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1 Preliminaries

The general Stochastic Gradient Descent template is
w = w — Y [w] — 70y fr(w),

where fi(w) is the loss function and Q[z] is the regulariser.

2 NORMA and Related Algorithms

We write out the derivations of the online SVM algorithms given in [KSWO01]
and implemented in MADIib.
2.1 Preliminaries

Definition 1. Let H be a reproducing kernel Hilbert space (RKHS) in that
there exists a kernel k: X x X — R and a dot product (-, )3 such that

1. k has the reproducing property
([, k@, ))n=[f(z) VfeHVzeX (1)

2. H is the closure of the span of all k(z,-) with z € X.

In other words, each f € H takes the form of a linear combination of
kernel functions:

flx) = Z aik(z;, x).

The inner product (-, )% induces a norm on f € H in the usual way:

f 12 = V(S P

We state the following without proof.



Proposition 1. Let J : H — R be a functional. Then we have

o J(f +e9) — J(f)
(T, g = lim ST D =T, )
The following result will be needed later.
Proposition 2. For each f € H, we have
Se (@) = k() Q0
9112
— =2f. 4
S 118 =21 ()
Proof. For the first part, we have
. T)+eg(x) — flx
(2 1(z), g) = lim L2+ €02) = /(@) by (2)
e—0 €
=g(x)
For the second part, we have
9 (1 112 o egllF - I
(a7l fIl3: 9)n = lim . by (2)
1B+ gl + 2607, 9w — £ 13
e—0 €
S E 2
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2.2 Stochastic Gradient Descent in RKHS

In the supervised learning setting, we assume there exist an (unknown)
distribution P over & x ) and we seek an f € H that minimises the expected
risk

[fv ] _Exy)NP[l(f(x)7y)]a

where [ : Y x Y — R is a suitable loss function. In practice, since P is
unknown, a standard approach is to instead minimise a regularised risk on
a sample S drawn from P™:

Ryelf, S) Zl foHH



In the online setting, which deal with training examples one at a time,
we can use stochastic gradient descent to find an f € H that approximately
miminises the regularised risk. We start with the zero initial hypothesis
f1 = 0 and use the following general rule to update the model at every step:

0
fre1 = fi — naiereg Lf5 { (e, yt)}]|f=ft

0
= fi — nw[l(f(ﬂ:t), Yyt) + %Hf”%{]\fﬂ%

= fr = nll'(f(ze),y )%[ (z )]|f—ft+a%[%|’f\|%{]|f=ft] chain rule
= fo = nll'(f(xe), o) k(xe, ) + Afi by (3),(4)
= (1 =\ fr = nl' (f(xe), ye)k(xt, -),

where 7 is the learning rate and I'(w,y) = %l(w, Y)-

2.3 Applications
2.3.1 Classification

In (binary) classification, we have Y = {—1,4+1}. A suitable loss function
from the classification with the v-trick setting [SSWBO00] is

Lp(f(2),y) := max(0, p — y(f(x) + b)) — vp,

where p > 0 is the margin parameter and b is a constant offset to f(z). In
this case, we have

0 ..
l;)t,bt (w,ye) = %[if ye(w + b)) < pg then py — ye(w + by) — vpy else — vpy]
=if ye(w+by) < p then — y; else 0.

In addition to updating f;, we also need to update the p and b parameters
at each time step using

0
b1 = by — W%Rreg [ft, {(xt,yt)}]\b:bt

0
= b — U%[lpz,b(ft(l't), yt)]\b:bt
= by +nlif (ye(fe(ze) +be) < py) then y; else 0]



and
0
Pt+1 ‘= Pt — W%Rreg [ft, {xt, yt}]lp=pt

0
=pt— U%[lp,bt<ft($t)a yt)]\/Fpt
= pt — n[if ye(fe(ze) +bt) < pt then (1 —v) else —v).

Letting a; denote the weight associated with training example x;, we obtain
the following update rule (fori=1,...,t —1)

(Oéi, ag, b, ,0) = ((1 - )\77)011', noYt, b+ noye, p — 77(0't - V))a (5)

where op = 1 if yy(fi(z) +b:) < py and zero otherwise. (Note that [KSWO1]
gives the incorrect p update formula: p := p + n(oy — v).) It can be shown
that the specific choice of A has no influence in the v-SV classification set-
ting [SSWBO00]. In pratice, we would not want to set A to a high value
like 1, which will give us floating-point underflow problems as weights are
discounted again and again.

2.3.2 Novelty Detection

An appropriate loss function for novelty detection in the v-setting is

lp(f(x),y) = max(0,p — f(x)) —vp. (6)

We thus have

0 ..
b, (w, ;) = 5l w < pe then py —w —vpy else —vp]
=if w < p; then — 1 else 0.

The margin parameter is updated as follows:

0
Pit1 = Pt — n%[lp(ft(mt)vyt)]\prt
= pt — nlif fi(z) < pi then (1 —v) else —v).
The above yields the following update formula (for i =1,...,t — 1)
(aiy o, p) = ((1 = An)ai, not, p — n(or — v)), (7)

where oy = 1 if fi(x4) < p; and zero otherwise. Note again that the p update
formula in [KSWO01] for this case is not quite right.



2.3.3 Regression

We will look at the e-insensitive loss in the v-setting, where the loss function
is defined by

lep(f(x),y) :=max(0, |y — (f(z) +b)| — €) +ve. (8)

We thus have

o ..
léhbt(w, yt) = %[zf lye — (w + by)| > € then |y — (w + by)| — € + ver else vey]
=if lyr — (w+b)| > € then — sgn(yr — (w + b)) else 0.

The € parameter is updated as follows:

0
€t+1 ‘= € — n&[le,bt(ft(xt)ayt)hezet
=& —nlif lye — (fe(xr) +b)| > € then — 1+ v else v).
The b parameter is updated as follows:

0
biy1 = by — U%[let,b(ft(xt)ayt)]\b:bt

=b — n%[if ly — (fe(xze) + )| > € then |y — (fi(z) + be)| — € + ve else ve]
= by —nlif |y — (fe(xe) + b)) > € then — sgn(y — (fe(xe) + b)) else 0].

The above yields the following update formula (for i =1,...,¢t — 1)
(i, at, by €) := ((1 = An)ai, noesgn(0t), b+ norsgn(dt), e —n(v — o1)), (9)

where &, := y; — (fi(x) + b), and op = 1 if |§;] > ¢; and 0 otherwise.

2.4 Learning Rates

The learning rate is (deliberately) kept fixed in [KSWO01]. In experiments, I
found that this setting is suitable in the case where we know the underlying
concept being tracked changes constantly. In the case where we want to use
this online algorithm to process large datasets, with the explicit assumption
that the underlying concept is stationary, it is better to decay the learning
rate at the rate of 1/t.



3 Pegasos

In this section, we describe the Pegasos family of algorithms described in
[SSSSC11]. These are practically useful algorithms, in particular the linear
SVM algorithms.

3.1 Linear SVM
3.1.1 Regression with e-insensitive loss

In the case of regression, the optimisation problem we want to solve is

. A 2 1
min Sl + 37 i(ws (2,9)),
(z,y)eS

where the loss function is defined by

l(w; (2,9)) := max{0, [y — (w, )| — €}. (10)

Plugging the subgradient of (10) into the general stochastic gradient descent
algorithm yields the following algorithm.

PegasosReg(S, T', A, €)

1. w1 :=0
2. fort=1...T
(a) Sample (z¢,y:) from S
(b) m = 1/M
(c) If (w, xy) —y¢ > € Then wyyy = (1 — mA)wy — ey
(d) Elseif y; — (wy, ) > € Then wytq := (1 — q\)wy + may
(e) Else wit1 := (1 — meA)wy
3. Output wryq

3.1.2 Binary Classification

In the case of binary classification, the optimisation problem we want to
solve is

A, 1
HgngHWH +— > l(w; (x,y)),

(z,y)ES



where the loss function is defined by

l(w; (z,y)) == max{0,1 — y(w, z)}. (11)
Plugging the subgradient of (11) into the general stochastic gradient descent
algorithm yields the following algorithm.

PegasosCls(S, T', \)

1. w1 =0
2. fort=1...T

(a) Sample (z¢,y:) from S
(b) m = 1/Xt
(c) If ye{wy, 2y < 1 Then wipq := (1 — ned)wy + neyrxy
(d) Else wyq := (1 — meAd)wy
3. Output wriq

3.1.3 Learning Rate
We will now try to understand where the 7, := 1/t comes from.

Definition 2. Let X ¢ R® and f: X — R. Then g € R" is a subgradient
of f at z € X if for all y € X we have

fly) = f(z) = (g: (x = y)).
Geometrically, A\y.(f(z) + (g, (x — y))) is the tangential line to f at x.

Essentially, a convex function has subgradients at every point in the
interior of its domain X.

Definition 3. A function f : X — R is A-strongly convex if for all x,y, € X,
we have

A
F) = f(@) = (g, (@ =) + Iz = yll*,
where ¢ is a subgradient of f at x.

Theorem 1 ([Bubl4, SSSSC11, HKKAO06]). Let fi, fa, ..., fr be a sequence
of A-strongly convex functions. Let wi,wa, ..., wrs1 be a sequence of vectors

defined by

Wi41 = Wt — Nt Ge,



where wy is arbitrary, n == 1/t and g; is a subgradient of fi at wy. If
Vt.||g:|| < G, then we have for all u

1 & d G2(1+In(T))
Tt;ft(wt)s Zj + T

Proof. First, observe that by the strong convexity of f; and the elementary
identity 2(a,b) = ||a||* + ||b|]|* — ||a — b]|?, we have

folws) — filu) (12)
A
<A{gt,ws —u) — §Hwt — ul|? (13)
1 A
= (—(w — wes1), wp — ) — = ||wy — ul|? (14)
Nt 2
= L (lwe— w4 e — ull? — flwer — ull?) — 2lwe — ulP
2771,‘ t t+ t t+ 2 t
(15)
77t||9tH2 1 A 2 1 2
= R [T — - 1
5 T o 2 ||w — ul| 2metH ul| (16)
G2 A bY:
< o + 5= Dl — ull? = s — ull® (17)

Summing both sides of the inequality over ¢t and then dividing by T yields

1

T;mw» (18)
T 2

< ;;[f( W+ g+ (= Dllwr = ol = Pl —ul?] 19
T 2

> S Zl— oz~ ul?] (20
t=1
T

< ;t;ft(u) n G“;;;?(T)) (21)

OJ

For the n; := 1/At learning rate to make sense in the PegasosReg and
PegasosCls algorithms above, we need to check that the objective functions
are strongly convex.



Proposition 3. A convex function f is A-strongly convex iff the function
f(x) — %HCEHQ is conver.

In the case of PegasosCls, the objective function
A
fi(w) = §|]w|]2 + max{0,1 — y{w, x4)}

is A-strongly convex since f;(w) — 3||w|/? is just the hinge loss function
max{0, 1 —y;(w, x;) }, which is easily checked to be convex since the function
Aw. (1 —y(w, x¢)) is convex, and the max of two convex functions is convex.
Similarly for the objective function of PegasosReg.

The learning rate 7; can be tweaked to give a better convergence result.

Theorem 2 ([Bubl4], Thm 3.5). Let fi, fo,..., fr be a sequence of A-
strongly convex functions. Let wi,wa,...,wry1 be a sequence of wvectors
defined by

Wi41 = Wt — NG,

where wy is arbitrary, n := 2/A\(t + 1) and g; is a subgradient of f; at w;.
IfVt.||g:|]| < G, then we have for all u

2G2
;TTJrl ;TTJrl )+)\(T+1)'

3.2 Kernelised Pegasos

We next look at how we can apply the kernel trick to learn non-linear func-
tions using the Pegasos framework. First, note that the general form of the
weight update is

W41 = Wy — ntgt(ft(wt))

1
= Wt — ﬁ[/\wt + gt(lt(wt))

1 1
=(1- E)wt — Egt(lt(wt))v

where I;(w;) is the loss function at time ¢, fi(w) = lt(wy) + ||wg]|?/2, and
g(h(w)) is a subgradient of h at w.

Proposition 4. If w; =0, then for all T > 1. we have

1
Wr+1 = —ym th(lt(wt))
t=1



Proof. In the base case, wy = —%gl(ll(wl)) as expected. For the inductive
step, we have
1

wy = (1 — ;)wt - %gt(lt(wt»

P 1 t—1 1
=— <)\(t ) ;m(b(w))) - Egt(lt(wt))

1 t
==y ;gz‘(lz’(wi))-

Armed with Proposition 4 and the subgradient formula

gie(le(we)) = —Iye(we, v¢) < Uy,

we can now rewrite PegasosCls as follows:

PegasosCls(S, T', \)

1. Sample (z,y) from S and set M := {(z,y)}
2. Fort=2...T

(a) Sample (z¢,y:) from S
(b) If %Z(%yi)eM Yi(xi, ve) <1 Then M := M U {(x¢,y:)}
3. Output M

In the algorithm, M is a multiset. To use the model M to make a prediction
on an individual z, we compute

(w,x>:(% Z yixi,@:% Z yi(wi, x)

(ws,y:)EM (wi,y:)EM

and return the sign. To kernelise the algorithm, we simply replace the inner
product (x;,x;) in Step 2b with a Mercer kernel k(x;, z;).

We next rewrite PegasosReg. The subgradient formula is

gr(le(wy)) = I[{wy, 1) — ye > €|lay — Lyr — (wy, ) > €|ay.

Using Proposition 4, we get the following.
PegasosReg(S, T', A, €)

10



1. Sample (z,y) from S and set M := {(I[y < —¢] — [y > €, z)}
2. Fort=2...T

(a) Sample (z¢,y:) from S

(b) b= _ﬁ Z(ai,xi)EM ai<xi7$t>

(c) If p—yt > ethen M :=MU{(1,x¢)}.

(d) If yp — p > e then M := M U{(—1,z)}.
3. Output M

Prediction can be computed as usual and the algorithm can also be ker-
nelised by replacing the inner product (x;,z;) in Step 2b with a Mercer
kernel k(x;, x).
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A  Dead Ends

A.1 Sparse Online Greedy Support Vector Regression

The SOG-SVR algorithm described in [EMMO02] appears fragile and sensitive
to the learning rate. A line search is apparently required to tune the learning
rate, and this is computationally expensive. I have difficulty even getting
the algorithm to learn simple linear functions with offsets.
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