryimplementationsaredescribedin somedetail.However, all of theserefer
to variantsof theBunch-Kaufmanalgorithm,whichhasbeenrecentlyshown to haveno strong
stabilityguarantees(Ashcraftet al. 1998).

In this paper, wedescribehow to derivestablevariantsof diagonalpivotingmethodsto yield
highperformanceonparallelplatforms.Notethatit hasalreadybeenarguedthatthese
methodsshouldhaveconsiderableadvantagesin parallelimplementationover thealternatives,
eg. thetridiagonalmethods(Strazdins2000).

Themainoriginal contributionsof thispaperis firstly to show how asymmetricindefinite
factorizationalgorithmwith strongstabilityguaranteesmaybeefficiently parallelized,and
secondlyto show how parallelandserialperformancefor densematricescanthenbeimproved
by adaptingtechniquesusedpreviouslyusedonly in thesparseserialcase.An analysisof
thesemethodsandcomparisonwith establishedalgorithmsarealsogiven.

Thispaperis organizedasfollows. Section2 describesthemaindiagonalpivotingmethod,
with thedevelopmentof theparallelizationof onestablealgorithmthis method,beinggivenin
Section3. Section4 describesthetechniqueof searchingfor pivotsin thecurrentelimination
block,which offerspotentialfor improvedparallelandserialperformance.An analysisof the
pivotingbehavior of thesealgorithmsis givenin Section5, with performanceresultsthen
beinggivenin Section6. Conclusionsaregivenin Section7.

2 DIAGONAL PIVOTING ALGORITHMS

In thediagonalpivotingmethod,thedecomposition����������������� is performed,where � is
apermutationmatrix, � is an

��� �
lower triangularmatrixwith a unit diagonal,and � is a

blockdiagonalmatrixwith either ! � ! or " � " sub-blocks(Golub& Loan1989).

Figure1 indicatesthepartialfactorizationof a blockedalgorithm.Thedashedtrapezoidin
Figure1 representsthepanel�$# of thematrix currentlybeingfactored.

Thefactorisationof � proceedscolumnby column;in theeliminationof column % , 3 cases
arise:

1. Eliminateusinga ! � ! pivot from �'&)( & . Thiscorrespondsto thedefinitecase,andwill
beusedwhen �'&*( & is sufficiently large(comparedwith +�,.- � �'&0/�132 4�( & � ).

2. Eliminateusinga ! � ! pivot from �657( 5 , where8�9:% . Thiscorrespondsto the
semi-definitecase;asymmetricinterchangewith row/columns8 and % mustbe
performed.
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Figure1: Partial LDLT factorizationshowing a symmetricinterchangebetweencolumns% and8
3. Eliminateusinga " � " pivot usingcolumns8<; , 8<;�=>% , and 8 , 8?=@% � ! (this case

producesa " � " sub-blockat column % of � ) Thiscorrespondsto theindefinitecase;a
symmetricinterchangewith rows/columns8 ; ,8 andand %BA3% � ! is performed.

Thetestsusedto decidebetweenthesecases,andthesearchesusedto selectcolumn 8 (and 8C; ),
yield severalalgorithmsbasedon themethod,themostwell-known beingtheseveralvariants
of theBunch-Kaufmanalgorithm.

TheBunch-Kaufmanalgorithmrestricts8C;D�
% andalwaysfindsacolumn 8 for cases2 or 3
within asinglesearch;for this reason,it canbeimplementedveryefficiently (Anderson&
Dongarra1989,Jones& Patrick 1991,Strazdins2000).

However, it hasbeenrecentlyshown for this algorithmthereis noguaranteethatthegrowth of� is bounded,andhencenooverall strongstabilityguarantee(Ashcraftet al. 1998).Variants
suchastheboundedBunch-KaufmanandfastBunch-Parlett algorithmshavebeendevised
which overcomesthis problem(Ashcraftet al. 1998).Theextraaccuracy of thesemethods
resultsfrom moreextensivesearchingfor stablepivot columns8 (and 8C; ) for cases2 and3, with
acorrespondinglymorefrequentuseof thesecases.

For linearsystemsthatarecloseto definite,thediagonalpivotingmethodspermitmost
columnsto beeliminatedby case1, requiringno symmetricinterchanges.For parallel
implementation,this is ahighly usefulproperty, asevenfor largematrices,thecommunication
startupandvolumeoverheadsof symmetricinterchangecanbelarge(Strazdins1999).

Insteadof suppressinginterchanges,which evenif donejudiciouslymayresultin thelossof
someaccuracy (Strazdins2000),highparallelperformancecanalsobeachievedwith a
block-search algorithmthatsearchesfor suitablepivot columns8 and 8C; from thecurrent
storageblock. If this searchwassuccessful,thesymmetricinterchangeswould requireno
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communication,resultingin noparalleloverhead.Suchastrategy couldbebasedon the
exhaustivepivot searchstrategy usedfor sparsematrices(Ashcraftet al. 1998),whichalsohas
strongguaranteesof accuracy.

However, if thesearchwasnotsuccessful,anequallystablemeansof eliminatingcolumn %
mustthenbeused.WechosetheboundedBunch-Kaufmanalgorithmover the fast
Bunch-Parlett algorithm,asthelatterrequiressortingof thecolumnsby thesizeof the
diagonal,whichwouldgive it higherparalleloverheads.

3 THE PARALLEL BOUNDED BUNCH-KAUFMAN
ALGORITHM

Thissectiondescribeshow to efficiently parallelizetheboundedBunch-Kaufmanalgorithmof
(Ashcraftet al. 1998).Figure2 indicatesthecomputationscorrespondingto thepartial
factorizationin Figure1. It givesamorecompletedescriptionthanin (Ashcraftet al. 1998),
indicatinghow it is usedin conjunctionwith a left-looking level 2 factorizationincorporated
into ablockalgorithm.Notethat E�& , EF;& and EF;5 referto partsof G correspondingto HI& , HB;& andHB;5 . For thesakeof simplicity, it is assumedthattheinput matrix is invertible.

A new featurein our implementationis theuseof ‘half interchanges’whensearchingfor
suitablecandidatecolumns.Theformationof J correspondsto a ‘half interchange’,with HB5
denotingtheremainingpartof row/column 8 , ie. HK5L� � �657( &�2 5<AM�65N/�132 �?O 13( 5 � . Thecompletionof
theinterchange%QP 8 would theninvolve HK5LR H.& , plusthedoublerow swap H ;& AME ;& P H ;5 AME ;5 .
For case3, thecondition ST5���STU indicatesthatthenew valueof �'&V/�13( & is themaximumof the
new columns% and % � ! : this ensuresthatthegrowth from scalingthesecolumnsby � O 1& is
boundedaboveby afactorof 2, whenthegrowth parameterWX�ZYD[]\ (Ashcraftetal. 1998).The
repeat loopmustterminatein at most

�_^ % stepsasthevalueof S`5 mustbemonotonically
increasingeachiteration;previousempiricalstudieshaveshown thaton averageit terminates
in only 2.5 iterations(Ashcraftet al. 1998),whichconcurswith our experiencealso.

The’half-interchanges’in theabove implementationthusavoid someof theoverheadof a full
interchangeoccurredon eachtimestep,particularlyusefulfor parallelimplementation.Note
thatthis alsosavestwicesasmany interchangeswhenusingthefactoredmatrix to performa
linearsystemsolve. It alsoensuresthatat mostoneinterchangeoccursperindex position,
enabling� to berepresentedby a standardpivot vector.

Thematrixoperationsof Figure2 arecodedentirelyin termsof theDBLAS DistributedBLAS
Library (Strazdins1996,Strazdins1997,Strazdins1998),which is aportableversionof
parallelBLAS. TheDBLAS routinesalreadyoptimizemuchof thecommunicationbehavior
of theseoperations;adescriptionof how they areparallelizedcanbefoundelsewhere
(Strazdins1996,Strazdins1998).

Otheroptimizationsusedto reducecommunicationstartupsin theordinaryBunch-Kaufman
factorization(Strazdins1999)havebeensimilarly performedon this implementation;an
optimizationapplyingparticularlyin this caseoccurson case3 when % a��8 ; and % � !ba��8 .
Here,two ’half-interchanges’areusedto form J on thelasttwo iterations;uponloopexit, they
aresimultaneouslycompleted.To compensatefor theslight differencefrom two consecutive
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createanew matrix c alignedwith d #
for eache in currentpanelf &hg�i f ;&kj � d &�l mn& ; o ;`p>q

find thepos. o of themax.in f & ; r 5 p�s i f & j 5 s
if s d &*( & sutwv r 5 , (not case 1)
repeat

createnew vector x alignedwith f &x gyi f ;5 j � d &zl mu5
find thepos. { of themax.in x ; r U p�s x U s
if s x 5 s|twv r U , (case 2)f &}g x ; completeinterchangee�~_o
else if r 5 p r U (case 3)f &0/�1�g x ;

completeinterchangese��Ce l�� ~_o ; �3o
elsef & g xT�3o ; g o)��r 5 p r U �3o g {

until case 2 or 3 applies;
if case 3 applies� & p � d &*( & d &V/�13( &d &V/�13( & d &V/�13( &0/�1��i�m & � m &V/�1 j g�i f & � f &0/�1 j � O 1&

skip column e l��
elsemn&hg f &k� d &*( &d ; -= d # c �

Figure2: Partial BoundedBunch-Kaufmanfactorizationof an
� ���

symmetricindefinite
matrix �
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full interchanges,it is sufficient to simplyextendtherow swap HB5LP H.& to includeelementsin
column % � ! , thusrequiringnoextra communications.

It is possibleto adoptthealgorithmof Figure2 to performa ‘right-looking’ level 2
factorization,which meansthateachof thethe � columnsin G aremaintainedat each
iterationusingrank-1updates.Interchangesmustthenbeperformedon G asthey arein � ,
considerablycomplicatingthecode(andaddingsomeoverhead).For this reason,andthefact
thatgenerallyrank-1updatesareconsiderablyslower thanmatrix-vectormultiplies(seeFigure
2), right-lookingfactorizationsaregenerallynotusedin implementingthediagonalpivoting
method.However, in Section4, wewill show thatthey canhaveanadvantageundersome
circumstances.

4 BLOCK SEARCH METHODS

Consideraparallelimplementationof theboundedBunch-Kaufmanalgorithmona � ���
processorgrid, with � beingdistributedusingand � � � block-cyclic matrixdistribution, ie.
block � 80A�% � of � will beonnode � 8z+b�T����A3%�+��T� ��� . Wechooseanalgorithmicblocking
factor �>��� ; thus G and � # wouldbecontainedin asinglenodecolumn(cf. Figure1).

In cases2 and3, theinterchange%�P 8 mayrequireparallelcommunicationif 8 is outsidethe
currentstorageblockof column % . Furthermore,therewill becomputationaloverheads
implied in thecomputationof J in theleft-looking algorithm(on averagerequiring ���
 floating
point operationseachtime). Thesetwo form themajoroverheadsof thealgorithm.

However, if wewereto form G usinga right-lookingvariant,andwecouldfind suitablepivot
columnswithin thecurrentstorageblock,all interchangeswould theninvolveonly local
memorymovements,andbothof theseformsof overheadscouldberemoved.

Wewill now look at suitablemethodsalreadyexisting for sparsematrices,andthenexplore
how they maybeefficiently adaptedfor theparalleldensecase.

4.1 Sparse Methods

A methodperformingablocksearchin thesparsecaseis theexhaustivepivotingstrategy
(Ashcraftet al. 1998),whichoriginatesfrom theearlierMA27 codesby Duff andReid(Duff
& Reid1983).Theblocksearchtechniqueis usedin multifrontalmethods,wheretheability to
selectapivot from thecurrentblockof columnshasa largepayoff in preservingthesparsityof
thematrices(Ashcraftet al. 1998).

Here,ablockof � columnscurrentlyunderconsiderationfor eliminationarearrangedin a
queue.Eachiterationof thesearchselectscolumn 8 (initially from theheadof thequeue,
working inwards).After computingST5 , it is thenmatchedwith eachcolumn 8C; precedingit in
thequeue.Notethatat this point, it mustbeensuredthatall updatesfrom previous
eliminationshavebeenappliedto columns8 and 8<; . Thecondition:

+�,.-���S`50��G�5���5��)� � Su&B��G 5�5��*��AVS|&|��G�5]50� � S`5V��G 5�5��)�] ¡ ��G 5���5���G�5�5 ^ G 
5�5�� ��¢|W (1)
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determinesthatcolumns8 and 8 ; canform astable" � " pivot (Ashcraftetal. 1998).After this,
column 8 maybeconsideredfor a ! � ! pivot; thesametestasfor case1 in Figure2 is used.

If a stablepivot is found,thentheassociatedcolumnsareremovedfrom thequeueandthe
searchis terminated;otherwisecolumn 8 is putat theendof thequeue(thesearchwill alsobe
terminatedwhenthis occursfor eachof the � columns).Thus,thissearchcanpotentiallylook
at all �T£�� /�1<¤
 potentialpivots,thedominantcostin this casewill bethecomputationof �
columnmaximums.It hasbeenfoundthatthis exhaustivesearchwasmoreeffective for sparse
matricesthanusinga limited search(over "I� ^ ! potentialpivots,asis donein theMA27
codes),wheresearchfor the " � " pivot for column 8 is restrictedto asinglecolumn 8C; whereG�5]�]5���+�,.-��uG�5¥/�132 �TO 13(�5¦  (Ashcraftet al. 1998).

Priority is givento " � " pivots,wherea ! � ! pivot will notbecheckeduntil § 
©¨|
 " � "
pivotsfor column 8 havebeensearched,wherea recommendedvaluefor theheuristic
parameter§ 
©¨|
 �ª\ (Ashcraftet al. 1998).Thereasongiventherefor this biasis thatthe
operationsfor " � " pivotsarefaster.

Oneremainingpoint is whatto do if no stablepivotsarefoundin thecurrentblock. A number
of freshcolumns(from thetrailing sub-matrix�F; ) will bethenbroughtto theheadof the
queue,andthewholeprocesswill thenberepeated.While thequeuesize � maythusgrow to
be 	�� � � , eventuallythewholefactorizationwill complete(Ashcraftet al. 1998).

It shouldbenotedthatin thesparseserialcase,thedatastructuresusedpermitinterchanges
(includingqueueinsertionsanddeletions)with little overhead.

4.2 Adaption for the Dense Parallel Case

Theexhaustivesearchstrategy mentionedin theprevioussectioncouldbeadoptedfor this
purpose.However, to realizeanactualperformanceimprovementoverour bounded
Bunch-Kaufmanimplementation,which apartfrom theoverheadsmentionedin Section4,
usesfastcomputationalcomponents,thefollowing principlesmustalsobeobserved:

1. thenew algorithmshouldnotusesignificantlyslowercomputationalcomponents.In
particular, it shoulduseexistingoptimizedBLAS andDistributedBLAS kernels
(requiringpackedstorage).

2. theoptimaltargetblockingfactor � for thematrixmultiply � ; -= � # G � shouldbe
guaranteedto bereached.Thisguaranteesthatoptimalspeedfor thedominantpartof
theoverallcomputationis achieved.

3. any new overheadsintroducedshouldbeminimized.

Thus,from thefirst principle,theuseof queuesfor managingthecurrentblockshouldbe
avoided,asit will leadin this caseto a complex and/orinefficient implementation,aswe
requirethepackedmatrix storagefor computationalspeed.Instead,wheneliminatingcolumn% , if wefind asuitable" � " pivot 8<;«AM8 in theblock, theinterchanges%BA3% � !�P¬8<;�AM8 are
performedinstead(andsimilarly for a ! � ! pivot).

Secondly, if asuitablepivot cannotbefoundat column % in thecurrentblock, thebounded
Bunch-Kaufmanalgorithmwill thenbeusedto eliminatecolumn % . Notethatin thedense
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parallelcase,our blocksizesarefixedby theblock-cyclic matrixdistribution;usingthe
boundedBunch-Kaufmanasa ‘f all-though’ensuresafixedblockingfactorcanalwaysbe
reached.Providedtheblocksearchis normallysuccessful,this will only slow down theoverall
computationmarginally. In this hybridalgorithm,thegrowth boundsarethenthemaximumof
thosein eitheralgorithm,thattheelementsof � areboundedby +�,I-�� 1­ A 11 O ­   andthegrowth
of thetrailing sub-matrixat eachstepis boundedby 1­ (Ashcraftet al. 1998).

Thirdly, in orderto computeSu&�2 5 and G�&®2 5¯( &�2 5 efficiently at eachsearch,a right-looking
factorizationshouldbeused(it turnsout thatthis needapplyonly to G , not � # aswell). This
is apotentialproblem,asit seemsto violatethefirst principle(seetheendof Section3). The
computationof the S ’s,which in theworstcasecouldoccur �`£�� /�1<¤
 timespercolumn,is the
mainsourceof new overhead.In theparallelcontext, to computeanew ST5 , a reduction
operationis required,needed°7± 
 � communicationstartupsto bring thevalueof ST5 to thenode
holding G�&®2 5¯( &�2 5 , which thenhasall informationrequiredto evaluatethesearch.Thevalueof S`5
plustheresultof thesearchat column 8 is thenbroadcastto all nodesin thecolumn,requiring
a further °¯± 
 � startups.Thesestartupscanbeamortizedby a factorof ²�³ by finding S`5¯2 5N/µ´«¶ O 1 at
thesametime; thetradeoff is in performingsomepotentiallyunnecessarycolumnscansin
caseapivot is foundbeforecolumn 8 � ²©³ ^ ! . Empiricalstudieshaveshown that ²�³���· is a
goodcompromise.Finally, theoverall resultof thesearchis thenbroadcastto all nodes.

Wecanlimit theworst-caseoverheadof the S calculationsto ¸Z�?��³ searchesperblock,where! ¡ ��³ ¡ � 
 , by limiting thesearchfrom column % to column % � ��³ ^ ! . This is dueto the
observationthatmostsuccessfulsearchesgenerallyterminaterelatively early.

While in itself this wasfoundto havemadelittle differenceto theoverallperformance,this
ideapermitsahybrid left-and-rightlooking implementation:if uponthecurrentsearch,this
wasthefirst timecolumn 8 wasaccessed,the(left-looking) updatesfrom theeliminationof
previouscolumnsin theblock areappliedbeforethesearchwasperformed.Fromthenon,
column 8 of G is maintainedin a right-lookingfashion.Thismaximizestheuseof left-looking
updates(especiallyfor weakly-indefinitematriceswherecase1 predominates),while
maintainingall advantagesof theblocksearch.

Thesamebiastowards " � " pivotsasdescribedin Section4 wasimplementedhere,aswe
alsofoundit optimalin thedensecase.We foundthatbiasingthesearchtowards ! � ! pivots
caused‘cascades’of occurrencesof case2 (seeSection5). Thesecondmainadvantageof the" � " biasis thatit will reducetheoverheadof calculationof S`5 , astwo columnsratherthan
onegeteliminatedon asuccessfulsearch.

5 PIVOTING BEHAVIOR

In orderto understandtheperformancepotentialof theBunch-Kaufman,bounded
Bunch-Kaufmanandblocksearchalgorithms,it will beusefulto first investigatestatistics
indicatingtheirpivotingbehavior. For this study, we choosetheblocksize �>�Z¹|· , thematrix
size

� �º!�YBYBY , andusesimulatedmatricesof theform ���Z� ; �>»�¼ , where� ; hasdouble
precisionrandomelementsfrom ½ ^ !BAn!k¾ and Y ¡ » .

It is usefulto definethreequantitiesrelatedto pivotingchoicesandoverheads.¿ representsthe
numberof interchangesandhalf-interchanges(scaledby 0.5)dividedby

�
. Thenumberof
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interchangesaredeterminedfrom thenumberof cases2 and3 (aninstanceof case3 where% � !�a��8 wouldadd1 to this countif %Q��8<; , and2 if %Àa�Z8<; ).¿�; is like ¿ but only thoseinterchangeswhere8 (or 8<; ) areoutsidethecurrentstorageblockare
counted.Regardingthecostof aninterchangewithin a storageblock (requiringno
communication)asnegligible, ¿�; thenindicatestheparalleloverheadsof interchanges.A low
valueof ¿�; indicatesahigh ratio of successfulblocksearches.

Thequantity Á representsthenumberof columnmaximumfindingoperationsperformedby
thealgorithm,dividedby

�
. This representssourceof overheadin thecomputation,

particularlyfor theblocksearch.

Figure3 givesacomparisonof thesequantitiesfor theBunch-Kaufman(BK), bounded
Bunch-Kaufman,(BBK) andblocksearch-augmentedboundedBunch-Kaufman(BS)
algorithms;eachpoint representstheaveragedvaluefrom 20 suchrandomlygenerated
matrices.For larger

�
, all quantitiestendto increaseslightly with increasing» , but the

relativedifferencesarethesame.

A usefulconceptto introduceat this point is thatof short-rangeandlong-rangeinterchangesin
thediagonalpivotingmethods.By the‘range’,wemeanthedifferencebetweenthetwo indices
involved;interchangeswithin thecurrentstorageblock arethusshort-range.As mentioned
earlier, short-rangeinterchangesmaythusbemoredesirablein termsof performancethan
long-range.However, considercase2 with theinterchange%QP¬8 . Thismeansthatcolumn %
wasunsuitableasa ! � ! pivot, becauseat thattime, its diagonalelementwasrelatively weak
comparedwith its off-diagonalmaximum.This interchangewould thenresultin theoriginal
columnbeingagainconsideredasapotential ! � ! pivot after 8 ^ % updates.If 8 is closeto % ,
theprobabilityis high thatthecolumnwill still proveunsuitableasa ! � ! pivot, andcase2
couldagainbeselected.Thiscouldresultin ‘cascades’of case2 pivots.On theotherhand,if 8
is faraway from % , this is muchlesslikely to occurastherewill bemoreupdatesappliedto the
original column,amplifiedby thefactthatthecolumnis now considerablyshorter.

Thevaluefor ¿ for BBK is higherthanBK for low » ; this indicatestheeffectof theBBK
searchtakingseveraliterationsbeforeasuitablepivot is found,whereasBK alwaysfindsa
pivot effectively in asingleiteration(andlosesits stabilityguaranteesthereby).As mentioned
in Section4.2,ourblock searchimplementationis limited to ��³��Â!�¹ columnsahead,rather
thanin thefull block. This reducedthevalueof ¿�; by

¡ YD[ÃYD!I\ , indicatingthatthelimited
searchis at leastaseffective,at leastunderthecurrentcircumstances.

Thevalueof ¿�; beingmuchlower for BS indicatestheblock searchhasahighsuccessrate,
evenfor low » . However, its valueof ¿ beingsignificantlygreaterthanBK is apoint for
concern:while it doesnot in thiscase(becauseof thelow ¿�; ) imply computational(in theform
of extra matrixmultiplies)or communicationoverheads,it doesindicatesomeextra overhead
at leastin termsof local memorymovements.

Thereasonwhy ¿ is high for BS is unclear. Onehypothesisis thatastheblock search
generatesa largernumberof cases2 (andpossiblycases3), asunsuitablecolumnssometimes
getrepeatedlyshuffled towardstheendof theblock,dueto theshort-rangenatureof the
interchanges.An experimentwasperformedto causetheblocksearchto fail if thecurrent
columnwasalreadymovedtwice within thesameblock by occurrencesof case2. This in fact
resultedin aslightly increasedvalueof ¿ (andindeed¿ ; ), not supportingthehypothesis(and
alsoshowing thatthis strategy wouldnot improvetheblock search).
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Figure3: Averagedpivotingandsearchoverheadparametersfor simulated!�YBYBY � !�YBY|Y matrices

Thevalueof Á is, asexpected,significantlyhigherfor BS,from 6 timesat » ��Y , decreasingto
twice,at » �Â!�Y . Dependingon therelativeslownessof thevectormaximumfinding function
(for theUltraSPARC BLAS, it is only abouttwiceasslow asavectorcopy (Strazdins1998))
this mayor maynot representasignificantoverhead.Notethattheaveragenumberof vector
maximumcallspersearchcanbeapproximatedby ÁI¢B¿ , astheblock searchis not invokedat
column % whencase1 occurs.

Thecomputationaloverheadof theextravector-matrixmultiplieswhich BK (andBBK)
performoverBS canbeapproximatedby:

§ÇÆKÈÀ¸ � ¿IÆKÈ ^ ¿ ;Æ`É � �}ÁnÊÌË"BÁkÊ�Í
where ³CÎBÏ³ ÎuÐ representsthespeedperelementof matrix-vectormultiply overvectormaximum
finding. For theUltraSPARC BLAS, ³CÎBÏ³CÎuÐ ¸ªYD[]"B\ . Undertheseconditions,weseethat§ÇÆKÈ ¸ª¹ and §ÇÆKÆKÈ ¸ªÑ at » ��Y , indicatingindeedacomparabletimepenaltyasgivenby
theextrasearchoverheadsof BS, ÁnÆKÈ ^ Á�Æ`É and ÁnÆKÆKÈ ^ ÁnÆ`É , respectively.

6 PERFORMANCE

TheFujitsuAP3000(Ishihata,Takahashi& Sato1997)is adistributedmemory
multicomputer, comprisedof RISCscalarprocessors(UltraSPARC) with adeepmemory
hierarchy(having a16KB top-level datacacheanda 1MB 2nd-level cache,both
direct-mapped,anda64-entryTLB). It hascommunicationnetworkswith characteristics
sharedby mostotherstate-of-the-artdistributedmemorycomputers,thatis, high
communicationcostsrelative to floatingpointspeed,androw or columnbroadcastshaving to
besimulatedby point-to-pointmessages.TheAP3000alsohasmany propertiesof thecluster
computingmodel;this extraflexibility contributesto its communicationcosts.

Figure4 givesperformanceresultson anAP3000basedon 200MHzUltraSPARC II nodesfor
doubleprecisiondata.Thesearefor acombinedfactorizationandsolvecomputation,as
pivotingadvantagesgainedin thefactorizationwill alsobenefitthesolvestage.A storage
blocksize �>���Ò��¹|· wasfond to beoptimal,with theblocksearchparameter��³?�Ó!�¹ .
Highly tunedUltraSPARC BLAS, capableof sustaining300MFLOPson largematrix-matrix
multiply, wasused(Strazdins1998).
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Figure4: Performanceof LDLT algorithmson ! � ! (left) and· � · (right) AP3000for simulated��� �
matrices

On the · � · processorgrid, at » ��Y , BK out-performsBS by ¸Õ!nYKÖ , andBS in turn
out-performsBBK by thesamemargin. At » �ª\ , BSout-performsBK by ¸ª¹KÖ , andBBK by¸ªÑKÖ . All threealgorithmshaveessentiallythesameperformanceat » =×!�Y . This is because
their pivotingbehavior is almostthesamefor thesematrices.

Thedifferencesbetweentheserial( ! � ! grid) performanceis similar, exceptthemarginsarea
little smallerbetweenBK andBS at » �ZY , and,at » ��\ , BS is only fasterby amodest
margin for

� =Z"B\uYBY .
Without ahybrid right-and-leftlooking level 2 factorizationin BS,BSgenerallyperformed
5–10%worsethanBBK for » =Z\ , showing how importantthesecondprincipleof Section4.2
is in practice.At » �ZY , thehigh frequency of block searchesmeansthatthereis ahigher
fractionof right-lookingupdatesin BS thanfor larger » ; this plustheoverheadof Á$¸ªÑ for
thesematrix sizes,is counteringits inherentpivotingadvantageoverBK here.

7 CONCLUSIONS

In this paper, wehavedemonstratedhow theboundedBunch-Kaufmanalgorithmmaybe
efficiently parallelized.Despiteits overhead,dueto its performingextra (long-range)searches
for pivots,over theBunch-Kaufmanalgorithm,it is still reasonablycompetitive in termsof its
performance,especiallyfor matricescloseto definite.Thiswedeemanacceptablecostfor the
extra stabilityguaranteesof theformer.

By augmentingtheboundedBunch-Kaufmanwith ablock searchprocedures,we retainthe
stabilityguaranteesbut getsignificantimprovementin serialandparallelperformance.This is
achievedby exploiting short-rangesearchesto avoid wastedmatrix-vectormultipliesand
reducecommunicationcostsin thesymmetricinterchanges.

However, theblock searchincreasedtheoverallnumberof interchanges,resultingin some
extra memorymovementoverheads.Thereasonfor this increaseis yet unknown.
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Theblocksearchtechniquewasderivedfrom theexhaustiveblocksearchstrategy for serial
sparsematrices;howeverbecausethetradeoffs (potentialgainsandthenatureof overheads)
areverydifferent,considerableeffort wasrequiredfor its efficientadaptionto thedense
parallelcase.It reliesonusingablockedalgorithmwheretheblockingfactorequalsthe
block-cyclic distribution’sstorageblock size.Themostseriousoverheadremainingis the
computationalandcommunicationoverheadsin theextracolumnmaximumfindingoperation,
asour currentimplementationcanincreasethenumberof theseby up to 8 times.

Futurework wouldbeto try to reducethenumberof searches.For example,if thetestof
Equation4.1fails when S`5 is substitutedby 0, thereis noneedto calculateST5 . Alternatively, if
thevalueof S`5 wascalculatedin apreviousblock search,thatold valuecouldbesubstituted
insteadfor a sharpertest.Anotherstrategy is to searchfor mostlikely " � " pivotsfirst; a
usefulheuristicfrom sparsetechniquesis to find themaximumelementin column 8 from the
diagonalblock.

Anotherpossibleimprovement,whichcouldincrease¿�; for stronglyindefinitematrices,would
beto imitatethesparsestrategy morecloselyby moving columnsfor which ablocksearch
faileddown to theendof thestorageblock. Thesecouldthenbeexchangedwith ‘fresh’
columnsfrom the �<Ø�Ù'ÚzÛ�Ü��<Ý A�Þ �M� th next globalstorageblock,where Ø 9ßY . While this
would involvevery little communication,it wouldnot avoid wastedcomputation
(matrix-vectormultiplies).

Finally, provideda highvalueof ¿�; canbesustained,theexhaustiveblock-searchtechnique
maybeextremelyusefulin implementinganefficientandstable(parallel)out-of-coreLDLT
factorizationalgorithm,whereonly asectionof columnsmaybein memoryatonce.This is
becausefinding astablepivot in thecurrenteliminationblock alsomeansit is in thesection,
andthusavoiding thelargepenaltyin bringingin anout-of-corepivot into memoryfor
consideration.For this reason,it mayalsobeusefulto extendthesearchto theremainderof
thesection,if thesearchwithin theeliminationblock fails.
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