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Abstract

This paper studies knowledge representation and reasoning in a polymorphically-
typed, multi-modal, probabilistic, higher-order logic. A detailed account of the syntax
and semantics of the logic is given. A reasoning system that combines computation and
proof is presented, and the soundness of the reasoning system is proved. The main ideas
are illustrated by a variety of examples and some applications to agents.
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1 Introduction

This paper is intended primarily as a contribution to knowledge representation and reasoning.
I argue in the paper that it is highly desirable that a logic intended for general-purpose
knowledge representation and reasoning be typed, modal, probabilistic, and higher-order:
types generally provide accurate modelling of applications and support important software
engineering requirements, modalities allow the modelling of epistemic and temporal aspects,
probabilistic reasoning is needed to handle uncertainty, and higher-orderness provides higher-
order functions for computation and also sets, multisets, and similar abstractions for modelling
individuals. Fundamentally, the issue is about the expressive power of the logic, that is, the
degree to which it enables designers to easily and accurately model applications; each of the
above four characteristics contributes greatly to increasing expressive power. In addition, it is
important that the reasoning mechanism of the logic be ‘manageable’, in the sense that, even
if the logic is not decidable, it is at least possible to easily prove that for each application the
associated reasoning tasks will terminate, perhaps with some guaranteed time and/or space
complexity.

The combinations of modal and higher-order, polymorphically-typed and higher-order,
and first-order and probabilistic have been studied extensively before. (See Section 8.) How-
ever, it appears that the combination of all four features is new; certainly, polymorphically-
typed, multi-modal, probabilistic, higher-order logic is rather more expressive than the logics
that are commonly used in computer science. I argue that this expressive power is extremely
useful in applications since it makes it possible to model applications in a language that is in-
tuitive and comprehensible, and that the computational cost one pays for working in such an
expressive logic (which is, of course, undecidable) is well worth the cost. In fact, I argue that
the logic is no more difficult to work with than, say, first-order logic, and that its expressive
power gives it plenty of advantages: it is rich enough to include the majority of applications
in logic programming, functional programming, HOL-like applications, model checking and
other applications of modal logic, symbolic machine learning, and so on.

While a whole array of applications does come within the purview of the logic presented
here, one particular class of applications strongly motivated the development and largely
explains the choice of topics in the paper. This broad class of applications concerns agent
systems. The concept of an agent in many respects has become the fundamental unifying
concept that underlies modern developments in artificial intelligence [RN02] and is surely
going to provide the foundation for more sophisticated forms of software engineering in the
future [Woo97]. Since almost any computer system doing something interesting can be usefully
thought of as an agent, I confine the following motivation to that application domain.

I now motivate the modal aspects of the logic. While modalities can have a variety of
meanings, what are of most concern here are epistemic and temporal modalities. For each
(sub)agent i in a system, there is a corresponding epistemic operator typically either Ki or
Bi. If ϕ is a formula, then the informal meaning of Kiϕ is ‘agent i knows ϕ’, while the
informal meaning of Biϕ is ‘agent i believes ϕ’. These modalities allow one to capture quite
subtle facts about the knowledge and beliefs of agents. For example,

Biϕ −→ BiBjϕ

means that ‘if agent i believes ϕ, then agent i believes that agent j believes ϕ’. Temporal
modalities are also useful. For example, here are some typical (past) temporal modalities:
 (‘last’), � (‘always in the past’), � (‘sometime in the past’), and S (‘since’). (There are
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also future versions of these.) Thus  ϕ means informally that ‘ϕ held at the last (that
is, immediately preceding) time’. Putting the two kinds of modalities together, there are
formulas such as

 Biϕ −→ Bi ϕ

whose informal meaning is ‘if, at the last time, agent i believed ϕ, then agent i believes (now)
that ϕ held at the last time’. As part of an agent’s belief base, this kind of belief is genuinely
useful for determining which action to perform next, as I show later and has been discussed
widely in the literature, in [FHMV95], for example.

Furthermore, the logic allows modalities to be applied to arbitrary terms (not just formu-
las). So, for example,  f , where f is a function, and Bi42 are legitimate terms. Such terms
are called modal terms, in contrast with the conventional modal formulas. This extension
beyond the standard meaning of modalities will turn out to be very useful. For example, in
machine learning applications, there is a need for grammars to construct predicates for hy-
pothesis languages. Suitable grammars, called predicate rewrite systems, were studied in the
case of (non-modal) higher-order logic in [Llo03]. The setting there is extended here to the
modal case by allowing modalities to be applied to predicates. As another example, for belief
acquisition for agents, it is useful to allow modalities to be applied to functions. Examples to
illustrate both of these application areas will be given later.

Higher-order logic admits functions that can have other functions as arguments. This
feature is heavily exploited by modern declarative programming languages such as Haskell
[Jon03], the prelude for which largely consists of higher-order functions. For agent applica-
tions, two consequences of the use of higher-order logic are noteworthy. One is that there is a
class of terms which can be used systematically to represent individuals in applications and
this class neatly models (finite) sets and multisets as abstractions (therefore, the functions
that process sets and multisets are higher-order). Furthermore, a key idea here that a set is
a predicate allows extensional and intensional sets to be processed uniformly by higher-order
functions. The other consequence is that the higher-order nature of the logic provides the
basis of predicate rewrite systems which are a convenient grammar formalism for express-
ing hypothesis languages for the learning components of adaptive agents. These two uses
of higher-order logic are studied to some extent in this paper and, in much more detail, in
[Llo03].

Another feature is the polymorphic type system. It isn’t necessary to say much about the
need for a type system. Apart from other considerations, good software engineering practice
demands a type system to accurately model applications and avoid many typical programming
errors. (Parametric) polymorphism, in particular, is also needed for many common functions
that operate in a similar way on a variety of data structures. A programming language such
as Haskell provides a good illustration of the value of having a sophisticated type system.

As well as representing knowledge, it is necessary to reason with it. The reasoning system
introduced in this paper combines a theorem prover and an equational reasoning system. The
theorem prover is a fairly conventional tableau theorem prover for modal higher-order logic
similar to what is proposed in [Fit02]. The equational reasoning system is, in effect, a com-
putational system that significantly extends existing declarative programming languages by
adding facilities for computing with modalities. The proof component and the computational
component are tightly integrated, in the sense that either can call the other. Furthermore, this
synergy between the two is shown to make possible all kinds of interesting reasoning tasks.
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It turns out that, for agent applications, the most common reasoning task is a computational
one, that of evaluating a function call. In this case, the theorem-prover plays a subsidiary
role, usually that of performing some rather straightforward modal theorem-proving tasks.
However, in other applications it can just as easily be the other way around with the com-
putational system performing subsidiary equational reasoning tasks for the theorem prover.
The theoretical foundations for the reasoning system that are developed in the paper fully
support both cases.

In many applications, it is necessary to deal with uncertainty. One of the great advan-
tages of working in a higher-order logic is that it is expressive enough to easily encompass
uncertainty without any additional machinery. The key idea is to represent uncertainty by
densities (of measures). These are non-negative functions whose integral is one. Densities
can conveniently be manipulated by higher-order functions and can be included in theories.
In this way, it is straightforward to represent directly in a theory the probability that a par-
ticular assumption holds and also compute the probability that a theorem proved from such
assumptions holds. In the paper, the theoretical foundations of this approach to uncertainty
are developed in detail and illustrated by applications to agents.

Thus the paper introduces a polymorphically-typed, multi-modal, probabilistic, higher-
order logic for representing knowledge and reasoning about this knowledge in a large variety
of applications. The syntax and semantics of the logic, and a reasoning system that combines
computation and proof for the logic are presented in detail. The main ideas are illustrated
by a variety of examples and some applications to agents.

In the next section, the syntax of the logic is presented. Section 3 gives its semantics. In
Section 4, the logic is generalised to the polymorphic case. Section 5 contains a discussion
of grammars for generating predicates in hypothesis languages for learning applications. Sec-
tion 6 considers a probabilistic reasoning system that combines computation and proof, and
illustrates this with examples. Section 7 briefly discusses an approach to agent architecture
that exploits the logic and gives several agent applications. In Section 8, related work is
discussed. The last section gives some conclusions and future work.

2 Syntax

This section contains the definitions of types and terms in the logic. These definitions are
modal versions of the corresponding concepts in [Llo03] (but leaving out polymorphism which
is added later in the paper).

2.1 Types

Definition 2.1. An alphabet consists of three (mutually disjoint) sets:

1. A set T of type constructors.

2. A set C of constants.

3. A set V of variables.

Each type constructor in T has an arity. The set T always includes the type constructors 1
and Ω both of arity 0. A nullary type constructor is a type constructor of arity 0. 1 is the type
of some distinguished singleton set and Ω is the type of the booleans. Each constant in C has
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a signature (see below). Constants can be declared to be rigid. In the semantics introduced
below, rigid constants have the same meaning in every world. The set V is denumerable.
Variables are typically denoted by x, y, z, . . . . For any particular application, the alphabet is
assumed fixed and all definitions are relative to the alphabet.

Types are built up from the set of type constructors, using the symbols → and ×.

Definition 2.2. A type is defined inductively as follows.

1. If T is a type constructor of arity k and α1, . . . , αk are types, then T α1 . . . αk is a type.
(For k = 0, this reduces to a type constructor of arity 0 being a type.)

2. If α and β are types, then α→ β is a type.

3. If α1, . . . , αn are types, then α1× · · ·×αn is a type. (For n = 0, this reduces to 1 being
a type.)

Notation. S denotes the set of all types obtained from an alphabet (S for ‘sort’).

The symbol→ is right associative, so that α→ β → γ means α→ (β → γ). Each variable
has a type. It is assumed that V contains infinitely many variables of each type and the sets
of variables of each type are pairwise disjoint.

Example 2.1. In practical applications of the logic, a variety of types is needed. For example,
declarative programming languages typically admit the following types (which are nullary
type constructors): 1 , Ω, Nat (the type of natural numbers), Int (the type of integers), Float
(the type of floating-point numbers), Real (the type of real numbers), Char (the type of
characters), and String (the type of strings).

Other useful type constructors are those used to define lists, trees, and so on. In the logic,
List denotes the (unary) list type constructor. Thus, if α is a type, then List α is the type of
lists whose elements have type α.

A useful property of a type is its order.

Definition 2.3. The order of a type is defined by induction as follows.

1. A type has order 0 if it is a type constructor of arity 0.

2. A type has order max{order(α1), . . . , order(αk)}, if it has the form T α1 . . . αk, where
order(αi) is the order of αi, for i = 1, . . . , k.

3. A type has order max{order(α1), . . . , order(αn)}, if it has the form α1×· · ·×αn, where
order(αi) is the order of αi, for i = 1, . . . , n.

4. A type has order 1+max{order(α), order(β)}, if it has the form α→ β, where order(α)
is the order of α and order(β) is the order of β.

The order is defined for each type. For example, the order of (Int → Int → Ω)× Real is
2.

For the purposes of this paper, the rank of a type will be more much useful than its order.

Definition 2.4. The rank of a type is defined by induction as follows.

1. A type has rank 0 if it has the form T α1 . . . αk or α1 × · · · × αn.
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2. A type has rank n+ 1 if it has the form α→ β, where β is a type of rank n.

The rank is defined for each type. A type has rank n if it has the form

α1 → · · · → αn → β,

where β has rank 0. Intuitively, the rank of a type is the number of ‘top-level’ arrows in the
type. Note that the rank of a type is generally quite different to its order. For example, the
rank of (Int → Int → Ω)× Real is 0.

Much importance is traditionally attached to the class of terms that have type Ω, that is,
the class of formulas. However, I will show that formulas can generally be replaced throughout
by a bigger class of terms called biterms and that this generalisation is useful. For example,
biterms can be arguments of the connectives and quantifiers. Moreover, the dual modalities
will be introduced and shown to be applicable to biterms. Also theories can consist of biterms,
not just formulas.

Next the type of biterms is introduced.

Definition 2.5. A biterm type of rank n (n ≥ 0) is a type having the form

α1 → · · · → αn → Ω.

A biterm type is a biterm type of rank n, for some n ≥ 0.

There is just one biterm type of rank 0 and that is Ω. Note that, if n ≥ 1, then
α2 → · · · → αn → Ω is a biterm type of rank n − 1. Also, if α is any type, then
α→ α1 → · · · → αn → Ω is a biterm type of rank n+ 1.

Notation. If α ≡ α1 → · · · → αn → Ω is a biterm type of rank > 0, then t(α), the tail of α,
is defined by t(α) = α2 → · · · → αn → Ω.

Thus t(α1 → Ω) = Ω and t(α1 → α2 → Ω) = α2 → Ω.

Definition 2.6. A signature is the declared type for a constant.

The fact that a constant C has signature α is often denoted by C : α.
Two different kinds of constants, data constructors and functions, are distinguished. In

a knowledge representation context, data constructors are used to represent individuals. In
a programming language context, data constructors are used to construct data values. In
contrast, functions are used to compute on data values; functions have definitions while data
constructors do not. In the semantics for the logic, data constructors are used to construct
models. As examples, the constants > (true) and ⊥ (false) are data constructors, as is each
integer, floating-point number, and character. The constants ]α (cons) used to construct lists
(whose items have type α) are data constructors. All data constructors are rigid constants. In
typical applications, many functions are not rigid. For example, a function whose definition
is believed by agents may have a different definition for different agents and/or a different
definition for the same agent at different times (and therefore its meaning may vary from
world to world).

A predicate is a function having signature of the form α→ Ω, for some α.
The set C always includes the following rigid constants.

1. (), having signature 1 .
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2. =α, having signature α→ α→ Ω, for each type α.

3. > and ⊥, having signature Ω.

4. ¬α, having signature α→ α, for each biterm type α.

5. ∧α, ∨α, −→α, and ←−α, having signature α→ α→ α, for each biterm type α.

6. Σα and Πα, having signature α→ Ω, for each biterm type α.

The intended meaning of =α is identity (that is, =α x y is > iff x and y are identical), the
intended meaning of > is true, and the intended meaning of ⊥ is false. Usually, =α is written
as an infix operator.

The intended meanings of the connectives ¬Ω, ∧Ω, ∨Ω, −→Ω, and ←−Ω that operate on
formulas are as usual. The intended meanings of the connectives when their arguments have
biterm type of rank > 0 are given in Section 2.2. I usually write ∧α, ∨α, −→α, and ←−α as
infix operators.

The intended meanings of both ΠΩ and ΣΩ are the identity mapping on the booleans.
When the biterm type α has rank 1, the intended meanings of Σα and Πα are that Σα maps
a predicate to > iff the predicate maps at least one element to > and Πα maps a predicate
to > iff the predicate maps all elements to >. The intended meanings of Πα and Σα, when
α is a biterm type of rank > 1, are given in Section 2.2.

Data constructors always have a signature of the form σ1 → · · · → σn → (T α1 . . . αk),
where T is a type constructor of arity k. The arity of the data constructor is n. A nullary
data constructor is a data constructor of arity 0.

2.2 Terms

The next task is to define the central concept of a term. For the modal part of the definition,
I assume there are necessity modal operators �i, for i = 1, . . . ,m.

Definition 2.7. A term, together with its type, is defined inductively as follows.

1. A variable in V of type α is a term of type α.

2. A constant in C having signature α is a term of type α.

3. If t is a term of type β and x a variable of type α, then λx.t is a term of type α→ β.

4. If s is a term of type α→ β and t a term of type α, then (s t) is a term of type β.

5. If t1, . . . , tn are terms of type α1, . . . , αn, respectively, then (t1, . . . , tn) is a term of type
α1 × · · · × αn (for n ≥ 0).

6. If t is a term of type α and i ∈ {1, . . . ,m}, then �it is a term of type α.

Notation. L denotes the set of all terms obtained from an alphabet and is called the language
given by the alphabet.
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Example 2.2. The data constructors for constructing lists whose items have type α are
[]α : List α and ]α : α → List α → List α , where ]α is usually written infix. The term
[]α represents the empty list and the term s ]α t represents the list with head s and tail
t, where the items have type α. Thus 4 ]Int 5 ]Int 6 ]Int []Int represents the list [4, 5, 6], and
A]T B ]T C ]T []T represents the list [A,B,C], where A, B, and C are constants of some type
T , say.

The notation []α and ]α, with the subscript α indicating the type of items, is cumbersome,
but is needed if one wants to explicitly distinguish the various constants. When polymorphism
is introduced in Section 4, the subscripts will be done away with (at the expense of possible
confusion about exactly which constant is intended).

Next the class of biterms, a class of terms that includes the class of formulas and allows
many concepts to be extended from formulas to biterms, is introduced.

Definition 2.8. A term of type Ω is called a formula.

Definition 2.9. A biterm of rank n is a term whose type is a biterm type of rank n.
A biterm is a biterm of rank n, for some n ≥ 0.

Biterms are usually denoted by Greek symbols ϕ, ψ, and so on.
A biterm of rank 0 is a term having type Ω, that is, a formula; a biterm of rank 1 is a term

having type α1 → Ω, for some α1; a biterm of rank 2 is a term having type α1 → α2 → Ω,
for some α1 and α2; and so on. If ϕ is a biterm of rank n, then λx.ϕ is a biterm of rank n+1.
If ϕ is a biterm of rank n and (ϕ t) is a term, then (ϕ t) is a biterm of rank n− 1.

I now give definitions of the connectives and quantifiers applied to biterms, generalising
the case of formulas in [And86, p.163]. No subsequent use will be made in this paper of these
definitions; nevertheless, it is interesting to see how the connectives and quantifiers can be
defined using the more primitive notions of equality, > and ⊥. (One can even define > and
⊥ in terms of =Ω, if desired.)

Definition 2.10. The function ¬α : α→ α is defined by induction on the rank of α by

¬Ω =Ω→Ω (=Ω ⊥)

¬α =α→α λy.λx.(¬t(α) (y x)), where α has rank > 0.

The function ∧α : α→ α→ α is defined by induction on the rank of α by

∧Ω =Ω→Ω→Ω λy.λz.(λg.(g > >) =Ω λg.(g y z))

∧α =α→α→α λy.λz.λx.(∧t(α) (y x) (z x)), where α has rank > 0.

The function ∨α : α→ α→ α is defined by

∨α =α→α→α λy.λz.(¬α (∧α (¬α y) (¬α z))).

The function −→α : α→ α→ α is defined by

−→α =α→α→α λy.λz.(∨α (¬α y) z).

The function ←−α is defined similarly.
Now I consider the functions Πα and Σα.
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Definition 2.11. The function Πα : α → Ω, where α is a biterm type of rank n > 0, is
defined by

Πα =α→Ω (=α λx1. . . . λxn.>).

Definition 2.12. The function Σα : α → Ω, where α is a biterm type of rank n > 0, is
defined by

Σα =α→Ω (6=α λx1. . . . λxn.⊥),

where 6=α : α→ α→ Ω is defined by 6=α =α→α→Ω λx.λy.¬Ω(x =α y).

To explain informally the intended semantics of Πα and Σα, a little more machinery is
needed. Let {Xi}ni=1 be a family of non-empty sets. Then the function

>> : X1 → · · · → Xn → {>,⊥}

is defined by >> x1 . . . xn = >, for all x1, . . . , xn. If n = 0, then >> is just >. If n = 1, then
>> is the function that maps each x1 ∈ X1 to >, that is, the weakest predicate on X1.

Similarly, the function

⊥⊥ : X1 → · · · → Xn → {>,⊥}

is defined by ⊥⊥ x1 . . . xn = ⊥, for all x1, . . . , xn. If n = 0, then ⊥⊥ is just ⊥. If n = 1, then
⊥⊥ is the function that maps each x1 ∈ X1 to ⊥, that is, the strongest predicate on X1.

In the semantics given below, for each type α there corresponds a domain Dα. For a type
of the form α→ β, the domain Dα→β is the collection of mappings from Dα to Dβ. If α is a
biterm type, then >> and ⊥⊥ are elements in Dα.

Now the intended semantics of Πα and Σα can be given informally. The intended meaning
of Πα is the function from Dα to DΩ that maps >> in Dα to > and maps all other functions
in Dα to ⊥. The intended meaning of Σα is the function from Dα to DΩ that maps ⊥⊥ in Dα

to ⊥ and maps all other functions in Dα to >.
The quantifiers can be defined for biterms. Let t be a biterm of type β and x a variable

of type α. The universal quantifier ∀α is introduced by the abbreviation

∀αx.t ≡ (Πα→β λx.t)

and the existential quantifier ∃α is introduced by the abbreviation

∃αx.t ≡ (Σα→β λx.t).

Note that ∀αx.t and ∃αx.t are formulas (even when t is a biterm that is not a formula).
Later I will show that ∃αx.t and ¬∀αx.(¬β t) have the same meaning. Similarly, ∀αx.t and
¬∃αx.(¬β t) have the same meaning.

The possibility modalities that are dual to the necessity modalities are now introduced.
Let t be a biterm of type α. Then the possibility modalities 3i are introduced by the
abbreviation

3it ≡ (¬α �i(¬α t)),

for i = 1, . . . ,m. Note that while �i can be applied to arbitrary terms, 3i can only be applied
to biterms because negation only makes sense for biterms.
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Example 2.3. Condition 6 of Definition 2.7 admits some rather odd looking terms. For
example, one can write �i42 or �iA, where A is a data constructor, or �if , where f is a
function, or even �i(A, 42). All these kinds of modal terms and many others will be useful
in practice.

Notation. As will have become apparent by now, the type subscripts on equality, the con-
nectives, and the quantifiers are intrusive. So, from now on, at the possible cost of some
imprecision at times, I will discard them. Thus =α (resp., ¬α, ∧α, ∨α, −→α, ←−α, Πα, Σα,
∀α, ∃α) will be denoted by = (¬, ∧, ∨, −→, ←−, Π, Σ, ∀, ∃).

A term of the form (¬ t) is usually abbreviated to ¬t. So, for example, (¬ �i(¬ t)) would
be shortened to ¬�i¬t.

Application of modalities is right associative. Thus (�j1(�j2 · · · (�jr t) · · · )) can be written
as �j1�j2 · · ·�jr t.
∀x1. . . .∀xn.ϕ is an abbreviation of (Π λx1. . . . λxn.ϕ).
∃x1. . . .∃xn.ϕ is an abbreviation of (Σ λx1. . . . λxn.ϕ).

Definition 2.13. A term is rigid if each constant in the term is rigid.

In the semantics below, rigid terms have the same meaning in each world.
In Definition 2.7, a term of the form λx.t in Part 3 is an abstraction, a term of the form

(s t) in Part 4 is an application, a term of the form (t1, . . . , tn) in Part 5 is a tuple, and a term
of the form �it in Part 6 is a box term.

More precisely, the meaning of Definition 2.7 is as follows. Let E denote the set of all
expressions obtained from the alphabet, where an expression is a finite sequence of symbols
drawn from the set of constants C, the set of variables V, �i, for i = 1, . . . ,m, and ‘(’, ‘)’,
‘λ’,‘.’, and ‘,’. Then L is the intersection of all sets X ⊆ E × S satisfying the following
conditions.

1. If x is a variable in V of type α (as a variable), then (x, α) ∈ X.

2. If C is a constant in C having signature α, then (C,α) ∈ X.

3. If (t, β) ∈ X and x is a variable of type α, then (λx.t, α→ β) ∈ X.

4. If (s, α→ β) ∈ X and (t, α) ∈ X, then ((s t), β) ∈ X.

5. If (t1, α1), . . . , (tn, αn) ∈ X, then ((t1, . . . , tn), α1 × · · · × αn) ∈ X (for n ≥ 0).

6. If (t, α) ∈ X and i ∈ {1, . . . ,m}, then (�it, α) ∈ X.

There is always at least one set satisfying these conditions, namely E × S. Thus the
intersection is well defined and it satisfies Conditions 1 to 6. Hence L is the smallest set
satisfying Conditions 1 to 6.

Having made the meaning of Definition 2.7 precise, it will be convenient to follow the
usual practice and refer to just the t in some (t, α) as being the term. Thus the type of the
term is sometimes suppressed. Since the type of a term is uniquely determined by the term,
as I show later, nothing is lost by this practice. This convention is applied immediately in
the next proposition.

Proposition 2.1. Let t ∈ L. Then exactly one of the following conditions holds.
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1. t ∈ V.

2. t ∈ C.

3. t has the form λx.s, where s ∈ L.

4. t has the form (u v), where u, v ∈ L.

5. t has the form (t1, . . . , tn), where t1, . . . , tn ∈ L.

6. t has the form �is, where s is a term and i ∈ {1, . . . ,m}.

Proof. It is clear that at most one of the conditions holds. Now suppose t is a term that is
neither a variable, nor a constant, nor has the form λx.s, (u v), (t1, . . . , tn) or �is. Then
L \ {t} satisfies Conditions 1 to 6 in the definition of a term, which contradicts the definition
of L as being the smallest set satisfying Conditions 1 to 6. Thus t is either a variable, a
constant, or has the form λx.s, (u v), (t1, . . . , tn) or �is.

Suppose that t has the form λx.s, but that s is not a term. Then the set of terms L \ {t}
satisfies Conditions 1 to 6 in the definition of a term, which contradicts the definition of L

as being the smallest set satisfying Conditions 1 to 6. Thus s is a term. The arguments for
Parts 4, 5 and 6 are similar.

Proposition 2.2.

1. An expression of the form λx.t is a term iff t is a term.

2. An expression of the form (s t) is a term iff s and t are terms, and s has type of the
form α→ β and t has type α.

3. An expression of the form (t1, . . . , tn) is a term iff t1, . . . , tn are terms.

4. An expression of the form �it is a term iff t is a term.

Proof. 1. If λx.t is a term, then t is a term by Part 3 of Proposition 2.1. Conversely, if t is a
term, then λx.t is a term, since L satisfies Condition 3 of the definition of a term.

2. Suppose that (s t) is a term. Then s and t are terms by Part 4 of Proposition 2.1. If
either s does not have type of the form α → β or t does not have type α, then L \ {(s t)}
satisfies Conditions 1 to 6 in the definition of a term, which contradicts the definition of L

as being the smallest set satisfying Conditions 1 to 6. Conversely, if s and t are terms, and s
has type of the form α→ β and t has type α, then (s t) is a term, since L satisfies Condition
4 of the definition of a term.

3. Suppose that (t1, . . . , tn) is a term. Then t1, . . . , tn are terms by Part 5 of Propo-
sition 2.1. Conversely, if t1, . . . , tn are terms, then (t1, . . . , tn) is a term, since L satisfies
Condition 5 of the definition of a term.

4. Suppose that �it is a term. Then t is a term by Part 6 of Proposition 2.1. Conversely,
if t is a term, then �it is a term, since L satisfies Condition 6 of the definition of a term.

Proposition 2.3. The type of each term is unique.



2 SYNTAX 13

Proof. Suppose that some term t has types α and β, where α 6= β. If t is neither a variable
nor a constant, by repeated use of Proposition 2.2, t must contain a term s that is either a
variable or a constant with at least two distinct types. If s is a variable, one of these types
must be distinct from the type of the variable (as a variable). If t is a constant, one of these
types must be distinct from the signature of the constant. In either case, let this type be γ.
Consider now the set L with all those terms removed that contain s with type γ. This set is
strictly smaller than L and satisfies Conditions 1 to 6 of the definition of a term, which gives
a contradiction.

Notation. For each α ∈ S, Lα denotes the set of all terms of type α. Thus L =
⋃
α∈S Lα.

In a higher-order logic, one may identify sets and predicates – the actual identification is
between a set and its characteristic function which is a predicate. Thus, if t is of type Ω,
the abstraction λx.t may be written as {x | t} if it is intended to emphasise that its intended
meaning is a set. The notation {} means {x | ⊥}. The notation t ∈ s means (s t), where s has
type α→ Ω, for some α. Furthermore, notwithstanding the fact that sets are mathematically
identified with predicates, it is sometimes convenient to maintain an informal distinction
between sets (as ‘collections of objects’) and predicates. For this reason, the notation {α}
is introduced as a synonym for the type α → Ω. The term (s t) is often written as simply
s t, using juxtaposition to denote application. Juxtaposition is left associative, so that r s t
means ((r s) t).

To prove properties of terms, one can employ the following principle of induction on the
structure of terms.

Proposition 2.4. Let X be a subset of L satisfying the following conditions.

1. V ⊆ X.

2. C ⊆ X.

3. If t ∈ X and x ∈ V, then λx.t ∈ X.

4. If s, t ∈ X, s has type α→ β and t has type α, then (s t) ∈ X.

5. If t1, . . . , tn ∈ X, then (t1, . . . , tn) ∈ X.

6. If t ∈ X, then �it ∈ X.

Then X = L.

Proof. Clearly X satisfies Conditions 1 to 6 of Definition 2.7. Thus, since L is the intersection
of all such sets, it follows immediately that L ⊆ X. Thus X = L.

In later inductive proofs about terms, Proposition 2.4 will be the basis of the induction
argument, but I will never explicitly state the appropriate set X – in all cases, this should be
immediately clear.

Definition 2.14. The free variables of a term are defined inductively as follows.

1. The variable x is free in x.

2. A constant contains no free variables.
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3. A variable other than x is free in λx.t if the variable is free in t.

4. A variable is free in (s t) if the variable is free in s or t.

5. A variable is free in (t1, . . . , tn) if the variable is free in tj , for some j ∈ {1, . . . , n}.

6. A variable is free in �it if the variable is free in t.

Definition 2.15. A term is closed if it contains no free variables; otherwise, it is open.

Definition 2.16. Let ϕ be a biterm with free variables x1, . . . , xn, where xi has type αi, for
i = 1, . . . , n, and where the leftmost free occurrences in ϕ of the variables are in the order
x1, . . . , xn. Then the universal closure of ϕ, denoted ∀(ϕ), is the biterm ∀x1. . . .∀xn.ϕ.

Note that, provided ϕ has at least one free variable, ∀(ϕ) is a formula, even when ϕ is
not a formula. If ϕ has no free variables, then ∀(ϕ) is just ϕ.

2.3 Occurrences

The concept of an occurrence of a subterm of a term will be needed. Let Z denote the set of
integers, Z+ the set of positive integers, and (Z+)∗ the set of all strings over the alphabet of
positive integers, with ε denoting the empty string.

Definition 2.17. The occurrence set of a term t, denoted O(t), is the set of strings in (Z+)∗

defined inductively as follows.

1. If t is a variable, then O(t) = {ε}.

2. If t is a constant, then O(t) = {ε}.

3. If t has the form λx.s, then O(t) = {ε} ∪ {1o | o ∈ O(s)}.

4. If t has the form (u v), then O(t) = {ε} ∪ {1o | o ∈ O(u)} ∪ {2o′ | o′ ∈ O(v)}.

5. If t has the form (t1, . . . , tn), then O(t) = {ε} ∪
⋃n
i=1{ioi | oi ∈ O(ti)}.

6. If t has the form �is, then O(t) = {ε} ∪ {1o | o ∈ O(s)}.

Each o ∈ O(t) is called an occurrence in t.

More precisely, O is a function O : L→ 2(Z+)∗ from the set of terms into the powerset of
the set of all strings of positive integers. The existence and uniqueness of O depends upon that
fact that L is well founded under the substring relation and hence Proposition A.3 applies: O

is defined directly on the minimal elements (that is, constants and variables) and is uniquely
determined by the rules in the definition for abstractions, applications, tuples, and box terms.

Definition 2.18. If t is a term and o ∈ O(t), then the subterm of t at occurrence o, denoted
t|o, is defined inductively on the length of o as follows.

1. If o = ε, then t|o = t.
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2. If o = 1o′, for some o′, and t has the form λx.s, then t|o = s|o′ .
If o = 1o′, for some o′, and t has the form (u v), then t|o = u|o′ .
If o = 2o′, for some o′, and t has the form (u v), then t|o = v|o′ .
If o = io′, for some o′, and t has the form (t1, . . . , tn), then t|o = ti|o′ , for i = 1, . . . , n.
If o = 1o′, for some o′, and t has the form �is, then t|o = s|o′ .

A subterm is a subterm of a term at some occurrence. A subterm is proper if it is not at
occurrence ε.

Note that a variable appearing immediately after a λ in a term is not a subterm since the
variable appearing there is not at an occurrence of the term.

An induction argument shows that each subterm is a term.

Definition 2.19. An occurrence of a variable x in a term is bound if it occurs within a
subterm of the form λx.t.

A variable in a term is bound if it has a bound occurrence.
An occurrence of a variable in a term is free if it is not a bound occurrence.
For a particular occurrence of a subterm λx.t in a term, the occurrence of t is called the

scope of the λx.

An induction argument shows that a variable is free in a term iff it has a free occurrence
in the term.

Definition 2.20. For a particular occurrence of a subterm �it in a term, the occurrence of
t is called the scope of the �i.

An occurrence is modal if it occurs within the scope of a subterm of the form �it.

A related concept is that of the modal path to an occurrence in a term. Intuitively, this
is the sequence of indexes of the modalities that are encountered on the path from the root
of the term down to the occurrence.

Definition 2.21. If t is a term and o ∈ O(t), then the modal path to o in t is defined
inductively on the length of o as follows.

1. If o = ε, then the modal path is empty.

2. If o = 1o′, for some o′, and t has the form λx.s, then the modal path to o in t is the
same as the modal path to o′ in s.
If o = 1o′, for some o′, and t has the form (u v), then the modal path to o in t is the
same as the modal path to o′ in u.
If o = 2o′, for some o′, and t has the form (u v), then the modal path to o in t is the
same as the modal path to o′ in v.
If o = io′, for some o′, and t has the form (t1, . . . , tn), then the modal path to o in t is
the same as the modal path to o′ in ti, for i = 1, . . . , n.
If o = 1o′, for some o′, and t has the form �is and the modal path to o′ in s is p, then
the modal path to o in t is ip.
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2.4 Substitutions

Next substitutions are introduced.

Definition 2.22. A substitution is a finite set of the form {x1/t1, . . . , xn/tn}, where each xi
is a variable, each ti is a term distinct from xi and having the same type as xi, and x1, . . . , xn
are distinct.

Each element xi/ti is called a binding. The set {x1, . . . , xn} is called the domain of the
substitution. The set of free variables in {t1, . . . , tn} is called the range of the substitution.

The empty substitution containing no bindings is denoted by {}.
Let θ be a substitution and t a term. Then θ |t is the substitution obtained from θ by

restricting the domain of θ to just the free variables appearing in t.
Intuitively, the concept of instantiating a term t by a substitution θ ≡ {x1/t1, . . . , xn/tn},

is simple – each free occurrence of a variable xi in t is replaced by ti. But there is a technical
complication in that there may be a free variable y, say, in some ti that is ‘captured’ in this
process because, after instantiation, it occurs in the scope of a subterm of the form λy.s
and therefore becomes bound in tθ. Free variable capture spoils the intended meaning of
instantiation and hence it is necessary to avoid it. There are two approaches to this: one can
disallow instantiation if free variable capture would occur or one can rename bound variables
in the term t to avoid free variable capture altogether. The latter approach is adopted here.

Definition 2.23. Let t be a term and θ ≡ {x1/t1, . . . , xn/tn} a substitution. The instance
tθ of t by θ is defined as follows.

1. If t is a variable xi, for some i ∈ {1, . . . , n}, then xiθ = ti.
If t is a variable y distinct from all the xi, then yθ = y.

2. If t is a constant C, then Cθ = C.

3. (a) If t is an abstraction λx.s such that, for all i ∈ {1, . . . , n}, xi is free in λx.s implies
x is not free in ti, then

(λx.s)θ = λx.(sθ|λx.s).

(b) If t is an abstraction λx.s such that, for some i ∈ {1, . . . , n}, xi is free in λx.s and
x is free in ti, then

(λx.s)θ = λy.(s({x/y} ∪ θ|λx.s)).

(Here y is chosen to be the first variable of the same type as x that does not appear
in λx.s or θ|λx.s.)

4. If t is an application (u v), then (u v)θ = (uθ vθ).

5. If t is a tuple (t1, . . . , tn), then (t1, . . . , tn)θ = (t1θ, . . . , tnθ).

6. If t is a box term �is, then (�is)θ = �i(sθ).
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More precisely, what is being defined in Definition 2.23 is a function

T : L×Θ→ L

such that T (t, θ) = tθ, for all t ∈ L and θ ∈ Θ, where L is the set of all terms and Θ is the set
of all substitutions. To establish the existence of T , the principle of inductive construction on
well-founded sets given by Proposition A.4 is employed. The difficulty that has to be coped
with is that, for example, for (uθ vθ) to be well-defined, it is not only necessary that uθ and vθ
be terms, but that they have appropriate types. To set up the application of Proposition A.4,
consider first the substring relation ≺ on L and extend this to a relation ≺2 on L×Θ defined
as follows: (s, θ) ≺2 (t, ψ) if s ≺ t. It is easy to see that ≺2 is a well-founded order on L×Θ.
The minimal elements of L × Θ are tuples of the form (t, θ), where t is either a variable or
a constant. Second, two partitions are defined: {Lα × Θ}α∈S is a partition of L × Θ and
{Lα}α∈S is a partition of L. Then it needs to be checked that the two conditions concerning
consistency in Proposition A.4 are satisfied. First, each minimal element is consistent since
each instance of a variable or constant is defined to be a term of the same type. Second, by
considering the last four cases in Definition 2.23, it is clear that the rule defining T has the
property that if (s, ψ) is consistent, for each (s, ψ) ≺2 (t, θ), then (t, θ) is consistent. Thus, by
Proposition A.4, the function T exists, is unique, and satisfies the condition T (Lα×Θ) ⊆ Lα,
for all α ∈ S. The latter condition states exactly that if t is a term of type α and θ a
substitution, then tθ is a term of type α.

Proposition 2.5. Let t be a term and θ ≡ {x1/t1, . . . , xn/tn} a substitution. Then a variable
x is free in tθ iff x is free in t and distinct from all xi or, for some i ∈ {1, . . . , n}, x is free
in ti and xi is free in t.

Proof. The proof is by induction on the structure of t.
Let t be a variable xi, for some i ∈ {1, . . . , n}. Then xiθ = ti, and the result follows. Let

t be a variable y distinct from all the xi. Then yθ = y, and the result follows.
Let t be a constant C. Then Cθ = C, and the result follows.
Let t be an abstraction λx.s such that, for all i ∈ {1, . . . , n}, xi is free in λx.s implies x

is not free in ti. Then (λx.s)θ = λx.(sθ|λx.s). Suppose that {xi1 , . . . , xik} is the set of xi that
are free in λx.s. Then

z is free in (λx.s)θ
iff z 6= x and z is free in sθ|λx.s [(λx.s)θ = λx.(sθ|λx.s)]
iff z 6= x and (z is free in s and distinct from xi1 , . . . , xik or,

for some i ∈ {i1, . . . , ik}, z is free in ti and xi is free in s) [induction hypothesis]
iff z is free in λx.s and distinct from all xi or,

for some i ∈ {1, . . . , n}, z is free in ti and xi is free in λx.s
[for all i ∈ {1, . . . , n}, xi is free in λx.s implies x is not free in ti].

Let t be an abstraction λx.s such that, for some i ∈ {1, . . . , n}, xi is free in λx.s and x is
free in ti. Then (λx.s)θ = λy.(s({x/y} ∪ θ|λx.s)). Suppose that {xi1 , . . . , xik} is the set of xi
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that are free in λx.s. Then

z is free in (λx.s)θ
iff z 6= y and z is free in s({x/y} ∪ θ|λx.s) [(λx.s)θ = λy.(s({x/y} ∪ θ|λx.s))]
iff z 6= y and (z is free in s and distinct from x and xi1 , . . . , xik or,

for some i ∈ {i1, . . . , ik}, z is free in ti and xi is free in s or z = y and x is free in s)
[induction hypothesis]

iff z is free in λx.s and distinct from all xi or,
for some i ∈ {1, . . . , n}, z is free in ti and xi is free in λx.s.

Let t be an application (u v). Thus (u v)θ = (uθ vθ). Then

x is free in (u v)θ
iff x is free in uθ or x is free in vθ [(u v)θ = (uθ vθ)]
iff (x is free in u and distinct from all xi or,

for some i ∈ {1, . . . , n}, x is free in ti and xi is free in u) or
(x is free in v and distinct from all xi or,
for some i ∈ {1, . . . , n}, x is free in ti and xi is free in v)
[induction hypothesis]

iff x is free in (u v) and distinct from all xi or,
for some i ∈ {1, . . . , n}, x is free in ti and xi is free in (u v).

If t is a tuple (t1, . . . , tn), then the proof is similar to the preceding part.
Let t have the form �js. Thus (�js)θ = �j(sθ). Then

x is free in (�js)θ
iff x is free in sθ [(�js)θ = �j(sθ)]
iff x is free in s and distinct from all xi or,

for some i ∈ {1, . . . , n}, x is free in ti and xi is free in s
[induction hypothesis]

iff x is free in �js and distinct from all xi or,
for some i ∈ {1, . . . , n}, x is free in ti and xi is free in �js.

Proposition 2.6. Let t be a term and θ a substitution. Then tθ = tθ|t.

Proof. If t is a variable or a constant, the result is obvious.
Suppose t is an abstraction λx.s such that, for all i ∈ {1, . . . , n}, xi is free in λx.s implies

x is not free in ti. Then (λx.s)θ = λx.(sθ|λx.s) = (λx.s)θ|λx.s.
Suppose t is an abstraction λx.s such that, for some i ∈ {1, . . . , n}, xi is free in λx.s and

x is free in ti. Then (λx.s)θ = λy.(s({x/y} ∪ θ |λx.s)) = (λx.s)θ |λx.s. (Note that, for both
(λx.s)θ and (λx.s)θ|λx.s, the same variable y is chosen.)
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Suppose t is an application (u v). Then

(u v)θ
= (uθ vθ) [Part 4 of Definition 2.23]
= (uθ|u vθ|v) [induction hypothesis]
= (uθ|(u v) vθ|(u v)) [induction hypothesis]

= (u v)θ|(u v) [Part 4 of Definition 2.23].

If t is a tuple or has the form �is, the proof is similar to the preceding case.

Proposition 2.7. Let t be a term and θ ≡ {x1/t1, . . . , xn/tn} a substitution such that, for
i = 1, . . . , n, xi is not free in t. Then tθ = t.

Proof. By Proposition 2.6, tθ = t{}. An easy induction argument on the structure of t then
shows that t{} = t.

Proposition 2.8. Let λx.s be a term and θ ≡ {x1/t1, . . . , xn/tn} a substitution such that,
for i = 1, . . . , n, xi is free in λx.s. Then the following hold.

1. If, for all i, x is not free in ti, then

(λx.s)θ = λx.(sθ).

2. If, for some i, x is free in ti, then

(λy.s)θ = λy.(s({x/y} ∪ θ)),

where y is the first variable of the same type as x that does not appear in λx.s or θ.

Proof. The result follows easily from Definition 2.23, since θ|λx.s= θ.

Propositions 2.6 and 2.8 can simplify proofs of results involving substitutions. Typically,
one can show that without loss of generality a substitution can be restricted to the free
variables appearing in some term, by using Proposition 2.6. Then Proposition 2.8 shows that
for application of the substitution to an abstraction only the simpler cases in that proposition
need be considered. For an illustration of this approach, see the proof of Proposition 3.29
below.

2.5 Term Replacement

For the equational reasoning introduced in Section 6, it will be necessary to replace subterms
of terms by other terms.

Definition 2.24. Let t be a term, s a subterm of t at occurrence o, and r a term. Then the
expression obtained by replacing s in t by r, denoted t[s/r]o, is defined by induction on the
length of o as follows.

If the length of o is 0, then t[s/r]o = r.
For the inductive step, suppose the length of o is n + 1 (n ≥ 0). There are several cases

to consider.
If o = 1o′, for some o′, and t has the form λx.w, then (λx.w)[s/r]o = λx.(w[s/r]o′).
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If o = 1o′, for some o′, and t has the form (u v), then (u v)[s/r]o = (u[s/r]o′ v).
If o = 2o′, for some o′, and t has the form (u v), then (u v)[s/r]o = (u v[s/r]o′).
If o = io′, for some i ∈ {1, . . . , n} and o′, and t has the form (t1, . . . , tn), then

(t1, . . . , tn)[s/r]o = (t1, . . . , ti[s/r]o′ , . . . , tn).
If o = 1o′, for some o′, and t has the form �iq, then (�iq)[s/r]o = �i(q[s/r]o′).

Proposition 2.9. Let t be a term, s a subterm of t at occurrence o, and r a term. Suppose
that s and r have the same type. Then t[s/r]o is a term of the same type as t.

Proof. The proof is by induction on the length n of o.
Suppose first that n = 0. Thus t is s and t[s/r]o is r, so that t[s/r]o is a term of the same

type as t.
Suppose next that the result holds for occurrences of length n and o has length n + 1.

Thus t has the form λx.w, (u v), (t1, . . . , tn) or �is.
Consider the case when t has the form λx.w and o = 1o′, for some o′. Then (λx.w)[s/r]o =

λx.(w[s/r]o′). By the induction hypothesis, w[s/r]o′ is a term of the same type as w. Hence
(λx.w)[s/r]o is a term of the same type as λx.w.

The other cases are similar.

Replacing a subterm s in a term t by a term r is quite different to applying a substitution:
subterms are replaced, not just free variables; and it is common, even desirable, for free
variables in the replacement term r to be captured in t[s/r]o after replacement. Usually, all
free variables in r are free variables in s, so that there is no new free variable that could be
captured, but there is no reason to insist on this here.

2.6 α-Conversion

Sometimes it is convenient to be able to rename bound variables. In the next definition, the
relation �α corresponding to α-conversion is introduced for this purpose.

Definition 2.25. The rule of α-conversion is as follows: λx.t �α λy.(t{x/y}), if y is not free
in t and x does not occur freely in t in a subterm of the form λy.s.

In the preceding definition, the bound variable x in the abstraction is replaced by the
bound variable y. The condition that y not be free in t ensures the meaning of λx.t is
preserved under the renaming. The condition that x does not occur freely in t in a subterm
of the form λy.s ensures that no further renaming will be necessary when the substitution
{x/y} is applied to t. Clearly, if y does not occur in λx.t at all, both these conditions are
satisfied.

Definition 2.26. The relation −→α is defined by u −→α u[s/t]o if s is a subterm of u at
occurrence o and s �α t.

Let ∗−→α be the reflexive, transitive closure of −→α.
Let ∗←→α be the reflexive, symmetric, and transitive closure of −→α.

Definition 2.27. If s ∗←→α t, then s and t are said to be α-equivalent.

Note that α-equivalent terms differ only in the names of (some of) their bound variables.
Also α-equivalent terms must have the same type.

Proposition 2.10. Let t and t′ be terms. Then the following hold.
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1. If t �α t′, then t′ �α t.

2. If t ∗←→α t
′, then t

∗−→α t
′.

Proof. 1. Suppose that λx.r �α λy.(r{x/y}). Thus y is not free in r and x does not occur
freely in r in a subterm of the form λy.s. Note that x is not free in r{x/y} and y does not
occur freely in r{x/y} in a subterm of the form λx.s. Also λx.((r{x/y}){y/x}) = λx.r. Hence
λy.(r{x/y}) �α λx.r.

2. It suffices to show that if t −→α t
′, then t′ −→α t. But this follows immediately from

Part 1.

2.7 Composition of Substitutions

The definition of the composition of two substitutions is now given. In preparation for this,
three useful results involving α-equivalence and substitutions are proved.

Proposition 2.11. Let λx.s be a term and θ ≡ {x1/t1, . . . , xn/tn} a substitution such that,
for some i ∈ {1, . . . , n}, xi is free in λx.s and x is free in ti. Then there exists a variable y
such that λx.s �α λy.(s{x/y}), (λx.s)θ = (λy.(s{x/y}))θ and, for all i ∈ {1, . . . , n}, xi is
free in λy.(s{x/y}) implies y is not free in ti.

Proof. Choose y to be the first variable of the same type as x that does not appear in λx.s
or θ|λx.s. Then y is not free in s and x does not occur freely in s in a subterm of the form
λy.r. Hence λx.s �α λy.(s{x/y}).

Clearly, for all i ∈ {1, . . . , n}, xi is free in λy.(s{x/y}) implies y is not free in ti. Thus
(λx.s)θ = λy.(s({x/y} ∪ θ|λx.s)) = λy.((s{x/y})θ|λy.(s{x/y})) = (λy.(s{x/y}))θ.

Proposition 2.12. Let t and t′ be terms that are α-equivalent and θ a substitution. Then tθ
is α-equivalent to t′θ.

Proof. Suppose that θ is {x1/t1, . . . , xn/tn}. The proof is by induction on the structure of t.
If t is a variable or a constant, then the result is obvious.
Suppose that t has the form λx.s. Then t′ has the form λy.r, where λx.s ∗←→α λy.r. By

Proposition 2.11, it can be assumed without loss of generality that, for all i ∈ {1, . . . , n}, xi
is free in λx.s implies x is not free in ti, and xi is free in λy.r implies y is not free in ti.

There are two cases to consider.
(a) t′ has the form λx.r, where s ∗←→α r.

By the induction hypothesis, sθ|λx.s
∗←→α rθ|λx.s. Then

(λx.s)θ
= λx.(sθ|λx.s)
∗←→α λx.(rθ|λx.r) [induction hypothesis, since θ|λx.s= θ|λx.r]

= (λx.r)θ.

(b) t′ has the form λy.r, where x 6= y.
Since λx.s ∗←→α λy.r, it follows that λx.s ∗←→α λx.w �α λy.(w{x/y})

∗←→α λy.r, for some
term w. Thus, by Part (a), it suffices to show that (λx.w)θ ∗←→α (λy.(w{x/y}))θ. For this,
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note that y is not free in wθ|λx.w and x does not occur freely in wθ|λx.w in a subterm of the
form λy.v. Hence

(λx.w)θ
= λx.(wθ|λx.w)
�α λy.((wθ|λx.w){x/y})
= λy.((w{x/y})θ|λy.(w{x/y}))
= (λy.(w{x/y}))θ.

Suppose that t has the form (t1, . . . , tn). Let t′ be a term such that t ∗←→α t′. Thus
t′ = (t′1, . . . , t

′
n), where ti

∗←→α t
′
i, for i = 1, . . . , n. By the induction hypothesis, tiθ

∗←→α t
′
iθ,

for i = 1, . . . , n. Then

(t1, . . . , tn)θ
= (t1θ, . . . , tnθ)
∗←→α (t′1θ, . . . , t

′
nθ) [induction hypothesis]

= (t′1, . . . , t
′
n)θ.

If t has the form (u v) or �is, the proof is similar to the preceding case.

Proposition 2.13. Let θ and ϕ be substitutions. Then the following hold.

1. There are only finitely many variables x1, . . . , xm such that (xiθ)ϕ 6= xi, for i =
1, . . . ,m.

2. t{x1/(x1θ)ϕ, . . . , xm/(xmθ)ϕ} is α-equivalent to (tθ)ϕ, for all terms t.

Proof. 1. For any variable x that does not occur in a binding of the form x/t in θ or ϕ, it is
clear that (xθ)ϕ = x.

2. Using Proposition 2.12, it can be assumed without loss of generality that no bound
variable in t appears in θ or ϕ. The proof then proceeds by induction on the structure of the
term t.

If t is a variable or a constant, the result is obvious.
Suppose that t has the form λx.s. Let xi1 , . . . , xip be those xi that are free in λx.s. Put

θ′ = θ|λx.s and ϕ′ = ϕ|λx.(sθ′). Let xj1 , . . . , xjq be those xi such that (xiθ′)ϕ′ 6= xi. Then

(λx.s){x1/(x1θ)ϕ, . . . , xm/(xmθ)ϕ}
= λx.(s{x1/(x1θ)ϕ, . . . , xm/(xmθ)ϕ}|λx.s)
= λx.(s{xi1/(xi1θ)ϕ, . . . , xip/(xipθ)ϕ})
= λx.(s{xi1/(xi1θ′)ϕ′, . . . , xip/(xipθ′)ϕ′})
= λx.(s{xj1/(xj1θ′)ϕ′, . . . , xjq/(xjqθ′)ϕ′})
∗←→α λx.((sθ′)ϕ′) [induction hypothesis]

= (λx.(sθ′))ϕ
= ((λx.s)θ)ϕ.
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If t has the form (t1, . . . , tn), then

(t1, . . . , tn){x1/(x1θ)ϕ, . . . , xm/(xmθ)ϕ}
= (t1{x1/(x1θ)ϕ, . . . , xm/(xmθ)ϕ}, . . . , tn{x1/(x1θ)ϕ, . . . , xm/(xmθ)ϕ})
∗←→α ((t1θ)ϕ), . . . , (tnθ)ϕ) [induction hypothesis]

= (t1θ, . . . , tnθ)ϕ
= ((t1, . . . , tn)θ)ϕ.

If t has the form (u v) or �is, the proof is similar to the preceding case.

Here is an example to show that α-equivalence cannot be replaced by identity in Part
2 of Proposition 2.13. This is because bound variables may need to be renamed when a
substitution is applied.

Example 2.4. Let t be λx.y, θ be {y/x}, and ϕ be {x/z}. Then tθ = λw.x, say, where w is a
fresh variable. Thus (tθ)ϕ = λw.z. Now x1 is y and x2 is x. Thus t{x1/(x1θ)ϕ, x2/(x2θ)ϕ} =
(λx.y){y/z, x/z} = λx.z 6= (tθ)ϕ.

Now the definition of composition can be given.

Definition 2.28. Let θ and ϕ be substitutions. Then the composition θ ◦ϕ of θ and ϕ is the
substitution {x1/(x1θ)ϕ, . . . , xm/(xmθ)ϕ}, where x1, . . . , xm are the finitely many variables
such that (xiθ)ϕ 6= xi, for i = 1, . . . ,m.

According to Proposition 2.13, if α-equivalence rather than identity is sufficient for the
particular situation (and it nearly always is), one can calculate t(θ ◦ϕ) by calculating (tθ)ϕ
instead.

2.8 Matching

For the computation system introduced below, given terms s and t, there will be a need to
determine whether or not there is a substitution θ such that sθ is (α-equivalent to) t. This
motivates the next definition.

Definition 2.29. Let s and t be terms of the same type. Then a substitution θ is a matcher
of s to t if sθ is α-equivalent to t. In this case, s is said to be matchable to t.

It follows immediately from the definition and the fact that ∗←→α is an equivalence relation
that, if θ and θ′ are matchers of s to t, then sθ ∗←→α sθ

′.
Here is a useful alternative formulation of the definition of matcher.

Proposition 2.14. Let s and t be terms of the same type. Then a substitution θ is a matcher
of s to t iff there exist a sequence of terms s0 = s, s1, . . . , sn and an increasing subsequence
i1, . . . , im of the sequence 1, . . . , n such that

1. there exists a substitution θij such that sij−1θij = sij , for j = 1, . . . ,m,

2. si−1
∗←→α si, for i ∈ {1, . . . , n} \ {i1, . . . , im},

3. sn
∗←→α t, and
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4. θ = θi1 ◦ · · · ◦ θim.

Proof. Suppose first that θ is a matcher of s to t. In this case, put n = 1 and θ1 = θ. Then
Conditions 1 to 4 are clearly satisfied.

Conversely, suppose that there exist a sequence of terms s0 = s, s1, . . . , sn and an in-
creasing subsequence i1, . . . , im of the sequence 1, . . . , n satisfying Conditions 1 to 4. By re-
peated application of Proposition 2.12, it follows that (. . . (sθi1) . . .)θim

∗←→α sn. By Propo-
sition 2.13, s(θi1 ◦ · · · ◦ θim) ∗←→α (. . . (s0θi1) . . .)θim . Thus s(θi1 ◦ · · · ◦ θim) ∗←→α t, and so
θi1 ◦ · · · ◦ θim is a matcher of s to t.

The matching algorithm in Figure 1 determines whether one term is matchable with
another. Note that the inputs to this algorithm are two terms that have no free variables in
common. It is usual to standardise apart before applying a unification algorithm so doing
this for matching as well is not out of the ordinary. If this condition were to be dropped, the
algorithm in Figure 1 would need modification.

function Match(s, t) returns matcher θ, if s is matchable to t
failure, otherwise;

inputs: s and t, terms of the same type with no free variables in common;

θ := {};
while s 6= t do

o := occurrence of innermost subterm containing symbol at leftmost point
of disagreement between s and t;

if s|o has form λx.v and t|o has form λy.w % where x 6= y

then

s := s[λx.v/λz.(v{x/z})]o; % where z is a variable not in s or t
t := t[λy.w/λz.(w{y/z})]o;

else if s|o is a free occurrence of a variable x and there is no free occurrence
of x in s to the left of o and each free occurrence of a variable in t|o
is a free occurrence in t

then

θ := θ ◦ {x/t|o};
s := s{x/t|o};

else return failure;

return θ;

Figure 1: Algorithm for finding a matching substitution

I now turn to establishing the correctness and termination of this algorithm.

Proposition 2.15. Let s and t be terms of the same type with no free variables in common.
If s is matchable to t, then the algorithm in Figure 1 terminates and returns a matcher of s
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to t. Otherwise, the algorithm terminates and returns failure.

Proof. The algorithm does terminate since all terms obtained from t by changing the names
of bound variables have the same fixed length as t and, in each iteration of the loop, the point
of disagreement moves strictly to the right.

Suppose first that s is not matchable to t. In this case, the algorithm cannot return
successfully, since this would imply that s was matchable to t, by Proposition 2.14. Thus,
since the algorithm terminates, it must return failure.

Suppose now that s is matchable to t. Let ϕ be a matcher of s to t, so that sϕ is
α-equivalent to t. Now, at each step of the algorithm, either a further change of a bound
variable is made to s and t or else a further binding of the form {x/t|o} is applied to s. Let
the sequence of terms obtained by the algorithm starting from s by either changing a bound
variable or else by applying a binding at each step be s0(= s), s1, s2, . . . . Similarly, let the
sequence of terms obtained starting from t by either changing a bound variable or else doing
nothing be t0(= t), t1, t2, . . . . I will show by induction on the number n of steps so far of the
algorithm that there exists a substitution πn such that the domain of πn is a subset of the
free variables in s, the range of πn is a subset of the free variables in t, and snπn

∗←→α tn, for
n = 0, 1, . . . .

For n = 0, put π0 = ϕ|s. Then soπo
∗←→α t0, since sϕ ∗←→α t. Since s and t have no free

variables in common, the domain of π0 is the set of free variables in s and the range is the
set of free variables in t.

Next suppose that the result holds for n so that the domain of πn is a subset of the free
variables in s, the range of πn is a subset of the free variables in t, and snπn

∗←→α tn. For
the (n+ 1)th step, there are two cases to consider.

If the disagreement is such that the (n + 1)th step of the algorithm is a change of
bound variables, put πn+1 = πn. Then sn+1

∗←→α sn, so that sn+1πn+1
∗←→α snπn+1,

by Proposition 2.12. Now snπn+1 = snπn, snπn
∗←→α tn (by the induction hypothesis), and

tn
∗←→α tn+1. Hence sn+1πn+1

∗←→α tn+1.
Suppose next that the disagreement does not involve a change of bound variables. Then

the condition immediately following the else if must hold. That is, the disagreement must
be at a free occurrence o of a variable x and there must be no free occurrence of x in sn to
the left of o and each free occurrence of a variable in tn|o must be a free occurrence in tn;
otherwise, it would not be true that snπn

∗←→α tn. Thus πn must contain a binding of the
form {x/r}, where r is α-equivalent to tn|o. Put πn+1 = πn \ {x/r}. Clearly the domain of
πn+1 is a subset of the free variables in s and the range of πn+1 is a subset of the free variables
in t. Thus πn = {x/r} ◦πn+1. Also

sn+1πn+1

= (sn{x/tn|o})πn+1

∗←→α (sn{x/r})πn+1 [Proposition 2.12, since r is α-equivalent to tn|o]
∗←→α sn({x/r} ◦πn+1) [Proposition 2.13]

= snπn
∗←→α tn [induction hypothesis]

= tn+1.

This completes the induction argument.



2 SYNTAX 26

In effect, it has been shown that in the case that s is matchable to t, the algorithm cannot
terminate with failure.

Now suppose that s is matchable to t and the algorithm terminates at the nth step
with sn = tn. Let the sequence of bindings obtained by the algorithm be θi1 , . . . , θim . Put
θ = θi1 ◦ · · · ◦ θim . Then Conditions 1 to 4 of Proposition 2.14 are satisfied, so that θ is a
matcher of s to t. Finally, it is clear from the algorithm that the domain of θ is a subset of
the free variables of s.

Here are three examples to illustrate the matching algorithm.

Example 2.5. Let s be λx.(f x (g y z)) and t be λz.(f z (g A B)), where f , g, A, and B are
constants with suitable signatures. Then the successive steps of the algorithm are as follows.

0. λx
↑
.(f x (g y z)) λz

↑
.(f z (g A B))

1. λw.(f w (g y
↑
z)) λw.(f w (g A

↑
B)) {y/A}

2. λw.(f w (g A z
↑
)) λw.(f w (g A B

↑
)) {z/B}

3. λw.(f w (g A B)) λw.(f w (g A B))

(The arrows indicate the points of disagreement and the substitutions in the last column are
the substitutions applied at that step in the algorithm.) Thus λx.(f x (g y z)) is matchable
to λz.(f z (g A B)) with matcher {y/A} ◦ {z/B}.

Example 2.6. Let s be (f x (g x)) and t be (f y (g A)). Then the successive steps of the
algorithm are as follows.

0. (f x
↑

(g x)) (f y
↑

(g A)) {x/y}

1. (f y (g y
↑
)) (f y (g A

↑
))

Thus (f x (g x)) is not matchable to (f y (g A)), since there is a free occurrence of y in s to
the left of the point of disagreement. Note that, in contrast, s and t are unifiable.

Example 2.7. Let s be λx.(f x y z) and t be λx.(f x A (g x)). Then the successive steps of
the algorithm are as follows.

0. λx.(f x y
↑
z) λx.(f x A

↑
(g x)) {y/A}

1. λx.(f x A z
↑
) λx.(f x A (

↑
g x))

Thus λx.(f x y z) is not matchable to λx.(f x A (g x)), since x has a free occurrence in (g x)
but this occurrence is not free in λx.(f x A (g x)).

2.9 Representation of Individuals

In this subsection, the application of the logic to the representation of individuals is studied.
The main idea is the identification of a class of terms, called basic terms, suitable for repre-
senting individuals in diverse applications. The most interesting aspect of the class of basic
terms is that it includes certain abstractions and therefore is wider than is normally consid-
ered for knowledge representation. These abstractions allow one to model sets, multisets, and
data of similar types, in a direct way. To define basic terms, one first needs to define normal
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terms, so the discussion starts there. This section is brief since this topic is covered in detail
in [Llo03].

First, some motivation. I use the term ‘individual’ to mean an item worth identifying
and representing in an application; other terminology for the same idea includes ‘object’ and
‘instance’. How should individuals be represented? Well there are many possible data types
for this, including integers, natural numbers, floats, characters, strings, and booleans; tuples;
sets; multisets; lists; trees; and graphs. Put this way, there does not appear to be much
structure in the way these data types are put together to represent individuals. However, it
turns out that the data types above can be grouped into three major classes, constructor-
based ones, abstractions, and tuples, and this grouping is the basis of the definition of basic
terms. The first and third classes of data types are already widely used; for example, in
functional programming languages. It is the second class which includes sets and multisets
that is the most interesting of the three, so I consider it in more detail.

How should a (finite) set or multiset be represented? First, advantage is taken of the
higher-order nature of the logic to identify sets and their characteristic functions; that is,
sets are viewed as predicates. With this approach, an obvious representation of sets uses
the connectives, so that λx.(x = 1) ∨ (x = 2) is the representation of the set {1, 2}. This
kind of representation works well for sets. But the connectives are, of course, not available
for multisets, so something more general is needed. An alternative representation for the set
{1, 2} is the term

λx.if x = 1 then > else if x = 2 then > else ⊥,

and this idea generalises to multisets and similar abstractions. For example,

λx.if x = A then 42 else if x = B then 21 else 0

is the multiset with 42 occurrences of A and 21 occurrences of B (and nothing else). Thus
abstractions of the form

λx.if x = t1 then s1 else . . . if x = tn then sn else s0

are adopted to represent (extensional) sets, multisets, and so on.
However, before giving the definition of a normal term, some attention has to be paid to

the term s0 in the previous expression. The reason is that s0 in this abstraction is usually
a very specific term. For example, for finite sets, s0 is ⊥ and for finite multisets, s0 is 0.
For this reason, the concept of a default term is now introduced. The intuitive idea is that,
for each type, there is a (unique) default term such that each abstraction having that type
as codomain takes the default term as its value for all but a finite number of points in the
domain, that is, s0 is the default value. The choice of default term depends on the particular
application but, since sets and multisets are so useful, one would expect the set of default
terms to include ⊥ and 0. However, there could also be other types for which a default term
is needed.

For each type constructor T and types α1, . . . , αk, I assume there is chosen a unique default
data constructor C such that C has signature of the form σ1 → · · · → σn → (T α1 . . . αk). For
example, for Ω, the default data constructor could be ⊥, for Int , the default data constructor
could be 0, and for List α, the default data constructor could be []α, for all α.

In the following, let N denote the set of natural numbers.
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Definition 2.30. The set of default terms, D, is defined inductively as follows.

1. If C is a default data constructor of arity n and t1, . . . , tn ∈ D (n ∈ N) such that
C t1 . . . tn ∈ L, then C t1 . . . tn ∈ D.

2. If t ∈ D and x ∈ V, then λx.t ∈ D.

3. If t1, . . . , tn ∈ D (n ∈ N), then (t1, . . . , tn) ∈ D.

Definition 2.31. For each α ∈ S, define Dα = {t ∈ D | t has type α} .

Now normal terms can be defined.

Definition 2.32. The set of normal terms, N, is defined inductively as follows.

1. If C is a data constructor of arity n and t1, . . . , tn ∈ N (n ∈ N) such that C t1 . . . tn ∈ L,
then C t1 . . . tn ∈ N.

2. If t1, . . . , tn ∈ N, s1, . . . , sn ∈ N (n ∈ N), s0 ∈ D and

λx.if x = t1 then s1 else . . . if x = tn then sn else s0 ∈ L,

then

λx.if x = t1 then s1 else . . . if x = tn then sn else s0 ∈ N.

3. If t1, . . . , tn ∈ N (n ∈ N), then (t1, . . . , tn) ∈ N.

Part 1 of the definition of the set of normal terms states, in particular, that individual
natural numbers, integers, and so on, are normal terms. Also a term formed by applying a
data constructor to (all of) its arguments, each of which is a normal term, is a normal term.
As an example of this, consider the following declarations of the data constructors Circle and
Rectangle.

Circle : Float → Shape
Rectangle : Float → Float → Shape.

Then (Circle 7.5) and (Rectangle 42.0 21.3) are normal terms of type Shape. However,
(Rectangle 42.0) is not a normal term as not all arguments to Rectangle are given. Normal
terms coming from Part 1 of the definition are called normal structures and always have a
type of the form T α1 . . . αk.

The abstractions formed in Part 2 of the definition are ‘almost constant’ abstractions
since they take the default term s0 as value for all except a finite number of points in the
domain. (The term s0 is called the default value for the abstraction.) They are called normal
abstractions and always have a type of the form β → γ. This class of abstractions includes
useful data types such as (finite) sets and multisets. More generally, normal abstractions can
be regarded as lookup tables, with s0 as the value for items not in the table.

Part 3 of the definition of normal terms just states that one can form a tuple from normal
terms and obtain a normal term. These terms are called normal tuples and always have a
type of the form α1 × · · · × αn.
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Normal terms are not quite what is wanted because, for example, they do not give a
unique representation of sets. The problem is that the items of the set can appear in any
order in a normal term representing the set. The obvious solution is to define a total order
on normal terms and then use this order to give a unique representation of sets and other
abstractions. The details of the definition of this are given in [Llo03]. Assuming that this
total order < is available, basic terms can now be defined.

Definition 2.33. The set of basic terms, B, is defined inductively as follows.

1. If C is a data constructor of arity n and t1, . . . , tn ∈ B (n ∈ N) such that C t1 . . . tn ∈ L,
then C t1 . . . tn ∈ B.

2. If t1, . . . , tn ∈ B, s1, . . . , sn ∈ B, t1 < · · · < tn, si 6∈ D, for 1 ≤ i ≤ n (n ∈ N), s0 ∈ D

and

λx.if x = t1 then s1 else . . . if x = tn then sn else s0 ∈ L,

then

λx.if x = t1 then s1 else . . . if x = tn then sn else s0 ∈ B.

3. If t1, . . . , tn ∈ B (n ∈ N), then (t1, . . . , tn) ∈ B.

The basic terms from Part 1 of the definition are called basic structures, those from Part
2 are called basic abstractions, and those from Part 3 are called basic tuples.

Definition 2.34. For each α ∈ S, define Bα = {t ∈ B | t has type α} .

The sets {Bα}α∈S play an important role in knowledge representation. For example, for
a particular application, the representation space of each class of individuals would be Bα,
for some choice of α ∈ S. This approach is systematically followed in the remainder of the
paper. Further illustrations of the use of basic terms are in [Llo03].

3 Semantics

This section gives the model theory for the logic.

3.1 Interpretations

Definition 3.1. A domain set for an alphabet is a collection {Dα}α∈S of non-empty sets
satisfying the following conditions.

1. If α has the form T α1 . . . αk, then Dα = {C d1 . . . dn | C is a data constructor having
signature σ1 → · · · → σn → (T α1 . . . αk), and di ∈ Dσi , for i = 1, . . . , n}.

2. If α has the form β → γ, then Dα is the collection of mappings from Dβ to Dγ .

3. If α has the form α1 × · · · × αn, for some n ≥ 0, then Dα is the cartesian product
Dα1 × · · · ×Dαn . In particular, D1 is the distinguished singleton set.
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For each α ∈ S, Dα is called a domain.

Definition 3.2. A frame is a pair 〈W, {Ri}mi=1〉 consisting of a non-empty set W and a set
of binary relations {Ri}mi=1 on W .

Each element of W is called a world and each relation Ri is called an accessibility relation.

Definition 3.3. An augmented frame for an alphabet is a triple 〈W, {Ri}mi=1, {Dα}α∈S〉,
where 〈W, {Ri}mi=1〉 is a frame and {Dα}α∈S is a domain set for the alphabet.

Definition 3.4. A valuation with respect to an augmented frame 〈W, {Ri}mi=1, {Dα}α∈S〉 is
a mapping V that maps each pair consisting of a constant having signature α and a world
in W to an element of Dα (called the denotation of the constant in the world) such that if a
constant C is rigid, then V (C,w) = V (C,w′), for each w,w′ ∈W .

Definition 3.5. An interpretation for an alphabet is a quadruple 〈W, {Ri}mi=1, {Dα}α∈S, V 〉,
where 〈W, {Ri}mi=1, {Dα}α∈S〉 is an augmented frame for the alphabet and V is a valuation
with respect to this augmented frame such that the following conditions are satisfied.

1. For a data constructor C : σ1 → · · · → σn → (T α1 . . . αk) and w ∈ W , V (C,w) is the
element of Dσ1→···→σn→(T α1...αk) defined by

V (C,w) d1 . . . dn = C d1 . . . dn,

where di ∈ Dσi (i = 1, . . . , n).

2. For = : α→ α→ Ω and w ∈W , V (=, w) is the element of Dα→α→Ω defined by

V (=, w) x y =

{
> if x = y

⊥ otherwise,

for all x, y ∈ Dα.

3. For ¬ : α→ α and w ∈W , V (¬, w) is the element of Dα→α defined by

V (¬, w) f d1 . . . dn =

{
> if f d1 . . . dn = ⊥
⊥ otherwise,

for all f ∈ Dα and di ∈ Dαi (i = 1, . . . , n), where α ≡ α1 → · · · → αn → Ω, and n ≥ 0.

4. For ∧ : α→ α→ α and w ∈W , V (∧, w) is the element of Dα→α→α defined by

V (∧, w) f g d1 . . . dn =

{
> if f d1 . . . dn = > and g d1 . . . dn = >
⊥ otherwise,

for all f, g ∈ Dα and di ∈ Dαi (i = 1, . . . , n), where α ≡ α1 → · · · → αn → Ω, and
n ≥ 0.

5. For ∨ : α→ α→ α and w ∈W , V (∨, w) is the element of Dα→α→α defined by

V (∨, w) f g d1 . . . dn =

{
> if f d1 . . . dn = > or g d1 . . . dn = >
⊥ otherwise,

for all f, g ∈ Dα and di ∈ Dαi (i = 1, . . . , n), where α ≡ α1 → · · · → αn → Ω, and
n ≥ 0.
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6. For −→ : α→ α→ α and w ∈W , V (−→, w) is the element of Dα→α→α defined by

V (−→, w) f g d1 . . . dn =

{
> if f d1 . . . dn = ⊥ or g d1 . . . dn = >
⊥ otherwise,

for all f, g ∈ Dα and di ∈ Dαi (i = 1, . . . , n), where α ≡ α1 → · · · → αn → Ω, and
n ≥ 0.

7. For Σ : α→ Ω and w ∈W , V (Σ,w) is the element of Dα→Ω defined by

V (Σ,w) f =

{
> if f 6= ⊥⊥
⊥ otherwise,

for all f ∈ Dα, where α is a biterm type.

8. For Π : α→ Ω and w ∈W , V (Π,w) is the element of Dα→Ω defined by

V (Π,w) f =

{
> if f = >>
⊥ otherwise,

for all f ∈ Dα, where α is a biterm type.

In effect, the connectives and quantifiers are given their usual fixed meanings in each
world. Similarly, the data constructors have their usual fixed free interpretations in each
world. For other constants, their meaning may change from world to world.

Note that I am using here the constant domain semantics, in contrast to the varying
domain semantics [FM98]. It may seem restrictive to employ the constant domain semantics
but it turns out that, for many applications, the issues of keeping track of function definitions
that vary over time and vary from agent to agent completely overshadow the subtleties of
whether objects may come into, or go out of, existence. In other words, for many applications,
the simpler constant domain semantics easily suffices. In any case, it is shown in [FM98,
p.105-107] that each semantics can simulate the other.

Definition 3.6. A pointed interpretation is a pair of the form (I, w), where I ≡
〈W, {Ri}mi=1, {Dα}α∈S, V 〉 is an interpretation and w a world in W .

3.2 Denotations

The next task is to define the denotation of a term with respect to an interpretation, world,
and variable assignment. This is rather standard except for the case of modal terms. I begin
with some intuition that shows how to proceed in this case.

If t is a formula, then the meaning of �it in a world is > if the meaning of t in all
accessible worlds is >, its meaning is ⊥ if the meaning of t in all accessible worlds is ⊥, and,
in the other cases, the meaning of �it is conventionally defined to be ⊥. This suggests an
obvious extension to terms t whose type has rank 0: if t has the same meaning in all accessible
worlds, then the meaning of �it should be this common meaning; otherwise, the meaning of
�it should be some default value. This definition then becomes the base case of an inductive
definition on the rank of the type of t of the semantics of a modal term �it. Here is the
machinery to do this.
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Let {Xi}ni=0 (n ≥ 0) be a family of non-empty sets and x0 some distinguished element in
X0 that is called the default value. Let F be a set of functions, where

f : Xn → (Xn−1 → (Xn−2 → · · · → X0) · · · ),

for each f ∈ F . (If n = 0, the meaning is that each f belongs to X0.)

Definition 3.7. Define M(F ) : Xn → (Xn−1 → (Xn−2 → · · · → X0) · · · ) by induction on n
as follows:

(a) If n = 0, then M(F ) ∈ X0 is defined by

M(F ) =

{
x if there exists x ∈ X0, for each f ∈ F , f = x

x0 otherwise.

(b) If n > 0, then M(F ) : Xn → (Xn−1 → (Xn−2 → · · · → X0) · · · ) is defined by

M(F )(x) = M({f(x)}f∈F ),

for each x ∈ Xn.

If there exists f ∈ F such that f = g, for all g ∈ F , then clearly M(F ) = f .
The function M will be used to give meaning to modal terms.

Definition 3.8. Let α be a type of rank 0. Then the default value in Dα is some distinguished
element in Dα. In the case of DΩ the default value is ⊥.

There are no restrictions on the choice of default values, other than the default value
for DΩ is ⊥. This choice is made for consistency with the standard semantics of modalities
applied to formulas.

Definition 3.9. A variable assignment with respect to a domain set {Dα}α∈S is a mapping
that maps each variable of type α to an element of Dα.

Now everything is in place to give the denotation of a term with respect to an interpreta-
tion, world and variable assignment.

Definition 3.10. Let t be a term, I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 an interpretation, ν a
variable assignment with respect to {Dα}α∈S, and w a world in W . Then the denotation
V(t, I, w, ν) of t with respect to I, w and ν is defined inductively as follows.

1. V(x, I, w, ν) = ν(x), where x is a variable.

2. V(C, I, w, ν) = V (C,w), where C is a constant.

3. V(λx.s, I, w, ν) = the function whose value for each d ∈ Dα is V(s, I, w, ν ′), where x has
type α and ν ′ is ν except ν ′(x) = d.

4. V((s r), I, w, ν) = V(s, I, w, ν)(V(r, I, w, ν)).

5. V((t1, . . . , tn), I, w, ν) = (V(t1, I, w, ν), . . . ,V(tn, I, w, ν)).

6. V(�it, I, w, ν) = M({V(t, I, w′, ν)}w′∈W ′), where W ′ = {w′ : wRiw′}.
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A special case of Condition 6 of Definition 3.10 is when the type of t is Ω (that is, t
is a formula). Then the semantics for �it given by Condition 6 is exactly the same as the
standard semantics for a modal formula.

Definition 3.10 is an inductive construction employing Proposition A.4. To set this up, let
the interpretation I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 be fixed throughout. Then Definition 3.10
defines a function

T : L×W ×A→ D

such that T (t, w, ν) = V(t, I, w, ν), for all t ∈ L, w ∈W , and ν ∈ A, where A is the set of all
variable assignments and D is the (disjoint) union of the Dα, for all α ∈ S. Consider now the
substring relation ≺ on L and extend this to a relation ≺2 on L×W ×A defined as follows:
(s, v, µ) ≺2 (t, w, ν) if s ≺ t. It is easy to see that ≺2 is a well-founded order on L×W×A. The
minimal elements of L×W×A are triples of the form (t, w, ν), where t is either a variable or a
constant. Also needed are two partitions: {Lα×W ×A}α∈S of L×W ×A and {Dα}α∈S of D.
Then it needs to be checked that the two conditions concerning consistency in Proposition A.4
are satisfied. First, each minimal element is consistent since each denotation of a variable or
constant of type α is defined to be an element of Dα. Second, by considering the last four
cases in Definition 3.10, it is clear that the rule defining T has the property that if (s, v, µ) is
consistent, for each (s, v, µ) ≺2 (t, w, ν), then (t, w, ν) is consistent. Thus, by Proposition A.4,
the function T exists, is unique, and satisfies the condition T (Lα×W×A) ⊆ Dα, for all α ∈ S.
The latter condition states exactly that if t is a term of type α, I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉
an interpretation, ν a variable assignment with respect to {Dα}α∈S, and w a world in W ,
then V(t, I, w, ν) ∈ Dα.

The next three results establish (mostly) familiar properties of the connectives and quan-
tifiers, but in the more general setting of biterms rather than formulas.

Proposition 3.1. Let I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 be an interpretation, ν a variable
assignment with respect to {Dα}α∈S, w ∈ W , ϕ and ψ biterms of type α1 → · · · → αn → Ω,
di ∈ Dαi (i = 1, . . . , n), and t a term of type α1. Then the following hold.

1. V(ϕ∧ψ, I, w, ν) d1 . . . dn = > iff V(ϕ, I, w, ν) d1 . . . dn = > and V(ψ, I, w, ν) d1 . . . dn =
>.

2. V(ϕ∨ψ, I, w, ν) d1 . . . dn = > iff V(ϕ, I, w, ν) d1 . . . dn = > or V(ψ, I, w, ν) d1 . . . dn =
>.

3. V(ϕ −→ ψ, I, w, ν) d1 . . . dn = > iff V(ϕ, I, w, ν) d1 . . . dn = ⊥ or V(ψ, I, w, ν) d1 . . . dn =
>.

4. V(¬ϕ, I, w, ν) d1 . . . dn = > iff V(ϕ, I, w, ν) d1 . . . dn = ⊥.

5. V(ϕ, I, w, ν) d1 . . . dn = > iff V(¬ϕ, I, w, ν) d1 . . . dn = ⊥.

6. V(¬¬ϕ, I, w, ν) = V(ϕ, I, w, ν).

7. V(¬(ϕ ∧ ψ), I, w, ν) = V(¬ϕ ∨ ¬ψ, I, w, ν).

8. V(¬(ϕ ∨ ψ), I, w, ν) = V(¬ϕ ∧ ¬ψ, I, w, ν).

9. V((¬ϕ t), I, w, ν) = V(¬(ϕ t), I, w, ν).
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10. V(λx.¬ϕ, I, w, ν) = V(¬λx.ϕ, I, w, ν).

11. V(λx.ϕ ∧ λx.ψ, I, w, ν) = V(λx.(ϕ ∧ ψ), I, w, ν).

12. V(λx.ϕ ∨ λx.ψ, I, w, ν) = V(λx.(ϕ ∨ ψ), I, w, ν).

13. V(λx.ϕ −→ λx.ψ, I, w, ν) = V(λx.(ϕ −→ ψ), I, w, ν).

Proof. 1.

V(ϕ ∧ ψ, I, w, ν) d1 . . . dn = >
iff V((∧ ϕ), I, w, ν)(V(ψ, I, w, ν)) d1 . . . dn = >
iff (V(∧, I, w, ν)(V(ϕ, I, w, ν)))(V(ψ, I, w, ν)) d1 . . . dn = >
iff (V (∧, w)(V(ϕ, I, w, ν)))(V(ψ, I, w, ν)) d1 . . . dn = >
iff V(ϕ, I, w, ν) d1 . . . dn = > and V(ψ, I, w, ν) d1 . . . dn = >.

2.

V(ϕ ∨ ψ, I, w, ν) d1 . . . dn = >
iff V((∨ ϕ), I, w, ν)(V(ψ, I, w, ν)) d1 . . . dn = >
iff (V(∨, I, w, ν)(V(ϕ, I, w, ν)))(V(ψ, I, w, ν)) d1 . . . dn = >
iff (V (∨, w)(V(ϕ, I, w, ν)))(V(ψ, I, w, ν)) d1 . . . dn = >
iff V(ϕ, I, w, ν) d1 . . . dn = > or V(ψ, I, w, ν) d1 . . . dn = >.

3, Similar to the proof of Part 2.
4.

V(¬ϕ, I, w, ν) d1 . . . dn = >
iff V(¬, I, w, ν)(V(ϕ, I, w, ν)) d1 . . . dn = >
iff V (¬, w)(V(ϕ, I, w, ν)) d1 . . . dn = >
iff V(ϕ, I, w, ν) d1 . . . dn = ⊥.

5. Similar to the proof of Part 4.
6.

V(¬¬ϕ, I, w, ν)
= V(¬, I, w, ν)(V(¬ϕ, I, w, ν))
= V (¬, w)(V(¬ϕ, I, w, ν))
= V (¬, w)(V (¬, w)(V(ϕ, I, w, ν)))
= V(ϕ, I, w, ν) [definition of V (¬, w)].
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7.

V(¬(ϕ ∧ ψ), I, w, ν) d1 . . . dn

= V (¬, w)(V(ϕ ∧ ψ, I, w, ν)) d1 . . . dn

=

{
> if V(ϕ ∧ ψ, I, w, ν) d1 . . . dn = ⊥
⊥ otherwise

=

{
> if (V (∧, w)(V(ϕ, I, w, ν)))(V(ψ, I, w, ν)) d1 . . . dn = ⊥
⊥ otherwise

=

{
> if V(ϕ, I, w, ν) d1 . . . dn = ⊥ or V(ψ, I, w, ν) d1 . . . dn = ⊥
⊥ otherwise

=

{
> if V (¬, w)(V(ϕ, I, w, ν)) d1 . . . dn = > or V (¬, w)(V(ψ, I, w, ν)) d1 . . . dn = >
⊥ otherwise

= (V (∨, w)(V (¬, w)(V(ϕ, I, w, ν))))(V (¬, w)(V(ψ, I, w, ν))) d1 . . . dn

= (V (∨, w)(V(¬ϕ, I, w, ν)))(V(¬ψ, I, w, ν)) d1 . . . dn

= V(¬ϕ ∨ ¬ψ, I, w, ν) d1 . . . dn.

Hence V(¬(ϕ ∧ ψ), I, w, ν) = V(¬ϕ ∨ ¬ψ, I, w, ν).
8. Similar to the proof of Part 7.
9.

V((¬ϕ t), I, w, ν)
= V(¬ϕ, I, w, ν)(V(t, I, w, ν))
= (V(¬, I, w, ν)(V(ϕ, I, w, ν)))(V(t, I, w, ν))
= (V (¬, w)(V(ϕ, I, w, ν)))(V(t, I, w, ν))
= V (¬, w)(V(ϕ, I, w, ν)(V(t, I, w, ν))) [definition of V (¬, w)]
= V (¬, w)(V((ϕ t), I, w, ν))
= V(¬(ϕ t), I, w, ν).

10.

V(λx.¬ϕ, I, w, ν)
= the function whose value for each d ∈ Dα is V(¬ϕ, I, w, ν ′),

where x has type α and ν ′ is ν except ν ′(x) = d

= the function whose value for each d ∈ Dα is V (¬, w)(V(ϕ, I, w, ν ′))
= V (¬, w)(the function whose value for each d ∈ Dα is V(ϕ, I, w, ν ′))
= V (¬, w)(V(λx.ϕ, I.w, ν))
= V(¬λx.ϕ, I, w, ν).

11.

V(λx.ϕ ∧ λx.ψ, I, w, ν)
= V((∧ λx.ϕ), I, w, ν)(V(λx.ψ, I, w, ν))
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= (V (∧, w)(V(λx.ϕ, I, w, ν)))(V(λx.ψ, I, w, ν))
= (V (∧, w)(the function whose value for each d ∈ Dα is V(ϕ, I, w, ν ′)))

(the function whose value for each d ∈ Dα is V(ψ, I, w, ν ′)),
where x has type α and ν ′ is ν except ν ′(x) = d

= the function whose value for each d ∈ Dα is (V (∧, w)(V(ϕ, I, w, ν ′)))(V(ψ, I, w, ν ′))
= the function whose value for each d ∈ Dα is V(ϕ ∧ ψ, I, w, ν ′)
= V(λx.(ϕ ∧ ψ), I, w, ν).

12. Similar to the proof of Part 11.
13. Similar to the proof of Part 11.

Proposition 3.2. Let I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 be an interpretation, ν a variable
assignment with respect to {Dα}α∈S, w ∈ W , and ϕ a biterm having type α1 → · · · → αn →
Ω. Then the following hold.

1. V((Σ ϕ), I, w, ν) = > iff, for some di ∈ Dαi (i = 1, . . . , n), V(ϕ, I, w, ν) d1 . . . dn = >.

2. V((Π ϕ), I, w, ν) = > iff, for each di ∈ Dαi (i = 1, . . . , n), V(ϕ, I, w, ν) d1 . . . dn = >.

Proof. 1.

V((Σ ϕ), I, w, ν) = >
iff V (Σ,w)(V(ϕ, I, w, ν)) = >
iff V(ϕ, I, w, ν) 6= ⊥⊥
iff V(ϕ, I, w, ν) d1 . . . dn = >, for some di ∈ Dαi (i = 1, . . . , n).

2.

V((Π ϕ), I, w, ν) = >
iff V (Π,w)(V(ϕ, I, w, ν)) = >
iff V(ϕ, I, w, ν) = >>
iff V(ϕ, I, w, ν) d1 . . . dn = >, for each di ∈ Dαi (i = 1, . . . , n).

Proposition 3.3. Let I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 be an interpretation, ν a variable
assignment with respect to {Dα}α∈S, w ∈W , and ϕ a biterm. Then the following hold.

1. V(¬(Σ ϕ), I, w, ν) = V((Π ¬ϕ), I, w, ν).

2. V(¬(Π ϕ), I, w, ν) = V((Σ ¬ϕ), I, w, ν).
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Proof. 1.

V(¬(Σ ϕ), I, w, ν)
= V (¬, w)(V((Σ ϕ), I, w, ν))
= V (¬, w)(V (Σ,w)(V(ϕ, I, w, v)))
= V (¬, w)(if V(ϕ, I, w, v) 6= ⊥⊥ then > else ⊥)
= if V(ϕ, I, w, v) 6= ⊥⊥ then ⊥ else >
= if V(ϕ, I, w, v) = ⊥⊥ then > else ⊥
= if V (¬, w)(V(ϕ, I, w, v)) = >> then > else ⊥
= if V(¬ϕ, I, w, v) = >> then > else ⊥
= V (Π,w)(V(¬ϕ, I, w, v))
= V((Π ¬ϕ), I, w, ν).

2.

V(¬(Π ϕ), I, w, ν)
= V (¬, w)(V((Π ϕ), I, w, ν))
= V (¬, w)(V (Π,w)(V(ϕ, I, w, v)))
= V (¬, w)(if V(ϕ, I, w, v) = >> then > else ⊥)
= if V(ϕ, I, w, v) = >> then ⊥ else >
= if V(ϕ, I, w, v) 6= >> then > else ⊥
= if V (¬, w)(V(ϕ, I, w, v)) 6= ⊥⊥ then > else ⊥
= if V(¬ϕ, I, w, v) 6= ⊥⊥ then > else ⊥
= V (Σ,w)(V(¬ϕ, I, w, v))
= V((Σ ¬ϕ), I, w, ν).

Proposition 3.4. Let I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 be an interpretation, w ∈ W , ϕ a
biterm, and x a variable that is not free in ϕ. Then V((ϕ x), I, w, ν) = >>, for every variable
assignment ν, iff V(ϕ, I, w, ν) = >>, for every variable assignment ν.

Proof.

V((ϕ x), I, w, ν) = >>, for every variable assignment ν
iff V(ϕ, I, w, ν)(ν(x)) = >>, for every variable assignment ν
iff V(ϕ, I, w, ν) = >>, for every variable assignment ν [x is not free in ϕ].

Definition 3.11. The variable assignments ν and ν ′ are said to be x-variants if they agree
on all variables except possibly the variable x.

Proposition 3.5. Let I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 be an interpretation, ν a variable
assignment with respect to {Dα}α∈S, w ∈W , and ϕ a biterm. Then the following hold.
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1. V(λx.ϕ, I, w, ν) = >> iff, for every x-variant ν ′ of ν, V(ϕ, I, w, ν ′) = >>.

2. V(λx.ϕ, I, w, ν) = ⊥⊥ iff, for every x-variant ν ′ of ν, V(ϕ, I, w, ν ′) = ⊥⊥.

3. V(∀x.ϕ, I, w, ν) = > iff, for every x-variant ν ′ of ν, V(ϕ, I, w, ν ′) = >>.

4. V(∃x.ϕ, I, w, ν) = > iff, for some x-variant ν ′ of ν, V(ϕ, I, w, ν ′) 6= ⊥⊥.

5. V(¬∃x.ϕ, I, w, ν) = V(∀x.¬ϕ, I, w, ν).

6. V(¬∀x.ϕ, I, w, ν) = V(∃x.¬ϕ, I, w, ν).

7. V(∀x.ϕ, I, w, ν) = V(¬∃x.¬ϕ, I, w, ν).

8. V(∃x.ϕ, I, w, ν) = V(¬∀x.¬ϕ, I, w, ν).

Proof. 1.

V(λx.ϕ, I, w, ν) = >>
iff V(ϕ, I, w, ν ′) = >>, for every x-variant ν ′ of ν [Semantics of λx.ϕ].

2.

V(λx.ϕ, I, w, ν) = ⊥⊥
iff V(ϕ, I, w, ν ′) = ⊥⊥, for every x-variant ν ′ of ν [Semantics of λx.ϕ].

3.

V(∀x.ϕ, I, w, ν) = >
iff V (Π,w)(V(λx.ϕ, I, w, ν)) = >
iff V(λx.ϕ, I, w, ν) = >>
iff V(ϕ, I, w, ν ′) = >>, for every x-variant ν ′ of ν [Part 1].

4.

V(∃x.ϕ, I, w, ν) = >
iff V (Σ,w)(V(λx.ϕ, I, w, ν)) = >
iff V(λx.ϕ, I, w, ν) 6= ⊥⊥
iff V(ϕ, I, w, ν ′) 6= ⊥⊥, for some x-variant ν ′ of ν [Part 2].

5.

V(¬∃x.ϕ, I, w, ν)
= V(¬(Σ λx.ϕ), I, w, ν)
= V((Π ¬λx.ϕ), I, w, ν) [Part 1 of Proposition 3.3]
= V (Π,w)(V(¬λx.ϕ, I, w, ν))
= V (Π,w)(V(λx.¬ϕ, I, w, ν)) [Part 10 of Proposition 3.1]
= V((Π λx.¬ϕ), I, w, ν)
= V(∀x.¬ϕ, I, w, ν).
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6.

V(¬∀x.ϕ, I, w, ν)
= V(¬(Π λx.ϕ), I, w, ν)
= V((Σ ¬λx.ϕ), I, w, ν) [Part 2 of Proposition 3.3]
= V (Σ,w)(V(¬λx.ϕ, I, w, ν))
= V (Σ,w)(V(λx.¬ϕ, I, w, ν)) [Part 10 of Proposition 3.1]
= V((Σ λx.¬ϕ), I, w, ν)
= V(∃x.¬ϕ, I, w, ν).

7. This part follows from Part 6 of Proposition 3.1 and Part 5.
8. This part follows from Part 6 of Proposition 3.1 and Part 6.

Now come some useful properties of modalities.

Proposition 3.6. Let I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 be an interpretation, ν a variable
assignment with respect to {Dα}α∈S, w ∈ W , i ∈ {1, . . . ,m}, dj ∈ Dαj (j = 1, . . . , n), and ϕ
and ψ biterms having type α1 → · · · → αn → Ω. Then the following hold.

1. V(�iϕ, I, w, ν) d1 . . . dn = > iff, for each w′ such that wRiw′, V(ϕ, I, w′, ν) d1 . . . dn =
>.

2. V(3iϕ, I, w, ν) d1 . . . dn = > iff, for some w′ such that wRiw′, V(ϕ, I, w′, ν) d1 . . . dn =
>.

3. V(�iϕ, I, w, ν) = >> iff, for each w′ such that wRiw′, V(ϕ, I, w′, ν) = >>.

4. V(3iϕ, I, w, ν) = >> iff, for some w′ such that wRiw′, V(ϕ, I, w′, ν) = >>.

5. V(�i(ϕ ∧ ψ), I, w, ν) = V(�iϕ ∧�iψ, I, w, ν).

6. V(3i(ϕ ∨ ψ), I, w, ν) = V(3iϕ ∨3iψ, I, w, ν).

Proof. 1.

V(�iϕ, I, w, ν) d1 . . . dn = >
iff M({V(ϕ, I, w′, ν)}w′∈W ′) d1 . . . dn = >
iff V(ϕ, I, w′, ν) d1 . . . dn = >, for each w′ such that wRiw′.

2.

V(3iϕ, I, w, ν) d1 . . . dn = >
iff V(¬�i¬ϕ, I, w, ν) d1 . . . dn = >
iff V(�i¬ϕ, I, w, ν) d1 . . . dn = ⊥
iff M({V(¬ϕ, I, w′, ν)}w′∈W ′) d1 . . . dn = ⊥
iff V(¬ϕ, I, w′, ν) d1 . . . dn = ⊥, for some w′ such that wRiw′.
iff V(ϕ, I, w′, ν) d1 . . . dn = >, for some w′ such that wRiw′.
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3.

V(�iϕ, I, w, ν) = >>
iff M({V(ϕ, I, w′, ν)}w′∈W ′) = >>
iff V(ϕ, I, w′, ν) = >>, for each w′ such that wRiw′.

4.

V(3iϕ, I, w, ν) = >>
iff V(¬�i¬ϕ, I, w, ν) = >>
iff V(�i¬ϕ, I, w, ν) = ⊥⊥
iff for some w′ such that wRiw′, V(¬ϕ, I, w′, ν) = ⊥⊥
iff for some w′ such that wRiw′, V(ϕ, I, w′, ν) = >>.

5.

V(�i(ϕ ∧ ψ), I, w, ν) d1 . . . dn = >
iff V(ϕ ∧ ψ, I, w′, ν) d1 . . . dn = >, for each w′ such that wRiw′ [Part 1]
iff V(ϕ, I, w′, ν) d1 . . . dn = > and V(ψ, I, w′, ν) d1 . . . dn = >,

for each w′ such that wRiw′

iff V(�iϕ, I, w, ν) d1 . . . dn = > and V(�iψ, I, w, ν) d1 . . . dn = > [Part 1]
iff V(�iϕ ∧�iψ, I, w, ν) d1 . . . dn = >.

Hence V(�i(ϕ ∧ ψ), I, w, ν) = V(�iϕ ∧�iψ, I, w, ν)
6.

V(3i(ϕ ∨ ψ), I, w, ν) d1 . . . dn = >
iff V(ϕ ∨ ψ, I, w′, ν) d1 . . . dn = >, for some w′ such that wRiw′ [Part 2]
iff V(ϕ, I, w′, ν) d1 . . . dn = > or V(ψ, I, w′, ν) d1 . . . dn = >,

for some w′ such that wRiw′

iff V(3iϕ, I, w, ν) d1 . . . dn = > or V(3iψ, I, w, ν) d1 . . . dn = > [Part 2]
iff V(3iϕ ∨3iψ, I, w, ν) d1 . . . dn = >.

Hence V(3i(ϕ ∨ ψ), I, w, ν) = V(3iϕ ∨3iψ, I, w, ν)

Proposition 3.7. Let I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 be an interpretation, ν a variable
assignment with respect to {Dα}α∈S, w ∈ W , t be a term of type α having rank 0 and d
a non-default element of Dα. Then V(�j1 · · ·�jnt, I, w, ν) = d iff, for each w′ such that
wRj1 ◦ · · · ◦Rjn w′, V(t, I, w′, ν) = d.

Proof. The proof is by induction on the length of the sequence of modalities. If n = 0, the
result is obvious.
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Suppose now the result holds for sequences of modalities of length n. Then

V(�j1 · · ·�jn+1t, I, w, ν) = d

iff for each w′′ such that wRj1 w
′′,V(�j2 · · ·�jn+1t, I, w

′′, ν) = d

iff for each w′′ such that wRj1 w
′′, for each w′ such that w′′Rj2 ◦ · · · ◦Rjn+1 w

′,

V(t, I, w′, ν) = d [induction hypothesis]
iff for each w′ such that wRj1 ◦ · · · ◦Rjn+1 w

′, V(t, I, w′, ν) = d.

The next result shows that �i and Π can be ‘switched’, as can 3i and Σ.

Proposition 3.8. Let I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 be an interpretation, ν a variable
assignment with respect to {Dα}α∈S, w ∈ W , ϕ a biterm, and i ∈ {1, . . . ,m}. Then the
following hold.

1. V(�i(Π ϕ), I, w, ν) = V((Π �iϕ), I, w, ν).

2. V(3iΣ ϕ), I, w, ν) = V((Σ 3iϕ), I, w, ν).

Proof. Suppose that ϕ has type α1 → · · · → αn → Ω.
1.

V(�i(Π ϕ), I, w, ν) = >
iff V((Π ϕ), I, w′, ν) = >, for each w′ such that wRiw′ [Proposition 3.6]
iff V(ϕ, I, w′, ν) d1 . . . dn = >,

for each w′ such that wRiw′ and each dj ∈ Dαj (j = 1, . . . , n) [Proposition 3.2]
iff V(�iϕ, I, w, ν) d1 . . . dn = >, for each dj ∈ Dαj (j = 1, . . . , n) [Proposition 3.6]
iff V((Π �iϕ), I, w, ν) = > [Proposition 3.2].

Hence V(�i(Π ϕ), I, w, ν) = V((Π �iϕ), I, w, ν).
2. The proof is similar to Part 1.

Semantic versions of the Barcan and converse Barcan formulas [FM98, p.108] are now
established, in the biterm setting. (So they are called the Barcan biterm and converse Barcan
biterm.)

Proposition 3.9. Let I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 be an interpretation, ν a variable
assignment with respect to {Dα}α∈S, w ∈ W , ϕ a biterm, and i ∈ {1, . . . ,m}. Then the
following hold.

1. V(�i∀x.ϕ, I, w, ν) = V(∀x.�iϕ, I, w, ν).

2. V(3i∃x.ϕ, I, w, ν) = V(∃x.3iϕ, I, w, ν).



3 SEMANTICS 42

Proof. Suppose that ϕ has type α1 → · · · → αn → Ω and x has type α.
1.

V(�i∀x.ϕ, I, w, ν)
= M({V(∀x.ϕ, I, w′, ν)}w′∈W ′)
= M({V((Π λx.ϕ), I, w′, ν)}w′∈W ′)
= M({V (Π,w′)(V(λx.ϕ, I, w′, ν))}w′∈W ′)
= M({if V(λx.ϕ, I, w′, ν) = >> then > else ⊥}w′∈W ′),

where >> : Dα → Dα1 → · · · → Dαn → DΩ

= M({if V(ϕ, I, w′, ν ′) = >>, for all d ∈ Dα, then > else ⊥}w′∈W ′),
where >> : Dα1 → · · · → Dαn → DΩ and ν ′ is ν except ν ′(x) = d

= if M({V(ϕ, I, w′, ν ′)}w′∈W ′) = >>, for all d ∈ Dα, then > else ⊥
= if V(�iϕ, I, w, ν

′) = >>, for all d ∈ Dα, then > else ⊥
= if V(λx.�iϕ, I, w, ν) = >> then > else ⊥,

where >> : Dα → Dα1 → · · · → Dαn → DΩ

= V (Π,w)(V(λx.�iϕ, I, w, ν))
= V((Π λx.�iϕ), I, w, ν)
= V(∀x.�iϕ, I, w, ν).

2.

V(3i∃x.ϕ, I, w, ν)
= V(¬�i¬∃x.ϕ, I, w, ν)
= V (¬, w)(V(�i¬∃x.ϕ, I, w, ν))
= V (¬, w)(M({V(¬∃x.ϕ, I, w′, ν)}w′∈W ′))
= V (¬, w)(M({V(∀x.¬ϕ, I, w′, ν)}w′∈W ′)) [Part 5 of Proposition 3.5]
= V (¬, w)(V(�i∀x.¬ϕ, I, w, ν))
= V (¬, w)(V(∀x.�i¬ϕ, I, w, ν)) [Part 1]
= V(¬∀x.�i¬ϕ, I, w, ν)
= V(∃x.¬�i¬ϕ, I, w, ν) [Part 6 of Proposition 3.5]
= V(∃x.3iϕ, I, w, ν).

Proposition 3.10. Let s and t be terms of the same type, I an interpretation, w a world in
I, and ν a variable assignment. Then V(s = t, I, w, ν) = > iff V(s, I, w, ν) = V(t, I, w, ν).

Proof.

V(s = t, I, w, ν) = >
iff V((= s), I, w, ν) (V(t, I, w, ν)) = >
iff (V(=, I, w, ν) (V(s, I, w, ν))) (V(t, I, w, ν)) = >
iff V(s, I, w, ν) = V(t, I, w, ν).
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The bi-implication connective ←→: α → α → α, where α is a biterm type, can be
introduced by the abbreviation ϕ ←→ ψ ≡ (ϕ −→ ψ) ∧ (ψ −→ ϕ). The next result implies
that, applied to formulas, ←→ is just equality.

Proposition 3.11. Let ϕ and ψ be biterms of type α1 → · · · → αn → Ω, I an interpretation,
w a world in I, and ν a variable assignment. Then V(ϕ ←→ ψ, I, w, ν) = >> iff V(ϕ =
ψ, I, w, ν) = >.

Proof.

V((ϕ −→ ψ) ∧ (ψ −→ ϕ), I, w, ν) = >>
iff (V (∧, w)(V(ϕ −→ ψ, I, w, ν)))(V(ψ −→ ϕ, I, w, ν)) = >>
iff V(ϕ −→ ψ, I, w, ν) = >> and V(ψ −→ ϕ, I, w, ν) = >>
iff (V(ϕ, I, w, ν) d1 . . . dn = ⊥ or V(ψ, I, w, ν) d1 . . . dn = >) and

(V(ψ, I, w, ν) d1 . . . dn = ⊥ or V(ϕ, I, w, ν) d1 . . . dn = >),
for each di ∈ Dαi(i = 1, . . . , n)

iff V(ϕ, I, w, ν) d1 . . . dn = V(ψ, I, w, ν) d1 . . . dn,

for each di ∈ Dαi(i = 1, . . . , n)
iff V(ϕ, I, w, ν) = V(ψ, I, w, ν)
iff V(ϕ = ψ, I, w, ν) = > [Proposition 3.10].

Not surprisingly, the meaning of a rigid term is independent of the world, as shown by
the next result.

Proposition 3.12. Let t be a term, I an interpretation, and ν a variable assignment. If t is
rigid, then V(t, I, w, ν) = V(t, I, w′, ν), for all w,w′.

Proof. The proof is by induction on the structure of t.
If t is a variable x, then V(x, I, w, ν) = ν(x) = V(x, I, w′, ν), for all w,w′.
It t is a constant C, then C must be rigid, so that V(C, I, w, ν) = V (C,w) = V (C,w′) =

V(C, I, w, ν), for all w,w′.
If t has the form λx.s, then, for all w,w′,

V(λx.s, I, w, ν)
= the function whose value for each d ∈ Dα is V(s, I, w, ν ′),

where x has type α and ν ′ is ν except ν ′(x) = d

= the function whose value for each d ∈ Dα is V(s, I, w′, ν ′) [induction hypothesis]
= V(λx.s, I, w′, ν).

If t has the form (s r), then, for all w,w′,

V((s r), I, w, ν)
= V(s, I, w, ν)(V(r, I, w, ν))
= V(s, I, w′, ν)(V(r, I, w′, ν)) [induction hypothesis]
= V((s r), I, w′, ν).
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If t has the form (t1, . . . , tn), the proof is similar to preceding case.
If t has the form �is, then, for all w,w′,

V(�is, I, w, ν)
= M({V(s, I, w1, ν)}w1∈W1), where W1 = {w1 : wRiw1}
= M({V(s, I, w2, ν)}w2∈W2), where W2 = {w2 : w′Riw2} [induction hypothesis]
= V(�is, I, w

′, ν).

Proposition 3.13. Let I be an interpretation, w a world in I, ν a variable assignment, and
ϕ a formula. Then the following hold.

1. V(ϕ = >, I, w, ν) = V(ϕ, I, w, ν).

2. V(ϕ = ⊥, I, w, ν) = V(¬ϕ, I, w, ν).

Proof. 1.

V(ϕ = >, I, w, ν)
= V((= ϕ), I, w, ν) (V(>, I, w, ν))
= (V(=, I, w, ν) (V(ϕ, I, w, ν))) (V(>, I, w, ν))
= (V (=, w) (V(ϕ, I, w, ν))) (V(>, I, w, ν))
= (V (=, w) (V(ϕ, I, w, ν))) (>)
= V(ϕ, I, w, ν).

2.

V(ϕ = ⊥, I, w, ν)
= V((= ϕ), I, w, ν) (V(⊥, I, w, ν))
= (V(=, I, w, ν) (V(ϕ, I, w, ν))) (V(⊥, I, w, ν))
= (V (=, w) (V(ϕ, I, w, ν))) (V(⊥, I, w, ν))
= (V (=, w) (V(ϕ, I, w, ν))) (⊥)
= V(¬ϕ, I, w, ν).

The next result shows that the denotation of a closed term does not depend on the variable
assignment.

Proposition 3.14. Let I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 be an interpretation, w ∈ W , and t
a term. If ν1 and ν2 are variable assignments with respect to {Dα}α∈S that agree on the free
variables of t, then V(t, I, w, ν1) = V(t, I, w, ν2).

Proof. The proof is by induction on the structure of t.
If t is a variable x, then V(x, I, w, ν1) = ν1(x) = ν2(x) = V(x, I, w, ν2).
If t is a constant C, then V(C, I, w, ν1) = V (C,w) = V(C, I, w, ν2).
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Let t be an abstraction λx.s. Then

V(λx.s, I, w, ν1)
= the function whose value for each d ∈ Dα is V(s, I, w, ν ′1),

where x has type α and ν ′1 is ν1 except ν ′1(x) = d

= the function whose value for each d ∈ Dα is V(s, I, w, ν ′2),
where x has type α and ν ′2 is ν2 except ν ′2(x) = d

[induction hypothesis, since ν ′1 and ν ′2 agree on the free variables of s]
= V(λx.s, I, w, ν2).

Let t be an application (u v). Then

V((u v), I, w, ν1)
= V(u, I, w, ν1)(V(u, I, w, ν1))
= V(u, I, w, ν2)(V(u, I, w, ν2)) [induction hypothesis]
= V((u v), I, w, ν2).

Let t be a tuple (t1, . . . , tn). Then

V((t1, . . . , tn), I, w, ν1)
= (V(t1, I, w, ν1), . . . ,V(tn, I, w, ν1))
= (V(t1, I, w, ν2), . . . ,V(tn, I, w, ν2)) [induction hypothesis]
= V((t1, . . . , tn), I, w, ν2).

Let t have the form �is. Then

V(�is, I, w, ν1)
= M({V(s, I, w′, ν1)}w′∈W ′)
= M({V(s, I, w′, ν2)}w′∈W ′) [induction hypothesis]
= V(�is, I, w, ν2).

The next three results in this subsection about modalities will later provide useful as-
sumptions for use in computations. The first concerns the case when the term t in �it is
rigid.

Proposition 3.15. Let t be a rigid term, I an interpretation, w a world in I, ν a variable
assignment, and i ∈ {1, . . . ,m}. Then V(�it, I, w, ν) = V(t, I, w, ν).

Proof. Since t is rigid, by Proposition 3.12, all the V(t, I, w′, ν), for w′ ∈ W ′, are equal. The
result then follows directly from the definition of V(�it, I, w, ν).

The next proposition gives an important property of terms having type of the form α→ β
that are applied to a rigid argument.
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Proposition 3.16. Let I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 be an interpretation, ν a variable
assignment with respect to {Dα}α∈S, and w ∈ W . Let s be a term having type of the form
α → β, t a term of type α that is rigid, and i ∈ {1, . . . ,m}. Then V((�is t), I, w, ν) =
V(�i(s t), I, w, ν).

Proof. The type of s has rank > 0. Thus

V((�is t), I, w, ν)
= V(�is, I, w, ν)(V(t, I, w, ν))
= M({V(s, I, w′, ν)}w′∈W ′)(V(t, I, w, ν))
= M({V(s, I, w′, ν)(V(t, I, w, ν))}w′∈W ′)
= M({V(s, I, w′, ν)(V(t, I, w′, ν))}w′∈W ′) [t is rigid]
= M({V((s t), I, w′, ν)}w′∈W ′)
= V(�i(s t), I, w, ν).

Next I show that one can switch λ’s and modalities.

Proposition 3.17. Let t be a term, I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 an interpretation,
ν a variable assignment with respect to {Dα}α∈S, w ∈ W , and i ∈ {1, . . . ,m}. Then
V(�iλx.t, I, w, ν) = V(λx.�it, I, w, ν).

Proof.

V(�iλx.t, I, w, ν)
= M({V(λx.t, I, w′, ν)}w′∈W ′)
= M({the function whose value for each d ∈ Dα is V(t, I, w′, ν ′), where x has type

α and ν ′ is ν except ν ′(x) = d}w′∈W ′)
= the function whose value for each d ∈ Dα is M({V(t, I, w′, ν ′)}w′∈W ′),

where x has type α and ν ′ is ν except ν ′(x) = d

= the function whose value for each d ∈ Dα is V(�it, I, w, ν
′),

where x has type α and ν ′ is ν except ν ′(x) = d

= V(λx.�it, I, w, ν).

There are analogous results to the preceding three for dual modalities.

Proposition 3.18. Let ϕ be a rigid biterm, I an interpretation, w a world in I, ν a variable
assignment, and i ∈ {1, . . . ,m}. Then V(3iϕ, I, w, ν) = V(ϕ, I, w, ν).

Proof.

V(3iϕ, I, w, ν)
= V(¬�i¬ϕ, I, w, ν)
= V (¬, w)(V(�i¬ϕ, I, w, ν))
= V (¬, w)(V(¬ϕ, I, w, ν)) [Proposition 3.15]
= V(¬¬ϕ, I, w, ν)
= V(ϕ, I, w, ν) [Proposition 3.1].
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Proposition 3.19. Let I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 be an interpretation, ν a variable
assignment with respect to {Dα}α∈S, and w ∈W . Let ϕ be a biterm having type of the form
α → β, t a term of type α that is rigid, and i ∈ {1, . . . ,m}. Then V((3iϕ t), I, w, ν) =
V(3i(ϕ t), I, w, ν).

Proof.

V((3iϕ t), I, w, ν)
= V((¬�i¬ϕ t), I, w, ν)
= V(¬(�i¬ϕ t), I, w, ν)) [Part 6 of Proposition 3.1]
= V (¬, w)(V((�i¬ϕ t), I, w, ν))
= V (¬, w)(V(�i(¬ϕ t), I, w, ν)) [Proposition 3.16]
= V (¬, w)(M({V((¬ϕ t), I, w′, ν)}w′∈W ′))
= V (¬, w)(M({V(¬(ϕ t), I, w′, ν)}w′∈W ′))
= V (¬, w)(V(�i¬(ϕ t), I, w, ν))
= V(¬�i¬(ϕ t), I, w, ν))
= V(3i(ϕ t), I, w, ν).

Proposition 3.20. Let ϕ be a biterm, I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 an interpretation,
ν a variable assignment with respect to {Dα}α∈S, w ∈ W , and i ∈ {1, . . . ,m}. Then
V(3iλx.ϕ, I, w, ν) = V(λx.3iϕ, I, w, ν).

Proof.

V(3iλx.ϕ, I, w, ν)
= V(¬�i¬λx.ϕ, I, w, ν)
= V (¬, w)(V(�i¬λx.ϕ, I, w, ν))
= V (¬, w)(M({V(¬λx.ϕ, I, w′, ν)}w′∈W ′))
= V (¬, w)(M({V(λx.¬ϕ, I, w′, ν)}w′∈W ′)) [Part 9 of Proposition 3.1]
= V (¬, w)(V(�iλx.¬ϕ, I, w, ν))
= V (¬, w)(V(λx.�i¬ϕ, I, w, ν)) [Proposition 3.17]
= V(¬λx.�i¬ϕ, I, w, ν)
= V(λx.¬�i¬ϕ, I, w, ν) [Part 9 of Proposition 3.1]
= V(λx.3iϕ, I, w, ν).

The next result establishes semantically the Kripke axiom for the case of biterms.

Proposition 3.21. Let I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 be an interpretation, ν a variable
assignment with respect to {Dα}α∈S, w ∈ W , and ϕ and ψ biterms of the same type. Then
V(�i(ϕ −→ ψ) −→ (�iϕ −→ �iψ), I, w, ν) = >>.
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Proof. Suppose that the type of ϕ and ψ is α1 → · · · → αn → Ω. Let dj ∈ Dαj (j = 1, . . . , n).
Then

V(�i(ϕ −→ ψ) −→ (�iϕ −→ �iψ), I, w, ν) d1 . . . dn

= (V (−→, w)(V(�i(ϕ −→ ψ), I, w, ν)))(V(�iϕ −→ �iψ, I, w, ν)) d1 . . . dn

=


> if V(�i(ϕ −→ ψ), I, w, ν) d1 . . . dn = ⊥ or

V(�iϕ −→ �iψ, I, w, ν) d1 . . . dn = >
⊥ otherwise

=


> if V(�i(ϕ −→ ψ), I, w, ν) d1 . . . dn = > and V(�iϕ, I, w, ν) d1 . . . dn = >

implies V(�iψ, I, w, ν) d1 . . . dn = >
⊥ otherwise

=


> if V(ϕ −→ ψ, I, w′, ν) d1 . . . dn = > and V(ϕ, I, w′, ν) d1 . . . dn = >,

for each w′ such that wRiw′,
implies V(ψ, I, w′, ν) d1 . . . dn = >, for each w′ such that wRiw′

⊥ otherwise

= >.

Proposition 3.21 justifies the Kripke axiom

�i(ϕϕϕ −→ ψψψ) −→ (�iϕϕϕ −→ �iψψψ),

where ϕϕϕ and ψψψ are syntactical variables ranging over biterms of the same type, being used as
a global assumption. (See below for the definition of a global assumption.)

Closely related to Proposition 3.21 is the next result.

Proposition 3.22. Let I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 be an interpretation, ν a variable
assignment with respect to {Dα}α∈S, w ∈ W , and s and t terms of the same type. Then
V(�i(s = t) −→ (�is = �it), I, w, ν) = >.

Proof. By Part 3 of Proposition 3.1, it suffices to show that if V(�i(s = t), I, w, ν) = >,
then V(�is = �it, I, w, ν) = >. Suppose that V(�i(s = t), I, w, ν) = >. Then, by Proposi-
tion 3.7, V(s = t, I, w′, ν) = >, for each w′ such that w′Riw. It follows that V(s, I, w′, ν) =
V(t, I, w′, ν), for each w′ such that w′Riw. Consequently V(�is, I, w, ν) = V(�it, I, w, ν),
and so V(�is = �it, I, w, ν) = >.

Proposition 3.22 justifies the global assumption

�i(s = t) −→ (�is = �it),

where s and t are syntactical variables ranging over terms of the same type.
The next result gives a semantic version of η-reduction.

Proposition 3.23. Let I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 be an interpretation, ν a variable
assignment with respect to {Dα}α∈S, w ∈ W , t a term of type σ → τ , and x a variable of
type σ that is not free in t. Then V(λx.(t x) = t, I, w, ν) = >.
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Proof.

V(λx.(t x), I, w, ν)
= the function whose value for each d ∈ Dα is V((t x), I, w, ν ′),

where ν ′ is ν except ν ′(x) = d

= the function whose value for each d ∈ Dα is V(t, I, w, ν ′)(V(x, I, w, ν ′))
= the function whose value for each d ∈ Dα is V(t, I, w, ν ′)(ν ′(x))
= the function whose value for each d ∈ Dα is V(t, I, w, ν ′)(d)
= the function whose value for each d ∈ Dα is V(t, I, w, ν)(d)

[Proposition 3.14, since x is not free in t so that ν and ν ′ agree on the free variables of t]
= V(t, I, w, ν).

Hence V(λx.(t x) = t, I, w, ν) = >.

Proposition 3.23 justifies the global assumption

∀f.(λx.(f x) = f).

This proposition also provides justification for the rule of η-reduction.

Definition 3.12. The rule of η-reduction is as follows: λx.(t x) �η t, if x is not free in t.

Function definitions that are used by agents will be introduced below. These definitions
will have the form either �j1 · · ·�jr∀x.((f x) = t) or �j1 · · ·�jr(f = λx.t). The next result
shows that semantically these two definitions are the same and hence can be used interchange-
ably.

Proposition 3.24. Let I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 be an interpretation, ν a vari-
able assignment with respect to {Dα}α∈S, w ∈ W , f a function, and t a term. Then
V((f = λx.t) = ∀x.((f x) = t), I, w, ν) = >.

Proof.

V(∀x.((f x) = t), I, w, ν) = >
iff V((f x) = t, I, w, ν ′) = >, for every x-variant ν ′ of ν [Part 3 of Proposition 3.5]
iff V((f x), I, w, ν ′) = V(t, I, w, ν ′), for every x-variant ν ′ of ν [Proposition 3.10]
iff V(λx.(f x), I, w, ν) = V(λx.t, I, w, ν)
iff V(f, I, w, ν) = V(λx.t, I, w, ν) [Proposition 3.23]
iff V(f = λx.t, I, w, ν) = > [Proposition 3.10].

Hence V((f = λx.t) = ∀x.((f x) = t), I, w, ν) = >.

A result closely related to Proposition 3.24 follows.

Proposition 3.25. Let I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 be an interpretation, ν a variable
assignment with respect to {Dα}α∈S, w ∈ W , s and t terms having type of the form σ → τ ,
and x a variable of type σ not occurring freely in s or t. Then V((s = t) = ∀x.((s x) =
(t x)), I, w, ν) = >.
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Proof.

V(∀x.((s x) = (t x)), I, w, ν) = >
iff V((s x) = (t x), I, w, ν ′) = >, for every x-variant ν ′ of ν
iff V((s x), I, w, ν ′) = V((t x), I, w, ν ′), for every x-variant ν ′ of ν
iff V(s, I, w, ν)(ν ′(x)) = V(t, I, w, ν)(ν ′(x)), for every x-variant ν ′ of ν
iff V(s, I, w, ν) = V(t, I, w, ν)
iff V(s = t, I, w, ν) = >.

Hence V((s = t) = ∀x.((s x) = (t x)), I, w, ν) = >.

Proposition 3.25 justifies the axiom of extensionality

∀f.∀g.((f = g) = ∀x.((f x) = (g x)))

being used as a global assumption.
The next result justifies a global assumption concerning tuples.

Proposition 3.26. Let I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 be an interpretation, ν a variable
assignment with respect to {Dα}α∈S, w ∈ W , and (s1, . . . , sn) and (t1, . . . , tn) terms of the
same type. Then V(((s1, . . . , sn) = (t1, . . . , tn)) = (s1 = t1) ∧ · · · ∧ (sn = tn), I, w, ν) = >.

Proof.

V((s1, . . . , sn) = (t1, . . . , tn), I, w, ν) = >
iff V((s1, . . . , sn), I, w, ν) = V((t1, . . . , tn), I, w, ν)
iff (V(s1, I, w, ν), . . . ,V(sn, I, w, ν)) = (V(t1, I, w, ν), . . . ,V(tn, I, w, ν))
iff V(si, I, w, ν) = V(ti, I, w, ν), for i = 1, . . . , n
iff V(si = ti, I, w, ν) = >, for i = 1, . . . , n
iff V((s1 = t1) ∧ · · · ∧ (sn = tn), I, w, ν) = >.

Hence V(((s1, . . . , sn) = (t1, . . . , tn)) = (s1 = t1) ∧ · · · ∧ (sn = tn), I, w, ν) = >.

Proposition 3.26 justifies

∀x1. . . .∀xn.∀y1. . . .∀yn.(((x1, . . . , xn) = (y1, . . . , yn)) = (x1 = y1) ∧ · · · ∧ (xn = yn))

being used as a global assumption.
Definition 3.5 gives the free interpretation to data constructors. From this interpretation,

two results and their corresponding global assumption follow.

Proposition 3.27. Let I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 be an interpretation, ν a variable
assignment with respect to {Dα}α∈S, w ∈W , and C a data constructor such that C s1 . . . sn
and C t1 . . . tn are terms. Then V((C s1 . . . sn = C t1 . . . tn) = (s1 = t1) ∧ · · · ∧ (sn =
tn), I, w, ν) = >.



3 SEMANTICS 51

Proof.

V(C s1 . . . sn = C t1 . . . tn, I, w, ν) = >
iff V(C s1 . . . sn, I, w, ν) = V(C t1 . . . tn, I, w, ν)
iff V (C,w) V(s1, I, w, ν) . . .V(sn, I, w, ν) = V (C,w) V(t1, I, w, ν) . . .V(tn, I, w, ν)
iff C V(s1, I, w, ν) . . .V(sn, I, w, ν) = C V(t1, I, w, ν) . . .V(tn, I, w, ν)
iff V(si, I, w, ν) = V(ti, I, w, ν), for i = 1, . . . , n
iff V(si = ti, I, w, ν) = >, for i = 1, . . . , n
iff V((s1 = t1) ∧ · · · ∧ (sn = tn), I, w, ν) = >.

Hence V((C s1 . . . sn = C t1 . . . tn) = (s1 = t1) ∧ · · · ∧ (sn = tn), I, w, ν) = >.

Proposition 3.27 justifies

∀x1. . . .∀xn.∀y1. . . .∀yn.((C x1 . . . xn = C y1 . . . yn) = (x1 = y1) ∧ · · · ∧ (xn = yn)),

where C is a syntactical variable ranging over data constructors, being used as a global
assumption.

Proposition 3.28. Let I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 be an interpretation, ν a variable
assignment with respect to {Dα}α∈S, w ∈ W , and C and D data constructors such that
C 6= D and C s1 . . . sn = D t1 . . . tm is a term. Then V(C s1 . . . sn = D t1 . . . tm, I, w, ν) = ⊥.

Proof.

V(C s1 . . . sn, I, w, ν)
= V (C,w) V(s1, I, w, ν) . . .V(sn, I, w, ν)
= C V(s1, I, w, ν) . . .V(sn, I, w, ν)
6= D V(t1, I, w, ν) . . .V(tm, I, w, ν)
= V (D,w) V(t1, I, w, ν) . . .V(tm, I, w, ν)
= V(D t1 . . . tm, I, w, ν).

Hence V(C s1 . . . sn = D t1 . . . tm, I, w, ν) = ⊥.

Proposition 3.28 justifies

∀x1. . . .∀xn.∀y1. . . .∀ym.((C x1 . . . xn = D y1 . . . ym) = ⊥,

where C and D are syntactical variables ranging over data constructors such that C 6= D,
being used as a global assumption.

3.3 Admissible Substitutions

The next few results are concerned with knowing the semantics of a term after a substitution
is applied or a subterm replaced. For these, a restriction on the application of substitutions
is needed.

Definition 3.13. Let t be a term and θ ≡ {x1/t1, . . . , xn/tn} a substitution. Then θ is
admissible with respect to t if, for i = 1, . . . , n, whenever xi has a free occurrence in t that is
a modal occurrence, ti is rigid.
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Proposition 3.29. Let t be a term, θ ≡ {x1/t1, . . . , xn/tn} a substitution, I an interpretation,
w a world in I, and ν a variable assignment. Suppose that θ is admissible with respect to
t. Then V(tθ, I, w, ν) = V(t, I, w, ν ′), where ν ′(xi) = V(ti, I, w, ν), for i = 1, . . . , n, and
ν ′(y) = ν(y), for y 6∈ {x1, . . . , xn}.

Proof. It can be supposed without loss of generality that xi is free in t, for i = 1, . . . , n.
For, suppose xi1 , . . . , xik are the variables amongst the xi that are free in t, so that θ |t=
{xi1/ti1 , . . . , xik/tik}. Then

V(tθ, I, w, ν)
= V(tθ|t, I, w, ν) [Proposition 2.6]
= V(t, I, w, ν∗), where ν∗(xij ) = V(tij , I, w, ν), for j = 1, . . . , k,

and ν∗(y) = ν(y), for y 6∈ {xi1 , . . . , xik} [assumption]
= V(t, I, w, ν ′), where ν ′(xi) = V(ti, I, w, ν), for i = 1, . . . , n,

and ν ′(y) = ν(y), for y 6∈ {x1, . . . , xn}
[Proposition 3.14, since ν∗ and ν ′ agree on the free variables in t].

The proof is by induction on the structure of t.
Suppose t is a variable x. If x is distinct from all the xi, then V(xθ, I, w, ν) = V(x, I, w, ν) =

V(x, I, w, ν ′), since ν and ν ′ agree on the free variables of x. If x is xi, for some i ∈ {1, . . . , n},
then V(xiθ, I, w, ν) = V(ti, I, w, ν) = V(xi, I, w, ν ′), since ν ′(xi) = V(ti, I, w, ν).

Suppose t is a constant C. Then V(Cθ, I, w, ν) = V(C, I, w, ν) = V(C, I, w, ν ′).
Suppose t is an abstraction. I can assume without loss of generality that, for i = 1, . . . , n,

xi is free in t.
(a) Suppose that t is an abstraction λx.s of type α → β such that, for all i ∈ {1, . . . , n},

x is not free in ti. Then

V((λx.s)θ, I, w, ν)
= V(λx.(sθ), I, w, ν) [Proposition 2.8]
= the function whose value for each d ∈ Dα is V(sθ, I, w, ν),

where ν is ν except ν(x) = d

= the function whose value for each d ∈ Dα is V(s, I, w, ν ′), where ν ′(xi) = V(ti, I, w, ν),
for all i, and ν ′(y) = ν(y), for y 6∈ {x1, . . . , xn} [induction hypothesis]

= the function whose value for each d ∈ Dα is V(s, I, w, ν ′),

where ν ′ is ν ′ except ν ′(x) = d, and ν ′(xi) = V(ti, I, w, ν), for i = 1, . . . , n,
and ν ′(y) = ν(y), for y 6∈ {x1, . . . , xn}
[since x is not free in any ti, ν and ν agree on the free variables in each ti;

hence V(ti, I, w, ν) = V(ti, I, w, ν); thus ν ′ = ν ′ ]
= V(λx.s, I, w, ν ′).

(b) Suppose that t is an abstraction λx.s of type α→ β such that, for some i ∈ {1, . . . , n},
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x is free in ti. Then

V((λx.s)θ, I, w, ν)
= V(λy.(s({x/y} ∪ θ)), I, w, ν) [Proposition 2.8]
= the function whose value for each d ∈ Dα is V(s({x/y} ∪ θ), I, w, ν),

where ν is ν except ν(y) = d

= the function whose value for each d ∈ Dα is V(s, I, w, ν ′), where ν ′(x) = V(y, I, w, ν),
ν ′(xi) = V(ti, I, w, ν), for i = 1, . . . , n, and ν ′(z) = ν(z), for z 6∈ ({x1, . . . , xn} ∪ {x})
[induction hypothesis]

= the function whose value for each d ∈ Dα is V(s, I, w, ν ′),

where ν ′ is ν ′ except ν ′(x) = d, and ν ′(xi) = V(ti, I, w, ν), for i = 1, . . . , n,
and ν ′(z) = ν(z), for z 6∈ {x1, . . . , xn}
[ν ′ and ν ′ agree, except possibly on y]

= V(λx.s, I, w, ν ′).

Suppose t has the form (u v). Then

V((u v)θ, I, w, ν)
= V((uθ vθ), I, w, ν)
= V(uθ, I, w, ν)(V(vθ, I, w, ν))
= V(u, I, w, ν ′)(V(v, I, w, ν ′)) [induction hypothesis]
= V((u v), I, w, ν ′),

where ν ′(xi) = V(ti, I, w, ν), for i = 1, . . . , n, and ν ′(y) = ν(y), for y 6∈ {x1, . . . , xn}.
Suppose that t has the form (t1, . . . , tn). Then

V((t1, . . . , tn)θ, I, w, ν)
= V((t1θ, . . . , tnθ), I, w, ν)
= (V(t1θ, I, w, ν), . . . , (V(tnθ, I, w, ν))
= (V(t1, I, w, ν ′), . . . , (V(tn, I, w, ν ′)) [induction hypothesis]
= V((t1, . . . , tn), I, w, ν ′),

where ν ′(xi) = V(ti, I, w, ν), for i = 1, . . . , n, and ν ′(y) = ν(y), for y 6∈ {x1, . . . , xn}.
Suppose that t has the form �is. Then

V((�is)θ, I, w, ν)
= V(�i(sθ), I, w, ν)
= M({V(sθ, I, w′, ν)}w′∈W ′)
= M({V(s, I, w′, ν ′) : ν ′(xi) = V(ti, I, w′, ν), for i = 1, . . . , n,

and ν ′(y) = ν(y), for y 6∈ {x1, . . . , xn}}w′∈W ′) [induction hypothesis]
= M({V(s, I, w′, ν ′)}w′∈W ′),

where ν ′(xi) = V(ti, I, w, ν), for i = 1, . . . , n, and ν ′(y) = ν(y), for y 6∈ {x1, . . . , xn}
[θ is admissible w.r.t. t]
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= V(�is, I, w, ν
′),

where ν ′(xi) = V(ti, I, w, ν), for i = 1, . . . , n, and ν ′(y) = ν(y), for y 6∈ {x1, . . . , xn}.

The next example shows that the condition that θ be admissible with respect to t in
Proposition 3.29 cannot be dropped. The reason for this comes from a basic asymmetry in
the treatment of constants and variables – the meaning of constants can change from world to
world, while each variable assignment assigns the same meaning to a variable in each world.

Example 3.1. Let α be a type, p : α→ Ω, C : α, t ≡ �i(p x), and θ ≡ {x/C}. Also let I be
an interpretation with two worlds w and w′, an accessibility relation Ri such that w Ri w

′,
domain Dα ≡ {a, b}, and mapping V , where V (p, w) = V (p, w′) = relation that is true on a
and false on b, and V (C,w) = a and V (C,w′) = b. Finally, let ν be any variable assignment
that maps x to a. Since C is not rigid, θ is not admissible with respect to t.

Then V(tθ, I, w, ν) = V(�i(p C), I, w, ν) = ⊥. But V(t, I, w, ν ′) = V(�i(p x), I, w, ν ′) =
>, where ν ′(x) = V(C, I, w, ν) = V (C,w) = a and ν ′(y) = ν(y), for y 6= x.

Since variables are rigid, the next result is a special case of Proposition 3.29.

Proposition 3.30. Let t be a term, I an interpretation, w a world in I, ν a variable as-
signment, and x and y variables. Then V(t{x/y}, I, w, ν) = V(t, I, w, ν ′), where ν ′(x) = ν(y),
and ν ′(z) = ν(z), for z 6= x.

Proposition 3.31. Let t be a term, s and r terms of the same type, I an interpretation, w a
world in I, and ν a variable assignment. Suppose that {x/s} and {x/r} are admissible with
respect to t. If V(s = r, I, w, ν) = >, then V(t{x/s}, I, w, ν) = V(t{x/r}, I, w, ν).
Proof. Proposition 3.10 shows that V(s, I, w, ν) = V(r, I, w, ν). Then

V(t{x/s}, I, w, ν)
= V(t, I, w, ν ′), where ν ′ is ν except that ν ′(x) = V(s, I, w, ν) [Proposition 3.29]
= V(t, I, w, ν ′), where ν ′ is ν except that ν ′(x) = V(r, I, w, ν)
= V(t{x/r}, I, w, ν) [Proposition 3.29].

Proposition 3.32. Let ϕ be a biterm, I an interpretation, w a world in I, and θ a substitu-
tion. Suppose that θ is admissible with respect to ϕ and that V(�k1 . . .�kmϕ, I, w, ν) = >>, for
each variable assignment ν. Then V(�k1 . . .�kmϕθ, I, w, ν) = >>, for each variable assignment
ν.

Proof. The proof is by induction on the length m of �k1 . . .�km .
Suppose first that m = 0. Assume that V(ϕ, I, w, ν) = >>, for each variable assign-

ment ν. Let θ be {x1/t1, . . . , xn/tn} and ν a variable assignment. By Proposition 3.29,
V(ϕθ, I, w, ν) = V(ϕ, I, w, ν ′), where ν ′(xi) = V(ti, I, w, ν), for i = 1, . . . , n, and ν ′(y) = ν(y),
for y 6∈ {x1, . . . , xn}. Hence V(ϕθ, I, w, ν) = >>.

Suppose next that the result holds for length m. Assume that V(�k1 . . .�km+1ϕ, I, w, ν) =
>>, for each variable assignment ν. Then it follows that, for each variable assignment ν,
V(�k2 . . .�km+1ϕ, I, w

′, ν) = >>, for each w′ such that wRk1 w
′. By the induction hypothe-

sis, for each variable assignment ν, V(�k2 . . .�km+1ϕθ, I, w
′, ν) = >>, for each w′ such that

wRk1 w
′. Thus, for each variable assignment ν, V(�k1 . . .�km+1ϕθ, I, w, ν) = >>.
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3.4 Term Replacement and Denotations

The next result will be important for the computational mechanism introduced in Section 6.

Proposition 3.33. Let t be a term, s a subterm of t at occurrence o, r a term having the
same type as s, I an interpretation, and w a world in I. Suppose that k1 . . . km is the modal
path to o in t and V(�k1 · · ·�km(s = r), I, w, ν) = >, for each variable assignment ν. Then
V(t = t[s/r]o, I, w, ν) = >, for each variable assignment ν.

Proof. The proof is by induction on the length n of o.
Suppose first that n = 0. Thus t is s, t[s/r]o is r, and the modal path to o is empty.

Suppose that ν is a variable assignment. Then V(t = t[s/r]o, I, w, ν) = V(s = r, I, w, ν) = >.
Suppose next that the result holds for occurrences of length n and o has length n + 1.

Thus t has the form λx.q, (u v), (t1, . . . , tn), or �iq.
Consider the case when t has the form λx.q and o = 1o′, for some o′. Suppose that ν is a

variable assignment. Then

V(λx.q, I, w, ν)
= the function whose value for each d ∈ Dγ is V(q, I, w, ν ′),

where the type of t is γ → δ and ν ′ is ν except ν ′(x) = d

= the function whose value for each d ∈ Dγ is V(q[s/r]o′ , I, w, ν ′)
[induction hypothesis (since modal path to o′ is same as to o) and Proposition 3.10]

= V(λx.(q[s/r]o′), I, w, ν)
= V((λx.q)[s/r]o, I, w, ν).

By Proposition 3.10, V(λx.q = (λx.q)[s/r]o, I, w, ν) = >.
Consider next the case when t has the form (u v) and o = 1o′, for some o′. Suppose that

ν is a variable assignment. Then

V((u v), I, w, ν)
= V(u, I, w, ν)(V(v, I, w, ν))
= V(u[s/r]o′ , I, w, ν)(V(v, I, w, ν)) [induction hypothesis and Proposition 3.10]
= V((u[s/r]o′ v), I, w, ν)
= V((u v)[s/r]o, I, w, ν).

By Proposition 3.10, V((u v) = (u v)[s/r]o, I, w, ν) = >. The case when o = 2o′ is similar.
The case when t has the form (t1, . . . , tn) is similar to the preceding one.
Consider finally the case when t has the form �iq. Thus i = k1, o = 1o′, for some o′,

and the modal path to o′ in q is k2 . . . km. Furthermore, for each variable assignment ν and
each w′ such that wRi w′, V(�k2 · · ·�km(s = r), I, w′, ν) = >. Suppose that ν is a variable
assignment. Then

V(�iq, I, w, ν)
= M({V(q, I, w′, ν)}w′∈W ′)
= M({V(q[s/r]o′ , I, w′, ν)}w′∈W ′) [Induction hypothesis and Proposition 3.10]
= V(�i(q[s/r]o′ , I, w, ν)
= V((�iq)[s/r]o, I, w, ν).

By Proposition 3.10, V(�iq = (�iq)[s/r]o, I, w, ν) = >.
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3.5 Denotations of α-equivalent Terms

The next result establishes that α-equivalent terms have the same meaning.

Proposition 3.34. Let s and t be terms, I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 an interpretation,
ν a variable assignment with respect to {Dα}α∈S, and w ∈W . Then the following hold.

1. If y is not free in t, then V(λx.t, I, w, ν) = V(λy.(t{x/y}), I, w, ν).

2. If s −→α t, then V(s, I, w, ν) = V(t, I, w, ν).

3. If s ∗←→α t, then V(s, I, w, ν) = V(t, I, w, ν).

Proof. 1. Suppose that x and y are variables of type α. Then

V(λy.(t{x/y}), I, w, ν)
= the function whose value for each d ∈ Dα is V(t{x/y}, I, w, ν ′),

where ν ′ is ν except ν ′(y) = d

= the function whose value for each d ∈ Dα is V(t, I, w, ν ′′),
where ν ′′(x) = ν ′(y), ν ′′(z) = ν ′(z), for z 6= x, and ν ′ is ν except ν ′(y) = d
[Proposition 3.30]

= the function whose value for each d ∈ Dα is V(t, I, w, ν ′′′),
where ν ′′′ is ν except ν ′′′(x) = d
[Proposition 3.14, since y is not free in t so ν ′′ and ν ′′′ agree on the free variables of t]

= V(λx.t, I, w, ν).

2. Suppose that t is s[u/v]o, where u �α v. From Part 1, V(u, I, w, ν) = V(v, I, w, ν),
for each world w and variable assignment ν. By Proposition 3.10, V(u = v, I, w, ν) = >,
for each world w and variable assignment ν. Now let k1 . . . km be the modal path to o in
s. Thus V(�k1 · · ·�km(u = v), I, w, ν) = >, for each world w and variable assignment ν.
By Proposition 3.33, V(s = s[u/v]o, I, w, ν) = >, for each world w and variable assignment
ν. Hence, by Proposition 3.10 again, V(s, I, w, ν) = V(s[u/v]o, I, w, ν), for each world w and
variable assignment ν.

3. This is an easy induction on the length of the path of α-conversions from s to t, using
Part 2.

As shown by the next example, the condition that y not be free in t in Part 1 of Proposi-
tion 3.34 cannot be dropped.

Example 3.2. Let x and y be variables of type Nat , I an interpretation consisting of a single
world w whose domain for the type Nat is the set of natural numbers N, and ν a variable
assignment that maps y to 0. Then

V(λx.y, I, w, ν)
= the function from N to N that maps each natural number to 0.

But

V(λy.(y{x/y}), I, w, ν)
= V(λy.y, I, w, ν)
= the identity function on N.
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3.6 β-Reduction

I now define the relation �β corresponding to β-reduction.

Definition 3.14. The rule of β-reduction is as follows: (λx.s t) �β s{x/t}, if {x/t} is
admissible with respect to s.

Definition 3.15. The relation −→β is defined by u −→β u[s/t]o if s is a subterm of u at
occurrence o and s �β t.

Let ∗−→β be the reflexive, transitive closure of −→β.
Let ∗←→β be the reflexive, symmetric, and transitive closure of −→β.

Definition 3.16. If s ∗←→β t, then s and t are said to be β-equivalent.

The next result establishes that β-equivalent terms have the same meaning.

Proposition 3.35. Let s and t be terms, I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 an interpretation,
ν a variable assignment with respect to {Dα}α∈S, and w ∈W . Then the following hold.

1. If {x/t} is admissible with respect to s, then V((λx.s t), I, w, ν) = V(s{x/t}, I, w, ν).

2. If s −→β t, then V(s, I, w, ν) = V(t, I, w, ν).

3. If s ∗←→β t, then V(s, I, w, ν) = V(t, I, w, ν).

Proof. 1.

V((λx.s t), I, w, ν)
= V(λx.s, I, w, ν) (V(t, I, w, ν))
= V(s, I, w, ν ′),where ν ′ is ν except that ν ′(x) = V(t, I, w, ν)
= V(s{x/t}, I, w, ν) [Proposition 3.29].

2. Suppose that t is s[u/v]o, where u �β v. From Part 1, V(u, I, w, ν) = V(v, I, w, ν),
for each world w and variable assignment ν. By Proposition 3.10, V(u = v, I, w, ν) = >,
for each world w and variable assignment ν. Now let k1 . . . km be the modal path to o in
s. Thus V(�k1 · · ·�km(u = v), I, w, ν) = >, for each world w and variable assignment ν.
By Proposition 3.33, V(s = s[u/v]o, I, w, ν) = >, for each world w and variable assignment
ν. Hence, by Proposition 3.10 again, V(s, I, w, ν) = V(s[u/v]o, I, w, ν), for each world w and
variable assignment ν.

3. This is an easy induction on the length of the path of β-reductions from s to t, using
Part 2.

The next example shows that the condition that {x/t} be admissible with respect to s in
Part 1 of Proposition 3.35 cannot be dropped.

Example 3.3. Let α be a type, p : α → Ω, C : α, s ≡ �i(p x), and t ≡ C. Also let I be
an interpretation with two worlds w and w′, an accessibility relation Ri such that w Ri w

′,
domain Dα ≡ {a, b}, and mapping V , where V (p, w) = V (p, w′) = relation that is true on a
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and false on b, and V (C,w) = a and V (C,w′) = b. Finally, let ν be any variable assignment
that maps x to a. Since C is not rigid, {x/C} is not admissible with respect to �i(p x). Then

V((λx.�i(p x) C), I, w, ν)
= V(λx.�i(p x), I, w, ν)(V(C, I, w, ν))
= V(�i(p x), I, w, ν ′),where ν ′ is ν except that ν ′(x) = V(C, I, w, ν)
= V((p x), I, w′, ν ′),where ν ′ is ν except that ν ′(x) = V(C, I, w, ν)
= >.

But

V(�i(p x){x/C}, I, w, ν)
= V(�i(p C), I, w, ν)
= V((p C), I, w′, ν)
= ⊥.

3.7 Validity and Consequence

Now come the important concepts of validity and consequence.

Definition 3.17. A biterm ϕ is valid at a world w in an interpretation I if V(ϕ, I, w, ν) = >>,
for every variable assignment ν.

Definition 3.18. A biterm ϕ is satisfiable at a world w in an interpretation I if V(ϕ, I, w, ν) 6=
⊥⊥, for some variable assignment ν.

The concepts of validity and satisfiability are dual to one another, as the next result shows.

Proposition 3.36. Let I be an interpretation and ϕ a biterm. Then the following hold.

1. ϕ is valid at w in I iff ¬ϕ is not satisfiable at w in I.

2. ϕ is satisfiable at w in I iff ¬ϕ is not valid at w in I.

Proof. 1.

ϕ is valid at w in I
iff V(ϕ, I, w, ν) = >>, for every variable assignment ν
iff V(¬ϕ, I, w, ν) = ⊥⊥, for every variable assignment ν
iff ¬ϕ is not satisfiable at w in I.

2.

ϕ is satisfiable at w in I
iff V(ϕ, I, w, ν) 6= ⊥⊥, for some variable assignment ν
iff V(¬ϕ, I, w, ν) 6= >>, for some variable assignment ν
iff ¬ϕ is not valid at w in I.
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Proposition 3.37. Let I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 be an interpretation, w ∈ W , ϕ a
biterm, and x a variable that is not free in ϕ.

1. ϕ is valid at w in I iff (ϕ x) is valid at w in I.

2. ϕ is valid in I iff (ϕ x) is valid in I.

Proof. 1. This follows from Proposition 3.4.
2. This follows from Part 1 and the definition of validity in an interpretation.

Definition 3.19. A biterm ϕ is valid in an interpretation if it is valid at each world in the
interpretation.

Proposition 3.38. Let ϕ be a biterm, I an interpretation, and w a world in I. Then the
following hold.

1. ϕ is valid at w in I iff λx.ϕ is valid at w in I.

2. ϕ is valid in I iff λx.ϕ is valid in I.

3. ϕ is valid at w in I iff (Π ϕ) is valid at w in I.

4. ϕ is valid in I iff (Π ϕ) is valid in I.

5. ϕ is valid at w in I iff ∀(ϕ) is valid at w in I.

6. ϕ is valid in I iff ∀(ϕ) is valid in I.

Proof. 1. This follows from Part 1 of Proposition 3.5.
2. This follows from Part 1 and the definition of validity in an interpretation.
3. This follows from Part 2 of Proposition 3.2.
4. This follows from Part 1 and the definition of validity in an interpretation.
5. This follows from Part 3 of Proposition 3.5.
6. This follows from Part 3 and the definition of validity in an interpretation.

Definition 3.20. An interpretation 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 is said to be based on the
frame 〈W, {Ri}mi=1〉.

Definition 3.21. A biterm is valid in a frame if it is valid in every interpretation based on
the frame.

Definition 3.22. If L is a class of frames, then a biterm is L-valid if it is valid in each frame
in L.

A theory is just a set of biterms, but it will be useful to distinguish two different kinds of
biterms in the theory. This leads to the next definition.

Definition 3.23. A theory is a pair (G,L), where G is a set of biterms, called global assump-
tions, and L is a set of biterms, called local assumptions.

Next comes the fundamental concept of a biterm being a consequence of a theory.
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Definition 3.24. Let L be a class of frames, T ≡ (G,L) a theory, and ϕ a biterm. Then ϕ is
an L-consequence of the theory T if the following holds: for each interpretation I based on a
frame in L for which all members of G are valid in I and for each world w in I such that each
member of L is valid at w in I, it follows that ϕ is valid at w in I.

Notation. Let K denote the class of all frames. In the following, I abbreviate ‘K-valid’ to
‘valid’ and ‘K-consequence’ to ‘consequence’.

For any class L of frames, L ⊆ K. Thus ϕ is a consequence of T implies that ϕ is an
L-consequence of T. Similarly, ϕ is valid implies that ϕ is L-valid.

Clearly each global assumption and each local assumption is a consequence of the theory.
Hence, for any class L of frames, each global assumption and each local assumption is an
L-consequence of the theory.

In applications, the concept of L-consequence is used in the following way. Each application
has a distinguished pointed interpretation (I, w) known as the intended pointed interpretation,
where I is based on a frame in some class L of frames. This means that, in the application,
w is the actual world and I provides the worlds accessible to w by the various accessibility
relations. Typically, in applications, given some term t, one needs to know the meaning
of t in the intended pointed interpretation. If a formal definition of the intended pointed
interpretation is available (as there is in the model checking setting), then this problem
can be solved (under some finiteness assumptions). However, it is much more usual not to
have a formal definition of the intended pointed interpretation, but instead to have a theory
T ≡ (G,L) for the application. The assumption is that (I, w) and T are related in the following
way:

• Each ψ ∈ G is valid in I.

• Each ψ ∈ L is valid at w in I.

Suppose now that a biterm ϕ is shown to be an L-consequence of T. Then ϕ is valid at w in
I. Intuitively, ϕ is ‘true in the intended pointed interpretation’.

To emphasise, the key concept is that of meaning in the intended pointed interpretation,
since it describes the actual situation the application has to deal with. But usually it is not
possible for an application to have much detail about the intended pointed interpretation.
Instead, it is usually much more feasible to be able to maintain a theory for the application,
which serves as a surrogate for the intended pointed interpretation. The theory can then be
used in many cases to answer the original question about the meaning of a term in the intended
pointed interpretation. But note that this approach does not always work. For example, a
biterm being true in the intended pointed interpretation is not the same as the biterm being a
consequence of the theory: the latter also implies truth in any pointed interpretation satisfying
the conditions in the preceding paragraph, not just the intended one, and usually there are
many of these. Notwithstanding this difficulty, the convenience of working with the theory
makes it worthwhile. Besides, in practice, there is usually little choice in the matter!

Sometimes it is convenient to have available the concept of a pointed model of a theory.

Definition 3.25. Let T ≡ (G,L) be a theory. A pointed model for T is a pair (I, w) consisting
of an interpretation I and a world w in I such that each ψ ∈ G is valid in I and each ψ ∈ L

is valid at w in I.
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In this terminology, a biterm ϕ is a consequence of T if, for each pointed model (I, w)
of T, ϕ is valid at w in I. Also, of course, an intended pointed interpretation should be a
pointed model of the relevant theory.

The next result shows that it makes no difference semantically whether one works with
the (possibly open) assumptions of a theory or the universal closures of all the assumptions
(or, for that matter, anything in between).

Proposition 3.39. Let T be a theory and T the theory obtained from T by taking as its global
assumptions the universal closures of the global assumptions in T and its local assumptions
the universal closures of the local assumptions in T. Let L be a class of frames and ϕ a biterm.
Then ϕ is an L-consequence of T iff ϕ is an L-consequence of T.

Proof. The result follows immediately from Proposition 3.38 and the definition of
L-consequence.

Note. I will often make use of Proposition 3.39 in the following by leaving off outer universal
quantifiers in assumptions, thus avoiding syntactic clutter. In particular, this will usually be
done with assumptions, such as those in the standard equality theory of Section 6.1 and the
definitions of list-processing functions, that are used in computations.

The next four results will be needed to show the correctness of the computational mech-
anism introduced in Section 6.

Proposition 3.40. Let T be a theory and ϕ a global assumption of T. Then, for each class
L of frames and for each sequence l1 . . . lp of indices, �l1 · · ·�lpϕ in an L-consequence of T.

Proof. Suppose that T is (G,L). Let I be an interpretation based on a frame in L for which
all members of G are valid in I and consider a world w in I such that each member of L is
valid at w in I. Since ϕ is a global assumption, it is valid in I and therefore valid at each
world v in I. Thus, whatever the sequence l1 . . . lp of indices, �l1 · · ·�lpϕ is valid at w in I.
It follows that �l1 · · ·�lpϕ in an L-consequence of T.

Proposition 3.41. Let T be a theory, L a class of frames, t a biterm, and i ∈ {1, . . . ,m}.
Then ∀x.�it is an L-consequence of T iff �i∀x.t is an L-consequence of T.

Proof. Let T be (G,L), I an interpretation based on a frame in L, and w a world in I. Suppose
that each member of G is valid in I and that each member of L is valid at w in I. Then, by
Part 1 of Proposition 3.9, V(∀x.�it, I, w, ν) = V(�i∀x.t, I, w, ν), for each variable assignment
ν. Hence ∀x.�it is an L-consequence of T iff �i∀x.t is an L-consequence of T.

Proposition 3.42. Let T be a theory, L a class of frames, and ϕ a biterm. Then ϕ is an
L-consequence of T iff ∀(ϕ) is an L-consequence of T.

Proof. Let T be (G,L), I an interpretation based on a frame in L, and w a world in I. Suppose
that each member of G is valid in I and that each member of L is valid at w in I. Then,
by Part 5 of Proposition 3.38, ϕ is valid at w in I iff ∀(ϕ) is valid at w in I. Hence ϕ is an
L-consequence of T iff ∀(ϕ) is an L-consequence of T.

Proposition 3.43. Let T be a theory, L a class of frames, �l1 · · ·�lpϕ a biterm that is an L-
consequence of T, and θ a substitution that is admissible with respect to ϕ. Then �l1 · · ·�lpϕθ
is an L-consequence of T.
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Proof. Let T be (G,L), I an interpretation based on a frame in L, and w a world in I. Suppose
that each member of G is valid in I and that each member of L is valid at w in I. Since
�l1 · · ·�lpϕ is an L-consequence of T, it follows that V(�l1 · · ·�lpϕ, I, w, ν) = >>, for each
variable assignment ν. By Proposition 3.32, V(�l1 · · ·�lpϕθ, I, w, ν) = >>, for each variable
assignment ν. Thus �l1 · · ·�lpϕθ is an L-consequence of T.

3.8 Modalities for Applications

As is well known, modalities can have a variety of meanings, depending on the application.
In this subsection, some of these are indicated. The setting here is more general than usual in
that it allows modalities to be applied to terms and dual modalities to be applied to biterms
Much more detail for the usual setting of formulas can be found in [FHMV95] and [GKWZ03],
for example.

In multi-agent applications, one meaning for �it is that ‘agent i knows t’, where t is a
term. In this case, the modality �i is written as Ki. The logic S5m is commonly used to
capture the intended meaning of knowledge. The axioms for this logic are as follows (where
i = 1, . . . ,m).

Kiϕϕϕ −→ ϕϕϕ (Ti)
ϕϕϕ −→Ki¬Ki¬ϕϕϕ (Bi)
Kiϕϕϕ −→KiKiϕϕϕ (4i)

where ϕϕϕ is a syntactical variable ranging over biterms. Axiom Ti is reflexivity, Bi is symmetry,
and 4i is transitivity (of the corresponding accessibility relation). Note that while a term such
as Ki42 is admitted, it is not subject to the preceding axioms that only apply to biterms.

A weaker notion is that of belief. In this case, �it means that ‘agent i believes t’ and the
modality �i is written as Bi. The logic KD45m is commonly used to capture the intended
meaning of belief.

A term of the form Bit, where t is not a formula, while perhaps unfamiliar, is intuitive
and useful. Intuitively, Bit means ‘agent i believes t’; formally, its semantics is given by the
M function in Definition 3.10. A typical example of this, other than when t is a formula,
is when t is a function symbol, say, f . Then Bif means ‘agent i believes function f ’. This
is normally captured by a function definition for f that is the one believed by agent i (in
contrast to other definitions for f that may be believed by other agents). Plenty of examples
like this are given in Section 7.

There is considerable attention in the literature on logics such as S5m, KD45m, and
related ones concerning the subtle differences in meaning that the various axioms might
bestow on modalities for knowledge and belief. When trying to build agent applications
these subtleties are usually completely overshadowed by the issues of dealing with the various
function definitions for different agents at different times and the choice of interaction axioms
that relate the various modalities. In any case, the consequences that might follow from using
the axioms Ti, Bi, 4i, and so on, are not explored in this paper.

The modalities also have a variety of temporal readings. Here I remark on one version
of the case of discrete time. For this case, the intended interpretation includes the natural
numbers N (or, perhaps, the integers Z). Each n ∈ N is interpreted as a time point with n+1
the next time point after n.

I adopt the usual modalities # (‘next’), � (‘always in the future’), 3 (‘sometime in the
future’), and U (‘until’). The modalities # and � are assumed to be among the �1, . . . ,�m.
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In particular, # is interpreted by the relation {(n, n+ 1) | n ∈ N}. The modalities # and �
can be applied to arbitrary terms. The modality 3 is dual to � and thus can only be applied
to biterms.

The modality U is a binary modality and thus, strictly speaking, cannot even be written
down in the logic since it only admits unary modalities. However, as I show now, one can
introduce U as an abbreviation for a higher-order term involving # that can be applied to
biterms. By this means, the higher-order nature of the logic be used to effectively admit a
binary modality into the logic. For this, #n and #≤n, where n ∈ N, need to be defined. Let
ϕ be a biterm. Then #0ϕ = #≤0ϕ = ϕ and, for n ≥ 0,

#n+1ϕ = ##nϕ

#≤n+1ϕ =
∧n+1
i=0 #

iϕ.

These definitions can be expressed in the logic by the following axiom schemas.

sometime : α×Nat → α

(sometime (ϕϕϕ, n)) = if n = 0 then ϕϕϕ else #(sometime (ϕϕϕ, n− 1))

upto sometime : α×Nat → α

(upto sometime (ϕϕϕ, n)) =
if n = 0 then ϕϕϕ else ((sometime (ϕϕϕ, n)) ∧ (upto sometime (ϕϕϕ, n− 1))),

where α is a biterm type and ϕϕϕ is a syntactical variable standing for an arbitrary biterm of
type α. (Syntactical variables are needed (at least in the definition of sometime) because
the modality restricts too much the substitutions that can be made in the first argument of
sometime.) Then, for n ∈ N and ϕ a biterm, the procedure of Section 6.1 can be used to
compute (sometime (ϕ, n)) and (upto sometime (ϕ, n)). The answers returned are

(sometime (ϕ, n)) = #nϕ

and

(upto sometime (ϕ, n)) = #≤nϕ.

Now ϕUψ can be defined with the meaning ‘ϕ holds until ψ holds’. Define ϕU ψ to be an
abbreviation for

ψ ∨ ∃n.((upto sometime (ϕ, n)) ∧ (sometime (ψ, n+ 1))).

This clearly captures the intended meaning of U .
Next I give a useful collection of equations about the modalities #, �, 3, and U that are

valid at every world in every interpretation and, therefore, can be used as global assumptions
in any theory.

ϕϕϕU ψψψ = ψψψ ∨ (ϕϕϕ ∧#(ϕϕϕU ψψψ))
3ϕϕϕ = ϕϕϕ ∨#3ϕϕϕ
�ϕϕϕ = ϕϕϕ ∧#�ϕϕϕ

#(ϕϕϕ ∧ψψψ) = #ϕϕϕ ∧#ψψψ
#(ϕϕϕ ∨ψψψ) = #ϕϕϕ ∨#ψψψ
#(ϕϕϕ −→ ψψψ) = #ϕϕϕ −→ #ψψψ

#¬ϕϕϕ = ¬#ϕϕϕ,
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where ϕϕϕ and ψψψ are syntactical variables ranging over biterms of the same type.
Companions to the above (future) temporal modalities are the past temporal modalities

 (‘last’), � (‘always in the past’), � (‘sometime in the past’), and S (‘since’). The modality
 is interpreted by the relation {(n + 1, n) | n ∈ N} ∪ {(0, 0)}. Also S can be defined in
terms of  in an analogous way as for the corresponding definitions for the future temporal
modalities. There is also a set of equations for the past temporal modalities that are useful
for reasoning.

ϕϕϕSψψψ = ψψψ ∨ (ϕϕϕ ∧ (ϕϕϕSψψψ))
�ϕϕϕ = ϕϕϕ ∨ �ϕϕϕ

�ϕϕϕ = ϕϕϕ ∧ �ϕϕϕ

 (ϕϕϕ ∧ψψψ) =  ϕϕϕ ∧ ψψψ
 (ϕϕϕ ∨ψψψ) =  ϕϕϕ ∨ ψψψ
 (ϕϕϕ −→ ψψψ) =  ϕϕϕ −→  ψψψ

 ¬ϕϕϕ = ¬ ϕϕϕ,

where ϕϕϕ and ψψψ are syntactical variables ranging over biterms of the same type.
The next global assumption is given by Proposition 3.15 which shows that the following

schema can be used as a global assumption.

�it = t, (3.1)

where t is a syntactical variable ranging over rigid terms and i ∈ {1, . . . ,m}. Instances of
this schema that could be used as global assumptions include the following.

Bi42 = 42
 42 = 42
Bi[] = []
Bi> = >
Bi⊥ = ⊥
 > = >
 ⊥ = ⊥.

Proposition 3.18 shows that the following schema dual to (3.1) can be used as a global
assumption.

3iϕϕϕ = ϕϕϕ, (3.2)

where ϕϕϕ is a syntactical variable ranging over rigid biterms and i ∈ {1, . . . ,m}.
Proposition 3.16 shows that the following schema can be used as a global assumption.

(�is t) = �i(s t), (3.3)

where s is a syntactical variable ranging over terms having type of the form α → β, t is a
syntactical variable ranging over rigid terms of type α, and i ∈ {1, . . . ,m}.
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Specialised to some of the epistemic and temporal modalities discussed so far, this means
that

(Bis t) = Bi(s t)
(#s t) = #(s t)
(�s t) = �(s t)
( s t) =  (s t)
(�s t) = �(s t)

are global assumptions (under the rigidity assumption on t).
Global assumption (3.3) is also useful when the rank of the type of s is > 1. Suppose that

s is a term whose type has rank 2 and t1 and t2 are rigid terms such that ((s t1) t2) is a term.
Then ((�is t1) t2) can be rewritten first to (�i(s t1) t2) and then to �i((s t1) t2).

Proposition 3.19 shows that the following schema dual to (3.3) can be used as a global
assumption.

(3iϕϕϕ t) = 3i(ϕϕϕ t), (3.4)

where ϕϕϕ is a syntactical variable ranging over biterms having type of the form α→ β, t is a
syntactical variable ranging over rigid terms of type α, and i ∈ {1, . . . ,m}.

Proposition 3.17 shows that the following schema can be used as a global assumption.

�iλx.t = λx.�it, (3.5)

where t is a syntactical variable ranging over terms and i ∈ {1, . . . ,m}.
Proposition 3.20 shows that the following schema dual to (3.5) can be used as a global

assumption.

3iλx.ϕϕϕ = λx.3iϕϕϕ, (3.6)

where ϕϕϕ is a syntactical variable ranging over biterms and i ∈ {1, . . . ,m}.
In addition, there are interactions between the temporal and epistemic modalities for

which implicational schemas such as the following may be appropriate (depending on the
application). These model agents with perfect recall.

Bi#ϕϕϕ −→ #Biϕϕϕ

Ki#ϕϕϕ −→ #Kiϕϕϕ,

where ϕϕϕ is a syntactical variable ranging over biterms.
Similarly, there are implicational schemas available for use that connect the past temporal

and epistemic modalities. These model agents with another form of perfect recall.

 Biϕϕϕ −→ Bi ϕϕϕ

 Kiϕϕϕ −→Ki ϕϕϕ

where ϕϕϕ is a syntactical variable ranging over biterms. In Section 7.3, an illustration of a
computation using the past temporal modalities will be given. Generally, the past temporal
modalities are useful in applications for which an agent uses the past (and present) to select
a suitable action.
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4 Polymorphism

In most applications, (parametric) polymorphism arises naturally. This section shows how
polymorphism can be introduced into the logic. Considerably more detail about polymor-
phism (in the non-modal case) is given in [Llo03].

4.1 Types

To begin with, the earlier concept of a type has to be generalised. For this purpose, parame-
ters, which are type variables, are introduced.

Definition 4.1. An alphabet consists of four sets:

1. A set T of type constructors.

2. A set P of parameters.

3. A set C of constants.

4. A set V of variables.

Another difference in the above definition of an alphabet compared to the earlier one is
that the variables in V do not have fixed types; instead each occurrence of a variable in a
term is given a type according to its position in the term.

Definition 4.2. A type is defined inductively as follows.

1. Each parameter in P is a type.

2. If T is a type constructor in T of arity k and α1, . . . , αk are types, then T α1 . . . αk is a
type. (For k = 0, this reduces to a type constructor of arity 0 being a type.)

3. If α and β are types, then α→ β is a type.

4. If α1, . . . , αn are types, then α1× · · ·×αn is a type. (For n = 0, this reduces to 1 being
a type.)

Example 4.1. Typical types are Int × (List a) and List (List a).

Definition 4.3. A type is closed if it contains no parameters.

A closed type in the sense of Definition 4.3 is the same as a type in the sense of Defini-
tion 2.2.

Since types may now contain parameters, the concept of a type substitution is introduced
whose purpose is to instantiate parameters that appear in types.

Definition 4.4. A type substitution is a finite set of the form {a1/α1, . . . , an/αn}, where each
ai is a parameter, each αi is a type distinct from ai, and a1, . . . , an are distinct. Each element
ai/αi is called a binding.

In particular, {} is a type substitution called the identity substitution.

Notation. If µ = {a1/α1, . . . , an/αn}, then domain(µ) = {a1, . . . , an} and range(µ) is the
set of parameters appearing in {α1, . . . , αn}.
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Definition 4.5. A type substitution {a1/α1, . . . , an/αn} is closed if αi is closed, for i =
1, . . . , n.

Definition 4.6. Let µ = {a1/α1, . . . , an/αn} be a type substitution and α a type. Then
αµ, the instance of α by µ, is the type obtained from α by simultaneously replacing each
occurrence of the parameter ai in α by the type αi (i = 1, . . . , n).

Definition 4.7. Let µ = {a1/α1, . . . , am/αm} and ν = {b1/β1, . . . , bn/βn} be type substi-
tutions. Then the composition µν of µ and ν is the type substitution obtained from the
set

{a1/α1ν, . . . , am/αmν, b1/β1, . . . , bn/βn}

by deleting any binding ai/αiν for which ai = αiν and deleting any binding bj/βj for which
bj ∈ {a1, . . . , am}.

Composition is defined so that α(µν) = (αµ)ν, for any type α and type substitutions µ
and ν. Also µ{} = {}µ = µ, for any µ, so {} really is an identity. Composition of type
substitutions is associative.

One type can be more general than another.

Definition 4.8. Let α and β be types. Then α is more general than β if there exists a type
substitution ξ such that β = αξ.

Note that ‘more general than’ includes ‘equal to’, since ξ can be the identity substitution.

Example 4.2. Let α = (List a) × Ω and β = (List Int) × Ω. Then α is more general than
β, since β = αξ, where ξ = {a/Int}.

Definition 4.9. Let E = {α1 = β1, . . . , αn = βn} be a set of equations about types. Then a
type substitution µ is a unifier for E if αiµ is identical to βiµ, for i = 1, . . . , n.

Example 4.3. Let E = {a → List b = c → List M,a × b = a ×M}, where a, b and c are
parameters and M is a unary type constructor. Then the type substitution {a/M, b/M, c/M}
is a unifier for E.

One type substitution can be more general than another.

Definition 4.10. Let µ and ν be type substitutions. Then µ is more general than ν if there
exists a type substitution γ such that µγ = ν.

Definition 4.11. Let E be a set of equations about types and µ be a unifier for E. Then µ
is a most general unifier for E if, for every unifier ν for E, µ is more general than ν.

Notation. The phrase ‘most general unifier’ is often abbreviated to ‘mgu’.

Example 4.4. Let E = {a→ List b = c→ List M,a×b = a×M} be a set of equations about
types. Then the type substitution {a/c, b/M} is an mgu for E. Note that, for the unifier
{a/M, b/M, c/M} of Example 4.3, {a/M, b/M, c/M} = {a/c, b/M}{c/M}. Thus {a/c, b/M}
is indeed more general than this unifier.
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4.2 Terms

Next the concept of a term from Section 2 is generalised to the polymorphic case. For this, I
first turn to a discussion of the constants in C.

In the polymorphic setting, constants can have signatures that are not closed, as is illus-
trated by the next example.

Example 4.5. The data constructors for constructing lists are [] having signature List a and
] having signature a → List a → List a, where ] is usually written infix. [] represents the
empty list and the term s ] t represents the list with head s and tail t. Because [] and ] are
polymorphic, [] and s ] t can be used to represent lists of any type. Thus 4 ] 5 ] 6 ] [] represents
the list [4, 5, 6], and A]B ]C ] [] represents the list [A,B,C], where A, B, and C are constants
of some type T , say.

The set C is similar to before, except that =α, ¬α, ∧α, ∨α, −→α, ←−α, Σα and Πα are
replaced by the following polymorphic versions (where a and the ai are parameters):

1. =, having signature a→ a→ Ω.

2. ¬, having signature (a1 → · · · → an → Ω)→ (a1 → · · · → an → Ω).

3. ∧, ∨, −→, and←−, having signature (a1 → · · · → an → Ω)→ (a1 → · · · → an → Ω)→
(a1 → · · · → an → Ω).

4. Σ and Π, having signature (a1 → · · · → an → Ω)→ Ω.

Data constructors always have a signature of the form σ1 → · · · → σn → (T a1 . . . ak),
where T is a type constructor of arity k, a1, . . . , ak are distinct parameters, and all the
parameters appearing in σ1, . . . , σn occur among a1, . . . , ak (n ≥ 0, k ≥ 0). The arity of the
data constructor is n. A nullary data constructor is a data constructor of arity 0.

Now the concept of a (polymorphic) term, which generalises that of a (monomorphic) term
in Definition 2.7, can be defined. However, the polymorphic case is rather more complicated
than the monomorphic case since, when putting terms together to make larger terms, it
is generally necessary to solve a system of equations and these equations depend upon the
relative types of free variables in the component terms. The effect of this is that to define a
term one has to define simultaneously its type, and its set of free variables and their relative
types.

Definition 4.12. A term, together with its type, and its set of free variables and their relative
types, is defined inductively as follows.

1. Each variable x in V is a term of type a, where a is a parameter.

The variable x is free with relative type a in x.

2. Each constant C in C, where C has signature α, is a term of type α.

3. If t is a term of type β and x a variable in V, then λx.t is a term of type α→ β, if x is
free with relative type α in t, or type a→ β, where a is a new parameter, otherwise.

A variable other than x is free with relative type σ in λx.t if the variable is free with
relative type σ in t.
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4. If s is a term of type α and t a term of type β such that the equation

α = β → b,

where b is a new parameter, augmented with equations of the form

% = δ,

for each variable that is free with relative type % in s and is also free with relative type
δ in t, have a most general unifier ξ, then (s t) is a term of type bξ.

A variable is free with relative type σξ in (s t) if the variable is free with relative type
σ in s or t.

5. If t1, . . . , tn are terms of type α1, . . . , αn, respectively, such that the set of equations of
the form

%i1 = · · · = %ik ,

for each variable that is free with relative type %ij in the term tij (j = 1, . . . , k and
k > 1), have a most general unifier ξ, then (t1, . . . , tn) is a term of type α1ξ×· · ·×αnξ.
A variable is free with relative type σξ in (t1, . . . , tn) if the variable is free with relative
type σ in tj , for some j ∈ {1, . . . , n}.

6. If t is a term of type α and i ∈ {1, . . . ,m}, then �it is a term of type α.

The type substitution ξ in Parts 4 and 5 of the definition is called the associated mgu.

Notation. Terms of the form (Σ λx.t) are written as ∃x.t and terms of the form (Π λx.t)
are written as ∀x.t.

Here are two examples to illustrate Definition 4.12.

Example 4.6. Let M be a nullary type, and A : M and concat : List a × List a → List a
be constants. Recall that [] : List a and ] : a → List a → List a are the data constructors
for lists. I will show that (concat ([], [A])) is a term. For this, ([], [A]) must be shown to be a
term, which leads to the consideration of [] and [A]. Now [] is a term of type List a, by Part
2 of the definition of a term. By Parts 2 and 4, (] A) is a term of type List M → List M ,
where along the way the equation a = M is solved with the mgu {a/M}. Then ((] A) []),
which is the list [A], is a term of type List M by Part 4, where the equation List M = List a
is solved. By Part 5, it follows that ([], [A]) is a term of type List a × List M . Finally, by
Part 4 again, (concat ([], [A])) is a term of type List M , where the equation to be solved is
List a× List a = List a× List M whose mgu is {a/M}.

Example 4.7. Consider the constants append : List a → List a → List a → Ω and
process : List a → List a. I will show that �i(((append x) []) (process x)) is a term. First,
the variable x is a term of type b, where the parameter is chosen to avoid a clash in the next
step. Then (append x) is a term of type List a→ List a→ Ω, for which the equation solved
is List a = b. Next ((append x) []) is a term of type List a→ Ω and x has relative type List a
in ((append x) []). Now consider (process x), for which the constituent parts are process of
type List c → List c and the variable x of type d. Thus (process x) is a term of type List c
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and x has relative type List c in (process x). Finally, one has to apply ((append x) []) to the
term (process x). For this, by Part 4, there are two equations. These are List a = List c,
coming from the top-level types, and List a = List c, coming from the free variable x in each
of the components. These equations have the mgu {c/a}. Thus (((append x) []) (process x))
is a term of type Ω and hence, by Part 6, �i(((append x) []) (process x)) is also a term of
type Ω.

The concepts of an occurrence set in Definition 2.17 and a subterm in Definition 2.18 apply
equally well to (polymorphic) terms given by Definition 4.12. The concept of the relative type
of a subterm in a (polymorphic) term will be useful.

Definition 4.13. The relative type of the subterm t|o of the term t at o ∈ O(t) is defined by
induction on the length of o as follows.

If the length of o is 0, then the relative type of t|o is the same as the type of t.
For the inductive step, suppose the length of o is n + 1 (n ≥ 0). There are several cases

to consider.
If o = 1o′, for some o′, and t has the form λx.s, then the relative type of t|o is the same

as the relative type of s|o′ in s.
If o = 1o′, for some o′, and t has the form (u v), then the relative type of t|o is σξ, where

σ is the relative type of u|o′ in u and ξ is the associated mgu for (u v).
If o = 2o′, for some o′, and t has the form (u v), then the relative type of t|o is σξ, where

σ is the relative type of v|o′ in v and ξ is the associated mgu for (u v).
If o = io′, for some i ∈ {1, . . . , n} and o′, and t has the form (t1, . . . , tn), then the relative

type of t|o is σξ, where σ is the relative type of ti|o′ in ti and ξ is the associated mgu for
(t1, . . . , tn).

If o = 1o′, for some o′, and t has the form �is, then the relative type of t|o is the same as
the relative type of s|o′ in s.

Example 4.8. Let M be a nullary type, and append : List a → List a → List a → Ω,
process : List a→ List a and A,B,C : M be constants. Consider the first occurrence of x in
the term �i(((append x) []) (process x)). As a term in its own right, x has type a, for some
parameter a. As a subterm of �i(((append x) []) (process x)), x has relative type List a.

The occurrence of x in the term �i(((append x) []) (process [A,B,C])) has relative type
List M . Also the subterm process of this term has relative type List M → List M .

Next the exact connection between the two definitions of the concept of a term is es-
tablished. Informally, a polymorphic term can be regarded as standing for a collection of
monomorphic terms. I now give a precise meaning to this last statement.

For this purpose, attention must be paid to the alphabets that each definition of a term
uses. In particular, given the alphabet that is used in Definition 4.12, a suitable alphabet
must be defined for use in Definition 2.7. In both alphabets, the same set of type construc-
tors is used, but the other components are different. Note that, for some fixed set of type
constructors, the closed types in the sense of Definition 4.2 are exactly the types in the sense
of Definition 2.2.

Definition 4.14. Let A be an alphabet in the sense of Definition 4.1 consisting of the set
T of type constructors, the set P of parameters, the set C of constants, and the set V of
variables. Then A, the underlying monomorphic alphabet for A, is an alphabet in the sense
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of Definition 2.1 given by the set T of type constructors, the set C of constants, and the set
V of variables, where

C ≡ {Cβ | C ∈ C, C has signature α, and β is a closed instance of α},

and

V ≡ {xα | x ∈ V and α is a closed type}.

The preceding definition captures the intuition that a declaration for a polymorphic con-
stant stands for the collection of declarations for the (monomorphic) constants that can be
obtained by instantiating all parameters in the polymorphic declaration with closed types.
The constant Cβ in C has signature β (by definition). If C ∈ C has closed signature α, then
Cα ∈ C also has signature α, and this is the only (monomorphic) constant that underlies
C. By definition, a variable xα ∈ V has type α. The set V thus contains an infinite set of
variables of each type.

Definition 4.15. Let t be a term. A grounding type substitution for t is closed type
substitution whose domain includes the set of all parameters in the relative types of subterms
of t.

Definition 4.16. Let A be an alphabet in the sense of Definition 4.1, t be a term using A in
the sense of Definition 4.12, and γ a grounding type substitution for t. Then the expression
tγ using symbols from the alphabet A is defined inductively as follows:

1. If t is a variable x of type a, then xγ is the variable xaγ in the alphabet A.

2. If t is a constant constant C having signature α, then Cγ is the constant Cαγ in the
alphabet A.

3. If t is an abstraction λx.s and x is not free in s, then (λx.s)γ is λxγ .sγ ; if x is free with
relative type α in s, then (λx.s)γ is λxγ

′
.sγ , where x has type a and γ′ = {a/α}γ.

4. If t is an application (u v), then (u v)γ is (uξγ vξγ), where ξ is the associated mgu.

5. If t is a tuple (t1, . . . , tn), then (t1, . . . , tn)γ is (tξγ1 , . . . , t
ξγ
n ), where ξ is the associated

mgu.

6. If t is a box term �is, then (�is)γ is �is
γ .

The next result shows that tγ is a term in the sense of Definition 2.7.

Proposition 4.1. Let A be an alphabet in the sense of Definition 4.1, t a term of type α in
the sense of Definition 4.12 using A, and γ a grounding type substitution for t. Then tγ is a
term of type αγ in the sense of Definition 2.1 using the alphabet A.

Proof. The proof uses the principle of inductive construction given in Proposition A.4. To
apply this result, it is necessary to restate Definition 4.16 more formally as the definition of
a certain function. To set this up, let L be the set of terms given by Definition 4.12 for the
alphabet A and L the set of terms given by Definition 2.7 for the alphabet A. Denote by
G the set of type substitutions. Let ≺ be the substring relation on L and extend this to a
relation ≺2 on L×G by (s, θ) ≺2 (t, ψ) if s ≺ t. Clearly ≺2 is a well-founded order on L×G
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Put

LG = {(t, γ) | t ∈ L and γ is a grounding type substitution for t}.

Since LG is a subset of L × G, ≺2 is a well-founded order on LG. The minimal elements in
LG are tuples (t, θ), where t is a variable or a constant.

I now define a function

U : LG→ L.

For this, two partitions are needed. Let S be the set of closed types. For each α ∈ S, let

LGα = {(t, γ) | t ∈ Lβ, γ is a grounding type substitution for t and α = βγ}.

Also, for each α ∈ S, let Lα be the set of terms in L of type α. Then {LGα}α∈S is a partition
of LG and {Lα}α∈S is a partition of L. Now, using Proposition A.4, U(t, γ) is, in effect,
defined to be tγ , for each (t, γ) ∈ LG.

First, consider the minimal elements in LG. If t is a variable x of type a, then define
U(x, γ) to be the variable xaγ in the alphabet A. Also the consistency condition is satisfied
since (x, γ) ∈ LGaγ implies that U(x, γ) ∈ Laγ . If t is a constant C having signature α,
then define U(C, γ) to be the constant Cαγ in the alphabet A. Once again the consistency is
satisfied since (x, γ) ∈ LGaγ implies that U(C, γ) ∈ Laγ .

Next consider the non-minimal elements in LG. For these, the first component of the pair
is an abstraction, application, tuple or box term.

Let t be an abstraction λx.s, where x is not free in s and s has type β. Thus λx.s has
type a → β, where x has type a. Now (s, γ) ∈ LGβγ and (s, γ) ≺2 (λx.s, γ). Assume that
(s, γ) is consistent so that U(s, γ) ∈ Lβγ . Now define U(λx.s, γ) to be λxγ .sγ . This uniquely
defines U on (λx.s, γ) and, furthermore, (λx.s, γ) is consistent since (λx.s, γ) ∈ LG(a→β)γ and
U(λx.s, γ) ∈ L(a→β)γ .

Let t be an abstraction λx.s, where x is free with relative type α in s and s has type β.
Thus λx.s has type α→ β. Now (s, γ) ∈ LGβγ and (s, γ) ≺2 (λx.s, γ). Assume that (s, γ) is
consistent so that U(s, γ) ∈ Lβγ . Now define U(λx.s, γ) to be λxγ

′
.sγ , where x has type a and

γ′ = {a/α}γ. This uniquely defines U on (λx.s, γ) and, furthermore, (λx.s, γ) is consistent
since (λx.s, γ) ∈ LG(α→β)γ and U(λx.s, γ) ∈ L(α→β)γ .

Let t be an application (u v), where u has type α, v has type β, and ξ is the associated
mgu. Thus ξ is an mgu of the equation α = β → b and any additional equations that come
from free variables common to u and v, and the type of (u v) is bξ. Now (u, ξγ) ∈ LGαξγ and
(u, ξγ) ≺2 ((u v), γ). Similarly, (v, ξγ) ∈ LGβξγ and (v, ξγ) ≺2 ((u v), γ). Assume that (u, ξγ)
is consistent, so that U(u, ξγ) ∈ Lαξγ and that (v, ξγ) is consistent, so that U(v, ξγ) ∈ Lβξγ .
Now define U((u v), γ) to be (uξγ vξγ). This uniquely defines U on ((u v), γ) and, furthermore,
((u v), γ) is consistent since ((u v), γ) ∈ LGbξγ and U((u v), γ) ∈ Lbξγ .

Let t be a tuple (t1, . . . , tn), where ti has type αi, for i = 1, . . . , n, and ξ the associated
mgu. Thus the type of (t1, . . . , tn) is α1ξ × · · · × αnξ. Now (ti, ξγ) ∈ LGαiξγ and (ti, ξγ) ≺2

((t1, . . . , tn), γ), for i = 1, . . . , n. Assume that (ti, ξγ) is consistent, so that U(ti, ξγ) ∈ Lαiξγ ,
for i = 1, . . . , n. Now define U((t1, . . . , tn), γ) to be (tξγ1 , . . . , t

ξγ
n ). This uniquely defines

U on ((t1, . . . , tn), γ) and, furthermore, ((t1, . . . , tn), γ) is consistent since ((t1, . . . , tn), γ) ∈
LG(α1ξ×···×αnξ)γ and U((t1, . . . , tn), γ) ∈ L(α1ξ×···×αnξ)γ .

Let t be a box term �is, for some i ∈ {1, . . . ,m}, where s has type α. Now (s, γ) ∈ LGαγ

and (s, γ) ≺2 (�is, γ). Assume that (s, γ) is consistent, so that U(s, γ) ∈ Lαγ . Now define
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U(�is, γ) to be �is
γ . This uniquely defines U on (�is, γ) and, furthermore, (�is, γ) is

consistent since (�is, γ) ∈ LGαγ and U(�is, γ) ∈ Lαγ .
Proposition A.4 now shows that U is uniquely defined. Furthermore, U(LGα) ⊆ Lα, for

each α ∈ S. In other words, if t a term of type α in the sense of Definition 4.12 using A and γ
a grounding type substitution for t, then tγ is a term of type αγ in the sense of Definition 2.1
using the alphabet A.

Definition 4.17. Let t be a term in the sense of Definition 4.12 and γ a grounding type
substitution for t. Then tγ is called the underlying monomorphic term of t with respect to γ.

It is instructive to study the properties of the function U in Proposition 4.1 on subterms.

Proposition 4.2. Let t be a term in the sense of Definition 4.12 and γ a grounding type
substitution for t. If o is an occurrence in t, then o is also an occurrence in tγ. Furthermore,
if s is a subterm of relative type σ at occurrence o in t, then the subterm of tγ at occurrence
o has type σγ.

Proof. The first part is proved by induction on the length of the occurrence o in t. If the
length of o is 0, then o is ε which is also an occurrence in tγ . Suppose next that the result
holds for occurrences of length n and o is an occurrence in t of length n+ 1. Thus t must be
an abstraction, application, tuple or modal term. Suppose that t is a tuple (t1, . . . , tn) and
o = io′, for some i ∈ {1, . . . , n}. Now (t1, . . . , tn)γ = (tξγ1 , . . . , t

ξγ
n ), where ξ is the associated

mgu. By the induction hypothesis, o′ is an occurrence in tξγi . Hence o is an occurrence in
(t1, . . . , tn)γ . The other cases are similar.

The second part is also proved by induction on the length of the occurrence o in t. If the
length of o is 0, then s is t and the subterm at occurrence o in tγ , which has type αγ, where
α is the type of t, by Proposition 4.1. Suppose next that the result holds for occurrences
of length n and o is an occurrence in t of length n + 1. Thus t must be an abstraction,
application, tuple or modal term. Suppose that t is a tuple (t1, . . . , tn) and o = io′, for some
i ∈ {1, . . . , n}. Then s is a subterm at occurrence o′ of ti of relative type σ′, where σ = σ′ξ.
Now (t1, . . . , tn)γ = (tξγ1 , . . . , t

ξγ
n ), where ξ is the associated mgu. By the induction hypothesis,

the subterm of tξγi at occurrence o′ has type σ′ξγ = σγ. That is, the subterm at occurrence
o in tγ has type σγ. The other cases are similar.

In the following, when needed, I will declare signatures of polymorphic constants and
give definitions of polymorphic functions. So, for example, the polymorphic function append
having signature

append : List a× List a× List a→ Ω

will be useful because appending lists is independent of the type of the items in the list. This
declaration is thought of as a way of introducing the set of (monomorphic) functions of the
form appendList α×List α×List α→Ω, where α ranges over all closed types. Generally, the type
subscript is suppressed and the actual ‘instance’ of append intended is determined by the
context. Similarly, one can give a polymorphic definition of the function append as follows.

(append (u, v, w)) =
((u = []) ∧ (v = w)) ∨ ∃r.∃x.∃y.((u = r ] x) ∧ (w = r ] y) ∧ (append (x, v, y)))
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This is thought of as providing a definition for each of the underlying monomorphic functions
by applying the appropriate grounding type substitution to the above definition.

The polymorphic syntax is extremely convenient and will be heavily exploited in the
subsequent development because many common data constructors and functions are (para-
metrically) polymorphic. Furthermore, (non-nullary) type constructors are only interesting
in the polymorphic case when they can take parameters as arguments. However, there is
a cost associated with the use of polymorphism which is the need to infer the types of the
variables and polymorphic constants from the context. So, for example, the monomorphic
function underlying append that appears in

(append (1 ] 2 ] [], 3 ] [], x))

can be inferred to be appendList Int×List Int×List Int→Ω, since 1, 2, and 3 have type Int .
Generally, I will use just the name itself of a polymorphic symbol (that is, constant or

variable) in a term, relying on the context to make clear which underlying monomorphic
symbol is intended. For some purposes, it may be helpful to make explicit the grounding type
substitution that is intended to be applied. For example, the term (append (x, y, z)) on its
own does not determine the type of the monomorphic function underlying append ; this would
then have to be given separately with a suitable grounding type substitution. An extreme
case like this is that of a variable x of type a on its own that would need a grounding type
substitution of the form {a/α} to specify the intended underlying monomorphic variable. It
may also be helpful to explicitly indicate the underlying monomorphic symbol with a type
subscript.

Note that the mixing of monomorphic and polymorphic syntax has been facilitated by
using the same notation for variables in both the monomorphic and polymorphic cases. But
the meanings in each case are somewhat different: in the monomorphic case, x stands for
a variable of some specified type; in the polymorphic case, x takes the type inferred from
its context. However, in the monomorphic case, since the syntax used for variables does not
indicate their type, it effectively has to be inferred as well. Thus, while there is therefore
potential for confusion about which kind of variable is intended in the mixed case, it does
not really matter – in both cases, the type of the variable is inferred from its context (or, in
extreme cases, specified using an explicit grounding type substitution).

5 Predicates

In this section, I study grammars for defining spaces of predicates that appear in hypothesis
languages in learning applications. There are two parts to this: first I define a class of
predicates, called standard predicates, that have a convenient form for use in grammars; then
I define a predicate grammar formalism, called a predicate rewrite system, that generates
standard predicates. The presentation here extends the one in [Llo03] to the modal case.
More detail about how the concepts and results of this section can be exploited by learning
systems is contained in [Ng05a, Ng05b, Ng06, LN07a].

5.1 Standard Predicates

Predicates are built up by composing basic functions called transformations. Composition is
handled by the (reverse) composition function

◦ : (a→ b)→ (b→ c)→ (a→ c)
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defined by ((f ◦ g) x) = (g (f x)).

Definition 5.1. A transformation f is a function having a signature of the form

f : (%1 → Ω)→ · · · → (%k → Ω)→ µ→ σ,

where any parameters in %1, . . . , %k and σ appear in µ, and k ≥ 0. The type σ is called the
target of the transformation. The number k is called the rank of the transformation.

I now give some examples of transformations. Many more are given in [Llo03].

Example 5.1. The transformation top : a → Ω is defined by top x = >, for each x. The
transformation bottom : a→ Ω is defined by bottom x = ⊥, for each x.

Example 5.2. The transformation ∧n : (a→ Ω)→ · · · → (a→ Ω)→ a→ Ω defined by

∧n p1 . . . pn x = (p1 x) ∧ · · · ∧ (pn x),

where n ≥ 2, provides a ‘conjunction’ with n conjuncts.
The transformation ∨n : (a→ Ω)→ · · · → (a→ Ω)→ a→ Ω defined by

∨n p1 . . . pn x = (p1 x) ∨ · · · ∨ (pn x),

where n ≥ 2, provides a ‘disjunction’ with n disjuncts.
The transformation ¬ : (a→ Ω)→ a→ Ω defined by

¬ p x = ¬(p x),

provides negation.

Example 5.3. The transformation setExists1 : (a→ Ω)→ {a} → Ω defined by

setExists1 p t = ∃x.((p x) ∧ (x ∈ t)).

checks whether a set t has an element that satisfies p.

Example 5.4. Given a type of the form a1 × a2 × · · · × an, I can define, for each i, a
transformation proji : a1 × a2 × · · · × an → ai defined by

proji (t1, t2, . . . , tn) = ti

to project out the i-th component.

Example 5.5. The function isRectangle : (Float → Ω) → (Float → Ω) → Shape → Ω
defined by

isRectangle p q t = ∃x.∃y.((t = Rectangle x y) ∧ (p x) ∧ (q y))

is a transformation. For predicates p and q, (isRectangle p q) is a predicate on geometrical
shapes which returns > iff the shape is a rectangle whose length satisfies p and whose breadth
satisfies q.
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Next the definition of the class of predicates formed by composing transformations is
presented. In the following definition, it is assumed that some (possibly infinite) class of
transformations is given and all transformations considered are taken from this class. A
standard predicate is defined by induction on the number of (occurrences of) transformations
it contains as follows.

Notation. Let ��� denote a (possibly empty) sequence of modalities �j1 · · ·�jr .

Definition 5.2. A standard predicate is a term of the form

���1(f1 p1,1 . . . p1,k1) ◦ · · · ◦���n(fn pn,1 . . . pn,kn),

where fi is a transformation of rank ki (i = 1, . . . , n), the target of fn is Ω, ���i is a sequence
of modalities (i = 1, . . . , n), pi,ji is a standard predicate (i = 1, . . . , n, ji = 1, . . . , ki), ki ≥ 0
(i = 1, . . . , n) and n ≥ 1.

Definition 5.2 extends that of a (non-modal) standard predicate in [Llo03], precisely in
that the definition here allows modalities to appear.

Example 5.6. Let p and q be transformations of type σ → Ω. Then

Bi(setExists1 (∧2  Bjp �Bjq))

is a standard predicate of type {σ} → Ω. If t is a (rigid) set of elements of type σ, then

(Bi(setExists1 (∧2  Bjp �Bjq)) t)

simplifies to

Bi∃x.(( Bj(p x) ∧ �Bj(q x)) ∧ (x ∈ t)),

which is true iff agent i believes that there is an element x in t satisfying the property that at
the last time agent j believed that x satisfied p and at some time in the past agent j believed
that x satisfied q.

The set of all standard predicates is denoted by S. Standard predicates have type of the
form µ→ Ω, for some type µ. Note that the set of standard predicates is defined relative to
a previously declared set of transformations.

Definition 5.3. For each α ∈ Sc, define Sα = {p ∈ S | p has type µ → Ω and µ is more
general than α}.

The intuitive meaning of Sα is that it is the set of all predicates of a particular form given
by the transformations on individuals of type α.

Careful attention needs to be paid to the subterms of a standard predicate, especially the
subterms that are themselves standard predicates.

Definition 5.4. Let ���1(f1 p1,1 . . . p1,k1) ◦ · · · ◦���n(fn pn,1 . . . pn,kn) be a standard predicate.
A suffix of the standard predicate is a term of the form

���i(fi pi,1 . . . pi,ki
) ◦ · · · ◦���n(fn pn,1 . . . pn,kn),

for some i ∈ {1, . . . , n}. The suffix is proper if i > 1.
A prefix of the standard predicate is a term of the form

���1(f1 p1,1 . . . p1,k1) ◦ · · · ◦���i(fi pi,1 . . . pi,ki
),

for some i ∈ {1, . . . , n}. The prefix is proper if i < n.
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A suffix of a standard predicate is a standard predicate, but a prefix of a standard predicate
may not be a predicate.

Proposition 5.1. Let p be a standard predicate

���1(f1 p1,1 . . . p1,k1) ◦ · · · ◦���n(fn pn,1 . . . pn,kn)

and q a term. Then q is a subterm of p iff (at least) one of the following conditions holds.

1. q is a suffix of p.

2. q is a subterm of (◦ ���i(fi pi,1 . . . pi,ki
)), for some i ∈ {1, . . . , n− 1}.

3. q is a subterm of ���n(fn pn,1 . . . pn,kn),

Proof. The proof is by induction on n. If n = 1, the result is obvious. Consider now a
standard predicate

���1(f1 p1,1 . . . p1,k1) ◦ · · · ◦���n+1(fn+1 pn+1,1 . . . pn+1,kn+1),

which can be written in the form

((◦ ���1(f1 p1,1 . . . p1,k1)) ���2(f2 p2,1 . . . p2,k2) ◦ · · · ◦���n+1(fn+1 pn+1,1 . . . pn+1,kn+1)).

A subterm of this is either the term itself or a subterm of (◦ ���1(f1 p1,1 . . . p1,k1)) or a subterm
of ���2(f2 p2,1 . . . p2,k2) ◦ · · · ◦���n+1(fn+1 pn+1,1 . . . pn+1,kn+1). The result follows by applying
the induction hypothesis to this last term.

Proposition 5.2. Let p be a standard predicate

���1(f1 p1,1 . . . p1,k1) ◦ · · · ◦���n(fn pn,1 . . . pn,kn)

and q a subterm of p. Then q is a standard predicate iff (at least) one of the following
conditions holds.

1. q is a suffix of p.

2. q has the form ���i(fi pi,1 . . . pi,ki
) or �i,2 · · ·�i,li(fi pi,1 . . . pi,ki

) or . . . or (fi pi,1 . . . pi,ki
),

for some i ∈ {1, . . . , n}, and fi has target Ω, where ���i is �i,1 · · ·�i,li.

3. q is a subterm of pi,j, for some i and j, and q is a standard predicate.

Proof. According to Proposition 5.1, the subterms of p are the suffixes of p, the subterms of
(◦ ���i(fi pi,1 . . . pi,ki

)), for i = 1, . . . , n− 1, and the subterms of ���n(fn pn,1 . . . pn,kn), Thus it
is only necessary to establish which of these subterms are standard predicates. First, all the
suffixes are standard predicates. Since ◦ is not a standard predicate, it remains to investigate
the subterms of ���i(fi pi,1 . . . pi,ki

), for i = 1, . . . , n. Now, provided the target of fi is Ω,
���i(fi pi,1 . . . pi,ki

) and �i,2 · · ·�i,li(fi pi,1 . . . pi,ki
) and . . . and (fi pi,1 . . . pi,ki

) are standard
predicates. Also the only proper subterms of (fi pi,1 . . . pi,ki

) that could possibly be standard
predicates are subterms of pi,1, . . . , pi,ki

. (The reason is that for fi to be the first symbol in
a standard predicate, it must be followed by all k of its predicate arguments.) The result
follows.
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Example 5.7. Consider the standard predicate

(f1 p) ◦ (f2 q r) ◦ (f3 s),

where the transformations f1, f2, f3, p, q, r, and s have suitable signatures. Thus p, q, r, and
s are predicates. Suppose also that neither f1 nor f2 have target Ω. Taking the associativity
into account, this standard predicate can be written more precisely as

((◦ (f1 p)) ((◦ ((f2 q) r)) (f3 s))).

The subterms of (f1 p) ◦ (f2 q r) ◦ (f3 s) are illustrated in Fig. 2. The proper subterms that
are standard predicates are (f2 q r) ◦ (f3 s), (f3 s), p, q, r, and s.

((◦ (f1 p)) ((◦ ((f2 q) r)) (f3 s)))
ssgggggggg

++WWWWWW

(◦ (f1 p))

wwoooooo ''OOOO
((◦ ((f2 q) r)) (f3 s))

wwoooo ''OOOO

◦ (f1 p)
����� ��?

??
(◦ ((f2 q) r))

����
� ��?

?
(f3 s)

����� ��?
??

f1 p ◦ ((f2 q) r)
���� ��?

??
f3 s

(f2 q)
����� ��?

??
r

f2 q

Figure 2: Subterms of a standard predicate

The class of standard predicates just defined contains some redundancy in that there are
syntactically distinct predicates that are equivalent, in a certain sense.

Definition 5.5. The theory consisting of the definitions of the transformations (and associ-
ated functions) is called the background theory.

In an agent application, the background theory would normally be the belief base of an
agent (or, perhaps, the collected belief bases of several agents).

Definition 5.6. Let B be the background theory, and s and t terms having the same type
(up to variants). Then s and t are equivalent with respect to B if ���(s = t) is a consequence
of B, for every sequence of modalities ���.

Equivalence with respect to a background theory is an equivalence relation on the set
of terms. When discussing equivalence in the following, explicit mention of the background
theory is usually suppressed.

Example 5.8. Without spelling out the background theory, one would expect that the stan-
dard predicates (∧2 p q) and (∧2 q p) are equivalent, where p and q are standard predicates.
Similarly, (∨2 p q) and (∨2 q p) are equivalent.

It is important to remove as much of this redundancy in standard predicates as possible.
Ideally, one would like to be able to determine just one representative from each class of
equivalent predicates. However, determining the equivalent predicates is undecidable, so
one usually settles for some easily checked syntactic conditions that reveal equivalence of
predicates. Thus these syntactic conditions are sufficient, but not necessary, for equivalence.
These considerations motivate the next definition.
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Definition 5.7. A transformation f is symmetric if it has a signature of the form

f : (%→ Ω)→ · · · → (%→ Ω)→ µ→ σ,

and, whenever (f p1 . . . pk) is a term, where p1, . . . , pk are standard predicates, it follows that
(f p1 . . . pk) and (f pi1 . . . pik) are equivalent, for all permutations i of {1, . . . , k}, where k is
the rank of f .

Note that if (f p1 . . . pk) is a term, then (f pi1 . . . pik) is a term of the same type. It is
common for a symmetric transformation to have Ω as its target; however, this does not have
to be the case. Clearly every transformation of rank k, where k ≤ 1, is (trivially) symmetric.
Furthermore, the transformations ∧n and ∨n are symmetric. However, isRectangle is not
symmetric since it distinguishes the length argument from the breadth argument.

Since any permutation of the predicate arguments of a symmetric transformation produces
an equivalent function, it is advisable to choose one particular order of arguments and ignore
the others. For this purpose, a total order on standard predicates is defined and then argu-
ments for symmetric transformations are chosen in increasing order according to this total
order. To define the total order on standard predicates, one must start with a total order
on modalities and transformations. Therefore, it is supposed that the modalities �1, . . . ,�m

are ordered according to some (arbitrary) strict total order <. This order can can lifted
to the strict total order also denoted by < on (finite) sequences of modalities given by the
lexicographic order. Furthermore, transformations are ordered according to some (arbitrary)
strict total order also denoted by <.

In preparation for the definition of ≺, the total order on standard predicates, a structural
result about standard predicates is needed.

Proposition 5.3. Let p, q ∈ S, where p is

���p,1(f1 p1,1 . . . p1,k1) ◦ · · · ◦���p,n(fn pn,1 . . . pn,kn)

and q is

���q,1(g1 q1,1 . . . q1,s1) ◦ · · · ◦���q,r(gr qr,1 . . . qr,sr).

Suppose that p and q are (syntactically) distinct. Then exactly one of the following alternatives
holds.

1. One of p or q is a proper prefix of the other.

2. There exists i such that ���p,i and ���q,i are distinct, and p and q agree to the left of ���p,i

and ���q,i.

3. There exists i such that the transformation fi in p and the transformation gi in q are
distinct, and p and q agree to the left of fi and gi.

4. There exist i and j such that pi,j in p and qi,j in q are distinct, and p and q agree to
the left of pi,j and qi,j.

Proof. The proof is by induction on the maximum of the number of (occurrences of) trans-
formations in p and the number in q.
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If this maximum number is one, then the result is obvious with the second and third
alternatives being the only possibilities.

Now consider the inductive step. Suppose first that ���p,1 and ���q,1 are distinct. Then the
second alternative holds. Suppose next that ���p,1 and ���q,1 are identical, but f1 is distinct
from g1. Then the third alternative holds. Otherwise, f1 and g1 are identical, which gives
rise to two cases: either the arguments to f1 in p and g1 in q are pairwise identical or they
are not. In the first case, consider the suffixes of p and q obtained by removing the common
prefix ���p,1(f1 p1,1 . . . p1,k1). If one of the suffixes is empty, then the first alternative holds;
otherwise, the inductive hypothesis can be applied to the suffixes to obtain the result. In the
other case, the leftmost pair of p1,j and q1,j that are distinct gives the fourth alternative.

Example 5.9. As an illustration of the first alternative in the preceding proposition, consider
�1p and �1p ◦¬, for some standard predicate p. For the second alternative, consider �1p and
�2p, for some standard predicate p. For the fourth alternative, consider �1(∧2 p q) and
�1(∧2 (p ◦¬) q), for some standard predicates p and q.

The following definition of the relation p ≺ q uses induction on the maximum of the
number of (occurrences of) transformations in p and the number in q. To emphasise: the
definition of ≺ depends upon the order on the modalities and the order on the transformations.

Definition 5.8. The binary relation ≺ on S is defined inductively as follows. Let p, q ∈ S,
where p is

���p,1(f1 p1,1 . . . p1,k1) ◦ · · · ◦���p,n(fn pn,1 . . . pn,kn)

and q is

���q,1(g1 q1,1 . . . q1,s1) ◦ · · · ◦���q,r(gr qr,1 . . . qr,sr).

Then p ≺ q if one of the following holds.

1. p is a proper prefix of q.

2. There exists an i such that ���p,i <���q,i and p and q agree to the left of ���p,i and ���q,i.

3. There exists i such that fi < gi, and p and q agree to the left of fi and gi.

4. There exist i and j such that pi,j ≺ qi,j , and p and q agree to the left of pi,j and qi,j .

Proposition 5.4. The relation ≺ is a strict total order on S.

Proof. Let p, q, r ∈ S, where p is

���p,1(f1 p1,1 . . . p1,k1) ◦ · · · ◦���p,n(fn pn,1 . . . pn,kn),

q is

���q,1(g1 q1,1 . . . q1,s1) ◦ · · · ◦���q,u(gu qu,1 . . . qu,su)

and r is

���r,1(h1 r1,1 . . . r1,t1) ◦ · · · ◦���r,v(hv rv,1 . . . rv,tv).
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First, I show by induction on the number of (occurrences of) transformations in p that p 6≺ p.
For this, note that p cannot be a proper prefix of itself. Also there cannot exist i such that
���p,i < ���p,i, since the lexicographic order is a strict total order on sequences of modalities,
and there cannot exist i such that fi < fi, since < is a strict total order. Furthermore, there
cannot exist i and j such that pi,j ≺ pi,j , by the induction hypothesis.

Next I show by induction on the maximum of the number of transformations in p and the
number in q that p ≺ q implies q 6≺ p. Thus suppose that p ≺ q. If p is a proper prefix of
q, then it is clear that q 6≺ p. If there exists an i such that ���p,i < ���q,i and p and q agree to
the left of ���p,i and ���q,i, then it is clear that q 6≺ p, since the lexicographic order < is a strict
total order. If there exists i such that fi < gi, and p and q agree to the left of fi and gi, then
it is clear that q 6≺ p, since < is a strict total order on transformations. Finally, if there exist
i and j such that pi,j ≺ qi,j , and p and q agree to the left of pi,j and qi,j , then q 6≺ p since, by
the induction hypothesis, it follows that qi,j 6≺ pi,j .

Now I show by induction on the maximum of the number of transformations in p, the
number in q, and the number in r that p ≺ q and q ≺ r imply that p ≺ r.

For the base step, each of p, q and r contains a single transformation. If the sequences of
modalities for the three standard predicates are not all the same, then the result follows imme-
diately from the transitivity of the lexicographic order on sequences of modalities. Otherwise,
the result follows immediately from the transitivity of the order on transformations.

Now I consider the inductive step. There are four cases to consider, corresponding to the
four cases in the definition of p ≺ q.

Suppose first that p is a proper prefix of q. If q is a proper prefix of r, then p is a proper
prefix of r and so p ≺ r. If there exists i such that such that ���q,i < ���r,i and q and r agree
to the left of ���q,i and ���r,i, then either p is a proper prefix of r or ���p,i < ���r,i and p and r
agree to the left of ���p,i and ���r,i, so that p ≺ r. If there exists i such that gi < hi, and q and
r agree to the left of gi and hi, then either p is a proper prefix of r or fi < hi and p and r
agree to the left of fi and hi, and so p ≺ r. If there exist i and j such that qi,j ≺ ri,j , and q
and r agree to the left of qi,j and ri,j , then either p is a proper prefix of r or pi,j ≺ ri,j and p
and r agree to the left of pi,j and ri,j , and so p ≺ r.

For the second case, suppose there exists an i such that ���p,i < ���q,i and p and q agree to
the left of ���p,i and ���q,i. If q is a proper prefix of r, then ���p,i < ���r,i and p and r agree up
to this point, so that p ≺ r. If there exists an i′ such that ���q,i′ < ���r,i′ and q and r agree to
the left of ���q,i′ and ���r,i′ , then if i 6= i′, clearly I have that p ≺ r, and if i = i′, then p ≺ r, by
the transitivity of the lexicographic order < on sequences of modalities. If there exists i′ such
that gi′ < hi′ , and q and r agree to the left of gi′ and hi′ , then if i > i′, then fi′ < hi′ and p
and r agree up to this point, so that p ≺ r, and if i ≤ i′, then ���p,i < ���r,i and p and r agree
up to this point, so that p ≺ r. If there exist i′ and j such that qi′,j ≺ ri′,j , and q and r agree
to the left of qi′,j and ri′,j , then if i > i′, then pi′,j ≺ ri′,j , and p and r agree up to this point,
so that p ≺ r, and if i ≤ i′, then ���p,i <���r,i and p and r agree up to this point, so that p ≺ r.

For the third case, suppose there exists i such that fi < gi, and p and q agree to the left
of fi and gi. If q is a proper prefix of r, then fi < hi, and p and r agree to the left of fi
and hi, and so p ≺ r. If there exists i′ such that ���q,i′ < ���r,i′ and q and r agree to the left
of ���q,i′ and ���r,i′ , then, if i ≥ i′, then ���p,i′ < ���r,i′ and p and r agree to the left of ���p,i′ and
���r,i′ , so that p ≺ r, and if i < i′, then fi < hi, and p and r agree to the left of fi and hi, so
that p ≺ r. If there exists i′ such that gi′ < hi′ , and q and r agree to the left of gi′ and hi′ ,
then, for i′′ = min(i, i′), fi′′ < hi′′ and p and r agree to the left of fi′′ and hi′′ , and so p ≺ r.
Finally, suppose that there exist i′ and j such that qi′,j ≺ ri′,j , and q and r agree to the left
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of qi′,j and ri′,j . If i ≤ i′, then fi < hi and p and r agree to the left of fi and hi. If i′ < i,
then pi′,j ≺ ri′,j and p and r agree to the left of pi′,j and ri′,j . In either case, p ≺ r.

For the fourth case, suppose there exist i and j such that pi,j ≺ qi,j , and p and q agree to
the left of pi,j and qi,j . If q is a proper prefix of r, then pi,j ≺ ri,j , and p and r agree to the
left of pi,j and ri,j , and so p ≺ r. If there exists i′ such that ���q,i′ < ���r,i′ and q and r agree
to the left of ���q,i′ and ���r,i′ , then if i ≥ i′, then ���p,i′ < ���r,i′ and p and r agree to the left
of ���p,i′ and ���r,i′ , so that p ≺ r, and if i < i′, then pi,j ≺ ri,j , and p and r agree to the left
of pi,j and ri,j , so that p ≺ r. Suppose that there exists i′ such that gi′ < hi′ , and q and r
agree to the left of gi′ and hi′ . If i′ ≤ i, then fi′ < hi′ and p and r agree to the left of fi′ and
hi′ . If i < i′, then pi,ji ≺ ri,ji and p and r agree to the left of pi,ji and ri,ji . In either case,
p ≺ r. Finally, suppose there exist i′ and j′ such that qi′,j′ ≺ ri′,j′ , and q and r agree to the
left of qi′,j′ and ri′,j′ . Put i′′ = min(i, i′) and let j′′ be j if i < i′, or j′ if i′ < i, or min(j, j′),
otherwise. Then pi′′,j′′ ≺ ri′′,j′′ and p and r agree to the left of pi′′,j′′ and ri′′,j′′ , and so p ≺ r.
(Here the induction hypothesis is used if i = i′ and j = j′.)

Thus ≺ is a strict partial order.
Finally, I show that ≺ is total, that is, for any standard predicates p and q, either p = q

or p ≺ q or q ≺ p. The proof proceeds by induction on the maximum of the number of
transformations in p and the number in q. The base step is straightforward. Now I consider
the inductive step. Suppose that p and q are distinct. By Proposition 5.3, either one of p or
q is a proper prefix of the other; or there exists i such that ���p,i and ���q,i are distinct, and p
and q agree to the left of ���p,i and ���q,i; or there exists i such that the transformation fi in p
and the transformation gi in q are distinct, and p and q agree to the left of fi and gi; or there
exist i and j such that pi,j in p and qi,j in q are distinct, and p and q agree to the left of pi,j
and qi,j . In the first case, either p ≺ q or q ≺ p. In the second case, either p ≺ q or q ≺ p,
since the lexicographic ordering on sequences of modalities is a total order. In the third case,
since < is a total order on transformations, either fi < gi or gi < fi, and hence either p ≺ q
or q ≺ p. In the fourth case, by the induction hypothesis, either pi,j ≺ qi,j or qi,j ≺ pi,j , and
so once again either p ≺ q or q ≺ p.

The relation � is defined by p � q if either p = q or p ≺ q. Clearly, � is a total order on
S.

Now the class of regular predicates can be defined by induction on the number of trans-
formations in a predicate.

Definition 5.9. A standard predicate ���1(f1 p1,1 . . . p1,k1) ◦ · · · ◦���n(fn pn,1 . . . pn,kn) is regular
if pi,ji is a regular predicate, for i = 1, . . . , n and ji = 1, . . . , ki, and fi is symmetric implies
that pi,1 � · · · � pi,ki

, for i = 1, . . . , n.

The set of all regular predicates is denoted by R.
The next result shows that each standard predicate is equivalent to a regular predicate

and hence attention can be confined to the generally much smaller class of regular predicates.

Proposition 5.5. For every p ∈ S, there exists q ∈ R such that p and q are equivalent.

Proof. The existence of the regular predicate q is shown by induction on the number of trans-
formations in p. Let p be ���1(f1 p1,1 . . . p1,k1) ◦ · · · ◦���n(fn pn,1 . . . pn,kn). By the induction
hypothesis, for each i = 1, . . . , n and ji = 1, . . . , ki, there is a regular predicate p′i,ji such that
p′i,ji and pi,ji are equivalent. Let r be ���1(f1 p

′
1,1 . . . p

′
1,k1

) ◦ · · · ◦���n(fn p′n,1 . . . p
′
n,kn

). Then p
and r are equivalent. Now, since � is a total order on standard predicates, for each symmetric
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transformation fi (i ∈ {1, . . . , n}) in r, one can sort the arguments p′i,1, . . . , p
′
i,ki

according to
� to obtain the desired regular predicate q such that p and q are equivalent.

5.2 Predicate Rewrite Systems

This subsection gives the definition of the concept of a predicate rewrite system.
First, this is explained informally. A predicate rewrite is an expression of the form p � q,

where p and q are standard predicates. The predicate p is called the head and q is the body
of the rewrite. A predicate rewrite system is a finite set of predicate rewrites. One should
think of a predicate rewrite system as a kind of grammar for generating a particular class
of predicates. Roughly speaking, this works as follows. Starting from the weakest predicate
top, all predicate rewrites that have top (of the appropriate type) in the head are selected
to make up child predicates that consist of the bodies of these predicate rewrites. Then, for
each child predicate and each redex in that predicate, all child predicates are generated by
replacing each redex by the body of the predicate rewrite whose head is identical to the redex.
This generation of predicates continues to produce the entire space of predicates given by the
predicate rewrite system.

Here is the formal development.

Definition 5.10. A predicate rewrite system is a finite relation � on S satisfying the following
two properties.

1. For each p � q, the type of p is more general than the type of q.

2. For each p � q, there does not exist s � t such that q is a proper subterm of s.

If p � q, then p � q is called a predicate rewrite, p the head, and q the body of the predicate
rewrite.

The second condition of Definition 5.10 states that no body of a rewrite is a proper
subterm of the head of any rewrite. In practice, the heads of rewrites are usually standard
predicates consisting of just one transformation, such as top. In this case, the second condition
is automatically satisfied, since the heads have no proper subterms at all.

Definition 5.11. A subterm of a standard predicate

���1(f1 p1,1 . . . p1,k1) ◦ · · · ◦���n(fn pn,1 . . . pn,kn)

is eligible if it is a suffix of the standard predicate or it is an eligible subterm of pi,j , for some
i ∈ {1, . . . , n} and j ∈ {1, . . . , ki}.

Example 5.10. The eligible subterms of

�1vertices ◦�1�2(setExists2 (∧2 (proj1 ◦ (= A)) (proj2 ◦ (= 3))) (proj1 ◦ (= B)))
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are

�1vertices ◦�1�2(setExists2 (∧2 (proj1 ◦ (= A)) (proj2 ◦ (= 3))) (proj1 ◦ (= B))),
�1�2setExists2 (∧2 (proj1 ◦ (= A)) (proj2 ◦ (= 3))) (proj1 ◦ (= B)),
∧2 (proj1 ◦ (= A)) (proj2 ◦ (= 3)),
proj1 ◦ (= A),
proj2 ◦ (= 3),
(= A),
(= 3),
proj1 ◦ (= B), and
(= B).

Proposition 5.6. An eligible subterm of a standard predicate is a standard predicate.

Proof. This is a straightforward induction argument.

Proposition 5.7. Let p, q, and r be standard predicates, and q an eligible subterm of p such
that p[q/r] is a term. Then p[q/r] is a standard predicate.

Proof. The proof is by induction on the number of transformations in p. If the number of
transformations in p is one, then the result is obvious. Suppose the result holds for standard
predicates that have < m transformations and p has m transformations. Let p have the form

���1(f1 p1,1 . . . p1,k1) ◦ · · · ◦���n(fn pn,1 . . . pn,kn).

If q is a suffix of p, then the result follows since p[q/r] is a term. If q is an eligible subterm of
some pi,ji , then the induction hypothesis gives that pi,ji [q/r] is a standard predicate. Since
p[q/r] is a term, it follows that p[q/r] is a standard predicate.

Definition 5.12. Let � be a predicate rewrite system and p a standard predicate. An
eligible subterm r of p is a redex with respect to � if there exists a predicate rewrite r � b
such that p[r/b] is a standard predicate. In this case, r is said to be a redex via r � b.

It follows from Proposition 5.7 that r is a redex iff p[r/b] is a term. The phrase ‘redex
with respect to �’ is usually abbreviated to simply ‘redex’ with the predicate rewrite system
understood.

Definition 5.13. Let � be a predicate rewrite system, and p and q standard predicates.
Then q is obtained by a predicate derivation step from p using � if there is a redex r via
r � b in p and q = p[r/b]. The redex r is called the selected redex.

Definition 5.14. A predicate derivation with respect to a predicate rewrite system � is a
finite sequence 〈p0, p1, . . . , pn〉 of standard predicates such that pi is obtained by a derivation
step from pi−1 using �, for i = 1, . . . , n. The length of the predicate derivation is n. The
standard predicate p0 is called the initial predicate and the standard predicate pn is called
the final predicate.

Usually the initial predicate is top, the weakest predicate.
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Example 5.11. Consider the following predicate rewrite system.

top � Bi(setExists1 (∧2 top top))
top �  Bjtop
top � �Bjtop
top � p

top � q

top � r.

The following is a derivation in the predicate space defined by the rewrite system.

top ; Bi(setExists1 (∧2 top top)); Bi(setExists1 (∧2  Bjtop top))
; Bi(setExists1 (∧2  Bjp top))

; · · · ; Bi(setExists1 (∧2  Bjp �Bjq)).

The set P� of predicates that can be generated from a predicate rewrite system � is
called a predicate language. Given some predicate language, it remains to specify the hypoth-
esis language, that is, the form of learned theories that employ predicates in the predicate
language.

A language of particular importance for belief acquisition is defined next.

Definition 5.15. Let α be a type. A basic predicate for the type α is one of the form (= t),
for some t ∈ Bα.

The set Bα = {(= t) | t ∈ Bα} of basic predicates for the type α is called the basic
language for the type α.

Note that Bα is the set of predicates that can be generated from the predicate rewrite
system consisting of all rewrites of the form

top � (= t),

where t ∈ Bα.

6 Reasoning

This section contains a discussion of a reasoning system that combines computation and proof,
in the sense that a computation can call for a proof to be performed and, conversely, a proof
can call for a computation to be performed. Thus the definitions below of computation and
proof are mutually recursive. To get started, I consider first the cases of pure computation,
where no proof is involved, and pure proof, where no computation is involved, then later put
the two together.

6.1 Computation

This subsection studies the case of (pure) computation.
Consider the problem of determining the meaning of a term t in the intended pointed

interpretation. If a formal definition of the intended pointed interpretation is available, then
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this problem can be solved (under some finiteness assumptions). However, I assume here that
the intended pointed interpretation is not available, as is usually the case, so that the problem
cannot be solved directly. Nevertheless, there is still a lot that can be done if the theory T

of the application is available and enough of it is in equational form. Intuitively, if t can
be ‘simplified’ sufficiently using T, its meaning may become apparent even in the absence of
detailed knowledge of the intended pointed interpretation. For example, if t can be simplified
to a term containing only data constructors, then the meaning of t will be known since the
data constructors have a fixed meaning in every interpretation.

More formally, the computation problem is as follows.

Given a theory T, a term t, and a sequence �j1 · · ·�jr of modalities, find a ‘simpler’
term t′ such that �j1 · · ·�jr∀(t = t′) is a consequence of T.

Thus t and t′ have the same meaning in all worlds accessible from the point world in the
intended pointed interpretation according to the modalities �j1 · · ·�jr .

Here now are the details about a mechanism that addresses the computational problem
by employing equational reasoning to rewrite terms to ‘simpler’ terms that have the same
meaning.

Definition 6.1. Let T ≡ (G,L) be a theory. A computation of rank 0 using �j1 · · ·�jr with
respect to T is a sequence {ti}ni=1 of terms such that the following conditions are satisfied.

1. For i = 1, . . . , n− 1, there is

(a) a subterm si of ti at occurrence oi, where the modal path to oi in ti is k1 . . . kmi ,

(b) i. a formula �j1 · · ·�jr�k1 · · ·�kmi
∀(ui = vi) in L, or

ii. a formula ∀(ui = vi) in G, and

(c) a substitution θi that is admissible with respect to ui = vi

such that uiθi is α-equivalent to si and ti+1 is ti[si/viθi]oi .

The term t1 is called the goal of the computation and tn is called the answer.
Each subterm si is called a redex.
Each formula �j1 · · ·�jr�k1 · · ·�kmi

∀(ui = vi) or ∀(ui = vi) is called an input equation.
The formula �j1 · · ·�jr∀(t1 = tn) is called the result of the computation.

Note that, by Proposition 2.9 and the remarks following Definition 2.23, ti[si/viθi]oi is a
term of the same type as ti, for i = 1, . . . , n.

A selection rule chooses the redex at each step of a computation. A common selection rule
is the leftmost one which chooses the leftmost outermost subterm that satisfies the require-
ments of Definition 6.1. Note that it is straightforward to extend the definition of computation
so that multiple redexes can be selected at each step. Then a common selection rule is the
parallel-outermost one that selects all outermost subterms that each satisfy the requirements
of Definition 6.1. Later, especially for partial evaluation, there will be a need for selection
rules that do not select the leftmost redex.

Computations generally require use of definitions of =, the connectives and quantifiers,
and some other basic functions. These definitions, which constitute what I call the standard
equality theory, are discussed in detail in [Llo03], so here I just outline the main ideas.



6 REASONING 87

Before starting on this, note that one difference between the setting in [Llo03] and the
one here is that here modalities are allowed. Thus, in particular, here one must distinguish
between local and global assumptions in theories. Given the intended meanings of equality,
the connectives and the quantifiers, it is natural that their definitions would normally be
taken to be global assumptions in the theories of applications.

Now I give a series of definitions of =, the connectives, the functions Σ and Π, and so on,
that constitute the standard equality theory. All substitutions appearing in these definitions
are assumed to be admissible. Furthermore, some of the equations that follow are schemas
which contain syntactical variables that are denoted by boldface style. Syntactical variables
are needed in situations where free variable capture is actually intended (and, therefore, the
usual substitution mechanism is not appropriate). In general, a schema is intended to stand
for the collection of terms that can be obtained from the schema by replacing its syntactical
variables by terms, in such a way as to produce well-typed terms, of course. In a few places
below, further ad hoc restrictions on the syntactical variables will be employed (such as
requiring a syntactical variable to range over data constructors or object-level variables or
rigid terms only). When using a schema in a computation or proof, a choice of terms to
replace its syntactical variables is first made. This results in a formula that can then be
handled by Definitions 6.1, 6.4, 6.6, and 6.7. Thus each of the following schemas is a compact
way of specifying a (possibly infinite) collection of formulas.

The first definition is that of the equality predicate =. (Note that a % indicates that the
remainder of the line is a comment.)

= : a→ a→ Ω

(C x1 . . . xn = C y1 . . . yn) = (x1 = y1) ∧ · · · ∧ (xn = yn)
% where C is a data constructor of arity n.

(C x1 . . . xn = D y1 . . . ym) = ⊥
% where C is a data constructor of arity n,

% D is a data constructor of arity m, and C 6= D.

((x1, . . . , xn) = (y1, . . . , yn)) = (x1 = y1) ∧ · · · ∧ (xn = yn)
% where n = 2, 3, . . . .

(λx.u = λy.v) = (less λx.u λy.v) ∧ (less λy.v λx.u)

The first two schemas in the above definition simply capture the intended meaning of data
constructors, while the third captures an important property of tuples. (Note that for the
first schema, if n = 0, then the body is >.)

However, the fourth schema is more subtle. In the proof-theoretic component below of
the reasoning system, as is common in formulations of higher-order logics, one can adopt the
axiom of extensionality:

∀f.∀g.((f = g) = ∀x.((f x) = (g x))).

However, this axiom is not used in the computational component of the reasoning system
for the reason that it is not computationally useful: showing that ∀x.((f x) = (g x)) is not
generally possible as there can be infinitely many values of x to consider. Instead, a special
case of the axiom of extensionality is used in the standard equality theory. Its purpose is
to provide a method of checking whether certain abstractions representing finite sets, finite
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multisets and similar data types are equal. In such cases, one can check for equality in a finite
amount of time. The fourth schema relies on the two following definitions.

less : (a→ b)→ (a→ b)→ Ω

less λx.d z = >
% where d is a default term.

less (λx.if u then v else w) z = (∀x.(u −→ v = (z x)))∧(less (remove {x | u} λx.w) z)

remove : (a→ Ω)→ (a→ b)→ (a→ b)

remove s λx.d = λx.d

% where d is a default term.

remove s λx.if u then v else w = λx.if u∧(x 6∈ s) then v else ((remove s λx.w) x)

The intended meaning of less is best given by an illustration. Consider the multisets m and
n. Then less m n is true iff each item in the support of m is also in the support of n and has
the same multiplicity there. For sets, less is simply the subset relation. If s is a set and m
a multiset, then remove s m returns the multiset obtained from m by removing all the items
from its support that are in s.

The next definition is the obvious one for disequality.

6= : a→ a→ Ω

x 6= y = ¬ (x = y)

The following definitions are for the connectives ∧, ∨, and ¬.

∧ : Ω → Ω → Ω

> ∧ x = x

x ∧ > = x

⊥ ∧ x = ⊥
x ∧ ⊥ = ⊥
(x ∨ y) ∧ z = (x ∧ z) ∨ (y ∧ z)
x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z)
(if u then v else w) ∧ t = if u ∧ t then v else w ∧ t
t ∧ (if u then v else w) = if t ∧ u then v else t ∧ w
u ∧ (∃x1. · · · ∃xn.v) = ∃x1. · · · ∃xn.(u ∧ v)
(∃x1. · · · ∃xn.u) ∧ v = ∃x1. · · · ∃xn.(u ∧ v)
u ∧ (x = t) ∧ v = u{x/t} ∧ (x = t) ∧ v{x/t}

% where x is a variable free in u or v or both, but not free in t, and t is not a variable.

u ∧ (t = x) ∧ v = u{x/t} ∧ (x = t) ∧ v{x/t}
% where x is a variable free in u or v or both, but not free in t, and t is not a variable.

∨ : Ω → Ω → Ω
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> ∨ x = >
x ∨ > = >
⊥ ∨ x = x

x ∨ ⊥ = x

(if u then > else w) ∨ t = if u then > else w ∨ t
(if u then ⊥ else w) ∨ t = (¬ u ∧ w) ∨ t
t ∨ (if u then > else w) = if u then > else t ∨ w
t ∨ (if u then ⊥ else w) = t ∨ (¬ u ∧ w)

¬ : Ω → Ω

¬ ⊥ = >
¬ > = ⊥
¬ (¬ x) = x

¬ (x ∧ y) = (¬ x) ∨ (¬ y)
¬ (x ∨ y) = (¬ x) ∧ (¬ y)
¬ (if u then v else w) = if u then ¬ v else ¬ w

These definitions are straightforward, except perhaps for the last three schemas in the
definition of ∧. The second and third last schemas allow the scope of existential quantifiers
to be extended provided it does not result in free variable capture. (Recall the convention
restricting the possible term replacements for syntactical variables.)

The last schema allows the elimination of some occurrences of a free variable (x, in this
case), thus simplifying an expression. A similar schema allowing this kind of simplification also
occurs in the definition of Σ below. However, a few words about the expression u∧(x = t)∧v
are necessary. The intended meaning of this expression is that it is a term such that (x = t)
is ‘embedded conjunctively’ inside it. More formally, a term t is embedded conjunctively in t
and, if t is embedded conjunctively in r (or s), then t is embedded conjunctively in r ∧ s. So,
for example, x = s is embedded conjunctively in the term ((p ∧ q) ∧ r) ∧ ((x = s) ∧ (t ∧ u)).

Next come the definitions of Σ and Π.

Σ : (a→ Ω)→ Ω

∃x1. · · · ∃xn.> = >
∃x1. · · · ∃xn.⊥ = ⊥
∃x1. · · · ∃xn.(x ∧ (xi = u) ∧ y) = ∃x1. · · · ∃xi−1.∃xi+1. · · · ∃xn.(x{xi/u} ∧ y{xi/u})

% where xi is not free in u.

∃x1. · · · ∃xn.(x ∧ (u = xi) ∧ y) = ∃x1. · · · ∃xi−1.∃xi+1. · · · ∃xn.(x{xi/u} ∧ y{xi/u})
% where xi is not free in u.

∃x1. · · · ∃xn.(u ∨ v) = (∃x1. · · · ∃xn.u) ∨ (∃x1. · · · ∃xn.v)
∃x1. · · · ∃xn.(if u then > else w) = if ∃x1. · · · ∃xn.u then > else ∃x1. · · · ∃xn.w
∃x1. · · · ∃xn.(if u then ⊥ else w) = ∃x1. · · · ∃xn.(¬ u ∧w)
∃x1. · · · ∃xn.(if u then v else w) = if ∃x1. · · · ∃xn.(u ∧ v) then > else ∃x1. · · · ∃xn.(¬u ∧w)
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% where v is neither > nor ⊥.

Π : (a→ Ω)→ Ω

∀x1. · · · ∀xn.(⊥ −→ u) = >
∀x1. · · · ∀xn.(x ∧ (xi = u) ∧ y −→ v) =

∀x1. · · · ∀xi−1.∀xi+1. · · · ∀xn.(x{xi/u} ∧ y{xi/u} −→ v{xi/u})
% where xi is not free in u.

∀x1. · · · ∀xn.(x ∧ (u = xi) ∧ y −→ v) =
∀x1. · · · ∀xi−1.∀xi+1. · · · ∀xn.(x{xi/u} ∧ y{xi/u} −→ v{xi/u})

% where xi is not free in u.

∀x1. · · · ∀xn.(u ∨ v −→ t) = (∀x1. · · · ∀xn.(u −→ t)) ∧ (∀x1. · · · ∀xn.(v −→ t))
∀x1. · · · ∀xn.((if u then > else v) −→ t) =

(∀x1. · · · ∀xn.(u −→ t)) ∧ (∀x1. · · · ∀xn.(v −→ t))
∀x1. · · · ∀xn.((if u then ⊥ else v) −→ t) = ∀x1. · · · ∀xn.(¬ u ∧ v −→ t)

For the definition of Σ, recall that ∃x.t stands for (Σ λx.t). Thus, for example, ∃x.> stands
for (Σ λx.>).

The definition for the if then else function follows.

if then else : Ω × a× a→ a

if > then u else v = u

if ⊥ then u else v = v

The next two assumptions involve function application and the if then else function.

(w if x = t then u else v) = if x = t then (w{x/t} u) else (w v)
% where x is a variable.

(if x = t then u else v w) = if x = t then (u w{x/t})) else (v w)
% where x is a variable.

The following assumption provides β-reduction.

(λx.u t) = u{x/t}

Finally, there are three schemas that involve modalities.

�it = t

% where t is a rigid term and i ∈ {1, . . . ,m}.

(�is t) = �i(s t)
% where t is a rigid term and i ∈ {1, . . . ,m}.

�iλx.t = λx.�it

% where i ∈ {1, . . . ,m}.
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Definition 6.2. The standard equality theory is the theory consisting of the preceding defi-
nitions of equality and subsidiary functions, the connectives, the quantifiers, the if then else
function, β-reduction, and the three modal schemas as global assumptions (and no local
assumptions).

The soundness of computation is given by the next result.

Proposition 6.1. Let T be a theory. Then the result of a computation of rank 0 using
�j1 · · ·�jr with respect to T is a consequence of T.

Proof. The proof is by induction on the length n of computations. If n = 1, then the result
is obvious.

Suppose now that the result holds for computations of length n. Consider a computation
{ti}n+1

i=1 using �j1 · · ·�jr of length n+1 for which, at the nth step, the input equation is either
the local assumption �j1 · · ·�jr�k1 · · ·�kmn

∀(un = vn) or the global assumption ∀(un = vn),
the admissible substitution is θn, and the redex is sn at occurrence on with modal path
k1 . . . kmn to on.

Let T be (G,L), I an interpretation, and w a world in I. Suppose that each member
of G is valid in I and that each member of L is valid at w in I. By the induction hypoth-
esis, �j1 · · ·�jr∀(t1 = tn) is valid at w in I, that is, V(�j1 · · ·�jr∀(t1 = tn), I, w, ν) = >,
for each variable assignment ν. Thus, by Proposition 3.7, V(∀(t1 = tn), I, w′, ν) = >, for
each variable assignment ν and each w′ such that w Rj1 ◦ · · · ◦Rjr w′. Hence, by Part 3 of
Proposition 3.5, V(t1 = tn, I, w

′, ν) = >, for each variable assignment ν and each w′ such that
w Rj1 ◦ · · · ◦Rjr w′.

By Proposition 3.40, for either case of input equation, �j1 · · ·�jr�k1 · · ·�kmn
∀(un = vn) is

a consequence of T. Thus, by Proposition 3.41, ∀(�j1 · · ·�jr�k1 · · ·�kmn
(un = vn)) is a con-

sequence of T and so, by Proposition 3.42, �j1 · · ·�jr�k1 · · ·�kmn
(un = vn) is a consequence

of T. Hence, by Proposition 3.43, �j1 · · ·�jr�k1 · · ·�kmn
(unθn = vnθn) is a consequence of

T. Thus V(�j1 · · ·�jr�k1 · · ·�kmn
(unθn = vnθn), I, w, ν) = >, for each variable assignment

ν. Consequently, by Proposition 3.7, V(�k1 · · ·�kmn
(unθn = vnθn), I, w′, ν) = >, for each

variable assignment ν and each w′ such that w Rj1 ◦ · · · ◦Rjr w′.
Now tn+1 is tn[sn/vnθn]on . Hence, by Proposition 3.33, V(tn = tn+1, I, w

′, ν) = >, for
each variable assignment ν and each w′ such that w Rj1 ◦ · · · ◦Rjr w′. By Proposition 3.10,
V(t1 = tn+1, I, w

′, ν) = >, for each variable assignment ν and each w′ such that
w Rj1 ◦ · · · ◦Rjr w′. By Part 3 of Proposition 3.5, V(∀(t1 = tn+1), I, w′, ν) = >, for each
variable assignment ν and each w′ such that w Rj1 ◦ · · · ◦Rjr w′. By Proposition 3.7,
V(�j1 · · ·�jr∀(t1 = tn+1), I, w, ν) = >, for each variable assignment ν. Thus �j1 · · ·�jr∀(t1 =
tn+1) is a consequence of T. This completes the induction step.

The next proposition provides a useful result about computing with basic terms.

Proposition 6.2. Let s and t be basic terms of the same type, E the standard equality theory,
and �j1 · · ·�jr any sequence of modalities. Then the following hold.

1. If s ∗←→α t, then there is a computation of rank 0 using �j1 · · ·�jr with respect to E for
the goal s = t that has the result �j1 · · ·�jr((s = t) = >).

2. If s 6 ∗←→α t, then there is a computation of rank 0 using �j1 · · ·�jr with respect to E for
the goal s = t that has the result �j1 · · ·�jr((s = t) = ⊥).
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Proof. The proof of both parts together is by induction on the structure of s [Llo03, Propo-
sition 3.5.1].

Suppose that s of type T α1 . . . αk has the form C s1 . . . sn. If s ∗←→α t, then t has the
form C t1 . . . tn and si

∗←→α ti, for i = 1, . . . , n. By the induction hypothesis, there is a
computation using �j1 · · ·�jr with the goal si = ti and the answer >, for i = 1, . . . , n. Then,
using the global assumption

(C x1 . . . xn = C y1 . . . yn) = (x1 = y1) ∧ · · · ∧ (xn = yn)

and other global assumptions in E, a computation can be constructed using �j1 · · ·�jr with
the goal s = t and the answer >, as required.

If s 6 ∗←→α t, then there are two cases to consider. Suppose first that t has the form
D t1 . . . tm, where C 6= D. Then the global assumption

(C x1 . . . xn = D y1 . . . ym) = ⊥

can be used to construct a computation with the goal s = t and the answer ⊥. In the second
case, t has the form C t1 . . . tn and sj 6

∗←→α tj , for some j ∈ {1, . . . , n}. By the induction
hypothesis, there is a computation using �j1 · · ·�jr with the goal sj = tj and the answer ⊥.
Then, using the global assumption

(C x1 . . . xn = C y1 . . . yn) = (x1 = y1) ∧ · · · ∧ (xn = yn)

and other global assumptions in E, a computation can be constructed using �j1 · · ·�jr with
the goal s = t and the answer ⊥, as required. This completes the case for basic structures.

Suppose next that s of type γ → η has the form

λx.if x = t1 then s1 else . . . if x = tn then sn else s0,

where t1, . . . , tn ∈ Bγ , s1, . . . , sn ∈ Bη, t1 < · · · < tn, si 6∈ Dη, for 1 ≤ i ≤ n (n ∈ N), and
s0 ∈ Dη. There are two cases to consider.

The first case to consider is when s ∗←→α t. In this case, t must have the form

λy.if y = t′1 then s′1 else . . . if y = t′n then s′n else s0,

where t′1, . . . , t
′
n ∈ Bγ , s′1, . . . , s

′
n ∈ Bη, t′1 < · · · < t′n, si 6∈ Dη, for 1 ≤ i ≤ n (n ∈ N),

s0 ∈ Dη, and si
∗←→α s

′
i and ti

∗←→α t
′
i, for i = 1, . . . , n. By the induction hypothesis, there

is a computation using using �j1 · · ·�jr with respect to E for the goal ti = t′i that has the
result �j1 · · ·�jr((ti = t′i) = >) and there is a computation using �j1 · · ·�jr with respect
to E for the goal si = s′i that has the result �j1 · · ·�jr((si = s′i) = >), for i = 1, . . . , n. A
computation is now constructed for the goal s = t. In this computation and the later ones in
the proof, I use several times the easily established fact that, if s and t are basic terms and
s < t, then s 6 ∗←→α t. Let srest denote

λx.if x = t2 then s2 else . . . if x = tn then sn else s0.
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An outline of this computation is as follows. (The redexes are underlined.)

s = t

(less s t) ∧ (less t s)

((∀x.((x = t1) −→ s1 = (t x))) ∧ (less (remove {x | (x = t1)} srest) t)) ∧ (less t s)

((s1 = (t t1)) ∧ (less (remove {x | (x = t1)} srest) t)) ∧ (less t s)

((s1 = (if t1 = t′1 then s′1 else . . . if t1 = t′n then s′n else s0)) ∧
(less (remove {x | (x = t1)} srest) t)) ∧ (less t s)

...
((s1 = (if > then s′1 else . . . if t1 = t′n then s′n else s0)) ∧

(less (remove {x | (x = t1)} srest) t)) ∧ (less t s)
((s1 = s′1) ∧ (less (remove {x | (x = t1)} srest) t)) ∧ (less t s)

...
(> ∧ (less (remove {x | (x = t1)} srest) t)) ∧ (less t s)

(less (remove {x | (x = t1)} srest) t) ∧ (less t s)
...

(less srest t) ∧ (less t s)
...

> ∧ (less t s)

less t s
...

>.

The case when n = 0, that is, when s and t have the form λx.s0, is much easier.
The second case to consider for basic abstractions is when s 6 ∗←→α t. In this case, there

exists j ∈ {1, . . . , n} such that ti
∗←→α t

′
i and si

∗←→α s
′
i, for i < j, and either tj 6

∗←→α t
′
j

or sj 6
∗←→α s

′
j . Alternatively, one of s and t is a strict “prefix” (up to α-equivalence) of the

other; the details of this case are omitted. Suppose that tj
∗←→α t′j , but sj 6

∗←→α s′j . Let
srestj denote

λx.if x = tj then sj else . . . if x = tn then sn else s0.
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An outline of a computation for the goal s = t in this case is as follows.

s = t

(less s t) ∧ (less t s)
...

(less srestj t) ∧ (less t s)

((∀x.((x = tj) −→ sj = (t x))) ∧ (less (remove {x | (x = tj)} srestj ) t)) ∧ (less t s)

((sj = (t tj)) ∧ (less (remove {x | (x = tj)} srestj ) t)) ∧ (less t s)

((sj = (if tj = t′1 then s′1 else . . . if tj = t′n then s′n else s0)) ∧

(less (remove {x | (x = tj)} srestj ) t)) ∧ (less t s)
...

((sj = (if ⊥ then s′1 else . . . if tj = t′n then s′n else s0)) ∧

(less (remove {x | (x = tj)} srestj ) t)) ∧ (less t s)
((sj = (if tj = t′2 then s′2 else . . . if tj = t′n then s′n else s0)) ∧

(less (remove {x | (x = tj)} srestj ) t)) ∧ (less t s)
...

((sj = (if tj = t′j then s′j else . . . if tj = t′n then s′n else s0)) ∧

(less (remove {x | (x = tj)} srestj ) t)) ∧ (less t s)
...

((sj = (if > then s′j else . . . if tj = t′n then s′n else s0)) ∧

(less (remove {x | (x = tj)} srestj ) t)) ∧ (less t s)
((sj = s′j) ∧ (less (remove {x | (x = tj)} srestj ) t)) ∧ (less t s)

...
(⊥ ∧ (less (remove {x | (x = tj)} srestj ) t)) ∧ (less t s)

⊥ ∧ (less t s)

⊥.

The remaining case is when tj 6
∗←→α t′j . Suppose that tj < t′j . (The case when t′j < tj is

similar except that (less t s) instead of (less s t) is shown to evaluate to ⊥.) An outline of a
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computation for the goal s = t in this case is as follows.

s = t

(less s t) ∧ (less t s)
...

(less srestj t) ∧ (less t s)

((∀x.((x = tj) −→ sj = (t x))) ∧ (less (remove {x | (x = tj)} srestj ) t)) ∧ (less t s)

((sj = (t tj)) ∧ (less (remove {x | (x = tj)} srestj ) t)) ∧ (less t s)

((sj = (if tj = t′1 then s′1 else . . . if tj = t′n then s′n else s0)) ∧

(less (remove {x | (x = tj)} srestj ) t)) ∧ (less t s)
...

((sj = (if ⊥ then s′1 else . . . if tj = t′n then s′n else s0)) ∧

(less (remove {x | (x = tj)} srestj ) t)) ∧ (less t s)
...

((sj = (if tj = t′j then s′j else . . . if tj = t′n then s′n else s0)) ∧

(less (remove {x | (x = tj)} srestj ) t)) ∧ (less t s)
...

((sj = (if ⊥ then s′j else . . . if tj = t′n then s′n else s0)) ∧

(less (remove {x | (x = tj)} srestj ) t)) ∧ (less t s)
...

((sj = s0) ∧ (less (remove {x | (x = tj)} srestj ) t)) ∧ (less t s)
...

(⊥ ∧ (less (remove {x | (x = tj)} srestj ) t)) ∧ (less t s)

⊥ ∧ (less t s)

⊥.

This completes the case of basic abstractions.
Suppose finally that s of type σ ≡ (σ1, . . . , σn) has the form (s1, . . . , sn). Thus t has

the form (t1, . . . , tn). If s ∗←→α t, then si
∗←→α ti, for i = 1, . . . , n. By the induction

hypothesis, there is a computation using �j1 · · ·�jr with the goal si = ti and the answer >,
for i = 1, . . . , n. Then, using the global assumption

((x1, . . . , xn) = (y1, . . . , yn)) = (x1 = y1) ∧ · · · ∧ (xn = yn)

and other global assumptions in E, a computation can be constructed using �j1 · · ·�jr with
the goal s = t and the answer >, as required. If s 6 ∗←→α t, then sj 6

∗←→α tj , for some
j ∈ {1, . . . , n}. By the induction hypothesis, there is a computation using �j1 · · ·�jr with
the goal sj = tj and the answer ⊥. A similar argument to the previous case now shows that
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there is a computation using �j1 · · ·�jr with the goal s = t and the answer ⊥, as required.
This completes the case of basic tuples.

Here are four examples to illustrate computation.

Example 6.1. Consider again the functions sometime and upto sometime that were intro-
duced in Section 3.8 and that have the following definitions.

sometime : Ω ×Nat → Ω

(sometime (ϕϕϕ, n)) = if n = 0 then ϕϕϕ else #(sometime (ϕϕϕ, n− 1))

upto sometime : Ω ×Nat → Ω

(upto sometime (ϕϕϕ, n)) =
if n = 0 then ϕϕϕ else ((sometime (ϕϕϕ, n)) ∧ (upto sometime (ϕϕϕ, n− 1))).

These schemas are taken to be global assumptions of the theory.
Now let ϕ be some biterm. Then Figure 3 gives a computation of (upto sometime (ϕ, 2)).

The computation uses the leftmost selection rule and has the redexes underlined. It follows
from the computation that

(upto sometime (ϕ, 2)) = #≤2ϕ

is a consequence of the theory.

Example 6.2. Consider the following polymorphic definitions of the functions append , permute,
delete, and sorted which have been written in the relational style of logic programming.

append : List a× List a× List a→ Ω

(append (u, v, w)) =
((u = []) ∧ (v = w)) ∨ ∃r.∃x.∃y.((u = r ] x) ∧ (w = r ] y) ∧ (append (x, v, y)))

permute : List a× List a→ Ω

(permute ([], x)) = x = []
(permute (x ] y, w)) = ∃u.∃v.∃z.((w = u ] v) ∧ (delete (u, x ] y, z)) ∧ (permute (z, v)))

delete : a× List a× List a→ Ω

(delete (x, [], y)) = ⊥
(delete (x, y ] z, w)) = ((x = y) ∧ (w = z)) ∨ ∃v.((w = y ] v) ∧ (delete (x, z, v)))

sorted : List Int → Ω

(sorted []) = >
(sorted x ] y) = if y = [] then > else ∃u.∃v.((y = u ] v) ∧ (x ≤ u) ∧ (sorted y)).

The intended meaning of append is that it is true iff its third argument is the concatenation
of its first two arguments. The intended meaning of permute is that it is true iff its second
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(upto sometime (ϕ, 2))

if 2 = 0 then ϕ else ((sometime (ϕ, 2)) ∧ (upto sometime (ϕ, 2− 1)))
if ⊥ then ϕ else ((sometime (ϕ, 2)) ∧ (upto sometime (ϕ, 2− 1)))

(sometime (ϕ, 2)) ∧ (upto sometime (ϕ, 2− 1))

(if 2 = 0 then ϕ else #(sometime (ϕ, 2− 1))) ∧ (upto sometime (ϕ, 2− 1))
(if ⊥ then ϕ else #(sometime (ϕ, 2− 1))) ∧ (upto sometime (ϕ, 2− 1))

#(sometime (ϕ, 2− 1)) ∧ (upto sometime (ϕ, 2− 1))

# (if (2− 1) = 0 then ϕ else #(sometime (ϕ, (2− 1)− 1))) ∧ (upto sometime (ϕ, 2− 1))

# (if 1 = 0 then ϕ else #(sometime (ϕ, (2− 1)− 1))) ∧ (upto sometime (ϕ, 2− 1))
# (if ⊥ then ϕ else #(sometime (ϕ, (2− 1)− 1))) ∧ (upto sometime (ϕ, 2− 1))

##(sometime (ϕ, (2− 1)− 1)) ∧ (upto sometime (ϕ, 2− 1))

## (if (2− 1)− 1 = 0 then ϕ else #(sometime (ϕ, ((2− 1)− 1)− 1)))∧
(upto sometime (ϕ, 2− 1))

...
## (if 0 = 0 then ϕ else #(sometime (ϕ, ((2− 1)− 1)− 1))) ∧ (upto sometime (ϕ, 2− 1))
## (if > then ϕ else #(sometime (ϕ, ((2− 1)− 1)− 1))) ∧ (upto sometime (ϕ, 2− 1))

##ϕ ∧ (upto sometime (ϕ, 2− 1))
...

##ϕ ∧#ϕ ∧ (upto sometime (ϕ, (2− 1)− 1))
...

##ϕ ∧#ϕ ∧ ϕ

Figure 3: Computation of (upto sometime (ϕ, 2))

argument is a permutation of its first argument. The intended meaning of delete is that it is
true iff its third argument is the result of deleting its first argument from its second argument.
The intended meaning of sorted is that it is true iff its argument is an increasingly ordered
list of integers.

The notable feature of the above definitions is the presence of existential quantifiers in
the bodies of the statements, so not surprisingly the key statement that makes all this work
is concerned with the existential quantifier. To motivate this, consider the computation in
Figure 4 that results from the goal (append (1 ] [], 2 ] [], x)). At one point in the computation,
the following term is reached:

∃r′.∃x′.∃y′.((1 = r′) ∧ ([] = x′) ∧ (x = r′ ] y′) ∧ (append (x′, 2 ] [], y′))).

An obviously desirable simplification that can be made to this term is to eliminate the local
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variable r′ since there is a ‘value’ (that is, 1) for it. This leads to the term

∃x′.∃y′.(([] = x′) ∧ (x = 1 ] y′) ∧ (append (x′, 2 ] [], y′))).

Similarly, one can eliminate x′ to obtain

∃y′.((x = 1 ] y′) ∧ (append ([], 2 ] [], y′))).

After some more computation, the answer x = 1 ] 2 ] [] results. Now the statements that make
all this possible are

∃x1. · · · ∃xn.(x ∧ (xi = u) ∧ y) = ∃x1. · · · ∃xi−1.∃xi+1. · · · ∃xn.(x{xi/u} ∧ y{xi/u})
∃x1. · · · ∃xn.(x ∧ (u = xi) ∧ y) = ∃x1. · · · ∃xi−1.∃xi+1. · · · ∃xn.(x{xi/u} ∧ y{xi/u}),

which come from the definition of Σ : (a → Ω) → Ω in standard equality theory and have
λ-abstractions in their heads.

(append (1 ] [], 2 ] [], x))

((1 ] [] = []) ∧ (2 ] [] = x)) ∨ ∃r′.∃x′.∃y′.((1 ] [] = r′ ] x′) ∧ (x = r′ ] y′) ∧ (append (x′, 2 ] [], y′)))

(⊥ ∧ (2 ] [] = x)) ∨ ∃r′.∃x′.∃y′.((1 ] [] = r′ ] x′) ∧ (x = r′ ] y′) ∧ (append (x′, 2 ] [], y′)))

⊥ ∨ ∃r′.∃x′.∃y′.((1 ] [] = r′ ] x′) ∧ (x = r′ ] y′) ∧ (append (x′, 2 ] [], y′)))

∃r′.∃x′.∃y′.((1 ] [] = r′ ] x′) ∧ (x = r′ ] y′) ∧ (append (x′, 2 ] [], y′)))

∃r′.∃x′.∃y′.((1 = r′) ∧ ([] = x′) ∧ (x = r′ ] y′) ∧ (append (x′, 2 ] [], y′)))

∃x′.∃y′.(([] = x′) ∧ (x = 1 ] y′) ∧ (append (x′, 2 ] [], y′)))

∃y′.((x = 1 ] y′) ∧ (append ([], 2 ] [], y′)))
...

∃y′.((x = 1 ] y′) ∧ (y′ = 2 ] []))

x = 1 ] 2 ] []

Figure 4: Computation of (append (1 ] [], 2 ] [], x))

This example illustrates how the definitions in the standard equality theory allow the
traditional functional programming style to be extended to encompass the relational style of
logic programming. The definitions of predicates look a little different to the way one would
write them in, say, Prolog. A mechanical translation of a Prolog definition into one that runs
in this style of programming simply involves using the completion of the Prolog definition.
The definition here of append is essentially the completion of the Prolog version of append .
Alternatively, one can specialise the completion to the [] and ] cases, as has been done here
for the definitions of permute, delete, and sorted . One procedural difference of note is that
Prolog’s method of returning answers one at a time via backtracking is replaced here by
returning all answers together as a disjunction (or a set). Thus the computation in Figure 5
from the goal

(append (x, y, 1 ] 2 ] []))
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has the answer

((x = []) ∧ (y = 1 ] 2 ] [])) ∨ ((x = 1 ] []) ∧ (y = 2 ] [])) ∨ ((x = 1 ] 2 ] []) ∧ (y = [])).

The style of programming typified by this example is called programming with abstractions
[Llo03].

Example 6.3. Consider a belief base for an agent that contains the definition

B ∀x.((f x) = if x = A then 42 else if x = B then 21 else if x = C then 42 else 0),

where A,B,C : σ, f : σ → Nat and B is the belief modality for the agent. With such a
definition, it is straightforward to compute in the ‘forward’ direction. Thus (f B) can be
computed in the obvious way to produce the answer 21 and the result B((f B) = 21).

Less obviously, the definition can be used to compute in the ‘reverse’ direction. For
example, consider the computation of {x | (f x) = 42} in Figure 6, which produces the
answer {A,C}. This computation makes essential use of the equations

(w if x = t then u else v) = if x = t then (w{x/t} u) else (w v)
% where x is a variable.

(if x = t then u else v w) = if x = t then (u w{x/t})) else (v w)
% where x is a variable.

from the standard equality theory.

Example 6.4. This example illustrates how typical database queries can be answered. Con-
sider the definition

B ∀x.((f x) = if x = (A,Z) then (42, 11) else if x = (B,X) then (21, 7) else
if x = (C, Y ) then (42, 17) else (0, 0)),

where A,B,C : σ, X,Y, Z : τ and f : σ × τ → Nat ×Nat .
Figure 7 shows the computation using B of

∃y.((y = (f (C, v))) ∧ ((proj 1 y) = 42)),

where proj 1 projects onto the first component of a pair of natural numbers. The result of
the computation is B(∃y.((y = (f (C, v))) ∧ ((proj 1 y) = 42)) = (v = Y )) and the answer is
v = Y .

Figure 8 shows the computation using B of

{y | ∃x.((y = (f x)) ∧ ((proj 1 y) = 42))}.

The result of the computation is B({y | ∃x.((y = (f x))∧((proj 1 y) = 42))} = {(42, 11), (42, 17)})
and the answer is {(42, 11), (42, 17)}.

Many other (non-modal) examples of computation can be found in [Tho99], [Llo99], and
[Llo03].
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(append (x, y, 1 ] 2 ] []))

((x = []) ∧ (y = 1 ] 2 ] [])) ∨ ∃r′.∃x′.∃y′.((x = r′ ] x′) ∧ (1 ] 2 ] [] = r′ ] y′) ∧ (append (x′, y, y′)))

((x = []) ∧ (y = 1 ] 2 ] [])) ∨ ∃r′.∃x′.∃y′.((x = r′ ] x′) ∧ (1 = r′) ∧ (2 ] [] = y′) ∧ (append (x′, y, y′)))

((x = []) ∧ (y = 1 ] 2 ] [])) ∨ ∃x′.∃y′.((x = 1 ] x′) ∧ (2 ] [] = y′) ∧ (append (x′, y, y′)))

((x = []) ∧ (y = 1 ] 2 ] [])) ∨ ∃x′.((x = 1 ] x′) ∧ (append (x′, y, 2 ] [])))

((x = []) ∧ (y = 1 ] 2 ] [])) ∨ ∃x′.((x = 1 ] x′) ∧ (((x′ = []) ∧ (y = 2 ] [])) ∨
∃r′′.∃x′′.∃y′′.((x′ = r′′ ] x′′) ∧ (2 ] [] = r′′ ] y′′) ∧ (append (x′′, y, y′′)))))

((x = []) ∧ (y = 1 ] 2 ] [])) ∨ ∃x′.(((x = 1 ] x′) ∧ (x′ = []) ∧ (y = 2 ] [])) ∨
((x = 1 ] x′) ∧ ∃r′′.∃x′′.∃y′′.((x′ = r′′ ] x′′) ∧ (2 ] [] = r′′ ] y′′) ∧ (append (x′′, y, y′′)))))

((x = []) ∧ (y = 1 ] 2 ] [])) ∨ ∃x′.((x = 1 ] x′) ∧ (x′ = []) ∧ (y = 2 ] [])) ∨
∃x′.((x = 1 ] x′) ∧ ∃r′′.∃x′′.∃y′′.((x′ = r′′ ] x′′) ∧ (2 ] [] = r′′ ] y′′) ∧ (append (x′′, y, y′′))))

((x = []) ∧ (y = 1 ] 2 ] [])) ∨ ((x = 1 ] []) ∧ (y = 2 ] [])) ∨
∃x′.((x = 1 ] x′) ∧ ∃r′′.∃x′′.∃y′′.((x′ = r′′ ] x′′) ∧ (2 ] [] = r′′ ] y′′) ∧ (append (x′′, y, y′′))))

((x = []) ∧ (y = 1 ] 2 ] [])) ∨ ((x = 1 ] []) ∧ (y = 2 ] [])) ∨
∃x′.((x = 1 ] x′) ∧ ∃r′′.∃x′′.∃y′′.((x′ = r′′ ] x′′) ∧ (2 = r′′) ∧ ([] = y′′) ∧ (append (x′′, y, y′′))))

((x = []) ∧ (y = 1 ] 2 ] [])) ∨ ((x = 1 ] []) ∧ (y = 2 ] [])) ∨
∃x′.((x = 1 ] x′) ∧ ∃x′′.∃y′′.((x′ = 2 ] x′′) ∧ ([] = y′′) ∧ (append (x′′, y, y′′))))

((x = []) ∧ (y = 1 ] 2 ] [])) ∨ ((x = 1 ] []) ∧ (y = 2 ] [])) ∨
∃x′.((x = 1 ] x′) ∧ ∃x′′.((x′ = 2 ] x′′) ∧ (append (x′′, y, []))))

((x = []) ∧ (y = 1 ] 2 ] [])) ∨ ((x = 1 ] []) ∧ (y = 2 ] [])) ∨ ∃x′.((x = 1 ] x′) ∧ ∃x′′.((x′ = 2 ] x′′) ∧
(((x′′ = []) ∧ (y = [])) ∨ ∃r′′′.∃x′′′.∃y′′′.((x′′ = r′′′ ] x′′′) ∧ ([] = r′′′ ] y′′′) ∧ (append (x′′′, y, y′′′))))))

((x = []) ∧ (y = 1 ] 2 ] [])) ∨ ((x = 1 ] []) ∧ (y = 2 ] [])) ∨ ∃x′.((x = 1 ] x′) ∧ ∃x′′.((x′ = 2 ] x′′) ∧
(((x′′ = []) ∧ (y = [])) ∨ ∃r′′′.∃x′′′.∃y′′′.((x′′ = r′′′ ] x′′′) ∧ ⊥ ∧ (append (x′′′, y, y′′′))))))

((x = []) ∧ (y = 1 ] 2 ] [])) ∨ ((x = 1 ] []) ∧ (y = 2 ] [])) ∨ ∃x′.((x = 1 ] x′) ∧ ∃x′′.((x′ = 2 ] x′′) ∧
(((x′′ = []) ∧ (y = [])) ∨ ∃r′′′.∃x′′′.∃y′′′.(⊥ ∧ (append (x′′′, y, y′′′))))))

((x = []) ∧ (y = 1 ] 2 ] [])) ∨ ((x = 1 ] []) ∧ (y = 2 ] [])) ∨
∃x′.((x = 1 ] x′) ∧ ∃x′′.((x′ = 2 ] x′′) ∧ (((x′′ = []) ∧ (y = [])) ∨ ∃r′′′.∃x′′′.∃y′′′.⊥)))

((x = []) ∧ (y = 1 ] 2 ] [])) ∨ ((x = 1 ] []) ∧ (y = 2 ] [])) ∨
∃x′.((x = 1 ] x′) ∧ ∃x′′.((x′ = 2 ] x′′) ∧ (((x′′ = []) ∧ (y = [])) ∨ ⊥)))

((x = []) ∧ (y = 1 ] 2 ] [])) ∨ ((x = 1 ] []) ∧ (y = 2 ] [])) ∨
∃x′.((x = 1 ] x′) ∧ ∃x′′.((x′ = 2 ] x′′) ∧ (x′′ = []) ∧ (y = [])))

((x = []) ∧ (y = 1 ] 2 ] [])) ∨ ((x = 1 ] []) ∧ (y = 2 ] [])) ∨
∃x′.((x = 1 ] x′) ∧ (x′ = 2 ] []) ∧ (y = []))

((x = []) ∧ (y = 1 ] 2 ] [])) ∨ ((x = 1 ] []) ∧ (y = 2 ] [])) ∨ ((x = 1 ] 2 ] []) ∧ (y = []))

Figure 5: Computation of (append (x, y, 1 ] 2 ] []))



6 REASONING 101

{x | (f x) = 42}
{x | ((= if x = A then 42 else if x = B then 21 else if x = C then 42 else 0) 42)}
{x | (if x = A then (= 42) else (= if x = B then 21 else if x = C then 42 else 0) 42)}
{x | if x = A then (42 = 42) else ((= if x = B then 21 else if x = C then 42 else 0) 42)}
{x | if x = A then > else ((= if x = B then 21 else if x = C then 42 else 0) 42)}
{x | if x = A then > else (if x = B then (= 21) else (= if x = C then 42 else 0) 42)}
{x | if x = A then > else if x = B then (21 = 42) else ((= if x = C then 42 else 0) 42)}
{x | if x = A then > else if x = B then ⊥ else ((= if x = C then 42 else 0) 42)}
{x | if x = A then > else if x = B then ⊥ else (if x = C then (= 42) else (= 0) 42)}
{x | if x = A then > else if x = B then ⊥ else if x = C then (42 = 42) else (0 = 42)}
{x | if x = A then > else if x = B then ⊥ else if x = C then > else (0 = 42)}
{x | if x = A then > else if x = B then ⊥ else if x = C then > else ⊥}

Figure 6: Computation of rank 0 using B of {x | (f x) = 42}

6.2 Proof

Next I turn to (pure) proof using a tableau system.
Consider the problem of determining whether a biterm ϕ is true or false in the intended

pointed interpretation. Once again suppose that a formal definition of the intended pointed
interpretation is not available, but that the theory T of the application is available. Then the
problem can still be solved by showing that ϕ is a theorem of T. In this case, ϕ is a consequence
of T, by the soundness of the proof system, so that ϕ must be true in the intended pointed
interpretation. Theoremhood is, of course, undecidable in the case of higher-order logic, but
it is still possible to prove theorems in many cases of practical interest.

More formally, the proof problem is as follows.

Given a theory T and biterm ϕ, determine whether ϕ is a consequence of T.

Here now are the details of a proof system that can determine consequence.
The tableau system employs prefixed biterms as is often the case for modal logics.

Definition 6.3. A prefix is a finite sequence of the form 1.〈n1, j1〉. . . . .〈nk, jk〉, where ni is
a positive integer and ji ∈ {1, . . . ,m}, for i = 1, . . . , k.

A prefixed biterm is an expression of the form σ ϕ, where σ is a prefix and ϕ is a biterm.

In the following, 〈n, j〉 is abbreviated to nj .
The tableau system works as usual for modal logics. Given that the aim is to show that

a biterm ϕ is an L-consequence of sets of global and local assumptions, the initial node of
the tableau is 1 ¬ϕ. At any stage in the construction of the tableau, one of its branches is
chosen and the branch extended by one of the tableau rules. In this paper, I concentrate on
the (multi-modal) logic Km (where the m refers to the number of modalities) which has the
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∃y.((y = (f (C, v))) ∧ ((proj 1 y) = 42))

(proj 1 (f (C, v))) = 42

(proj 1 if (C, v) = (A,Z) then (42, 11) else if (C, v) = (B,X) then (21, 7)

else if (C, v) = (C, Y ) then (42, 17) else (0, 0)) = 42

((= if (C, v) = (A,Z) then (proj 1 (42, 11)) else (proj 1 if (C, v) = (B,X) then (21, 7)

else if (C, v) = (C, Y ) then (42, 17) else (0, 0))) 42)

(if (C, v) = (A,Z) then (= (proj 1 (42, 11))) else (= (proj 1 if (C, v) = (B,X) then (21, 7)

else if (C, v) = (C, Y ) then (42, 17) else (0, 0))) 42)

if (C, v) = (A,Z) then ((proj 1 (42, 11)) = 42) else ((proj 1 if (C, v) = (B,X) then (21, 7)

else if (C, v) = (C, Y ) then (42, 17) else (0, 0)) = 42)
if (C = A) ∧ (v = Z) then ((proj 1 (42, 11)) = 42) else ((proj 1 if (C, v) = (B,X) then (21, 7)

else if (C, v) = (C, Y ) then (42, 17) else (0, 0)) = 42)
if ⊥ ∧ (v = Z) then ((proj 1 (42, 11)) = 42) else ((proj 1 if (C, v) = (B,X) then (21, 7)

else if (C, v) = (C, Y ) then (42, 17) else (0, 0)) = 42)
if ⊥ then ((proj 1 (42, 11)) = 42) else ((proj 1 if (C, v) = (B,X) then (21, 7)

else if (C, v) = (C, Y ) then (42, 17) else (0, 0)) = 42)

(proj 1 if (C, v) = (B,X) then (21, 7) else if (C, v) = (C, Y ) then (42, 17) else (0, 0)) = 42
...

(proj 1 if (C, v) = (C, Y ) then (42, 17) else (0, 0)) = 42

((= if (C, v) = (C, Y ) then (proj 1 (42, 17)) else (proj 1 (0, 0))) 42)

(if (C, v) = (C, Y ) then (= (proj 1 (42, 17))) else (= (proj 1 (0, 0))) 42)

if (C, v) = (C, Y ) then ((proj 1 (42, 17)) = 42) else ((proj 1 (0, 0)) = 42)

if (C = C) ∧ (v = Y ) then ((proj 1 (42, 17)) = 42) else ((proj 1 (0, 0)) = 42)

if > ∧ (v = Y ) then ((proj 1 (42, 17)) = 42) else ((proj 1 (0, 0)) = 42)

if (v = Y ) then ((proj 1 (42, 17)) = 42) else ((proj 1 (0, 0)) = 42)

if (v = Y ) then (42 = 42) else ((proj 1 (0, 0)) = 42)

if (v = Y ) then > else ((proj 1 (0, 0)) = 42)

if (v = Y ) then > else (0 = 42)

if (v = Y ) then > else ⊥

Figure 7: Computation of rank 0 using B of ∃y.((y = (f (C, v))) ∧ ((proj 1 y) = 42))
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{y | ∃x.((y = (f x)) ∧ ((proj 1 y) = 42))}
{y | ∃x.((y = ϕ) ∧ ((proj 1 y) = 42))}
{y | ∃x.((y = ϕ) ∧ ((proj 1 ϕ) = 42))}

...
{y | ∃x.((y = ϕ) ∧ (if x = (A,Z) then > else if x = (B,X) then ⊥

else if x = (C, Y ) then > else ⊥))}
{y | ∃x.(if ((y = ϕ) ∧ (x = (A,Z))) then > else if ((y = ϕ) ∧ (if x = (B,X) then ⊥

else if x = (C, Y ) then > else ⊥)))}
{y | if ∃x.((y = ϕ) ∧ (x = (A,Z))) then > else ∃x.(if ((y = ϕ) ∧ (if x = (B,X) then ⊥

else if x = (C, Y ) then > else ⊥)))}
...

{y | if y = (42, 11) then > else if ∃x.((y = ϕ) ∧ (if x = (B,X) then ⊥
else if x = (C, Y ) then > else ⊥))}

...
{y | if y = (42, 11) then > else if y = (21, 7) then ⊥ else if y = (42, 17) then > else ⊥}

Figure 8: Computation of rank 0 using B of {y | ∃x.((y = (f x)) ∧ ((proj 1 y) = 42))}.
Here ϕ ≡ if x = (A,Z) then (42, 11) else if x = (B,X) then (21, 7) else if x =
(C, Y ) then (42, 17) else (0, 0)

tableau system given by the rules in Figures 9 and 10 and for which the corresponding set
of frames is K. Figure 9 gives the basic tableau rules. These rules handle the connectives,
modalities, quantifiers, abstractions, and equality. Figure 10 gives the two rules for handling
the global and local assumptions. Generally speaking, these rules are well known (see, for
example, [FM98] and [Fit02]), but the versions here differ in some details, in particular, in
the use of the admissibility assumption in the universal, abstraction, and substitutivity rules.
The proof is completed when each branch is closed, that is, contains contradictory biterms.

Without loss of generality, all local and global assumptions are assumed to be closed, as is
the theorem to be proved. Note, however, that during construction of a tableau, open biterms
can be introduced by some tableau rules.

Definition 6.4. Let T be a theory. A proof of rank 0 with respect to T is a sequence T1, . . . , Tn
of trees labelled by prefixed biterms satisfying the following conditions.

1. T1 consists of a single node labelled by 1 ¬ϕ, for some biterm ϕ.

2. For i = 1, . . . , n− 1, there is

(a) a tableau rule R from Figure 9 or Figure 10 such that Ti+1 is obtained from Ti,
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i. if R is a conjunctive rule, by extending a branch with two nodes labelled by
the prefixed biterms in the denominator of R,

ii. if R is a disjunctive rule, by splitting a branch so that the leaf node of the
branch has two children each labelled by one of the prefixed biterms in the
denominator of R,

iii. otherwise, by extending a branch with a node labelled by the prefixed biterm
in the denominator of R,

provided that any prefixed biterms in the numerator of R already appear in the
branch and any side-conditions of R are satisfied.

3. Each branch of Tn contains nodes labelled by σ ψ and σ ¬ψ, for some prefix σ and
biterm ψ.

Each Ti is called a tableau of rank 0.
A branch of a tableau of rank 0 is closed if it contains nodes labelled by σ ψ and σ ¬ψ,

for some prefix σ and biterm ψ; otherwise, the branch is open.
A tableau of rank 0 is closed if each branch is closed; otherwise, the tableau is open.
The biterm ϕ is called the theorem of the proof; this is denoted by T ` ϕ.

The next task is to prove the soundness of the proof system. The key result that needs
to be established is that, if a biterm has a proof using the rules in Figures 9 and 10, then the
biterm is a K-consequence of the global and local assumptions. To this end, the concept of a
satisfiable set of prefixed biterms is introduced.

Definition 6.5. Let L be a class of frames. A set S of prefixed biterms is L-satisfiable with
respect to a set G of global assumptions and a set L of local assumptions if there exists an
interpretation I ≡ 〈W, {Ri}mi=1, {Dα}α∈S, V 〉 based on a frame in L, a variable assignment ν,
and a mapping F of prefixes to worlds such that the following hold.

1. Each ψ ∈ G is valid in I.

2. Each ψ ∈ L is valid at F (1) in I.

3. If the prefixes σ and σ.ni both occur in S, then F (σ) Ri F (σ.ni).

4. For every biterm type α ≡ α1 → · · · → αn → Ω, there exist di ∈ Dαi (i = 1, . . . , n)
such that if σ ϕ is in S and ϕ has type α, then V(ϕ, I, F (σ), ν) d1 . . . dn = >.

A tableau branch is said to be L-satisfiable if the set of prefixed biterms on it is L-
satisfiable. A tableau is said to be L-satisfiable if it has a branch that is L-satisfiable.

Notation. In the following, ‘satisfiable’ will mean ‘K-satisfiable’.

Proposition 6.3. A closed tableau of rank 0 is not satisfiable.

Proof. Suppose some closed tableau is satisfiable. Thus some branch of it must be satisfiable.
Let S be the set of prefixed biterms on this branch. Suppose S is satisfiable using the
interpretation I, variable assignment ν, and mapping F . Since the tableau is closed, the
branch is closed and there exist prefixed biterms σ ψ and σ ¬ψ on the branch. Let the
type of ψ be α1 → · · · → αn → Ω and the domain elements satisfying Condition 4 of
Definition 6.5 for this type be di ∈ Dαi (i = 1, . . . , n). Thus V(ψ, I, F (σ), ν) d1 . . . dn = >
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(Conjunctive rules) For any prefix σ,
σ ϕ ∧ ψ
σ ϕ
σ ψ

σ ¬(ϕ ∨ ψ)
σ ¬ϕ
σ ¬ψ

σ ¬(ϕ −→ ψ)
σ ϕ
σ ¬ψ

(Disjunctive rules) For any prefix σ,
σ ϕ ∨ ψ

σ ϕ | σ ψ

σ ¬(ϕ ∧ ψ)
σ ¬ϕ | σ ¬ψ

σ ϕ −→ ψ

σ ¬ϕ | σ ψ

(Double negation rule) For any prefix σ,
σ ¬¬ϕ
σ ϕ

(Possibility rules) If the prefix σ.ni is new to the branch, where i ∈ {1, . . . ,m},
σ 3iϕ
σ.ni ϕ

σ ¬�iϕ

σ.ni ¬ϕ

(Necessity rules) If the prefix σ.ni already occurs on the branch, where i ∈ {1, . . . ,m},
σ �iϕ

σ.ni ϕ

σ ¬3iϕ
σ.ni ¬ϕ

(Σ rules) For any prefix σ, if y1, . . . , yn are variables new to the branch,
σ (Σ ϕ)

σ ϕ y1 . . . yn

σ ¬(Π ϕ)
σ ¬ϕ y1 . . . yn

(Π rules) For any prefix σ, if t1, . . . , tk (0 ≤ k ≤ n) are terms,
σ (Π ϕ)

σ ϕ t1 . . . tk

σ ¬(Σ ϕ)
σ ¬ϕ t1 . . . tk

(Abstraction rules) For any prefix σ, if {x/t} is admissible with respect to ϕ,
σ (λx.ϕ t)
σ ϕ{x/t}

σ ¬(λx.ϕ t)
σ ¬ϕ{x/t}

(Reflexivity rule) If the prefix σ already occurs on the branch and t is a term,

σ t = t

(Substitutivity rule) For any prefix σ, if ϕ is a biterm containing a free occurrence of the
variable x, and {x/s} and {x/t} are admissible with respect to ϕ,

σ s = t
σ ϕ{x/s}
σ ϕ{x/t}

Figure 9: Basic tableau rules
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(Global assumption rule) If the prefix σ already occurs on the branch, ψ is a global as-
sumption, and t1, . . . , tk (0 ≤ k ≤ n) are terms,

σ ψ t1 . . . tk

(Local assumption rule) If ψ is a local assumption and t1, . . . , tk (0 ≤ k ≤ n) are terms,

1 ψ t1 . . . tk

Figure 10: Tableau rules for global and local assumptions

and V(¬ψ, I, F (σ), ν) d1 . . . dn = >. However, it follows from Part 4 of Proposition 3.1
that V(¬ψ, I, F (σ), ν) d1 . . . dn = > iff V(ψ, I, F (σ), ν) d1 . . . dn = ⊥, which gives a
contradiction. Thus the closed tableau is not satisfiable.

Since, for any class L of frames, an L-satisfiable set of prefixed biterms is satisfiable, it
follows from Proposition 6.3 that a closed tableau is not L-satisfiable.

Proposition 6.4. If a tableau rule (from Figures 9 and 10) is applied to a satisfiable tableau,
then the resulting tableau is satisfiable.

Proof. Suppose that T is a satisfiable tableau and some tableau rule is applied to it on branch
B. Now some branch of T is satisfiable. If this branch is not B, then the tableau rule has no
effect on B and this branch, and hence the new tableau, is satisfiable after the application of
the tableau rule.

Thus it can be assumed that B is satisfiable. Suppose the set of prefixed biterms on B

is satisfiable via the interpretation I, variable assignment ν, and mapping F . Also suppose
the type of ϕ and ψ is α1 → · · · → αn → Ω and the domain elements satisfying Condition 4
of Definition 6.5 for this type are di ∈ Dαi (i = 1, . . . , n). Each of the tableau rules is now
examined in turn.

Conjunctive rules Consider the first of these. Since the original tableau is satisfiable, it
follows that V(ϕ ∧ ψ, I, F (σ), ν) d1 . . . dn = >. Thus V(ϕ, I, F (σ), ν) d1 . . . dn = > and
V(ψ, I, F (σ), ν) d1 . . . dn = >, by Part 1 of Proposition 3.1. Thus the tableau extended by
this rule is satisfiable.

The proofs of the other conjunctive rules are similar.
Disjunctive rules Consider the first of these. Since the original tableau is satisfiable, it

follows that V(ϕ ∨ ψ, I, F (σ), ν) d1 . . . dn = >. Thus V(ϕ, I, F (σ), ν) d1 . . . dn = > or
V(ψ, I, F (σ), ν) d1 . . . dn = >, by Part 2 of Proposition 3.1. Thus the tableau extended by
this rule is satisfiable because at least one of the resulting branches is satisfiable.

The proofs of the other disjunctive rules are similar.
Double negation rule Since the original tableau is satisfiable, it follows that

V(¬¬ϕ, I, F (σ), ν) d1 . . . dn = >. Then V(ϕ, I, F (σ), ν) d1 . . . dn = >, by Parts 5 and
6 of Proposition 3.1. Thus the extended tableau is also satisfiable.

Possibility rules Consider the first of these. Since the original tableau is satisfiable, it
follows that V(3iϕ, I, F (σ), ν) d1 . . . dn = >. By Part 2 of Proposition 3.6, for some w′

such that F (σ) Ri w′, V(ϕ, I, w′, ν) d1 . . . dn = >. Now extend the definition of F so that
F (σ.ni) = w′. Thus F (σ) Ri F (σ.ni) and V(ϕ, I, F (σ.ni), ν) d1 . . . dn = >, and so the
extended tableau is satisfiable.



6 REASONING 107

The proof of the other possibility rule is similar.
Necessity rules This is similar to the case for the possibility rules.
Σ rules Consider the first of these. Since the original tableau is satisfiable, it follows

that V((Σ ϕ), I, F (σ), ν) = >. By Part 1 of Proposition 3.2, V((Σ ϕ), I, F (σ), ν) = > iff,
for some di ∈ Dαi (i = 1, . . . , n), V(ϕ, I, F (σ), ν) d1 . . . dn = >. Let yi be a variable
of type αi that is new to the branch (i = 1, . . . , n). Define the variable assignment ν∗ by
ν∗(x) = ν(x), for x 6∈ {y1, . . . , yn} and ν∗(yi) = di, for i = 1, . . . , n. Since ν and ν∗ agree
on the free variables of ϕ, V(ϕ, I, F (σ), ν) = V(ϕ, I, F (σ), ν∗), by Proposition 3.14. Thus
V(ϕ y1 . . . yn, I, F (σ), ν∗) = V(ϕ, I, F (σ), ν∗) d1 . . . dn = V(ϕ, I, F (σ), ν) d1 . . . dn = >.
Now, since ν and ν∗ differ only on the yi and the yi are new to the branch, ν and ν∗ agree
on the free variables of each biterm on the original branch. By Proposition 3.14, it follows
that the extended branch is satisfiable via the interpretation I, variable assignment ν∗, and
mapping F .

The proof of the other Σ rule is similar, using Proposition 3.3.
Π rules Consider the first of these. Since the original tableau is satisfiable, it follows

that V((Π ϕ), I, F (σ), ν) = >. By Part 2 of Proposition 3.2, V((Π ϕ), I, F (σ), ν) = > iff,
for each di ∈ Dαi (i = 1, . . . , n), V(ϕ, I, F (σ), ν) d1 . . . dn = >. Let ti be terms of type
αi and V(ti, I, F (σ), ν) = di (i = 1, . . . , k). Then V(ϕ t1 . . . tk, I, F (σ), ν) dk+1 . . . dn =
V(ϕ, I, F (σ), ν) d1 . . . dn = >, for each dk+1 . . . dn. If this is the first occurrence on the
branch of a biterm having the same type as ϕ t1 . . . tk, then the dk+1 . . . dn required
by Condition 4 of Definition 6.5 can be chosen arbitrarily; otherwise, the dk+1 . . . dn have
already been fixed and they work here as well. Hence the extended branch is satisfiable via
the interpretation I, variable assignment ν, and mapping F .

The proof for the other Π rule is similar, using Proposition 3.3.
Abstraction rules Consider the first of these. To show satisfiability of the tableau extended

by this rule, it suffices to show that V(ϕ{x/t}, I, F (σ), ν) d1 . . . dn = >. Since the original
tableau is satisfiable, it follows that V((λx.ϕ t), I, F (σ), ν) d1 . . . dn = >. The result now
follows immediately, since by Proposition 3.35, V((λx.ϕ t), I, F (σ), ν) = V(ϕ{x/t}, I, F (σ), ν).

The proof for the second of the abstraction rules is similar.
Reflexivity rule To show satisfiability of the tableau extended by this rule, it suffices to

show that V((t = t), I, F (σ), ν) = >. But this follows immediately since the meaning of = is
the identity mapping.

Substitutivity rule To show satisfiability of the tableau extended by this rule, it suffices
to show that V(ϕ{x/t}, I, F (σ), ν) d1 . . . dn = >. Since the original tableau is satisfiable,
it follows that V(s = t, I, F (σ), ν) = > and V(ϕ{x/s}, I, F (σ), ν) d1 . . . dn = >. The result
now follows immediately from Proposition 3.31.

Global assumption rule Since the (original) tableau is satisfiable and ψ is a global as-
sumption, ψ is valid in I. Thus V(ψ, I, F (σ), ν) = >>. Hence, for each di ∈ Dαi (i = 1, . . . , n),
V(ψ, I, F (σ), ν) d1 . . . dn = >. Let ti be terms of type αi and V(ti, I, F (σ), ν) = di
(i = 1, . . . , k). Then V(ψ t1 . . . tk, I, F (σ), ν) dk+1 . . . dn = V(ψ, I, F (σ), ν) d1 . . . dn = >.
If this is the first occurrence on the branch of a biterm having the same type as ϕ t1 . . . tk,
then the dk+1 . . . dn required by Condition 4 of Definition 6.5 can be chosen arbitrarily;
otherwise, the dk+1 . . . dn have already been fixed and they work here as well. Hence the
extended branch is satisfiable via the interpretation I, variable assignment ν, and mapping
F .

Local assumption rule Since the (original) tableau is satisfiable and ψ is a local assump-
tion, ψ is valid at F (1) in I. Thus V(ψ, I, F (1), ν) = >>. Hence, for each di ∈ Dαi (i =
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1, . . . , n), V(ψ, I, F (1), ν) d1 . . . dn = >. Let ti be terms of type αi and V(ti, I, F (1), ν) = di
(i = 1, . . . , k). Then V(ψ t1 . . . tk, I, F (1), ν) dk+1 . . . dn = V(ψ, I, F (1), ν) d1 . . . dn = >.
If this is the first occurrence on the branch of a biterm having the same type as ϕ t1 . . . tk,
then the dk+1 . . . dn required by Condition 4 of Definition 6.5 can be chosen arbitrarily;
otherwise, the dk+1 . . . dn have already been fixed and they work here as well. Hence the
extended branch is satisfiable via the interpretation I, variable assignment ν, and mapping
F .

Now the soundness result can be proved.

Proposition 6.5. Let T be a theory. Then the theorem of a proof of rank 0 with respect to T

is a consequence of T.

Proof. Let T be (G,L). Suppose that ϕ is the theorem of a proof of rank 0 with respect to T,
but is not a consequence of T. Since ϕ has a proof, there is a closed tableau T beginning with
the prefixed biterm 1 ¬ϕ. Let T1 be the tableau consisting of the single node 1 ¬ϕ. Thus T
results from T1 by applying various tableau rules in Figures 9 and 10.

Suppose that the type of ϕ is α1 → · · · → αn → Ω. Since ϕ is not a consequence, there is
an interpretation I, a world w in I, a variable assignment ν, and di ∈ Dαi (i = 1, . . . , n) such
that each ψ ∈ G is valid in I, each ψ ∈ L is valid at w in I, and V(ϕ, I, w, ν) d1 . . . dn = ⊥.
Define the mapping F by F (1) = w. Clearly, {1 ¬ϕ} is satisfiable, using I, ν, and F , where di
(i = 1, . . . , n) are the domain elements associated with the type of ϕ, as required by Condition
4 of Definition 6.5. Thus T1 is satisfiable.

Since T1 is satisfiable, so is any tableau obtained from T1 by applying tableau rules, by
Proposition 6.4. Thus T is satisfiable. But this gives a contradiction, by Proposition 6.3,
since T is closed. Thus ϕ is a consequence of T.

The next result is an immediate corollary of Proposition 6.5.

Proposition 6.6. If a biterm ϕ has a proof of rank 0 with respect to the empty theory, then
ϕ is valid.

Figure 11 gives the derived rules for the quantifiers that follow directly from rules given in
Figure 9. The most common case is given where ϕ is a formula. The rules can be formulated
more generally, but I prefer to keep the simpler versions instead and go back to the rules in
Figure 9 for more general situations.

(Existential rules) For any prefix σ, if ϕ is a formula and y is a variable new to the branch,

σ ∃x.ϕ
σ ϕ{x/y}

σ ¬∀x.ϕ
σ ¬ϕ{x/y}

(Universal rules) For any prefix σ, if {x/t} is admissible with respect to the formula ϕ,
σ ∀x.ϕ
σ ϕ{x/t}

σ ¬∃x.ϕ
σ ¬ϕ{x/t}

Figure 11: Derived rules for existential and universal quantifiers
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Sometimes it will be convenient to have a further rule available that introduces λx1. . . . λxn.>
or ¬λx1. . . . λxn.⊥ (n ≥ 0) into a proof, as in Figure 12. The proof of correctness of this rule
is almost identical to that of the reflexivity rule. It enables a branch to be closed as soon as
either of the prefixed biterms σ λx1. . . . λxn.⊥ or σ ¬λx1. . . . λxn.> appear in it.

(> introduction rules) For any prefix σ,

σ λx1. . . . λxn.> σ ¬λx1. . . . λxn.⊥

Figure 12: λx1. . . . λxn.> introduction rules

To keep proofs as compact as possible, it is convenient to have some derived rules. The
next result shows the correctness of the derived rules in Figure 13 that are useful since
assumptions often have the implicational form ϕ −→ ψ.

Proposition 6.7.

1. Use of the global assumption ϕ −→ ψ is equivalent to use of either of the tableau rules:

σ ϕ

σ ψ

σ ¬ψ
σ ¬ϕ

2. Use of the local assumption ϕ −→ ψ is equivalent to use of either of the tableau rules:

1 ϕ

1 ψ

1 ¬ψ
1 ¬ϕ

Proof. 1. Suppose first that the tableau rule
σ ϕ

σ ψ
is available. It is shown that this makes

ϕ −→ ψ available as a global assumption. Suppose that σ is a prefix already occurring on
some branch. Consider the prefixed biterm

σ (ϕ −→ ψ) ∨ ¬(ϕ −→ ψ).

Since the biterm is equivalent to λx1. . . . λxn.>, this could be added (correctly) to the end of
the branch. A disjunctive rule can then be used to produce two children

σ ϕ −→ ψ and σ ¬(ϕ −→ ψ).

From the second of these, the tableau proof can proceed as follows.

σ ¬(ϕ −→ ψ) 1.
σ ϕ 2.
σ ¬ψ 3.
σ ψ 4.

Items 2 and 3 are from 1 by a conjunctive rule; 4 is from 2 by the proposed rule. Now this
branch closes by 3 and 4. What remains in the tableau is the prefixed biterm σ ϕ −→ ψ,
which is exactly what would result from the use of ϕ −→ ψ as a global assumption.

For the converse, suppose that ϕ −→ ψ is a global assumption. It has to be shown that

the use of the proposed rule
σ ϕ

σ ψ
is sound, that is, if the rule is applied to a satisfiable
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tableau, then the resulting tableau is satisfiable. Suppose the rule is applied to a branch
B. As in the proof of Proposition 6.4, I can assume that B is satisfiable. Suppose the set
of prefixed biterms on B is satisfiable via the interpretation I, variable assignment ν, and
mapping F . Since the (original) tableau is satisfiable, there exists di ∈ Dαi (i = 1, . . . , n)
such that V(ϕ, I, F (σ), ν) d1 . . . dn = >. Also V(ϕ −→ ψ, I, F (σ), ν) d1 . . . dn = >, since
ϕ −→ ψ is a global assumption. Thus V(ψ, I, F (σ), ν) d1 . . . dn = >, by Proposition 3.1, as
required.

The proof for the rule
σ ¬ψ
σ ¬ϕ is similar.

2. The proof is similar to that of 1.

(Derived rule for global implicational assumption) For any prefix σ, if ϕ −→ ψ is a global
assumption,
σ ϕ

σ ψ

σ ¬ψ
σ ¬ϕ

(Derived rule for local implicational assumption) If ϕ −→ ψ is a local assumption,
1 ϕ

1 ψ

1 ¬ψ
1 ¬ϕ

Figure 13: Derived rules for implicational assumptions

Note that, in the case of theorem proving, the definition of if then else given in standard
equality theory can be replaced by the following more general theory.

x −→ if x then y else z = y

¬x −→ if x then y else z = z.

Here are several examples to illustrate proof.

Example 6.5. Suppose a theory consists of just the local assumption ∀x.�iϕ, where ϕ is
some biterm. Then the proof in Figure 14 shows that �i∀x.ϕ is a consequence of the theory.

1 ¬�i∀x.ϕ 1.
1.1i ¬∀x.ϕ 2.
1.1i ¬ϕ{x/y} 3.
1 ∀x.�iϕ 4.
1 �iϕ{x/y} 5.
1.1i ϕ{x/y} 6.

Figure 14: Proof of rank 0 of �i∀x.ϕ

An explanation of this proof is as follows. Item 1 is the negation of the biterm to be proved;
2 is from 1 by a possibility rule; 3 is from 2 by an existential rule; 4 is a local assumption; 5
is from 4 by a universal rule; 6 is from 5 by a necessity rule; now the branch closes by 3 and
6.
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In effect, this proof establishes the Barcan biterm

∀x.�iϕ −→ �i∀x.ϕ.

Being able to prove the Barcan biterm depends crucially on the constant domain assumption
in the semantics, which leads to the particular form of the existential and universal rules in
Figure 9. For the varying domain semantics, the corresponding rules are more complicated
and the Barcan biterm fails to hold generally [FM98].

Example 6.6. Suppose a theory consists of just the local assumption �i∀x.ϕ, where ϕ is
some biterm. Then the proof in Figure 15 shows that ∀x.�iϕ is a consequence of the theory.

1 ¬∀x.�iϕ 1.
1 ¬�iϕ{x/y} 2.
1.1i ¬ϕ{x/y} 3.
1 �i∀x.ϕ 4.
1.1i ∀x.ϕ 5.
1.1i ϕ{x/y} 6.

Figure 15: Proof of rank 0 of ∀x.�iϕ

An explanation of this proof is as follows. Item 1 is the negation of the biterm to be proved;
2 is from 1 by an existential rule; 3 is from 2 by a possibility rule; 4 is a local assumption; 5
is from 4 by a necessity rule; 6 is from 5 by a universal rule; now the branch closes by 3 and
6.

In effect, this proof establishes the converse Barcan biterm

�i∀x.ϕ −→ ∀x.�iϕ.

Example 6.7. Let α be a type, p : α → Ω a predicate, and t a term of type α. Suppose a
theory consists of just the local assumption �j(p t). Then the proof in Figure 16 shows that
�j∀x.(((= t) x) −→ (p x)) is a consequence of the theory.

1 ¬�j∀x.(((= t) x) −→ (p x)) 1.
1.1j ¬∀x.(((= t) x) −→ (p x)) 2.
1.1j ¬(((= t) y) −→ (p y)) 3.
1.1j ((= t) y) 4.
1.1j ¬(p y) 5.
1.1j ¬(p t) 6.
1 �j(p t) 7.
1.1j (p t) 8.

Figure 16: Proof of rank 0 of �j∀x.(((= t) x) −→ (p x))

An explanation of this proof is as follows. Item 1 is the negation of the formula to be
proved; 2 is from 1 by a possibility rule; 3 is from 2 by an existential rule; 4 and 5 are from
3 by a conjunctive rule; 6 is from 4 and 5 by the substitutivity rule; 7 is a local assumption;
8 is from 7 by a necessity rule; now the branch closes by 6 and 8.



6 REASONING 112

Example 6.8. Consider a formula ϕ containing the free variables x1, . . . , xn (n ≥ 0). Suppose
that a theory consists of the local assumptions

�l1 · · ·�lp∀(ϕ)
∀(�l1 · · ·�lpϕ −→ �j1 · · ·�jrϕ).

The proof of rank 0 of �j1 · · ·�jr∀(ϕ) in Figure 17 shows that �j1 · · ·�jr∀(ϕ) is a consequence
of the theory. In Figure 17, ϕ′ denotes the formula ϕ{x1/y1, . . . , xn/yn}, where y1, . . . , yn are
variables new to the branch of the proof.

1 ¬�j1 · · ·�jr∀(ϕ) 1.
1 �l1 · · ·�lp∀(ϕ) 2.
1 ∀(�l1 · · ·�lpϕ −→ �j1 · · ·�jrϕ) 3.
1.1j1 ¬�j2 · · ·�jr∀(ϕ) 4.

...
1.1j1 . . . 1jr ¬∀(ϕ) 5.
1.1j1 . . . 1jr ¬ϕ′ 6.
1 �l1 · · ·�lpϕ

′ −→ �j1 · · ·�jrϕ
′ 7.

��
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1 ¬�l1 · · ·�lpϕ
′ 8.

1.1l1 ¬�l2 · · ·�lpϕ
′ 9.

...
1.1l1 . . . 1lp ¬ϕ′ 10.
1.1l1 �l2 · · ·�lp∀(ϕ) 11.

...
1.1l1 . . . 1lp ∀(ϕ) 12.
1.1l1 . . . 1lp ϕ′ 13.

1 �j1 · · ·�jrϕ
′ 14.

1.1j1 �j2 · · ·�jrϕ
′ 15.

...
1.1j1 . . . 1jr ϕ′ 16.

Figure 17: Proof of rank 0 of �j1 · · ·�jr∀(ϕ)

An explanation of this proof is as follows. Item 1 is the negation of the formula to be
proved; 2 is a local assumption; 3 is a local assumption; 4 is from 1 by a possibility rule; 5
is from 4 by possibility rules; 6 is from 5 by existential rules; 7 is from 3 by a universal rule;
8 and 14 are from 7 by a disjunctive rule; 9 is from 8 by a possibility rule; 10 is from 9 by
possibility rules; 11 is from 2 by a necessity rule; 12 is from 11 by necessity rules; 13 is from
12 by universal rules; 15 is from 14 by a necessity rule; 16 is from 15 by necessity rules; now
one branch closes by 10 and 13 and the other branch closes by 6 and 16.

Example 6.9. This example comes from [Bal98]. Consider the agents, Peter, John, and
Wendy, with belief modalities Bp, Bj , and Bw. Suppose that Peter believes that time
is true, Peter believes that John believes that place is true, Wendy believes that if Peter
believes that time is true, then John believes that time is true, and Peter believes that John
believes that if time and place are true, then appointment is true. These beliefs are captured
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in the following local assumptions of the belief base.

Bptime
BpBjplace
Bw(Bptime −→ Bjtime)
BpBj(place ∧ time −→ appointment).

Suppose, in addition, that if Peter believes something, then Peter believes that he believes
that thing; everything believed by Wendy is believed by Peter; and if Peter believes that
John believes something, then John believes that Peter believes the same thing. The local
assumptions that capture all this are as follows.

Bpϕϕϕ −→ BpBpϕϕϕ

Bwϕϕϕ −→ Bpϕϕϕ

BpBjϕϕϕ −→ BjBpϕϕϕ,

where ϕϕϕ is a syntactical variable standing for an arbitrary formula. The proof below uses the
derived rules that correspond to these local implicational assumptions.

Suppose now that one wants to show that John believes that Peter believes appointment
is true, that is,

BjBpappointment ,

is a theorem of the belief base. The tableau proof of this formula is given in Figure 18.
An explanation of this proof is as follows. Item 1 is the negation of the formula to be

proved; 2 to 5 are local assumptions; 6 is from 1 by a derived rule from BpBjϕϕϕ −→ BjBpϕϕϕ;
7 is from 6 by a possibility rule; 8 is from 7 by a possibility rule; 9 is from 5 by a necessity
rule; 10 is from 9 by a necessity rule; 11 and 25 are from 10 by a disjunctive rule; 12 and 15
are from 11 by a disjunctive rule; 13 is from 3 by a necessity rule; 14 is from 13 by a necessity
rule; this branch now closes by 12 and 14; 16 is from 4 by a derived rule from Bwϕϕϕ −→ Bpϕϕϕ;
17 is from 16 by a necessity rule; 18 and 23 are from 17 by a disjunctive rule; 19 is from 18
by a possibility rule; 20 is from 2 by a derived rule from Bpϕϕϕ −→ BpBpϕϕϕ; 21 is from 20 by
a necessity rule; 22 is from 21 by a necessity rule; this branch now closes by 19 and 22; 24 is
from 23 by a necessity rule; this branch now closes by 15 and 24; and the remaining branch
closes by 8 and 25.

Example 6.10. Let T be a theory, q : σ → Ω, and t ∈ Bσ. I show that

T ` �j1 · · ·�jr∀x.(((= t) x) −→ (q x)) iff T ` �j1 · · ·�jr(q t).

This example is relevant to belief acquisition.
It suffices to show that

` �j1 · · ·�jr∀x.(((= t) x) −→ (q x)) −→ �j1 · · ·�jr(q t)

and

` �j1 · · ·�jr(q t) −→ �j1 · · ·�jr∀x.(((= t) x) −→ (q x)).
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1 ¬BjBpappointment 1.
1 Bptime 2.
1 BpBjplace 3.
1 Bw(Bptime −→ Bjtime) 4.
1 BpBj(place ∧ time −→ appointment) 5.
1 ¬BpBjappointment 6.
1.1p ¬Bjappointment 7.
1.1p.1j ¬appointment 8.
1.1p Bj(place ∧ time −→ appointment) 9.
1.1p.1j place ∧ time −→ appointment 10.
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1.1p.1j ¬(place ∧ time) 11.

zzuuuuuuuuu
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1.1p.1j appointment 25.

1.1p.1j ¬place 12.
1.1p Bjplace 13.
1.1p.1j place 14.

1.1p.1j ¬time 15.
1 Bp(Bptime −→ Bjtime) 16.
1.1p Bptime −→ Bjtime 17.
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1.1p ¬Bptime 18.
1.1p.2p ¬time 19.
1 BpBptime 20.
1.1p Bptime 21.
1.1p.2p time 22.

1.1p Bjtime 23.
1.1p.1j time 24.

Figure 18: Proof of rank 0 of BjBpappointment

For the first of these, the proof is given in Figure 19. An explanation of this proof is
as follows. Item 1 is the negation of the formula to be proved; 2 and 3 are from 1 by a
conjunctive rule; 4 is from 3 by a possibility rule; 5 is from 4 by possibility rules; 6 is from 2
by a necessity rule; 7 is from 6 by necessity rules; 8 is from 7 by a universal rule; 9 and 10 are
from 8 by a disjunctive rule; 11 is the reflexivity rule; now the first branch closes by 9 and
11; and the second branch closes by 5 and 10.

For the second, the proof is given in Figure 20. An explanation of this proof is as follows.
Item 1 is the negation of the formula to be proved; 2 and 3 are from 1 by a conjunctive rule;
4 is from 3 by a possibility rule; 5 is from 4 by possibility rules; 6 is from 5 by an existential
rule; 7 and 8 are from 6 by a conjunctive rule; 9 is from 8 and 7 by the substitutivity rule;
10 is from 2 by a necessity rule; 11 is from 10 by necessity rules; now the branch closes by 9
and 11.

So far I have considered the case where theories consist solely of formulas. Now I turn
to the more general case where theories can contain biterms that are not formulas and show
why this generalisation is useful.

Example 6.11. I start with a simple theory containing formulas. Consider the predicates
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1 ¬(�j1 · · ·�jr∀x.(((= t) x) −→ (q x)) −→ �j1 · · ·�jr(q t)) 1.
1 �j1 · · ·�jr∀x.(((= t) x) −→ (q x)) 2.
1 ¬�j1 · · ·�jr(q t) 3.
1.1j1 ¬�j2 · · ·�jr(q t) 4.

...
1.1j1 . . . 1jr ¬(q t) 5.
1.1j1 �j2 · · ·�jr∀x.(((= t) x) −→ (q x)) 6.

...
1.1j1 . . . 1jr ∀x.(((= t) x) −→ (q x)) 7.
1.1j1 . . . 1jr ((= t) t) −→ (q t) 8.
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1.1j1 . . . 1jr ¬((= t) t) 9.
1.1j1 . . . 1jr ((= t) t) 11.

1.1j1 . . . 1jr (q t) 10.

Figure 19: Proof of rank 0 of �j1 · · ·�jr∀x.(((= t) x) −→ (q x)) −→ �j1 · · ·�jr(q t)

1 ¬(�j1 · · ·�jr(q t) −→ �j1 · · ·�jr∀x.(((= t) x) −→ (q x))) 1.
1 �j1 · · ·�jr(q t) 2.
1 ¬�j1 · · ·�jr∀x.(((= t) x) −→ (q x)) 3.
1.1j1 ¬�j2 · · ·�jr∀x.(((= t) x) −→ (q x)) 4.

...
1.1j1 . . . 1jr ¬∀x.(((= t) x) −→ (q x)) 5.
1.1j1 . . . 1jr ¬(((= t) y) −→ (q y))) 6.
1.1j1 . . . 1jr ((= t) y) 7.
1.1j1 . . . 1jr ¬(q y) 8.
1.1j1 . . . 1jr ¬(q t) 9.
1.1j1 �j2 · · ·�jr(q t) 10.

...
1.1j1 . . . 1jr (q t) 11.

Figure 20: Proof of rank 0 of �j1 · · ·�jr(q t) −→ �j1 · · ·�jr∀x.(((= t) x) −→ (q x))

p, q, r : σ → Ω and the theory having the following local assumptions.

∀x.((p x) −→ (q x))
∀x.((q x) −→ (r x)).

Figure 21 gives the proof of the theorem ∀x.((p x) −→ (r x)). The soundness result, Propo-
sition 6.5, shows that ∀x.((p x) −→ (r x)) is a consequence of theory.

The next step is to redo this example using biterms instead of formulas. Note that a
biterm ϕ is valid at a world in an interpretation iff the formula (Π ϕ) has the same property,
by Proposition 3.2. Thus the implicit Π at the front of each formula in the preceding theory
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1 ¬∀x.((p x) −→ (r x)) 1.
1 ∀x.((p x) −→ (q x)) 2.
1 ∀x.((q x) −→ (r x)) 3.
1 ¬((p y) −→ (r y) 4.
1 (p y) 5.
1 ¬(r y) 6.
1 (p y) −→ (q y) 7.
1 (q y) −→ (r y) 8.
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1 ¬(p y) 9. 1 (q y) 10.

||xxxxxxxx

""FFFFFFFF

1 ¬(q y) 11. 1 (r y) 12.

Figure 21: Proof of rank 0 of ∀x.((p x) −→ (r x))

can be removed to obtain the following (essentially) equivalent theory.

λx.((p x) −→ (q x))
λx.((q x) −→ (r x)).

Similarly, the preceding theorem can be replaced by the biterm λx.((p x) −→ (r x)). Figure 22
now gives the proof of this theorem from the biterm theory. The step that gives the biterms
in items 4 and 5 in this proof uses the equation

¬λx.(ϕ −→ ψ) = λx.ϕ ∧ ¬λx.ψ,

which can be used as a local assumption, by Proposition 3.1. Proposition 6.5 shows that
λx.((p x) −→ (r x)) is a consequence of biterm theory, a statement equivalent to the analogous
statement for the preceding version using formulas.

1 ¬λx.((p x) −→ (r x)) 1.
1 λx.((p x) −→ (q x)) 2.
1 λx.((q x) −→ (r x)) 3.
1 λx.(p x) 4.
1 ¬λx.(r x) 5.
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1 ¬λx.(p x) 6. 1 λx.(q x) 7.

||xxxxxxxx

""FFFFFFFF

1 ¬λx.(q x) 8. 1 λx.(r x) 9.

Figure 22: Proof of rank 0 of λx.((p x) −→ (r x))
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The biterm formulation is a little simpler than the formulation using formulas, but it can
still be improved a lot. The point is that the use of variables complicates the theory and
proof, and the variables are unnecessary. A better biterm formulation is the theory

p −→ q

q −→ r,

where p −→ r is the theorem to be proved. Figure 23 contains this proof which is clearly as
simple as any proof for this situation could possibly be. All reliance on variables has been
eliminated and the proof is structurally equivalent to the proof for the case that p, q, and r
are propositions (not predicates).

1 ¬(p −→ r) 1.
1 p −→ q 2.
1 q −→ r 3.
1 p 4.
1 ¬r 5.
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1 ¬p 6. 1 q 7.

||xxxxxxxx
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1 ¬q 8. 1 r 9.

Figure 23: Proof of rank 0 of p −→ r

Biterms allow one to avoid the use of variables in knowledge representation and rea-
soning tasks when they are not really needed. Indeed, from the biterm perspective, many
conventional uses of variables are simply gratuitous – they are only needed because, by the
conventional definition, theories have to consist of formulas. Consequently, I advocate look-
ing for opportunities to use biterms that make knowledge representation and reasoning tasks
simpler. On the other hand, any situation that uses biterms can be forced into one that only
uses formulas – simply apply Π to each assumption and to the biterm to be proved.

Here is an example of a propositional proof that extends immediately to the biterm case.

Example 6.12. Figure 24 gives a proof of the Kripke axiom

�i(ϕ −→ ψ) −→ (�iϕ −→ �iψ),

for the case that ϕ and ψ are biterms.
An explanation of this proof is as follows. Item 1 is the negation of the biterm to be

proved; 2 and 3 are from 1 by a conjunctive rule; 4 and 5 are from 3 by a conjunctive rule;
6 is from 5 by a possibility rule; 7 is from 4 by a necessity rule; 8 is from 2 by a necessity
rule; 9 and 10 are from 8 by a disjunctive rule; now the first branch closes by 7 and 9, and
the second branch closes by 6 and 10.

Other examples (for theories that consist of formulas) can be found in [FM98] and [Fit02].
Not surprisingly, the result of a computation can also be obtained by proving a theorem.

This is shown by simulating a computation step using a proof.
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1 ¬(�i(ϕ −→ ψ) −→ (�iϕ −→ �iψ)) 1.
1 �i(ϕ −→ ψ) 2.
1 ¬(�iϕ −→ �iψ) 3.
1 �iϕ 4.
1 ¬�iψ 5.
1.1i ¬ψ 6.
1.1i ϕ 7.
1.1i ϕ→ ψ 8.
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1.1i ¬ϕ 9. 1.1i ψ 10.

Figure 24: Proof of rank 0 of �i(ϕ −→ ψ) −→ (�iϕ −→ �iψ)

Proposition 6.8. Let T ≡ (G,L) be a theory, t a term, and s a subterm of t at occurrence
o, where the modal path to o in t is k1 . . . km. Suppose there is

1. a formula �j1 · · ·�jr�k1 · · ·�km∀(u = v) in L, or

2. a formula ∀(u = v) in G, and

a substitution θ that is admissible with respect to u = v such that uθ is α-equivalent to s.
Then T ` �j1 · · ·�jr∀(t = t[s/vθ]o).

Proof. First, the case when s is t is considered. Thus o is ε, the modal path is empty, and uθ
is α-equivalent to t. It has to be shown that T ` �j1 · · ·�jr∀(uθ = vθ). The proof of this is
given in Figure 25. An explanation of this proof is as follows. Item 1 is the negation of the
formula to be proved; 2 is a local assumption; 3 is from 1 by possibility rules; 4 is from 3 by
existential rules (where ϕ is the substitution introducing the variables new to the branch); 5
is from 2 by necessity rules; 6 is from 5 by universal rules; now the branch closes by 4 and 6.
The proof when the input equation is a global assumption is almost the same as this.

1 ¬�j1 · · ·�jr∀(uθ = vθ) 1.
1 �j1 · · ·�jr∀(u = v) 2.
1.1j1 . . . 1jr ¬∀(uθ = vθ) 3.
1.1j1 . . . 1jr ¬(uθϕ = vθϕ) 4.
1.1j1 . . . 1jr ∀(u = v) 5.
1.1j1 . . . 1jr uθϕ = vθϕ 6.

Figure 25: Proof of �j1 · · ·�jr∀(uθ = vθ)

Now the case when s is a strict subterm of t is considered. The proof for this case is
by induction on the structure of t. If t is a variable or a constant, then there are no strict
subterms and there is nothing more to consider.

Suppose that t is an abstraction λx.r. Since s is a strict subterm of t, s must be a subterm
of r at occurrence o′, where o = 1o′. By either the induction hypothesis or the first part of
the proof in case s is r, we have that T ` �j1 · · ·�jr∀(r = r[s/vθ]o′). It has to be shown
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that T ` �j1 · · ·�jr∀(λx.r = (λx.r)[s/vθ]o). The proof of this is given in Figure 26. An
explanation of this proof is as follows. Item 1 is the negation of the formula to be proved; 2
is from the induction hypothesis; 3 is from 1 by possibility rules; 4 is from 3 by existential
rules (where ϕ is the substitution introducing the variables new to the branch); 5 is a global
assumption (the axiom of extensionality); 6 is from 5 by universal rules; 7 is from 4 and 6 by
the substitutivity rule; 8 is from 7 by an existential rule (z is a variable new to the branch);
9 is a global assumption (β-reduction); 10 is a global assumption (β-reduction); 11 is from 8
and 9 by the substitutivity rule; 12 is from 10 and 11 by the substitutivity rule; 13 is from 2
by necessity rules; 14 is from 13 by universal rules; now the branch closes by 12 and 14.

1 ¬�j1 · · ·�jr∀(λx.r = (λx.r)[s/vθ]o) 1.
1 �j1 · · ·�jr∀(r = r[s/vθ]o′) 2.
1.1j1 . . . 1jr ¬∀(λx.r = (λx.r)[s/vθ]o) 3.
1.1j1 . . . 1jr ¬((λx.r)ϕ = ((λx.r)[s/vθ]o)ϕ) 4.
1.1j1 . . . 1jr ∀f.∀g.((f = g) = ∀y.((f y) = (g y))) 5.
1.1j1 . . . 1jr ((λx.r)ϕ = ((λx.r)[s/vθ]o)ϕ) = ∀y.(((λx.r)ϕ y) = (((λx.r)[s/vθ]o)ϕ y)) 6.
1.1j1 . . . 1jr ¬∀y.(((λx.r)ϕ y) = (((λx.r)[s/vθ]o)ϕ y)) 7.
1.1j1 . . . 1jr ¬(((λx.r)ϕ z) = (((λx.r)[s/vθ]o)ϕ z)) 8.
1.1j1 . . . 1jr ((λx.r)ϕ z) = rϕ{x/z} 9.
1.1j1 . . . 1jr (((λx.r)[s/vθ]o)ϕ z) = r[s/vθ]o′ϕ{x/z} 10.
1.1j1 . . . 1jr ¬(rϕ{x/z} = (((λx.r)[s/vθ]o)ϕ z)) 11.
1.1j1 . . . 1jr ¬(rϕ{x/z} = r[s/vθ]o′ϕ{x/z}) 12.
1.1j1 . . . 1jr ∀(r = r[s/vθ]o′) 13.
1.1j1 . . . 1jr rϕ{x/z} = r[s/vθ]o′ϕ{x/z} 14.

Figure 26: Proof of �j1 · · ·�jr∀(λx.r = (λx.r)[s/vθ]o)

Suppose that t is a modal term (t1 t2). Since s is a strict subterm of t, s either must
be a subterm of t1 at occurrence o′, where o = 1o′, or a subterm of t2 at occurrence o′,
where o = 2o′. The cases are essentially the same, so just the first is considered. By either
the induction hypothesis or the first part of the proof in case s is t1, we have that T `
�j1 · · ·�jr∀(t1 = t1[s/vθ]o′). It has to be shown that T ` �j1 · · ·�jr∀((t1 t2) = (t1 t2)[s/vθ]o).
The proof of this is given in Figure 27. An explanation of this proof is as follows. Item 1 is
the negation of the formula to be proved; 2 is from the induction hypothesis; 3 is from 1 by
possibility rules; 4 is from 3 by existential rules (where ϕ is the substitution introducing the
variables new to the branch); 5 is from 2 by necessity rules; 6 is from 5 by universal rules; 7
is by the reflexivity rule; 8 is from 6 and 7 by the substitutivity rule; now the branch closes
by 4 and 8.

Suppose that t is a modal term (t1, . . . , tn). The proof for this case is similar to the
preceding one.

Suppose that t is a modal term �k1r. Since s is a strict subterm of t, s must be a subterm
of r at occurrence o′, where o = 1o′. By either the induction hypothesis or the first part of
the proof in case s is r, we have that T ` �j1 · · ·�jr�k1∀(r = r[s/vθ]o′). It has to be shown
that T ` �j1 · · ·�jr∀(�k1r = (�k1r)[s/vθ]o). The proof of this is given in Figure 28. An
explanation of this proof is as follows. Item 1 is the negation of the formula to be proved; 2
is from the induction hypothesis; 3 is from 1 by possibility rules; 4 is from 3 by existential
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1 ¬�j1 · · ·�jr∀((t1 t2) = (t1 t2)[s/vθ]o) 1.
1 �j1 · · ·�jr∀(t1 = t1[s/vθ]o′) 2.
1.1j1 . . . 1jr ¬∀((t1 t2) = (t1 t2)[s/vθ]o) 3.
1.1j1 . . . 1jr ¬((t1 t2)ϕ = (t1 t2)[s/vθ]oϕ) 4.
1.1j1 . . . 1jr ∀(t1 = t1[s/vθ]o′) 5.
1.1j1 . . . 1jr t1ϕ = t1[s/vθ]o′ϕ 6.
1.1j1 . . . 1jr (t1 t2)ϕ = (t1 t2)ϕ 7.
1.1j1 . . . 1jr (t1 t2)ϕ = (t1 t2)[s/vθ]oϕ 8.

Figure 27: Proof of �j1 · · ·�jr∀((t1 t2) = (t1 t2)[s/vθ]o)

rules (where ϕ is the substitution introducing the variables new to the branch); 5 is the global
assumption �i(s = t) −→ (�is = �it); 6 and 10 are from 5 by a disjunctive rule; 7 is from
6 by a possibility rule; 8 is from 2 by necessity rules; 9 is from 8 by a universal rule; now the
first branch closes by 7 and 9, and the second closes by 4 and 10.

1 ¬�j1 · · ·�jr∀(�k1r = (�k1r)[s/vθ]o) 1.
1 �j1 · · ·�jr�k1∀(r = r[s/vθ]o′) 2.
1.1j1 . . . 1jr ¬∀(�k1r = (�k1r)[s/vθ]o) 3.
1.1j1 . . . 1jr ¬(�k1rϕ = (�k1r)[s/vθ]oϕ) 4.
1.1j1 . . . 1jr �k1(rϕ = r[s/vθ]o′ϕ) −→ (�k1rϕ = (�k1r)[s/vθ]oϕ) 5.
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1.1j1 . . . 1jr ¬�k1(rϕ = r[s/vθ]o′ϕ) 6.
1.1j1 . . . 1jr1k1 ¬(rϕ = r[s/vθ]o′ϕ) 7.
1.1j1 . . . 1jr1k1 ∀(r = r[s/vθ]o′) 8.
1.1j1 . . . 1jr1k1 rϕ = r[s/vθ]o′ϕ 9.

1.1j1 . . . 1jr �k1rϕ = (�k1r)[s/vθ]oϕ) 10.

Figure 28: Proof of �j1 · · ·�jr∀(�k1r = (�k1r)[s/vθ]o)

An easy induction argument using Proposition 6.8 shows that the result of any computa-
tion is a theorem that can be proved without resorting to computation at all. In other words,
from a theoretical point of view, computation is redundant. However, in practice, computa-
tion is essential, for at least two related reasons. The first is that in typical applications the
most common reasoning task is a computational one, that of evaluating a function on some
argument. The second is that a proof that simulates a computation is generally considerably
more complicated than the computation.

Example 6.13. Consider a theory that contains the local assumption

BiBj∀x.((p x) = (q x) ∧ (r x))

and the one step computation

λx.Bj(p x)

λx.Bj((q x) ∧ (r x))
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using Bi which shows that the result

Bi(λx.Bj(p x) = λx.Bj((q x) ∧ (r x)))

is a consequence of the theory.
Figure 29 is a proof that simulates this computation. An explanation of this proof is as

follows. Item 1 is the negation of the formula to be proved; 2 is a local assumption; 3 is from
1 by a possibility rule; 4 is a global assumption (the axiom of extensionality); 5 is from 4 by
universal rules; 6 is from 3 and 5 by the substitutivity rule; 7 is from 6 by an existential rule;
8 is a global assumption (β-reduction); 9 is a global assumption (β-reduction); 10 is from 7
and 8 by the substitutivity rule; 11 is from 9 and 10 by the substitutivity rule; 12 is the global
assumption �i(s = t) −→ (�is = �it); 13 and 17 are from 12 by a disjunctive rule; 14 is
from 13 by a possibility rule; 15 is from 2 by necessity rules; 16 is from 15 by a universal rule;
now the first branch closes by 14 and 16, and the second closes by 11 and 17.

1 ¬Bi(λx.Bj(p x) = λx.Bj((q x) ∧ (r x))) 1.
1 BiBj∀x.((p x) = (q x) ∧ (r x)) 2.
1.1i ¬(λx.Bj(p x) = λx.Bj((q x) ∧ (r x))) 3.
1.1i ∀f.∀g.((f = g) = ∀y.((f y) = (g y))) 4.
1.1i (λx.Bj(p x) = λx.Bj((q x) ∧ (r x))) = ∀y.((λx.Bj(p x) y) = (λx.Bj((q x) ∧ (r x)) y)) 5.
1.1i ¬∀y.((λx.Bj(p x) y) = (λx.Bj((q x) ∧ (r x)) y)) 6.
1.1i ¬((λx.Bj(p x) z) = (λx.Bj((q x) ∧ (r x)) z)) 7.
1.1i (λx.Bj(p x) z) = Bj(p z) 8.
1.1i (λx.Bj((q x) ∧ (r x))) z) = Bj((q z) ∧ (r z)) 9.
1.1i ¬(Bj(p z) = (λx.Bj((q x) ∧ (r x)) z)) 10.
1.1i ¬(Bj(p z) = Bj((q z) ∧ (r z))) 11.
1.1i Bj((p z) = ((q z) ∧ (r z))) −→ (Bj(p z) = Bj((q z) ∧ (r z))) 12.
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1.1i ¬Bj((p z) = ((q z) ∧ (r z))) 13.
1.1i.1j ¬(p z) = ((q z) ∧ (r z))) 14.
1.1i.1j ∀x.((p x) = (q x) ∧ (r x)) 15.
1.1i.1j (p z) = (q x) ∧ (r z) 16.

1.1i Bj(p z) = Bj((q z) ∧ (r z)) 17.

Figure 29: Proof of Bi(λx.Bj(p x) = λx.Bj((q x) ∧ (r x)))

This example illustrates just how much more complicated the proof simulation of a com-
putation is compared with the computation itself.

6.3 Computation and Proof

The next step is to combine computation and proof to give the full reasoning system. Before
that, I point out some differences between computation and proof.

The primary difference is that computation is concerned with computing the meaning of
arbitrary terms, whereas proof is concerned with finding the meaning of biterms. There is
also a difference in the kind of theories that each requires: computation needs (primarily)
an equational theory, whereas proof works with arbitrary theories. Typically, computation is
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‘efficient’; indeed, it is the basis of declarative programming languages. Proof usually involves
much more search and therefore is likely to be much less efficient.

This subsection defines the combination of proof and computation, and shows the useful-
ness of this combination. Computation enhances proof with a powerful equational reasoning
system; proof enhances computation by allowing some of the theory to be not in equational
form. Here now are the details. By means of two mutually recursive definitions, the concepts
of computation of rank k and proof of rank k are defined, for k ≥ 1.

Definition 6.6. Let T ≡ (G,L) be a theory and k ≥ 1. A computation of rank k using
�j1 · · ·�jr with respect to T is a sequence {ti}ni=1 of terms such that, for i = 1, . . . , n − 1,
there is

1. a subterm si of ti at occurrence oi, where the modal path to oi in ti is k1 . . . kmi ,

2. (a) a formula �j1 · · ·�jr�k1 · · ·�kmi
∀(ui = vi) in L, or

(b) a formula ∀(ui = vi) in G, or

(c) a formula �j1 · · ·�jr�k1 · · ·�kmi
∀(ui = vi) that is the result of a computation of

rank k − 1 using �j1 · · ·�jr�k1 · · ·�kmi
with respect to T, or

(d) a formula �j1 · · ·�jr�k1 · · ·�kmi
∀(ui = vi) that is the theorem of a proof of rank

k − 1 with respect to T, and

3. a substitution θi that is admissible with respect to ui = vi

such that uiθi is α-equivalent to si and ti+1 is ti[si/viθi]oi .
The term t1 is called the goal of the computation and tn is called the answer.
Each subterm si is called a redex.
Each formula �j1 · · ·�jr�k1 · · ·�kmi

∀(ui = vi) or ∀(ui = vi) in Part 2 of the definition is
called an input equation.

The formula �j1 · · ·�jr∀(t1 = tn) is called the result of the computation.

Definition 6.7. Let T ≡ (G,L) be a theory and k ≥ 1. A proof of rank k with respect to T is
a sequence T1, . . . , Tn of trees labelled by prefixed biterms satisfying the following conditions.

1. T1 consists of a single node labelled by 1 ¬ϕ, for some biterm ϕ.

2. For i = 1, . . . , n− 1, there is either

(a) a tableau rule R from Figure 9 or Figure 10 such that Ti+1 is obtained from Ti,

i. if R is a conjunctive rule, by extending a branch with two nodes labelled by
the prefixed biterms in the denominator of R,

ii. if R is a disjunctive rule, by splitting a branch so that the leaf node of the
branch has two children each labelled by one of the prefixed biterms in the
denominator of R,

iii. otherwise, by extending a branch with a node labelled by the prefixed biterm
in the denominator of R,

provided that any prefixed biterms in the numerator of R already appear in the
branch and any side-conditions of R are satisfied; or

(b) there is a theorem η of a proof of rank k − 1 and a branch is extended with the
prefixed biterm 1 η; or
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(c) there is a result η of a computation of rank k − 1 and a branch is extended with
the prefixed biterm 1 η.

3. Each branch of Tn contains nodes labelled by σ ψ and σ ¬ψ, for some prefix σ and
biterm ψ.

Each Ti is called a tableau of rank k.
A branch of a tableau of rank k is closed if it contains nodes labelled by σ ψ and σ ¬ψ,

for some prefix σ and biterm ψ; otherwise, the branch is open.
A tableau of rank k is closed if each branch is closed; otherwise, the tableau is open.
The biterm ϕ is called the theorem of the proof; this is denoted by T ` ϕ.

Note that a computation of rank k is a computation of rank k′ and a proof of rank k is a
proof of rank k′, for all k′ > k.

Definition 6.8. Let T be a theory.
A computation with respect to T is a computation using �j1 · · ·�jr of rank k with respect

to T, for some j1 . . . jr and k ≥ 0.
A proof with respect to T is a proof of rank k with respect to T, for some k ≥ 0.

Proposition 6.9. Let T be a theory. Then the following hold.

1. The result of a computation with respect to T is a consequence of T.

2. The theorem of a proof with respect to T is a consequence of T.

Proof. The proof is by induction on the rank of the computation and the rank of the proof.
If the rank of the computation is 0, then this is just Proposition 6.1, and if the rank of

the proof is 0, then this is just Proposition 6.5.
Suppose next that the result holds for computations of rank k−1 and proofs of rank k−1.

Consider first a computation of rank k. By the induction hypothesis, the input equation in
Parts 2(c) and 2(d) of the definition of computation of rank k is consequence of T. Using this
fact, the proof that a computation of rank k is a consequence of T is now almost exactly the
same as the proof of Proposition 6.1.

Finally, consider a proof of rank k. The first step is to establish that Proposition 6.4 can
be extended to the Parts 2(b) and 2(c) in the definition of proof of rank k in which a branch
is extended with a prefixed biterm 1 η, where η is either theorem of a proof of rank k − 1 or
a result of a computation of rank k − 1. In either case, by the induction hypothesis, η is a
consequence of T, and so η is valid at F (1) in I (where I is the interpretation in the proof of
Proposition 6.4). Thus the tableau extended by a node labelled by 1 η is satisfiable, which
establishes Proposition 6.4 for these two extra cases. The remainder of the proof that a proof
of rank k is a consequence of T now follows in a similar way to the proof of Proposition 6.5.

In some applications, it is common for a proof to consist largely of a computation.

Proposition 6.10. Let T be a theory, ϕ a biterm of type α1 → · · · → αn → Ω, and k ≥ 0.

1. Suppose there is a computation of rank k using �j1 · · ·�jr with respect to T of ϕ with
result �j1 · · ·�jr∀(ϕ = λx1. . . . λxn.>). Then there is a proof of rank k+ 1 with respect
to T of �j1 · · ·�jr∀(ϕ).
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2. Suppose there is a computation of rank k using �j1 · · ·�jr with respect to T of ϕ with
result �j1 · · ·�jr∀(ϕ = λx1. . . . λxn.⊥). Then there is a proof of rank k+ 1 with respect
to T of �j1 · · ·�jr∀(¬ϕ).

Proof. 1. The proof of �j1 · · ·�jr∀(ϕ) is given in Figure 30. Suppose that ϕ contains the
free variables y1, . . . , ym (m ≥ 0). Then ϕ′ denotes the biterm ϕ{y1/z1, . . . , ym/zm}, where
z1, . . . , zm are variables new to the branch of the proof. An explanation of this proof is as
follows. Item 1 is the negation of the biterm to be proved; 2 is from 1 by a possibility rule; 3 is
from 2 by possibility rules; 4 is from 3 by existential rules; 5 is a result from a computation of
rank k; 6 is from 5 by a necessity rule; 7 is from 6 by necessity rules; 8 is from 7 by universal
rules; 9 is from 4 and 8 by the substitutivity rule; now the branch closes by 9.

2. The proof of �j1 · · ·�jr∀(¬ϕ) is given in Figure 31. An explanation of this proof is as
follows. Item 1 is the negation of the biterm to be proved; 2 is from 1 by a possibility rule; 3 is
from 2 by possibility rules; 4 is from 3 by existential rules; 5 is from 4 by the double negation
rule; 6 is a result from a computation of rank k; 7 is from 6 by a necessity rule; 8 is from 7 by
necessity rules; 9 is from 8 by universal rules; 10 is from 5 and 9 by the substitutivity rule;
now the branch closes by 10.

1 ¬�j1 · · ·�jr∀(ϕ) 1.
1.1j1 ¬�j2 · · ·�jr∀(ϕ) 2.

...
1.1j1 . . . 1jr ¬∀(ϕ) 3.
1.1j1 . . . 1jr ¬ϕ′ 4.
1 �j1 · · ·�jr∀(ϕ = λx1. . . . λxn.>) 5.
1.1j1 �j2 · · ·�jr∀(ϕ = λx1. . . . λxn.>) 6.

...
1.1j1 . . . 1jr ∀(ϕ = λx1. . . . λxn.>) 7.
1.1j1 . . . 1jr ϕ′ = λx1. . . . λxn.> 8.
1.1j1 . . . 1jr ¬λx1. . . . λxn.> 9.

Figure 30: Proof of rank k + 1 of �j1 · · ·�jr∀(ϕ)

The next result, which builds on Proposition 6.2, is used in the theoretical development
of belief acquisition.

Proposition 6.11. Let s and t be basic terms of the same type, E the standard equality
theory, and �j1 · · ·�jr any sequence of modalities. Then the following hold.

1. If s ∗←→α t, then E ` �j1 · · ·�jr(s = t).

2. If s 6 ∗←→α t, then E ` �j1 · · ·�jr¬(s = t).

Proof. 1. Suppose that s
∗←→α t. According to Proposition 6.2, there is a computa-

tion of rank 0 using �j1 · · ·�jr with respect to E for the goal s = t that has the result
�j1 · · ·�jr((s = t) = >). Using this, the proof of �j1 · · ·�jr(s = t) is given in Figure 32. An
explanation of this proof is as follows. Item 1 is the negation of the formula to be proved;
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1 ¬�j1 · · ·�jr∀(¬ϕ) 1.
1.1j1 ¬�j2 · · ·�jr∀(¬ϕ) 2.

...
1.1j1 . . . 1jr ¬∀(¬ϕ) 3.
1.1j1 . . . 1jr ¬¬ϕ′ 4.
1.1j1 . . . 1jr ϕ′ 5.
1 �j1 · · ·�jr∀(ϕ = λx1. . . . λxn.⊥) 6.
1.1j1 �j2 · · ·�jr∀(ϕ = λx1. . . . λxn.⊥) 7.

...
1.1j1 . . . 1jr ∀(ϕ = λx1. . . . λxn.⊥) 8.
1.1j1 . . . 1jr ϕ′ = λx1. . . . λxn.⊥ 9.
1.1j1 . . . 1jr λx1. . . . λxn.⊥ 10.

Figure 31: Proof of rank k + 1 of �j1 · · ·�jr∀(¬ϕ)

2 is the result from Proposition 6.2; 3 is from 1 by possibility rules; 4 is from 2 by necessity
rules; 5 is from 3 and 4 by the substitutivity rule; the branch now closes by 5.

2. This proof is very similar to the proof of 1.

1 ¬�j1 · · ·�jr(s = t) 1.
1 �j1 · · ·�jr((s = t) = >) 2.
1.1j1 . . . 1jr ¬(s = t) 3.
1.1j1 . . . 1jr ((s = t) = >) 4.
1.1j1 . . . 1jr ¬> 5.

Figure 32: Proof of rank 1 of �j1 · · ·�jr(s = t)

Here is an example to illustrate the combination of computation and proof; more examples
are given in Section 7.3 below.

Example 6.14. Consider an alphabet containing the functions

setExists1 : (α→ Ω)→ {α} → Ω

∧2 : (α→ Ω)→ (α→ Ω)→ α→ Ω

top : α→ Ω

∧ : Ω → Ω → Ω,

for some type α, and a theory T that includes

(setExists1 p t) = ∃x.((p x) ∧ (x ∈ t))
(∧2 p1 p2 x) = (p1 x) ∧ (p2 x)
(top x) = >
x ∧ > = x
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as global assumptions.
Let p and q be specific predicates on items of type α, and consider the two predicates

(setExists1 (∧2 p q))

and

(setExists1 (∧2 p top)).

I will show that

�j∀x.((setExists1 (∧2 p q) x) −→ (setExists1 (∧2 p top) x))

is a theorem of a proof of rank 1 with respect to T and, therefore, is a consequence of
T. Intuitively, this means that agent j believes that the first predicate is stronger than the
second. The proof of this formula is given in Figure 33. In this proof, there are two subsidiary
computations of rank 0: the computation of (setExists1 (∧2 p q) y) is given in Figure 34 and
the computation of (setExists1 (∧2 p top) y) is given in Figure 35. Each computation uses
the leftmost selection rule and has the redexes underlined.

1 ¬�j∀x.((setExists1 (∧2 p q) x) −→ (setExists1 (∧2 p top) x)) 1.
1.1j ¬∀x.((setExists1 (∧2 p q) x) −→ (setExists1 (∧2 p top) x)) 2.
1.1j ¬((setExists1 (∧2 p q) y) −→ (setExists1 (∧2 p top) y)) 3.
1.1j setExists1 (∧2 p q) y 4.
1.1j ¬(setExists1 (∧2 p top) y) 5.
1 �j((setExists1 (∧2 p q) y) = ∃z.(((p z) ∧ (q z)) ∧ (z ∈ y))) 6.
1.1j (setExists1 (∧2 p q) y) = ∃z.(((p z) ∧ (q z)) ∧ (z ∈ y)) 7.
1.1j ∃z.(((p z) ∧ (q z)) ∧ (z ∈ y)) 8.
1.1j ((p v) ∧ (q v)) ∧ (v ∈ y) 9.
1.1j (p v) 10.
1.1j (q v) 11.
1.1j (v ∈ y) 12.
1 �j((setExists1 (∧2 p top) y) = ∃z.((p z) ∧ (z ∈ y))) 13.
1.1j (setExists1 (∧2 p top) y) = ∃z.((p z) ∧ (z ∈ y)) 14.
1.1j ¬∃z.((p z) ∧ (z ∈ y)) 15.
1.1j ¬((p v) ∧ (v ∈ y)) 16.
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1.1j ¬(p v) 17. 1.1j ¬(v ∈ y) 18.

Figure 33: Proof of �j∀x.((setExists1 (∧2 p q) x) −→ (setExists1 (∧2 p top) x))

An explanation of this proof is as follows. Item 1 is the negation of the formula to be
proved; 2 is from 1 by a possibility rule; 3 is from 2 by an existential rule; 4 and 5 are from
3 by a conjunctive rule; 6 is by introduction of the result from Figure 34; 7 is from 6 by
a necessity rule; 8 is from 4 and 7 by the substitutivity rule; 9 is from 8 by an existential
rule; 10, 11, and 12 are from 9 by conjunctive rules; 13 is by introduction of the result from
Figure 35; 14 is from 13 by a necessity rule; 15 is from 5 and 14 by the substitutivity rule; 16
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(setExists1 (∧2 p q) y)

∃z.(((∧2 p q) z) ∧ (z ∈ y))
∃z.(((p z) ∧ (q z)) ∧ (z ∈ y))

Figure 34: Computation using �j of (setExists1 (∧2 p q) y)

(setExists1 (∧2 p top) y)

∃z.(((∧2 p top) z) ∧ (z ∈ y))
∃z.(((p z) ∧ (top z)) ∧ (z ∈ y))
∃z.(((p z) ∧ >) ∧ (z ∈ y))
∃z.((p z) ∧ (z ∈ y))

Figure 35: Computation using �j of (setExists1 (∧2 p top) y)

is from 15 by a universal rule; 17 and 18 are from 16 by a disjunctive rule; now one branch
closes by 10 and 17 and the other branch closes by 12 and 18. The proof is now complete.

In Proposition 3.24, it was shown semantically that f = λx.t and ∀x.((f x) = t) are
equivalent. The next example shows this proof-theoretically.

Example 6.15. Figure 36 gives a proof of rank 1 of (f = λx.t) = ∀x.((f x) = t), where f is
a function and t is a term. This proof uses the global assumption

∀y.∀z.((y = z) = ∀x.((y x) = (z x))),

which is the axiom of extensionality.

1 ¬((f = λx.t) = ∀x.((f x) = t)) 1.
1 ∀y.∀z.((y = z) = ∀x.((y x) = (z x))) 2.
1 (f = λx.t) = ∀x.((f x) = (λx.t x)) 3.
1 ∀x.((f x) = (λx.t x)) = ∀x.((f x) = t) 4.
1 (f = λx.t) = ∀x.((f x) = t) 5.

Figure 36: Proof of rank 1 of (f = λx.t) = ∀x.((f x) = t)

An explanation of this proof is as follows. Item 1 is the negation of the formula to be
proved; 2 is a global assumption; 3 is from 2 by a universal rule; 4 is by introduction of
the result of a (one-step) computation; 5 is from 3 and 4 by the substitutivity rule; now the
branch closes by 1 and 5.

The last example for this section illustrates reasoning with biterms.
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Example 6.16. It is common to have to show that one standard predicate is stronger than
another, because a standard predicate needs to be simplified or because the relationship needs
to be established by a belief acquisition algorithm, for example.

Consider the standard predicates

�2f ◦�1p

�2f ◦�1q,

where p : σ → Ω and q : σ → Ω are defined by

�1(p = r ∧ s ∧ t)
�1(q = s ∧ t).

Figure 37 contains a proof that the first predicate is stronger than the second, that is, that

�2f ◦�1p −→ �2f ◦�1q

is a theorem. An explanation of this proof is as follows. Item 1 is the negation of the biterm
to be proved; 2 and 3 are from 1 by a conjunctive rule; 4 is the result from the computation in
Figure 38; 5 is from 2 and 4 by the substitutivity rule; 6 is the result from the computation in
Figure 39; 7 is from 3 and 6 by the substitutivity rule; 8, 9, and 10 are from 5 by conjunctive
rules; 11 and 12 are from 7 by a disjunctive rule; now the first branch closes by 9 and 11, and
the second branch closes by 10 and 12.

1 ¬(�2f ◦�1p −→ �2f ◦�1q) 1.
1 �2f ◦�1p 2.
1 ¬(�2f ◦�1q) 3.
1 �2f ◦�1p = λx.(�1r (�2f x)) ∧ λx.(�1s (�2f x)) ∧ λx.(�1t (�2f x)) 4.
1 λx.(�1r (�2f x)) ∧ λx.(�1s (�2f x)) ∧ λx.(�1t (�2f x)) 5.
1 ¬(�2f ◦�1q) = ¬λx.(�1s (�2f x)) ∨ ¬λx.(�1t (�2f x)) 6.
1 ¬λx.(�1s (�2f x)) ∨ ¬λx.(�1t (�2f x)) 7.
1 λx.(�1r (�2f x)) 8.
1 λx.(�1s (�2f x)) 9.
1 λx.(�1t (�2f x)) 10.

����
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�
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1 ¬λx.(�1s (�2f x)) 11. 1 ¬λx.(�1t (�2f x)) 12.

Figure 37: Proof of rank 1 of �2f ◦�1p −→ �2f ◦�1q

The computations in Figures 38 and 39 use (amongst others) equations having the follow-
ing form.

f ◦ g = λx.(g (f x))
�i(ϕ ∧ ψ) = �iϕ ∧�iψ.

Actually, these two computations are not complete because the definitions for f , r, s and
t have not been used. Clearly whether these definitions are used or not makes no essential
difference to the proof, so the abbreviated computations correctly illustrate the ideas.
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�2f ◦�1p

λx.(�1p (�2f x))

λx.(�1(r ∧ s ∧ t) (�2f x))

λx.((�1r ∧�1s ∧�1t) (�2f x))

λx.((�1r (�2f x)) ∧ (�1s (�2f x)) ∧ (�1t (�2f x)))

λx.(�1r (�2f x)) ∧ λx.(�1s (�2f x)) ∧ λx.(�1t (�2f x))

Figure 38: Computation of �2f ◦�1p

¬(�2f ◦�1q)

¬λx.(�1q (�2f x))

¬λx.(�1(s ∧ t) (�2f x))

¬λx.((�1s ∧�1t) (�2f x))

¬λx.((�1s (�2f x)) ∧ (�1t (�2f x)))

¬(λx.(�1s (�2f x)) ∧ λx.(�1t (�2f x)))

¬λx.(�1s (�2f x)) ∨ ¬λx.(�1t (�2f x))

Figure 39: Computation of ¬(�2f ◦�1q)

Example 6.16 shows the general approach to showing that one standard predicate is
stronger than another: simplify each predicate using a computation and then give the re-
sults of the computations to the theorem prover.

6.4 Probabilistic Reasoning

In any significant application of computers, there is likely to be uncertainty of various kinds.
Since the best way to treat uncertainty is to explicitly represent it and reason about it, this
section contains a discussion of how uncertainty can be conveniently modelled and reasoned
about in higher-order logic. This material is set in the context of the long-standing problem of
integrating logic and probability, some references to which are given in Section 8. Appendix B
gives some standard concepts from probability theory that will be needed.

Intuitively, the problem of integrating logic and probability is to find some way of effec-
tively doing probabilistic reasoning in a logical formalism that may involve the invention of
‘probabilistic logics’. So, for example, it is desirable that there be some way of representing
the uncertainty of assumptions in a theory and also methods of computing the uncertainty
of theorems that are proved from such assumptions. To set the scene, here is a discussion
of some approaches to integrating logic and probability that have come recently from the
machine learning community [Mug96, DK03, MMR+05, RD06, MR07, KD07].

The standard logical setting for these approaches is first-order logic. Imagine that an
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agent is operating in some environment for which there is some uncertainty (for example, the
environment might be partially observable). The environment is modelled as a probability
distribution over the collection of first-order interpretations (over some suitable alphabet for
the application at hand). The intuition is that any of these interpretations could be the actual
environment but that some interpretations are more likely than others to correctly model the
actual world and this information is given by the distribution on the interpretations. If the
agent actually knew this distribution, then it could answer probabilistic questions of the
form: if (closed) formula ψ holds, what is the probability that the (closed) formula ϕ holds?
In symbols, the question is: what is Pr(ϕ |ψ)?

This situation is formalised as follows. Let I be the set of interpretations and p a probabil-
ity measure on the σ-algebra of all subsets of this set. Define the random variable Xϕ : I→ R
by

Xϕ(I) =

{
1 if ϕ is true in I
0 otherwise,

with a similar definition for Xψ. Then Pr(ϕ |ψ) can be written in the form

p(Xϕ = 1 |Xψ = 1)

which is equal to

p(Xϕ = 1 ∧Xψ = 1)
p(Xψ = 1)

and, knowing p, can be evaluated.
Of course, the real problem is to know the distribution on the interpretations. To make

some progress on this, most systems intending to integrate logical and probabilistic reasoning
in artificial intelligence make simplifying assumptions. For a start, most are based on Prolog.
Thus theories are first-order Horn clause theories, maybe with negation as failure. Interpreta-
tions are limited to Herbrand interpretations and often function symbols are excluded so the
Herbrand base (and therefore the number of Herbrand interpretations) is finite. Let I denote
the (finite) set of Herbrand interpretations and B the Herbrand base. One can identify I with
the product space {0, 1}B in the natural way. Thus the problem amounts to knowing the dis-
tribution on this product space. At this point, there is a wide divergence in the approaches.
For example, either Bayesian networks or Markov random fields can be used to represent the
product distribution. In [RD06], the occurrences of atoms in the same clause are used to
give the arcs and the weights attached to clauses are used to give the potential functions in a
Markov random field. In [KD07], conditional probability distributions are attached to clauses
to give a Bayesian network. In [MMR+05], a program is written that specifies a generative
distribution for a Bayesian network. In all cases, the logic is exploited to give some kind
of compact representation of what is usually a very large graphical model. Generally, the
theory is only used to construct the graphical model and reasoning proceeds probabilistically,
as described above. This completes the scene setting.

Here a different approach is followed [LN07b]. To begin with, a much more expressive
logic, modal higher-order logic is used. The higher-orderness will be essential to achieve
the desired integration of logic and probability. Also, the modalities will be important for
agent applications. Furthermore, in the approach here, the theory plays a central role and
probabilistic reasoning all takes place in the context of the theory.
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To understand how this works, some preparation is necessary. Suppose an experiment is
performed that randomly returns some element of a set Y (according to some distribution).
This is modelled probabilistically by supposing that there is a σ-algebra A of measurable
subsets (that is, events) of Y and a probability ν on A giving the probability space (Y,A, ν).
Then the probability that a randomly chosen element (that is, sample point) lies in a subset
A of Y is given by ν(A).

Probabilities are not convenient to deal with in many applications (partly because the
σ-algebra that is the domain of the probability would have to be made explicit); instead, it is
easier to work with densities of probabilities. To set this up, suppose there is an underlying
σ-finite measure µ on A. Under a weak condition (the absolute continuity of ν with respect
to µ), the Radon-Nikodym theorem (Proposition B.2) states that there exists a non-negative,
integrable function h such that

ν(A) =
∫
A
h dµ,

for all A ∈ A. Conversely, given such an h, the preceding equation defines a finite measure
on A that is absolutely continuous with respect to µ.

There are two cases of particular interest for the underlying measure µ. In the first case,
Y is a countable set and µ is the counting measure; this is the discrete case. In the second
case, Y is Rn (n ≥ 1) and µ is Lebesgue measure; this is the continuous case.

A density is a non-negative, integrable function h on a set Y such that
∫
Y h dµ = 1

(Definition B.8). In effect, in all the situations that are likely to be met in practice, the
Radon-Nikodym theorem shows that one can work with densities instead of probabilities.
Intuitively, the density for the probability shows where the ‘mass’ is most concentrated and,
therefore, where a sample point is most likely to lie.

If (Y,A, µ) is a measure space, then Density Y denotes the set of densities on (Y,A, µ).
Densities on a set are used to directly model the uncertainty in the identity of an element
chosen according to some distribution from the set.

Example 6.17. Let Y be the set {>,⊥} and µ the counting measure on Y . Then f : Y → R
defined by

f(y) =

{
0.4 if y = >
0.6 if y = ⊥

is a density (with respect to µ) on Y . This is the density of a Bernoulli distribution [Was04].

Example 6.18. Let Y be the set {A,B,C,D} and µ the counting measure on Y . Then
f : Y → R defined by

f(y) =


0.6 if y = A

0.1 if y = B

0.2 if y = C

0.1 if y = D

is a density (with respect to µ) on Y .

Other discrete densities include those for the Binomial, Geometric, and Poisson distribu-
tions [Was04].



6 REASONING 132

Example 6.19. Let Y be R and µ the Lebesgue measure on Y . Then f : Y → R defined by

f(x) =
1

σ
√

2π
e−

1
2σ2 (x−µ)2 ,

for x ∈ R, is a density (with respect to µ) on R. This is the density for the normal (or
Gaussian) distribution with mean µ and variance σ2.

Other continuous densities include those for the Exponential, Gamma, and Beta distribu-
tions [Was04].

Consider now a more complicated situation. Suppose that there is a function f : X → Y
for which there is some uncertainty about its values that has to be modelled. This is done
with a function

f ′ : X → Density Y,

where, for each argument x, (f ′ x) is a suitable density for modelling the uncertainty in the
value of the function (f x). Once again, the intuition is that the actual value of (f x) is likely
to be where the ‘mass’ of the density (f ′ x) is most concentrated. While it is possible for
the corresponding density to be different at each element x in X, typically X is divided into
subsets (specified by predicates) on which the corresponding densities are identical.

Note that the case of uncertainty on a set that I started with is essentially a special case of
uncertainty in the values of a function as in the preceding paragraph. Let ? be a distinguished
singleton set. (This is the domain for the type 1 in the logic.) Then each element y in the
set Y can be identified with the function from ? to Y that maps the (only) element of ? to y.
Thus one can recover the former case from the latter by putting X equal to ?.

Example 6.20. Consider a function f having domain Y and for which there is some uncer-
tainty about its boolean values. This is modelled by giving f the signature Y → Density {>,⊥}.
Then a typical definition for f might be as follows.

f(x) =


λy.if y = > then 0.1 else 0.9 if p1(x) holds
λy.if y = > then 0.7 else 0.3 if p2(x) holds
λy.if y = > then 0.8 else 0.2 if p3(x) holds
λy.if y = > then 0 else 1 otherwise.

Note how the predicates p1, p2, and p3 divide up the domain into regions on each of which
the function has the same density as a value – this is typical of such functions that are often
learned.

Thus the key idea is to model uncertainty by using densities in the definitions of (some)
functions in theories. This simple idea turns out to be a powerful and convenient way of mod-
elling uncertainty with logical theories in diverse applications, especially agent applications.
Note carefully the use that has been made of the higher-orderness of the logic; this approach
is not available with first-order logic.

Now I turn to the formulation of these ideas in the logic. First, there is a type synonym

Density a ≡ a→ Real .

A type Density τ is the type of densities whose domain has type τ . Any term of type
Density τ , for some τ , is called a density.
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Example 6.21. Consider again the situation of Example 6.20. Suppose the type of elements
in Y is σ. Then, in the logic, the signature of f is σ → Density Ω. Formulated in the logic,
the definition for f is as follows.

∀x.((f x) =

if (p1 x) then λy.if y = > then 0.1 else if y = ⊥ then 0.9 else 0
else if (p2 x) then λy.if y = > then 0.7 else if y = ⊥ then 0.3 else 0
else if (p3 x) then λy.if y = > then 0.8 else if y = ⊥ then 0.2 else 0
else λy.if y = > then 0 else if y = ⊥ then 1 else 0).

It will be convenient because of the operations that will be applied to if then else expressions
to be a little pedantic about how they are written by explicitly having an ‘else 0’ case at the
end.

The next task is to express the definitions of the functions \, [, §, and $ from Appendix B in
the logic. For this, I confine attention in the following to the discrete case for which densities
have finite support (that is, take a non-zero value on at most finitely many elements of their
domain). For this case, several summation functions whose arguments are functions with finite
support are needed. (In the discrete case when the support is not finite, summation functions
are needed that suitably approximate infinite sums. In the continuous case, functions that
do (approximate) integration are needed. In both these cases, densities are likely to be
standard ones such as the Poisson, Gaussian, and so on, for which special-purpose functions
for performing the necessary computations can be written.)

First comes the function sum1 that computes
∑

x f(x), where f is a real-valued function
having finite support (that is, takes a non-zero value on at most finitely many elements of its
domain) and x ranges over the domain of f .

sum1 : (a→ Real)→ Real

(sum1 λx.if x = u then v else w) = v + (sum1 λx.w)
(sum1 λx.0) = 0

Here it is assumed that the argument to sum1 has the syntactic form of an abstraction over
a nested if then else for which there are no repeated occurrences of the tests x = u. If there
are such repeats, it is easy enough to remove them.

Example 6.22. Figure 40 gives the computation of

(sum1 λy.if y = > then 0.1 else if y = ⊥ then 0.5 else 0),

which has the answer 0.6.

Also needed will be a function sum2 that computes
∑

x∈S f(x), where f is a real-valued
function having finite support and S is a subset of the domain of f .

sum2 : {a} → (a→ Real)→ Real

(sum2 s λx.if x = u then v else w) = (if u ∈ s then v else 0) + (sum2 s λx.w)
(sum2 s λx.0) = 0

Note that sum1 and sum2 are closely related in that

(sum2 λy.> f) = (sum1 f).
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(sum1 λy.if y = > then 0.1 else if y = ⊥ then 0.5 else 0)

0.1 + (sum1 λy.if y = ⊥ then 0.5 else 0)

0.1 + (0.5 + (sum1 λy.0))

0.1 + (0.5 + 0)
0.1 + 0.5
0.6

Figure 40: Computation of (sum1 λy.if y = > then 0.1 else if y = ⊥ then 0.5 else 0)

Example 6.23. Figure 41 gives the computation of

(sum2 λx.(x = ⊥) λy.if y = > then 0.1 else if y = ⊥ then 0.5 else 0),

which has the answer 0.5.

(sum2 λx.(x = ⊥) λy.if y = > then 0.1 else if y = ⊥ then 0.5 else 0)

if > ∈ λx.(x = ⊥) then 0.1 else 0 + (sum2 λx.(x = ⊥) λy.if y = ⊥ then 0.5 else 0)

if > = ⊥ then 0.1 else 0 + (sum2 λx.(x = ⊥) λy.if y = ⊥ then 0.5 else 0)
if ⊥ then 0.1 else 0 + (sum2 λx.(x = ⊥) λy.if y = ⊥ then 0.5 else 0)

0 + (sum2 λx.(x = ⊥) λy.if y = ⊥ then 0.5 else 0)

(sum2 λx.(x = ⊥) λy.if y = ⊥ then 0.5 else 0)
...

0.5 + (sum2 λy.0)

0.5 + 0
0.5

Figure 41: Computation of (sum2 λx.(x = ⊥) λy.if y = > then 0.1 else if y =
⊥ then 0.5 else 0)

Now the definitions of the following four functions for the discrete case can be defined in
the logic.

\ : (a→ Density b)→ (b→ Density c)→ (a→ Density c)
[ : (a→ Density b)→ (b→ c)→ (a→ Density c)
§ : Density b→ (b→ Density c)→ Density c
$ : Density b→ (b→ c)→ Density c

The intuitive meaning of the function \ is that it is the ‘composition’ of two functions each
of which has uncertainty in its values giving a ‘composite’ function that has the accumulated
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uncertainty of these two functions in its values; the other functions have similar meanings
that are essentially special cases of this.

Here are the definitions in the logic of these functions for the discrete case that correspond
to the mathematical definitions in Appendix B.

\ : (a→ Density b)→ (b→ Density c)→ (a→ Density c)

f \ g = λx.λz.(sum1 λy.(((f x) y)× ((g y) z)))

[ : (a→ Density b)→ (b→ c)→ (a→ Density c)

f [ g = λx.λz.(sum2 λy.((g y) = z) λy.((f x) y))

§ : Density b→ (b→ Density c)→ Density c

f § g = λz.(sum1 λy.((f y)× ((g y) z)))

$ : Density b→ (b→ c)→ Density c

f $ g = λz.(sum2 λy.((g y) = z) f)

An extended example of probabilistic reasoning using these functions is given in Example 7.8.
Conditionalisation and marginalisation (see Appendix B) are also easily expressed in the

logic using the summation functions introduced (for the discrete case with finite support).
The literature on integrating logic and probability contains a variety of probabilistic logics.

I now examine the syntactic features of two of these logics and show how they can be easily
expressed using higher-order logic. In the logic of [FH94], one can write expressions such
as w(ϕ) < 1/3 and w(ϕ) ≥ 2w(ψ), where the first means that “ϕ has probability less than
1/3” and the second means “ϕ is at least twice as probable as ψ”. To write such expressions
in higher-order logic, one replaces the formula ϕ in the logic of [FH94] by a density on the
booleans denoted by ϕ′. (Some of) the function symbols in ϕ would have definitions involving
densities. Then w(ϕ) < 1/3 is written in the logic of this paper as

(ϕ′ >) < 1/3

and w(ϕ) ≥ 2w(ψ) is written as

(ϕ′ >) ≥ 2(ψ′ >).

The notation in [FH94] is extended so that one can write wi(ϕ) < 1/3 with the meaning
“according to agent i, ϕ holds with probability less than 1/3”. In the logic of this paper, this
can be expressed by

(Biϕ
′ >) < 1/3

or, equivalently by Equation 3.3 in Section 3.8 since > is rigid,

Bi(ϕ′ >) < 1/3.
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(An alternative to using Bi in the preceding two formulas is to use Ki.) By the way, note
carefully the difference in meaning between Bi(ϕ′ >) < 1/3 and

Bi((ϕ′ >) < 1/3).

Easy examples show that there are interpretations for which the first formula is true whereas
the second is false. Even formulas such as a1wi(ϕ1) + · · ·+ akwi(ϕk) ≥ b, where a1, . . . , ak, b
are numbers, are admitted in [FH94]. This can be written as

a1Bi(ϕ′1 >) + · · ·+ akBi(ϕ′k >) ≥ b

in the logic of this paper.
In the logic of [Hal89], expressions such as wx(ϕ) ≥ 1/2 are admitted, where this expression

has the meaning that “the probability that a randomly chosen x in the domain satisfies ϕ
is greater than or equal to 1/2”. Let h be the relevant density (with finite support) and S
the set {x |ϕ}, Then, mathematically, the required expression is

∑
x∈S h(x) ≥ 1/2, where∑

x∈S h(x) is the measure of the set of x that satisfy ϕ. In the logic of this paper, this is
expressed as

(sum2 {x |ϕ} h) ≥ 1/2.

6.5 Decidability and Termination

I now turn to the related issues of the decidability of the proof system and termination of the
computation system.

First, I discuss the proof system. Many propositional sublogics of the logic considered here
are decidable; for example, the fusion logics Km, Tm, K4m, S4m, S5m, and KD45m (m ≥ 1)
are all decidable [FHMV95]. For such logics, interest naturally turns to the complexity of their
decision procedure. For example, the satisfiability problems of S5m and KD45m (m ≥ 2)
are PSPACE-complete; thus the corresponding decision problems are also PSPACE-complete
[FHMV95].

However, even propositional modal logics can be undecidable; for example, product logics
of dimension three or more are often undecidable [GKWZ03]. In any case, for the class
of intended applications, the higher-order (or, at least, first-order) versions of the logic are
needed, and these are undecidable. As Church proved, the validity problem of (classical)
first-order logic is undecidable. Furthermore, Gödel proved that the validity problem of
(classical) second-order logic is not semi-decidable. Gödel’s result depends upon the use of
standard models. It was Henkin who realised that by extending the class of models to so-
called Henkin (also called general) models the collection of valid formulas could be reduced
and a completeness result could be obtained for higher-order (and therefore second-order)
logic. Furthermore, the compactness and Löwenheim-Skolem theorems can be proved in this
setting [Fit02]. Note that, at this point, Lindström’s (first) theorem [EFT84, Ch. XII] can
be applied to show that higher-order logic (with the Henkin semantics) is essentially just
a variant of first-order logic. In spite of this result, something important has been gained:
instead of being forced to express certain things awkwardly in first-order logic, the greater
expressive power of higher-order logic can be used. This paper contains plenty of illustrations
of the advantages of the greater expressive power of higher-order logic.

So how does one cope with the undecidability of the decision problem of the logic? The an-
swer is that for each application the theorem-proving tasks that will arise in that application
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have to be examined and shown to terminate (or else the application has to be redesigned and
re-implemented in order to achieve this). What I have in mind here is that each application is
a substantial system and that it makes sense to expend effort on ensuring the desired termi-
nation, in the same way as it makes sense to use conventional software engineering techniques
to ensure the correctness of the software that implements an application. Furthermore, this
suggestion is feasible: for a particular application the range of theorem-proving tasks (even for
an adaptive system) is likely to be tightly circumscribed, so it should be possible to provide
termination proofs for the theorem-proving tasks that arise.

Some design decisions help to ease the problem of undecidability. To begin with, I avoid
(full and, therefore, undecidable) higher-order unification altogether for a decidable form of
matching that is quite powerful enough for most applications. Also, experience with a variety
of applications indicates that the crucial facility offered by the logic is computation, as in
Section 6.1. That is, the most common reasoning task is to evaluate a function given some
arguments; in many cases, the use of the theorem prover is subsidiary to the computation
and is sometimes even essentially propositional and decidable.

This leads to the issue of the termination of the computation component of the reasoning
system. The computation component in effect provides a declarative programming language.
Even though the logic is modal, programming in this language is no more complicated than
programming in, say, Haskell. Programs have to be written, modal or not, and the usual
concerns of writing programs that efficiently compute what is needed and, especially, avoid
infinite loops are much the same as for less expressive languages. So the answer to the problem
of non-termination is that, for a particular application, the programming tasks that will arise
in that application have to be analysed and shown to terminate (or else the application has
to be redesigned and re-implemented in order to achieve this). There are well-established
techniques for doing this such as the use of well-founded orderings [DM79].

In summary, for logics as expressive as the one proposed in this paper there is no hope for
general decidability and termination results. Instead, for each application, it is necessary to
show that the proof and computation tasks that arise in the application do indeed terminate;
in the case where a proof or computation is intrinsically potentially non-terminating, resource-
bounded techniques have to be brought to bear.

7 Agents

Multi-modal, polymorphically-typed, higher-order logic is highly expressive, actually much
more expressive than most logics that are used in applications, so it is not surprising that the
range of applications of the logic presented here is substantial. The expressive power of the
logic makes it extremely attractive for applications; generally, one can accurately model the
application in a language that is intuitive and comprehensible.

While a whole array of applications does come within the purview of the logic presented
here, the particular class of agent applications strongly motivated the development and largely
explains the choice of topics in the paper. In the next section, a brief overview of architectures
for rational agents that can exploit the expressive power of the logic of this paper is given. In
Section 7.2, particular syntactic forms for beliefs are discussed. In Section 7.3, applications
of these ideas to agents are considered.
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7.1 Architectures for Rational Agents

This subsection provides an overview of architectures for rational agents.
The first issue to address is what exactly it might mean for an agent to be rational. Here

is a widely accepted definition of rationality [RN02, p.36]:

“For each possible percept sequence, a rational agent should select an action that
is expected to maximise its performance measure, given the evidence provided by
the percept sequence and whatever built-in knowledge the agent has”.

The understanding is that the performance measure is external to the agent and some method
of informing the agent of how well it is doing is available; the details of how this is handled
will depend on the application. What follows is an outline of architectures for agents that are
rational in the above sense.

Consider an agent situated in some environment that can receive percepts from the envi-
ronment and can apply actions that generally have a non-deterministic effect on the environ-
ment. Thus the agent can be considered to be a function from the sequence of percepts so
far to actions; an agent architecture provides the definition of this function.

The dynamics of agents can be modelled in a standard way [RN02, Section 17.4]. Suppose
that the agent maintains some (internal) state that records information about the environment
to help it choose suitable actions. In general, the environment is only partially observable so
that information recorded about it in the state is incomplete and uncertain; this is modelled
by the agent maintaining a density on the states that the environment could be in. In each
cycle, the agent receives a percept and updates the state density according to the information
provided by the percept; using the updated state density, it then selects an action using
some rationality principle; finally, it applies the action to the environment and updates the
state density according to the action selected. Summarising the description so far, here is a
high-level view of the main loop of the agent algorithm.

loop forever

get percept
select action
put action.

The percept received by the agent provides information about two aspects of the environ-
ment. The first is information that refines what effect the last selected action had on the
environment. The second is information about changes that may have occurred in the envi-
ronment other than those that resulted from that action; for example, the environment may
change autonomously irrespective of the behaviour of the agent. Both kinds of information
are combined into a single percept.

This description is formalised as follows. Let S be the set of states of the agent, A the set
of actions that the agent can apply, and P the set of percepts that the agent can receive. The
set S is the underlying set of a measure space that has a σ-algebra A and a measure µ on A.
Often (S,A, µ) is discrete so that A is the powerset of S and µ is the counting measure. The
sensor model for the agent is given by a function

observe : S → Density P.
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If the environment is in a certain state, then the sensor model gives a distribution over the
percepts that the agent could receive. Also the dynamics of the agent is captured by a function

transition : A→ S → Density S.

In the discrete case, transition(a)(s)(s′) is the conditional probability that, given the state is
s and action a is applied, there will be a transition to state s′. I now look in some detail at
each step of the algorithm.

First comes the get percept step. If the current state density is s and percept p is received,
then the next state density is

λs.αs(s)× observe(s)(p)

where α is a normalising constant, using Bayes rule.
Next comes the select action step. Various specific rationality principles could be used;

a widely used one is the principle of maximum expected utility [RN02, p.585] (namely, a
rational agent should choose an action that maximises the agent’s expected utility, where the
utility is a real-valued function on the set of states). If this principle is used, it is assumed
that the utility function is known to the agent and that the maximum expected value of
the utility corresponds closely to the external performance measure. Under the principle of
maximum expected utility, the policy function

policy : Density S → A

is defined by

policy(s) = argmax
a∈A

Es § transition(a)(utility),

for each s ∈ S. Here Es § transition(a)(utility) denotes the expectation of the random variable
utility : S → R with respect to the density s § transition(a). This density is defined by

(s § transition(a))(s′) =
∫
S

s(s)× transition(a)(s)(s′) ds,

for each s′ ∈ S. If the current state density is s, then the action selected is thus the one given
by policy(s).

Finally, there is the put action step. One part of this is applying the action to the
environment. The other part is updating the state density as a result of applying the action.
Suppose that the current state density is s and the action selected is amax . Then the next
state density is s § transition(amax ).

Sometimes it is not feasible to use a utility function because it is too difficult to specify
precisely enough what should be the utility of each state. In such cases, it is common to give
the agent a reward (positive or negative) after each action [Put94, RN02]. This is a kind
of ‘local’ utility; the ‘global’ utility employed above can be defined in terms of rewards and
generally needs to be learned by the agent. Since this aspect of agent architectures is not
relevant for the material of this paper, it is not discussed further.

In many complex applications, the agent is not given the definition of the function
transition (or cannot be given this definition because it is impractical to specify it precisely
enough); in such cases, the agent essentially has to learn the transition function from its
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experience in the environment. A common complication then is that the number of states
may be very large, so large in fact that it is quite impractical to attempt to learn directly
the definition of the function transition. Instead, an obvious idea is to partition the set of
states into a much smaller number of subsets of states such that the states in each subset
can be treated uniformly and learn a transition function over equivalence classes of states. I
now explore this idea in some detail and, in the subsequent two subsections, show how the
expressivity of the logic can be exploited to turn this idea into a practical method that assists
in the construction of agents.

It will be important to employ two different ways of partitioning the states. For this
reason, two collections of functions on states are introduced. These are

ei : S → Vi,

where i = 1, . . . , n, and

rj : S →Wj ,

where j = 1, . . . ,m. Each function ei, for i = 1, . . . , n, is called an evidence feature and each
function rj , for j = 1, . . . ,m, is called a result feature. Each ei and rj is a feature that picks
out a specific property of a state that is relevant to selecting actions. Evidence features are
so-called because they pick out properties of the state that suggest the action that ought to
be selected. Result features are so-called because they pick out properties of the state which
results from applying an action that can be usefully employed in the calculation of its utility.
An interesting fact that emerges from applying these ideas to practical applications is how
different the evidence features are compared with the result features [LS06].

Typically, the cardinality of the product spaces V1 × · · · × Vn and W1 × · · · × Wm are
much smaller than the cardinality of S. Often, some Vi and Wj are the simply the set of
booleans. In an application that is at least partly continuous, they could be R. There are
two key functions associated with this construction. The function

(e1, . . . , en) : S → V1 × · · · × Vn

is defined by

(e1, . . . , en)(s) = (e1(s), . . . , en(s)),

for each s ∈ S. The space V1×· · ·×Vn is assumed to have a suitable σ-algebra of measurable
sets on it, so that (e1, . . . , en) is a measurable function. If µ is the measure on S, then
(e1, . . . , en)−1 ◦µ is the measure imposed on V1×· · ·×Vn. (Note that (f ◦ g)(x) means g(f(x)).)
Similarly, the function

(r1, . . . , rm) : S →W1 × · · · ×Wm

is defined by

(r1, . . . , rm)(s) = (r1(s), . . . , rm(s)),

for each s ∈ S. The space W1×· · ·×Wm is also assumed to have a suitable σ-algebra of mea-
surable sets on it, so that (r1, . . . , rm) is a measurable function. Similarly, (r1, . . . , rm)−1 ◦µ
is the measure imposed on W1 × · · · ×Wm.
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Now, instead of the transition function

transition : A→ S → Density S,

one works with a function

transition ′ : A→ V1 × · · · × Vn → Density W1 × · · · ×Wm.

The motivation for doing this is that transition ′ should be more amenable to being learned
because of the much smaller cardinalities of its domain and codomain. Some precision is lost
in working with V1×· · ·×Vn and W1×· · ·×Wm instead of S in this way, as discussed below;
to make up for this, informative choices of the evidence and result features need to be made.
The agent cycle is now reconsidered using these features.

The three key functions have signatures

observe : S → Density P
transition ′ : A→ V1 × · · · × Vn → Density W1 × · · · ×Wm

policy : Density S → A.

The function observe is the same as before, as is the update of the state density after receiving
the percept.

The policy is now defined by

policy(s) = argmax
a∈A

Es § (e1,...,en) ◦ transition ′(a)(utility ′),

for each s ∈ S. Here

utility ′ : W1 × · · · ×Wm → R.

The result features are intended to be chosen so that (r1, . . . , rm) ◦ utility ′ gives the utility of
each state. Note that

(e1, . . . , en) ◦ transition ′(a) : S → Density W1 × · · · ×Wm,

so that s § (e1, . . . , en) ◦ transition ′(a) is a density on W1 × · · · ×Wm.
If the action selected by the policy is amax , then the state density that results by applying

this action is

s § ((e1, . . . , en) ◦ transition ′(amax ) ◦ (r1, . . . , rm)).

Here, since (r1, . . . , rm) : S → W1 × · · · ×Wm, it follows from a result in Appendix B that
one can define the function

(r1, . . . , rm) : Density W1 × · · · ×Wm → Density S

by

(r1, . . . , rm)(h) = (r1, . . . , rm) ◦h,

for each h ∈ Density W1 × · · · ×Wm. Thus

(e1, . . . , en) ◦ transition ′(amax ) ◦ (r1, . . . , rm) : S → Density S
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and so

s § ((e1, . . . , en) ◦ transition ′(amax ) ◦ (r1, . . . , rm)) : Density S,

as required. This completes the description of the agent cycle modified to handle features.
At this point, the advantages and disadvantages of introducing features are clearer. The

main advantage is that they can make learning the transition function feasible when otherwise
it wouldn’t be because of the vast size of the state space. The main disadvantage is that some
precision in the update of the state density during the agent cycle is lost since this is now
mediated by passing through V1 × · · · × Vn and W1 × · · · × Wm. This shows the crucial
importance of finding suitable features; if these can be found, and experience has shown that
this can be hard for some applications, then the loss of precision is likely to be small and
there is everything to gain. Choosing the ‘right’ (general form of) features is generally a
problem that has to be solved before deployment by the designer of the agent, although some
techniques are known that allow agents to discover such information autonomously. Agents
can learn the precise definition of a feature (whose general form is given by an hypothesis
language) during deployment by machine learning techniques. This eases the task of the
designer since only the general forms of the features need specifying before deployment. In a
dynamic environment, this adaptive capability of an agent is essential, of course. A further
complication is that, if the definitions of some features change from time to time, then the
process that is learning the transition function must take this into account because earlier
training examples may need some adjustment.

The ideas of this subsection can now be connected back to the main theme of this paper.
As the preceding discussion has made clear, the success of the whole enterprise of using
features depends upon them being able to capture quite subtle properties of the environment.
For example, it is likely that the features will need to capture beliefs about the beliefs of
other agents, beliefs about temporal aspects of the environment, and will have to cope with
uncertainty. The logic of this paper is ideal for the representation of such properties. This
topic is taken up in the next two subsections.

7.2 Agent Beliefs

This subsection gives some detail about the syntactic form that beliefs might take [LN07c,
LN07b].

The term ‘belief’ has two meanings in artificial intelligence: in robotics and vision [TBF05],
a ‘belief’ is generally a probability distribution; in logical artificial intelligence, a ‘belief’ is
a logical formula. I now give a definition of belief that encompasses both meanings and
investigate the use of this concept for agent applications.

There are no generally agreed forms for beliefs in the literature, other than the basic
requirement that they be formulas. For the purpose of constructing multi-agent systems, the
following definition is proposed.

Definition 7.1. A belief is the definition of a function f : σ → τ having the form

���∀x.((f x) = t),

where ��� is a (possibly empty) sequence of modalities and t is a term of type τ .
The function f thus defined is called a belief function. In case τ has the form Density ν,

for some ν, we say the belief is probabilistic.
A belief base is a set of beliefs.
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Typically, for agent j, beliefs have the form Bjϕ, with the intuitive meaning ‘agent j
believes ϕ’, where ϕ is ∀x.((f x) = t). Other typical beliefs have the form BjBiϕ, meaning
‘agent j believes that agent i believes ϕ’. If there is a temporal component to beliefs, this
is often manifested by temporal modalities at the front of beliefs. Then, for example, there
could be a belief of the form  2BjBiϕ, whose intuitive meaning is ‘at the second last time,
agent j believed that agent i believed ϕ’. (Here,  2 is a shorthand for   .)

The above description generalises the agent architecture presented in [LS06] by admitting
probabilistic beliefs in addition to non-probabilistic ones. Using a density to model the
uncertain value of a function on some argument is better than using a single value (such as
the mean of the density). For example, if the density is a normal distribution, then it may be
important that the variance is large or small: if it is large, intuitively, there is less confidence
about its actual value; if it is small, then there could be confidence that the actual value is
the mean. Such subtleties can assist in the selection of one action over another. Similarly,
learning tasks can exploit the existence of the density by including features based on the
mean, variance, higher moments, or other parameters of the density in hypothesis languages.

The form that beliefs can take is now examined in more detail. Some beliefs can be
specified directly by the programmer and the body of the definition can be any term of
the appropriate type. In particular, some of these beliefs may be compositions of other
probabilistic beliefs in which case the composition operators introduced in Section 6.4 will
be useful. Some beliefs, however, need to be acquired from training examples, usually during
deployment. A particular form for beliefs of this latter type is proposed. I consider beliefs
that, for a function f : σ → τ , are definitions of the following form.

���∀x.((f x) = (7.1)

if (p1 x) then v1

else if (p2 x) then v2
...

else if (pn x) then vn

else v0),

where ��� is a (possibly empty) sequence of modalities, p1, . . . , pn are predicates that can be
modal and/or higher order, and v0, v1, . . . , vn are suitable values. Such a belief is a definition
for the function f in the context of the modal sequence ���. Note that in the case when τ has
the form Density ν, for some ν, the values v0, v1, . . . , vn are densities.

While the above form for acquired beliefs may appear to be rather specialised, it turns
out to be convenient and general, and easily encompasses beliefs in many other forms [Riv87,
EIM02]. Also the decision-list form of the definitions is highly convenient for acquisition using
some kind of learning algorithm [LN07a, Llo03, Ng05a].

Now consider this question: what makes up the belief base of an agent? Clearly the most
crucial belief is the definition of the function policy that an agent uses to select actions. Work-
ing backwards from this, the belief base should also contain the definitions of the functions
observe, transition ′ and utility ′, the definitions of the evidence and result features, and the
definitions of any subsidiary functions needed for the preceding definitions. These are the
only beliefs the agent needs to maintain in order to act rationally. This fact provides strong
guidance during the design of the agent.
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7.3 Applications to Agents

From the point of view of this paper, what is most relevant in the preceding discussion about
agent architectures is the collection of evidence and result features that are defined using the
logic. Several examples that illustrate this are now given. Attention is focussed on evidence
features; examples of result features can be found in [LS06].

Example 7.1. This example concerns an infotainment agent, which is a multi-agent system
that contains a number of agents with functionalities for recommending movies, TV pro-
grams, music and the like, as well as information agents with functionalities for searching for
information on the Internet. Here I concentrate on the TV recommender as a typical such
agent. Much more detail is given in [CGLN05] and [LS06].

First I introduce the types that will be needed and the data constructors corresponding
to these types. Several standard types will be needed: Ω (the type of the booleans), Nat (the
type of natural numbers), Int (the type of integers), and String (the type of strings). Also
List denotes the (unary) list type constructor.

The following type synonyms are introduced.

State = Occurrence × Status
Occurrence = Date × Time × Channel
Date = Day ×Month ×Year
Time = Hour ×Minute
Program = Title × Subtitle ×Duration × (List Genre)× Classification × Synopsis
Text = List String .

In addition, Title, Subtitle, and Synopsis are all defined to be String , and Year , Month, Day ,
Hour , Minute and Duration are all defined to be Nat .

The data constructors for the type Status are as follows.

Unknown,Yes,No : Status.

The meaning of Unknown is that a recommendation (about a program having a particular
occurrence) hasn’t yet been made, Yes means that it has a positive recommendation, and No
means that it has a negative recommendation.

In the following, basic terms are used to represent individuals. So, for example, basic terms
of type Program are used to represent TV programs and basic terms of type Occurrence are
used to represent occurrences (of programs).

The function of primary interest in this example is

uaccept : State → Ω,

whose value is true if and only if the user is willing to watch television during the time
when the program having the occurrence component of the state is on. As shown in [LS06],
uaccept is an evidence feature that is used by the TV agent with two other evidence features
to determine whether or not to recommend a TV program. The presentation here of the
representation and computation of uaccept differs somewhat from, and provides much more
detail than, the presentation given in [LS06].
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Suppose that the theory T, the belief base of the TV agent, includes the following defini-
tions as global assumptions.

add : Time ×Duration → Time
∀h. ∀m. ∀d.

((add ((h,m), d)) =
((60× h+m+ d) div 60, (60× h+m+ d) mod 60)).

projOccurrence : State → Occurrence
∀o. ∀s.

((projOccurrence (o, s)) = o).

projDuration : Program → Duration
∀t. ∀t′.∀d.∀g.∀c.∀s.

((projDuration (t, t′, d, g, c, s)) = d).

Other global assumptions are definitions for the functions weekday (a predicate to determine
whether a day is a weekday or not), projHour (the projection onto the Hour component of
Time), projTime (the projection onto the Time component of Occurrence), and if then else.
Each of the global assumptions is true at each world of the intended pointed interpretation.

Suppose that T includes the following definitions as local assumptions. For these, Bu is
the belief modality for the user and Bt is the belief modality for the TV agent.

uaccept : State → Ω

Bt ∀x.
((uaccept x) =

Bu(tv time acceptable (period (projOccurrence x)))).

period : Occurrence → Date × Time × Time
Bt ∀x.

((period x) =
((projDate x), (projTime x), (add ((projTime x), (projDuration (tv guide x)))))).

tv guide : Occurrence → Program
Bt ∀x.

((tv guide x) =
if ((= ((21, 7, 2004), (19, 30),Win)) x)

then (“Seinfeld”, “”, 30, [Sitcom],PG , “Kramer . . . ”)
else if ((= ((20, 7, 2004), (20, 30),ABC )) x)

then (“The Bill”, “”, 50, [Drama],M , “Sun Hill . . . ”)
...

else (“ ”, “ ”, 0, [],NA, “ ”)).
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tv time acceptable : Date × Time × Time → Ω

BtBu ∀x.
((tv time acceptable x) =

if (weekday (projDay x)) ∧ (((projHour (proj Start x)) ≥ 20) ∧
((projHour (projEnd x)) ≤ 23)) then >

else if ¬(weekday (projDay x)) ∧ (((projHour (proj Start x)) ≥ 12) ∧
((projHour (projEnd x)) ≤ 25)) then >

else ⊥).

The term (“ ”, “ ”, 0, [],NA, “ ”) is the default value of type Program. The function
tv time acceptable is obtained by a belief acquisition process (similar to the learning approach
of [CGLN05]) using training examples provided by the user. Hence the modal sequence BtBu

at the front of the definition: the TV agent believes that the user believes that certain times
are acceptable for watching television. The function tv guide is similarly obtained, but from
an agent (the provider of television guides) that I choose not to model. Hence there is just
the modality Bt at the front of the definition.

Suppose also that there is a local assumption

Bt∀x.((tv guide x) = u) −→ BtBu∀x.((tv guide x) = u),

where u is a syntactical variable ranging over terms of type Program. The intuitive meaning
of this schema is that “if the TV agent believes the TV guide, then the TV agent believes
the user believes the TV guide”. This assumption is justified because it is natural for the TV
agent to assume that the user has the same beliefs about the TV guide as the TV agent does;
after all, the TV guide is publicly available on the Web and in newspapers, and all versions
of it are (nearly) identical.

Now let ϕ be the scope of the modality in the definition of tv guide, that is, ϕ is the
formula

∀x.
((tv guide x) =

if ((= ((21, 7, 2004), (19, 30),Win)) x)
then (“Seinfeld”, “”, 30, [Sitcom],PG , “Kramer . . . ”)

else if ((= ((20, 7, 2004), (20, 30),ABC )) x)
then (“The Bill”, “”, 50, [Drama],M , “Sun Hill . . . ”)

...
else (“ ”, 0, “ ”, “ ”, [],NA, “ ”)).

Then, using as local assumptions the definition of tv guide (that is, Btϕ) and the instance
Btϕ −→ BtBuϕ of the above local assumption, Figure 42 gives a proof of rank 0 of the
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theorem BtBuϕ, that is,

BtBu ∀x.
((tv guide x) =

if ((= ((21, 7, 2004), (19, 30),Win)) x)
then (“Seinfeld”, “”, 30, [Sitcom],PG , “Kramer . . . ”)

else if ((= ((20, 7, 2004), (20, 30),ABC )) x)
then (“The Bill”, “”, 50, [Drama],M , “Sun Hill . . . ”)

...
else (“ ”, “ ”, 0, [],NA, “ ”)).

1 ¬BtBuϕ 1.
1 Btϕ 2.
1 ¬Btϕ 3.

Figure 42: Proof of rank 0 of BtBuϕ

An explanation of the proof in Figure 42 is as follows. Item 1 is the negation of the formula
to be proved; 2 is a local assumption; 3 is from 1 by a derived rule from Btϕ −→ BtBuϕ;
now the branch closes by 2 and 3.

Of course, as an alternative to this approach to handling the TV guide, it would be possible
to explicitly maintain both Btϕ and BtBuϕ in the belief base of the TV agent. But this
is not a good solution because the TV guide is regularly updated, so keeping both of these
would lead to duplicated work and consistency problems. Thus it is better to maintain just
Btϕ and infer BtBuϕ from this.

Suppose finally that there is a local assumption

Bt∀x.((period x) = u) −→ BtBu∀x.((period x) = u),

where u is a syntactical variable ranging over terms of type Date×Time×Time. In a similar
way, there is a proof of rank 0 of the theorem

BtBu ∀x.
((period x) =

((projDate x), (projTime x), (add ((projTime x), (projDuration (tv guide x)))))).

Now, using these two theorems, Figure 43 gives a computation of rank 1 using Bt of
(uaccept (((20, 7, 2004), (20, 30),ABC ),Unknown)). It follows from Proposition 6.9 that

Bt((uaccept (((20, 7, 2004), (20, 30),ABC ),Unknown)) = >)

is a consequence of T. Informally, this states that the TV agent believes that the user is
willing to watch television during the time when the program on channel ABC that starts at
8.30pm on 20th July, 2004, is on.
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(uaccept (((20, 7, 2004), (20, 30),ABC ),Unknown))

Bu(tv time acceptable (period (projOccurrence (((20, 7, 2004), (20, 30),ABC ),Unknown))))

Bu(tv time acceptable (period ((20, 7, 2004), (20, 30),ABC )))

...
Bu(tv time acceptable ((20, 7, 2004), (20, 30),

(add ((20, 30), (projDuration (tv guide ((20, 7, 2004), (20, 30),ABC )))))))

...
Bu(tv time acceptable ((20, 7, 2004), (20, 30),

(add ((20, 30), (projDuration (“The Bill”, “”, 50, [Drama],M , “Sun Hill . . . ”))))))

Bu (tv time acceptable ((20, 7, 2004), (20, 30), (add ((20, 30), 50))))

...
Bu(tv time acceptable ((20, 7, 2004), (20, 30), (21, 20)))

Bu(if (weekday ((20, 7, 2004))) ∧ (((projHour (20, 30)) ≥ 20) ∧ ((projHour (21, 20)) ≤ 23)) then >
else if ¬(weekday (20, 7, 2004)) ∧ (((projHour (20, 30)) ≥ 12) ∧ ((projHour (21, 20)) ≤ 25)) then >
else ⊥))
...

Bu(if > ∧ (((projHour (20, 30)) ≥ 20) ∧ ((projHour (21, 20)) ≤ 23)) then >
else if ¬(weekday (20, 7, 2004)) ∧ (((projHour (20, 30)) ≥ 12) ∧ ((projHour (21, 20)) ≤ 25)) then >
else ⊥))
...

Bu(if > then >
else if ¬(weekday (20, 7, 2004)) ∧ ((projHour (20, 30)) ≥ 12) ∧ ((projHour (21, 20)) ≤ 25) then >
else ⊥))

Bu>

>

Figure 43: Computation of rank 1 using Bt of (uaccept (((20, 7, 2004), (20, 30),ABC ),Unknown))
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Example 7.2. This example illustrates the use of temporal modalities in evidence features.
Suppose the belief base of an agent is based on an alphabet that includes the following

constants.

p : σ → Ω

q : σ → Ω

A,B, . . . , Z : σ,

where A,B, . . . , Z, are rigid. Suppose the belief base includes the following local assumptions.

B ∀x.((p x) = if x = A then > else if x = then > else ⊥)
B ∀x.((q x) = if x = A then > else if x = C then > else ⊥)
 B ∀x.((p x) = if x = A then > else if x = C then > else ⊥)
 B ∀x.((q x) = if x = A then > else ⊥)

 2B ∀x.((p x) = if x = C then > else ⊥)

 2B ∀x.((q x) = if x = A then > else if x = B then > else ⊥)

 3B ∀x.((p x) = ⊥)

 3B ∀x.((q x) = ⊥).

The above is the kind of belief base of an agent that remembers (some of) the past and uses
a belief acquisition process to acquire new beliefs. At time 0, the definitions of p and q make
them false everywhere. At time 1, some training examples arrive and the new definitions of
p and q that result from a belief acquisition process using these training examples are

B ∀x.((p x) = if x = C then > else ⊥)
B ∀x.((q x) = if x = A then > else if x = B then > else ⊥).

Meanwhile, at time 1, the old definitions for p and q have a  modality put in front of them
to indicate that they are true at the last time. Thus they become as follows.

 B ∀x.((p x) = ⊥)
 B ∀x.((q x) = ⊥).

After two more time steps of belief acquisition, one arrives at the belief base given at the
beginning of this example.

Suppose also that the belief base includes the following global assumptions.

ϕϕϕSψψψ = ψψψ ∨ (ϕϕϕ ∧ (ϕϕϕSψψψ))
 Bϕϕϕ −→ B ϕϕϕ.

Now using the global assumption

 Bϕϕϕ −→ B ϕϕϕ

and the local assumption

 B ∀x.((q x) = if x = A then > else ⊥),
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it is easy to show that

B ∀x.((q x) = if x = then > else ⊥)

is a theorem of the belief base.
Similarly, from the local assumption

 2B ∀x.((q x) = if x = A then > else if x = B then > else ⊥),

Figure 44 shows that

B 2 ∀x.((q x) = if x = then > else if x = B then > else ⊥)

is a theorem of the belief base. An explanation of this proof is as follows. Item 1 is the
negation of the formula to be proved; 2 is a local assumption; 3 is from 1 by a derived rule
from the global implicational assumption  Bϕϕϕ −→ B ϕϕϕ; 4 is from 3 by a possibility rule; 5
is from 4 by a derived rule from  Bϕϕϕ −→ B ϕϕϕ; 6 is from 2 by a necessity rule; the branch
now closes by 5 and 6.

1 ¬B 2ϕ 1.
1  2Bϕ 2.
1 ¬ B ϕ 3.
1.1• ¬B ϕ 4.
1.1• ¬ Bϕ 5.
1.1•  Bϕ 6.

Figure 44: Proof of rank 0 of B 2ϕ, where ϕ is ∀x.((q x) = if x = A then > else if x =
B then > else ⊥)

Using theorems such as these, Figure 45 gives a computation of rank 1 using B of
(p A) S (q B). This computation shows that the result B((p A) S (q B) = >) is a
consequence of the belief base.

It is easy to imagine the formula B((p A) S (q B)) being (part of) an evidence feature
in some application: if the agent believes that (p A) has held ever since (q B) held at some
time in the past, then perform a certain action; else perform a different action.

By way of contrast, Figure 46 shows a computation that ends in ⊥.
One potential problem in using a global assumption such as ϕϕϕSψψψ = ψψψ ∨ (ϕϕϕ ∧ (ϕϕϕSψψψ))

in computations is that it might allow them to run forever. Thus one must be careful to
ensure that the belief base is such that any computation using this assumption will indeed
terminate. For computations similar to Figures 45 and 46 that go into the past, one can
ensure termination by having beliefs such as

 nB ∀x.((p x) = ⊥)
 nB ∀x.((q x) = ⊥),

for some n ≥ 0, in the belief base.

Example 7.3. In Example 7.2, it was assumed that it was appropriate to maintain explicit
definitions for the predicate p at the various times. If these definitions of p are large, it may
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(p A) S (q B)

(q B) ∨ ((p A) ∧ ((p A) S (q B)))
...

⊥ ∨ ((p A) ∧ ((p A) S (q B)))

(p A) ∧ ((p A) S (q B))
...

> ∧ ((p A) S (q B))

 ((p A) S (q B))

 ((q B) ∨ ((p A) ∧ ((p A) S (q B))))
...

 (⊥ ∨ ((p A) ∧ ((p A) S (q B))))

 ((p A) ∧ ((p A) S (q B)))
...

 (> ∧ ((p A) S (q B)))

 2((p A) S (q B))

 2((q B) ∨ ((p A) ∧ ((p A) S (q B))))
...

 2(> ∨ ((p A) ∧ ((p A) S (q B))))

  >
 >
>

Figure 45: Computation of rank 1 using B of (p A) S (q B)

be better to give the definition at each time by an incremental change to the one at the last
time. This example shows how to do this and provides an interesting use of modalities applied
to predicates.

Suppose that the belief base for an agent includes the following local assumptions.

B ∀x.((p x) = if x = B then > else if x = C then ⊥ else ( p x))
 B ∀x.((p x) = if x = A then > else if x = C then > else ⊥).

Here the definition of p at the current time (which is the same as for Example 7.2) is given
as an incremental change to the definition of p at the last time. Note the occurrence of  p
in the first formula in which the modality  is applied to the predicate p. It is also assumed
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(p A) S (q D)

(q D) ∨ ((p A) ∧ ((p A) S (q D)))
...

⊥ ∨ ((p A) ∧ ((p A) S (q D)))

(p A) ∧ ((p A) S (q D))
...

> ∧ ((p A) S (q D))

 ((p A) S (q D))

 ((q D) ∨ ((p A) ∧ ((p A) S (q D))))
...

 (⊥ ∨ ((p A) ∧ ((p A) S (q D))))

 ((p A) ∧ ((p A) S (q D)))
...

 (> ∧ ((p A) S (q D)))

 2((p A) S (q D))

 2((q D) ∨ ((p A) ∧ ((p A) S (q D))))
...

 2(⊥ ∨ ((p A) ∧ ((p A) S (q D))))

 2((p A) ∧ ((p A) S (q D)))
...

 2(⊥ ∧ ((p A) S (q D)))

  ⊥
 ⊥
⊥

Figure 46: Computation of rank 1 using B of (p A) S (q D)
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that the belief base contains the global assumption

 Bϕϕϕ −→ B ϕϕϕ.

Figure 47 gives the computation using B of (p A), in which use is made of the global
assumptions (3.1) and (3.3). It follows from this that B((p A) = >) is a consequence of the
belief base.

(p A)

if A = B then > else if A = C then ⊥ else ( p A)
if ⊥ then > else if A = C then ⊥ else ( p A)

if A = C then ⊥ else ( p A)
if ⊥ then ⊥ else ( p A)

( p A)

 (p A)

 if A = A then > else if A = C then > else ⊥
 if > then > else if A = C then > else ⊥
 >
>

Figure 47: Computation of rank 1 using B of (p A)

If this chain of incrementally modified definitions goes back too far, it can become cumber-
some. In this case, it may be better to cut the chain off at some time in the recent past. For
instance, for the belief base of this example, one can essentially recover the explicit definition
of p at the current time by means of the computation of rank 1 in Figure 48 in which there is
a substitution of the definition of p at the last time. The last step in this computation uses
the following instance of the global assumption (3.1).

 ϕ = ϕ,

where ϕ ≡ if x = A then > else if x = C then > else ⊥ is rigid. The last formula in the
computation can be simplified, if desired, to recover

B ∀x.((p x) = if x = B then > else if x = A then > else ⊥).

Note that the computation in Figure 48 does not use the leftmost selection rule. Instead
the computation can be thought of as a partial evaluation of the definition of p at the current
time that uses an appropriate selection of redexes and stops at an appropriate point (to
produce the desired outcome from the partial evaluation).

Even though equality of the first and last formulas in Figure 48 has been shown to be
a consequence of the (original) belief base, a further restriction is needed to ensure their
computational equivalence. This restriction is that the last formula is only ever used to
compute terms of the form (p t), where t is rigid. Figures 49 and 50 give the respective
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B ∀x.((p x) = if x = B then > else if x = C then ⊥ else ( p x))

B ∀x.((p x) = if x = B then > else if x = C then ⊥ else  (p x))

B ∀x.((p x) = if x = B then > else if x = C then ⊥
else  (if x = A then > else if x = C then > else ⊥))

B ∀x.((p x) = if x = B then > else if x = C then ⊥
else if x = A then > else if x = C then > else ⊥)

Figure 48: Computation of B ∀x.((p x) = if x = B then > else if x = C then ⊥ else ( p x))

computations of (p t) in each case. The rigidity condition is needed at several places in the
computation in Figure 49. Therefore, to maintain the computational equivalence of the two
belief bases, it needs to be imposed in Figure 50. In practice, arguments to functions in belief
bases are usually rigid, so this restriction is unlikely to cause any inconvenience.

(p t)

if t = B then > else if t = C then ⊥ else ( p t)

if t = B then > else if t = C then ⊥ else  (p t)

if t = B then > else if t = C then ⊥
else  (if t = A then > else if t = C then > else ⊥)

if t = B then > else if t = C then ⊥
else if t = A then > else if t = C then > else ⊥

Figure 49: Partial computation using B of (p t) for the original belief base

(p t)

if t = B then > else if t = C then ⊥
else if t = A then > else if t = C then > else ⊥

Figure 50: Partial computation using B of (p t) for new belief base

Use of modalities applied to predicates can be avoided in Example 7.3 by working through-
out with  (p x) instead of ( p x). However, in the next example, modal terms will become
essential when the predicate p is replaced by a function f (because (f x) will not generally
be a formula).

Example 7.4. In Example 7.3, I showed how it is possible to maintain incremental changes
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of definitions of a predicate at successive times. In this example, the technique is extended
to functions (that are not predicates).

Suppose that the function f : σ → Nat has definitions at the current and last times as
follows.

B ∀x.((f x) = if x = C then 3 else ( f x))
 B ∀x.((f x) = if x = A then 42 else if x = B then 21 else if x = C then 15 else 0)

The value of f at the current time on some argument can be computed using the definition
of f as in Figure 51. It follows from this computation that B((f A) = 42) is a consequence
of the belief base.

(f A)

if A = C then 3 else ( f A)
if ⊥ then 3 else ( f A)

( f A)

 (f A)

 if A = A then 42 else if A = B then 21 else if A = C then 15 else 0
 if > then 42 else if A = B then 21 else if A = C then 15 else 0

 42
42

Figure 51: Computation using B of (f A)

The definition of f at the current time can be written equivalently as

B ∀x.((f x) = if x = C then 3 else if x = A then 42 else if x = B then 21 else 0).

This follows from the partial evaluation of Figure 52 which is a computation of rank 1 of
B ∀x.((f x) = if x = C then 3 else ( f x)). In a similar way to Example 7.3, this formula
should only be used to compute terms of the form (f t), where t is rigid.

Example 7.5. This example shows how to handle beliefs whose body is an abstraction.
Consider an agent with belief modality B which has a belief base that includes

 B(f = λx.if (p x) then A else if (q x) then B else C),

where A, B, and C are rigid constants, and f : α → β. Now let t be a rigid term of type α
and suppose the agent wants to compute the value of ( f t). This computation may then
proceed as in Figure 53. It follows from Figure 53 that B(( f t) = B) is a consequence of
the belief base.

This computation has used the following instance of global assumption (3.5).

 λx.s = λx. s,
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B ∀x.((f x) = if x = C then 3 else ( f x))

B ∀x.((f x) = if x = C then 3 else  (f x))

B ∀x.((f x) = if x = C then 3
else  (if x = A then 42 else if x = B then 21 else if x = C then 15 else 0))

B ∀x.((f x) = if x = C then 3
else if x = A then 42 else if x = B then 21 else if x = C then 15 else 0)

Figure 52: Computation of rank 1 of B ∀x.((f x) = if x = C then 3 else ( f x))

( f t)

( λx.if (p x) then A else if (q x) then B else C t)

(λx. if (p x) then A else if (q x) then B else C t)

 if (p t) then A else if (q t) then B else C
...

 if ⊥ then A else if (q t) then B else C

 if (q t) then B else C
...

 if > then B else C

 B

B

Figure 53: Computation with abstractions and modalities

where s ≡ if (p x) then A else if (q x) then B else C. It has also used the global assumption

 Bϕ −→ B ϕ,

where ϕ ≡ f = λx.if (p x) then A else if (q x) then B else C, to switch the  and B.

Example 7.6. This example shows the usefulness of modal terms for predicate rewrite sys-
tems discussed in Section 5.2.

Consider the following predicate rewrite system.

top � Bi(setExists1 (∧2 top top))
top �  Bjtop
top � �Bjtop
top � p

top � q
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top � r.

The following is a path in the predicate space defined by the rewrite system.

top ; Bi(setExists1 (∧2 top top)); Bi(setExists1 (∧2  Bjtop top))
; Bi(setExists1 (∧2  Bjp top))

; · · · ; Bi(setExists1 (∧2  Bjp �Bjq)).

Thus the predicate Bi(setExists1 (∧2  Bjp �Bjq)) is in the space of predicates generated
by the predicate rewrite system. If s is a set, the informal meaning of the formula

(Bi(setExists1 (∧2  Bjp �Bjq)) s)

is that agent i believes that there is an item in the set s such that at the last time step agent
j believed the item satisfied p and that at some time in the past agent j believed that the
item satisfied q.

Example 7.7. This example illustrates how modal terms might be useful for learning appli-
cations. Consider an agent i that selects an action partly in response to the perceived beliefs
of another agent j. Suppose that it matters whether the agent j believes something now or
believed something at the last time or always in the past. Then a suitable predicate rewrite
system for the hypothesis language associated with this learning task might be something
similar to the following.

top � Bj (p (∧2 top top))
top � Bj (p (∧2 top top))
top � Bj�(p (∧2 top top))
top � r

top � s

top � t

...

Thus predicates such as

Bj (p (∧2 r s))

and

Bj�(p (∧2 t r))

could appear in the belief base for agent i.
Now suppose this agent computes its policy function on some argument to determine

which action to select. During this computation, formulas such as

(Bj (p (∧2 r s)) t),

for some rigid term t, will need to be evaluated. This can be done by using the global
assumption (3.3) to turn it into

Bj ((p (∧2 r s)) t).
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To finish, here is an extended example showing how an agent can logically reason with
a mixture of certain and uncertain assumptions expressed in theories, and how conclusions
obtained by reasoning with such theories can have a level of certainty directly associated with
them.

Example 7.8. Consider an agent that makes recommendations of TV programs to a user.
The agent has access to the TV guide through the definition of the function tv guide. It also
knows about the user’s preferences for TV programs through the definition of the function
likes, the uncertainty in which is modelled by densities in its codomain. Suppose now that the
agent is asked to make a recommendation about a program at a particular occurrence (that
is, date, time, and channel), except that there is some uncertainty in the actual occurrence
intended by the user; this uncertainty, which is modelled in the definition of the density
choice, could come about, for example, if the user asked the somewhat ambiguous question
“Are there any good programs on ABC during dinner time?”. The question the agent needs
to answer is the following: given the uncertainty in choice and likes, what is the probability
that the user likes the program that is on at the occurrence intended by the user.

This situation is modelled as follows. First, here are some type synonyms.

Occurrence = Date × Time × Channel
Date = Day ×Month ×Year
Time = Hour ×Minute
Program = Title ×Duration ×Genre × Classification × Synopsis.

Here is the definition of the density choice that models the uncertainty in the intended
occurrence, where B is the belief modality of the agent.

choice : Density Occurrence
B ∀x.((choice x) =

if x = ((21, 7, 2007), (19, 30),ABC ) then 0.8
else if x = ((21, 7, 2007), (20, 30),ABC ) then 0.2
else 0).

So the uncertainty is in the time of the program; it is probably 7.30pm, but it could be
8.30pm. Note that an equivalent form of the definition for choice is

B(choice = λx.if x = ((21, 7, 2007), (19, 30),ABC ) then 0.8 else . . .),

which is the form of the definition that is used below.
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Next there is the TV guide that maps occurrences to programs.

tv guide : Occurrence → Program
B ∀x.((tv guide x) =

if ((= ((20, 7, 2007), (11, 30),Win)) x)
then (“NFL Football”, 60,Sport ,G , “The Buffalo . . . ”)

else if ((= ((21, 7, 2007), (19, 30),ABC )) x)
then (“Seinfeld”, 30,Sitcom,PG , “Kramer . . . ”)

else if ((= ((21, 7, 2007), (20, 30),ABC )) x)
then (“The Bill”, 50,Drama,M , “Sun Hill . . . ”)

else if ((= ((21, 7, 2007), (21, 30),ABC )) x)
then (“Numb3rs”, 60,Crime,M , “When . . . ”)

...
else (“ ”, 0,NULL,NA, “ ”)).

Finally, here is the definition of the function likes. (A more realistic modelling of the
situation would involve also using the belief modality of the user in the definition of likes, but
this is left out for simplicity.)

likes : Program → Density Ω
B ∀x.((likes x) =

if (projTitle ◦ (= “NFL Football”) x) then λy.if y = > then 1 else if y = ⊥ then 0 else 0
else if (projGenre ◦ (= Movie) x) then λy.if y = > then 0.75 else if y = ⊥ then 0.25 else 0
else if (projGenre ◦ (= Documentary) x) then λy.if y = > then 1 else if y = ⊥ then 0 else 0
else ( likes x))

 B ∀x.((likes x) =

if (projTitle ◦ (= “NFL Football”) x) then λy.if y = > then 0.9 else if y = ⊥ then 0.1 else 0
else if (projGenre ◦ (= Drama) x) then λy.if y = > then 0.2 else if y = ⊥ then 0.8 else 0
else ( likes x))

 2B ∀x.((likes x) =

if (projGenre ◦ (= Sitcom) x) then λy.if y = > then 0.9 else if y = ⊥ then 0.1 else 0
else ( likes x))

 3B ∀x.((likes x) =

λy.if y = > then 0 else if y = ⊥ then 1 else 0).

Recall that the agent needs to compute the probability that the user likes the program
which is on at the occurrence intended by the user. This amounts to computing (using B)
the value of the term

((choice $ tv guide) § likes),

which is a term of type Density Ω. The answer for this computation is

λz.if z = > then 0.76 else if z = ⊥ then 0.24 else if z = > then 0.72 else if z = ⊥ then 0.08 else 0,
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which can be simplified to

λz.if z = > then 0.76 else if z = ⊥ then 0.24 else 0.

Thus

B(((choice $ tv guide) § likes) = λz.if z = > then 0.76 else if z = ⊥ then 0.24 else 0)

is a consequence of the belief base of the agent. On this basis, at least in part, the agent can
now decide whether to recommend the program or not.

The computation is somewhat complicated. To make it easier to understand, the compu-
tation is broken up into two steps. Figure 54 gives the computation of (choice $ tv guide)
which gives the answer

λy.if y = (“Seinfeld”, 30,Sitcom,PG , “Kramer . . . ”) then 0.8 else
if y = (“The Bill”, 50,Drama,M , “Sun Hill . . . ”) then 0.2 else 0,

which is a term of type Density Program. Then the second part of the computation in
Figure 55 is that of

((λy.if y = (“Seinfeld”, . . .) then 0.8 else if y = (“The Bill”, . . .) then 0.2 else 0) § likes)

that has the answer

λz.if z = > then 0.76 else if z = ⊥ then 0.24 else if z = > then 0.72 else if z = ⊥ then 0.08 else 0.

The preceding example illustrates that higher-order logic is an excellent setting for inte-
grating probability and logic. Indeed, in this setting, no new conceptual machinery is needed
at all to achieve the integration. Probabilistic constructs, such as densities, expectations,
and so on, can be naturally included in higher-order theories. Furthermore, the connectives,
quantifiers, modalities, and probabilistic constructs all fit harmoniously together.

8 Related Work

This section contains a discussion of related work.
In the past, the motivations for employing modal higher-order logic have mostly been of

a philosophical or linguistic nature, and outside these areas there have been very few works.
For a brief historical account of these motivations, the reader is referred to the excellent
handbook chapter of Muskens [Musar] which develops a logic that repairs some deficiencies
in Montague’s Intensional Logic. A recent account of modal higher-order logic, motivated by
philosophical considerations (Gödel’s ontological argument), is given in [Fit02]. An earlier
work motivated by mainly linguistic considerations is [Gal75]. All these treatments differ
quite markedly from the one in this paper as none has a type system that is as rich as the
one presented here, they are not concerned with computation (only, at most, deduction), and
their intended applications are quite different (therefore, they emphasise different technical
machinery).

This paper has benefitted greatly from the large literature on modal logic. In particular,
the books [GKWZ03], [FM98] and [Fit02] proved to be very useful. Closely related are works
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(choice $ tv guide)

λz.(sum2 λy.((tv guide y) = z) choice)

λz.(sum2 λy.((if y = ((20, 7, 2007), (11, 30),Win) then . . .) = z) choice)
λz.(sum2 λy.((if y = ((20, 7, 2007), (11, 30),Win) then . . .) = z)

λx.if x = ((21, 7, 2007), (19, 30),ABC ) then 0.8 . . .)
...

λz.(if z = (“Seinfeld”, . . .) then 0.8 else 0
+ (sum2 λy.((if y = ((20, 7, 2007), (11, 30),Win) then . . .) = z)

λx.if x = ((21, 7, 2007), (20, 30),ABC ) then 0.2 . . .)
...

λz.(if z = (“Seinfeld”, . . .) then 0.8 else 0
+ if z = (“The Bill”, . . .) then 0.2 else 0
+ (sum2 λy.((if y = ((20, 7, 2007), (11, 30),Win) then . . .) = z) λx.0)

λz.(if z = (“Seinfeld”, . . .) then 0.8 else 0
+ if z = (“The Bill”, . . .) then 0.2 else 0 + 0)

λz.(if z = (“Seinfeld”, . . .) then 0.8 else 0 + if z = (“The Bill”, . . .) then 0.2 else 0)
...

λz.if z = (“Seinfeld”, . . .) then 0.8 else if z = (“The Bill”, . . .) then 0.2 else 0

Figure 54: Computation of (choice $ tv guide)

on the application of modal logic to artificial intelligence of which [FHMV95] inspired parts
of this paper.

Modal computation has been studied for 20 years or so, mostly in the logic programming
community in the context of epistemic or temporal logic programming languages. Useful
surveys of this work are in [OM94] and [Ger01]. A recent paper showing the current state of
the art of modal logic programming is [Ngu06]. What is common between these works and
this paper is the emphasis on epistemic and temporal modalities. What is different is that
almost all are based on Prolog and are, therefore, first order, and it seems they either provide
epistemic modalities or temporal modalities, but not both. The reasoning system presented
in this paper extends typical modal theorem proving systems, such as those in [FM98] and
[Fit02], largely in that it also has a computational component. The idea of having a specialised
equational reasoning component in a theorem-proving system is, of course, an old one. What
is interesting here is that for agent applications it is the computational (equational reasoning)
component that is the most important; the most common reasoning task in an agent is to
evaluate a function call. Generally, the theorem-proving tasks are subsidiary to this.

I turn now to related work in higher-order logic. The advantages of using a higher-order
approach to computational logic have been advocated for at least the last 30 years. First,
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((λy.if y = (“Seinfeld”, . . .) then 0.8 else if y = (“The Bill”, . . .) then 0.2 else 0) § likes)

λz.(sum1 λy.(((λy.if y = (“Seinfeld”, . . .) then 0.8 else

if y = (“The Bill”, . . .) then 0.2 else 0) y)× ((likes y) z)))

λz.(sum1 λy.((if y = (“Seinfeld”, . . .) then 0.8 else

if y = (“The Bill”, . . .) then 0.2 else 0) × ((likes y) z)))
...

λz.(sum1 λy.(if y = (“Seinfeld”, . . .) then 0.8× ((likes (“Seinfeld”, . . .)) z)

else ((if y = (“The Bill”, . . .) then 0.2 else 0)× ((likes y) z))))
...

λz.(sum1 λy.(if y = (“Seinfeld”, . . .) then 0.8× (( likes (“Seinfeld”, . . .)) z)

else ((if y = (“The Bill”, . . .) then 0.2 else 0)× ((likes y) z))))
...

λz.(sum1 λy.(if y = (“Seinfeld”, . . .) then 0.8× (( 2likes (“Seinfeld”, . . .)) z)

else ((if y = (“The Bill”, . . .) then 0.2 else 0)× ((likes y) z))))
...

λz.(sum1 λy.(if y = (“Seinfeld”, . . .) then 0.8× (λy.if y = > then 0.9 else if y = ⊥ then 0.1 else 0 z)

else ((if y = (“The Bill”, . . .) then 0.2 else 0)× ((likes y) z))))
λz.(sum1 λy.(if y = (“Seinfeld”, . . .) then 0.8× (if z = > then 0.9 else if z = ⊥ then 0.1 else 0)

else ((if y = (“The Bill”, . . .) then 0.2 else 0)× ((likes y) z))))
...

λz.(sum1 λy.(if y = (“Seinfeld”, . . .) then (if z = > then 0.72 else if z = ⊥ then 0.08 else 0) else
((if y = (“The Bill”, . . .) then 0.2 else 0)× ((likes y) z))))

...
λz.(sum1 λy.(if y = (“Seinfeld”, . . .) then (if z = > then 0.72 else if z = ⊥ then 0.08 else 0) else

if y = (“The Bill”, . . .) then (if z = > then 0.04 else if z = ⊥ then 0.16 else 0) else 0))
...

λz.((if z = > then 0.72 else if z = ⊥ then 0.08 else 0) +

(if z = > then 0.04 else if z = ⊥ then 0.16 else 0))
...

λz.if z = > then 0.76 else if z = ⊥ then 0.24 else if z = > then 0.72 else if z = ⊥ then 0.08 else 0

Figure 55: Computation of ((λy.if y = (“Seinfeld”, . . .) then 0.8 else . . .) § likes)
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the functional programming community has used higher-order functions from the very begin-
ning. The latest versions of functional languages, such as Haskell [Jon03], show the power
and elegance of higher-order functions, as well as related features such as strong type sys-
tems. Of course, the traditional foundation for functional programming languages has been
the λ-calculus, rather than a higher-order logic. However, it is possible to regard functional
programs as equational theories in a logic such as the one introduced here and this also pro-
vides a useful semantics. The reasoning system presented here extends the core computational
mechanisms of existing functional programming languages in that it also contains a theorem-
proving system, it is modal, and it admits logic programming idioms through programming
with abstractions.

In the 1980s, higher-order programming in the logic programming community was intro-
duced through the language λProlog [NM98]. The logical foundations of λProlog are provided
by almost exactly the logic studied here (with the modal facilities removed). However, a dif-
ferent sublogic is used for λProlog programs than the equational theories proposed here. In
λProlog, program statements are higher-order hereditary Harrop formulas, a generalisation of
the definite clauses used by Prolog. The language provides an elegant use of λ-terms as data
structures, meta-programming facilities, universal quantification and implications in goals,
amongst other features.

A long-term interest amongst researchers in declarative programming has been the goal
of building integrated functional logic programming languages. Probably the best developed
of these functional logic languages is the Curry language [He], which is the result of an
international collaboration over the last decade. A survey of functional logic programming
up to 1994 is in [Han94].

There are many other outstanding examples of systems that exploit the power of higher-
order logic. For example, the HOL system [GM93] is an environment for interactive theorem
proving in higher-order logic. Its most outstanding feature is its high degree of programma-
bility through the meta-language ML. The system has a wide variety of uses from formalising
pure mathematics to verification of industrial hardware. In addition, there are at least a dozen
other systems related to HOL. On the theoretical side, much of the research in theoretical
computer science, especially semantics, is based on the λ-calculus and hence is intrinsically
higher order in nature.

The material on probabilistic reasoning in this paper is set in the context of the general
problem of integrating logic and probability, a long-standing problem of major importance
that is currently attracting substantial interest. There are three main threads to the study
of the integration of logic and probability. The oldest by far is the philosophical thread
that can be traced via Boole [Boo54, Boo52] back to Jacob Bernouilli in 1713. An extensive
historical account of this thread can be found in [Hai96] and overviews of more recent work
in [Háj01, Wil02]. The second thread is that of the knowledge representation and reasoning
community in artificial intelligence, of which [Nil86, Hal89, FH94, Hal03, SA07] are typical
works. The third thread is that of the machine learning community in artificial intelligence,
of which [Mug96, DK03, MMR+05, RD06, MR07, KD07] are typical works. The approach
of this paper is mostly distinguished from all the works mentioned above by its setting in a
more expressive logic and the exploitation of the higher-orderness of the logic for representing
densities in theories.
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9 Conclusion

This paper studied knowledge representation and reasoning in a multi-modal, polymorphically-
typed, higher-order logic. A detailed account of the syntax and semantics of the logic, and a
reasoning system that combines computation and deduction were given. Applications, espe-
cially to agents, were discussed.

There is plenty of scope for future work. For example, on the theoretical side, it would be
reassuring to have a completeness theorem for the theorem-proving component of the reason-
ing system. Another theoretical issue concerns the correctness of agent systems. What does
it mean for an agent, which may be adaptive and therefore change its behaviour according to
changed conditions, to be proved correct? Presumably, what has to be established are certain
invariants of the behaviour of the agent that guarantee its behaviour stays within acceptable
bounds even under adaptation. On the practical side, more sophisticated agent applications
and other kinds of applications need to be developed to more convincingly demonstrate the
effectiveness and practicality of the logic. A prototype implementation of the reasoning sys-
tem described in the paper intended just for testing out ideas already exists, but it would
benefit from further work.
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A Induction

This appendix contains two principles of inductive construction on well-founded sets.
A strict partial order on a set A is a binary relation < on A such that, for each a, b, c ∈ A,

a 6< a (irreflexivity), a < b implies b 6< a (asymmetry), and a < b and b < c implies a < c
(transitivity).

Suppose now that < is a strict partial order on a set A. Then < is a well-founded order
if there is no infinite sequence a1, a2, . . . such that ai+1 < ai, for i ∈ Z+.

By way of an example, if Σ any alphabet, then the set Σ∗ of all strings over Σ with the
substring relation ≺ (that is, s1 ≺ s2 iff s1 is a proper substring of s2) is a well-founded set.

Let A be a set with a strict partial order < and X ⊆ A. An element a ∈ X is minimal
for X if x ≮ a, for all x ∈ X.

Proposition A.1. Let A be a set with a strict partial order. Then A is a well-founded set
iff every nonempty subset X of A has a minimal element (in X).

Proof. Straightforward.

Proposition A.2. Let A be a set with a well-founded order <. Let X be a subset of A
satisfying the condition: for all a ∈ A, whenever b ∈ X, for all b < a, it follows that a ∈ X.
Then X = A.

Proof. Suppose that X 6= A. Thus A \ X 6= ∅ and so A \ X has a minimal element a, say.
Consider an element b ∈ A such that b < a. By the minimality of a, it follows that b 6∈ A \X
and thus b ∈ X. Since this is true for all b < a, it follows that a ∈ X, by the condition
satisfied by X. This gives a contradiction and so X = A.

The condition in Proposition A.2 satisfied by X implies that X must contain the minimal
elements of A (since these have no predecessors).

Now here is the first principle of inductive construction on well-founded sets.

Proposition A.3. Let A be a well-founded set and S a set. Then there exists a unique
function f : A→ S having arbitrary given values on the minimal elements of A and satisfying
the condition that there is a rule that, for all a ∈ A, uniquely determines the value of f(a)
from the values f(b), for b < a.

Proof. Uniqueness is shown first. Suppose that there exist two distinct functions f and g
having the same values on the minimal elements of A and satisfying the condition in the
statement of the proposition. Let X be the set of elements of A on which f and g differ. Let
a be a minimal element of X. Now a cannot be minimal in A because f and g agree on the
minimal elements of A. Thus there exist elements b ∈ A such that b < a. For such an element
b, f(b) = g(b), since b 6∈ X. By the condition satisfied by f and g, it follows that f(a) = g(a),
which gives a contradiction.

Next existence is demonstrated. Denote the set {b ∈ A | b ≤ a} by Wa. Let X = {a ∈ A |
there exists a function fa defined on Wa having the given values on the minimal elements of
A in Wa and satisfying the uniqueness condition on Wa}. I show by the induction principle
of Proposition A.2 that X = A. Note that, if a, b ∈ X and b < a, by the uniqueness part
of the proof applied to Wb, it follows that fb(x) = fa(x), for all x ∈ Wb. Suppose now that
a ∈ A and b ∈ X, for all b < a. By the preceding remark, a ∈ X – it suffices to define fa by
fa(b) = fb(b), for all b < a, and let fa(a) be the value uniquely determined by the rule. By
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Proposition A.2, X = A. Now define f by f(a) = fa(a), for all a ∈ A. Clearly, f has the
required properties.

Because of the type system used by the logic, there is a requirement for another principle
of inductive construction that demonstrates the existence of functions that satisfy an extra
condition. First a definition is needed.

Definition A.1. Let {Ai}i∈I be a partition of the set A, {Si}i∈I a partition of the set S,
and f : A→ S a mapping. Then a ∈ A is consistent (with respect to f , {A}i∈I and {S}i∈I)
if a ∈ Ai implies f(a) ∈ Si.

Here is the second principle of inductive construction on well-founded sets.

Proposition A.4. Let A be a well-founded set, {Ai}i∈I a partition of A, S a set, and {Si}i∈I
a partition of S. Then there exists a unique function f : A→ S such that f(Ai) ⊆ Si, for all
i ∈ I, satisfying the following conditions.

1. For all a ∈ A, if a is minimal, then a is consistent.

2. There is a rule that, for all a ∈ A, uniquely determines the value of f(a) from the values
f(b), for b < a, in such a way that if each b is consistent, then a is consistent.

Proof. The existence and uniqueness follows from Proposition A.3. It remains to show that
f(Ai) ⊆ Si, for all i ∈ I.

Let X = {a ∈ A | a is consistent}. It suffices to show that X = A. Now X contains the
minimal elements, by assumption. Suppose now that a ∈ A and, for all b < a, b ∈ X. By
assumption, a ∈ X. Thus, by Proposition A.2, A = X.
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B Probability

This appendix presents some standard notions of measure theory [Dud02, Bil86], particularly
that of a density.

Definition B.1. Let X be a set. A collection A ⊆ 2X is called a σ-algebra on X if ∅ ∈ A,
and A is closed under complementation and countable unions.

Definition B.2. A measurable space is a pair (X,A), where X is a set and A is a σ-algebra
on X

Definition B.3. Let (X,A) and (Y,B) be measurable spaces. A function f : X → Y is
measurable if f−1(B) ∈ A, for all B ∈ B.

Definition B.4. Let (X,A) be a measurable space. A function µ : A→ [0,∞] is a measure if
it is countably additive (that is, if {Bi}∞i=1 is a sequence of disjoint sets in A, then µ(∪∞i=1Bi) =∑∞

i=1 µ(Bi)).
A measure µ is a probability if µ(X) = 1.

Definition B.5. A measure space is a triple (X,A, µ), where (X,A) is a measurable space
and µ is a measure on (X,A).

A probability space is a triple (X,A, µ), where (X,A) is a measurable space and µ is a
probability on (X,A).

A measurable function defined on a measure space induces a measure on its codomain.
(Note that (f ◦ g)(x) means g(f(x)).)

Proposition B.1. Let (X,A, µ) be a measure space, (Y,B) a measurable space and
f : X → Y a measurable function. Then f−1 ◦µ is a measure on B, so that (Y,B, f−1 ◦µ) is
a measure space.

Next comes the definition of a random variable.

Definition B.6. A random variable is a measurable function f : X → Y , where (X,A, µ) is
a probability space and (Y,B) is a measurable space. The probability measure f−1 ◦µ on B

is called the distribution (or law) of f .

Usually random variables are real-valued, that is, their codomain is R with Lebesgue
measurable sets.

The next result is the Radon-Nikodym theorem [Dud02, Theorem 5.5.4]. For that, the
definition of absolute continuity is needed.

Definition B.7. Let ν and µ be two measures on the same measurable space. Then ν is
absolutely continuous with respect to µ if ν(A) = 0, whenever µ(A) = 0.

Proposition B.2. Let (X,A, µ) be a measure space, where µ is σ-finite, and ν a finite
measure on A that is absolutely continuous with respect to µ. Then there exists a non-negative,
integrable function h on X such that

ν(A) =
∫
A
h dµ,

for all A ∈ A.
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A key concept for probabilistic reasoning is that of a density.

Definition B.8. Let (X,A, µ) be a measure space and f : X → R a measurable function.
Then f is a density (on (X,A, µ)) if (i) f(x) ≥ 0, for all x ∈ X, and (ii)

∫
X f dµ = 1.

If (X,A, µ) is a measure space, then Density X denotes the set of densities on (X,A, µ).
There are two main cases of interest. The first is when µ is the counting measure on X,

in which case
∫
X f dµ =

∑
x∈X f(x); this is the discrete case. The second case is when X is

Rn, for some n ≥ 1, and µ is Lebesgue measure; this is the continuous case. The mixed case
also arises where a product space has some discrete and some continuous components.

A density f gives a probability ν on A by the definition

ν(A) =
∫
A
f dµ,

for A ∈ A. In the common discrete case, this definition specialises to

ν(A) =
∑
x∈A

f(x).

Definition B.9. Let (X,A, µ) be a measure space, h a density on (X,A, µ), and f : X → R
a random variable. Then the expectation of f with respect to h, Eh(f), is defined by

Eh(f) =
∫
X
f(x)× h(x) dµ(x).

Some (higher-order) functions that operate on densities will be needed. The following
gives the natural ‘composition’ \ of two functions whose codomains are densities.

Definition B.10. Let (X,A, µ), (Y,B, ν), and (Z,C, ξ) be measure spaces. The function
\ : (X → Density Y )→ (Y → Density Z)→ (X → Density Z) is defined by

(f \ g)(x)(z) =
∫
Y
f(x)(y)× g(y)(z) dν(y),

for f : X → Density Y , g : Y → Density Z, x ∈ X, and z ∈ Z.

Specialised to the discrete case, the definition is

(f \ g)(x)(z) =
∑
y∈Y

f(x)(y)× g(y)(z).

Intuitively, this definition captures the intended meaning of \. The meaning of the left hand
side is the probability that (f \ g) maps x to z. Each component of the sum on the right
hand side is the product of the probability that f takes x to y multiplied by the probability
that g takes y to z; now we sum over all possible y to get the probability that x is mapped
to z.
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Note that (f \ g)(x) is a density:∫
Z
(f \ g)(x)(z) dξ(z)

=
∫
Z

∫
Y
f(x)(y)× g(y)(z) dν(y) dξ(z)

=
∫
Y

∫
Z
f(x)(y)× g(y)(z) dξ(z) dν(y)

=
∫
Y
f(x)(y)× (

∫
Z
g(y)(z) dξ(z)) dν(y)

=
∫
Y
f(x)(y) dν(y)

= 1,

by Fubini’s theorem, under weak conditions [Dud02, Theorem 4.4.5].
The composition of two functions, the first of which has a codomain of densities can be

similarly defined.

Definition B.11. The function

[ : (X → Density Y )→ (Y → Z)→ (X → Density Z)

is defined by

(f [ g)(x)(z) =
∫
g−1(z)

f(x)(y) dν(y),

where f : X → Density Y , g : Y → Z, and x ∈ X.

Specialised to the discrete case, the definition is

(f [ g)(x)(z) =
∑

y∈g−1(z)

f(x)(y).

Intuitively, this definition captures the intended meaning of [. The meaning of the left hand
side is the probability that (f [ g) maps x to z. Each component of the sum on the right
hand side is the probability that f takes x to y; now we sum over all y that map to z under
g to get the probability that x is mapped to z.

Note that (f [ g)(x) is a density:∫
Z
(f [ g)(x)(z) dξ(z)

=
∫
Z

∫
g−1(z)

f(x)(y) dν(y) dξ(z)

=
∫
Y
f(x)(y) dν(y)

= 1.
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There is a sense in which [ is a special case of \. To see this, consider a function g : Y → Z.
Associated with g is a function g′ : Y → Density Z defined by

g′(y) = χg(y),

where χg(y) is the characteristic function defined to be 1 at g(y) and 0 elsewhere. The function
g′ is intuitively ‘isomorphic’ to g. Then, for f : X → Density Y and g : Y → Z, it follows
that

f \ g′ = f [ g.

The proof of this follows.

(f \ g′)(x)(z)

=
∫
Y
f(x)(y)× g′(y)(z) dν(y)

=
∫
Y
f(x)(y)× χg(y)(z) dν(y)

=
∫
g−1(z)

f(x)(y)dν(y)

= (f [ g)(x)(z).

Definition B.12. The function

§ : Density Y → (Y → Density Z)→ Density Z

is defined by

(f § g)(z) =
∫
Y
f(y)× g(y)(z) dν(y),

where f : Density Y , g : Y → Density Z, and z ∈ Z.

Specialised to the discrete case, the definition is

(f § g)(z) =
∑
y∈Y

f(y)× g(y)(z).

Definition B.13. The function

$ : Density Y → (Y → Z)→ Density Z

is defined by

(f $ g)(z) =
∫
g−1(z)

f(y) dν(y),

where f : Density Y , g : Y → Z, and z ∈ Z.
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Specialised to the discrete case, the definition is

(f $ g)(z) =
∑

y∈g−1(z)

f(y).

Note that [, $, and § are all essentially special cases of \. Let ? be a distinguished singleton
set. Then § : Density Y → (Y → Density Z) → Density Z, for example, can be identified
with a function

\ : (?→ Density Y )→ (Y → Density Z)→ (?→ Density Z)

in the obvious way.
Another useful way of constructing densities is as follows. Suppose that (X,A, µ) is a

measure space, (Y,B) is a measurable space and f : X → Y a measurable function. Then
(Y,B, f−1 ◦µ) is a measure space. Furthermore, if h is a density on (Y,B, f−1 ◦µ), then f ◦h
is a density on (X,A, µ) because, by [Dud02, Theorem 4.1.11],∫

X
f ◦h dµ =

∫
Y
h d(f−1 ◦µ).

Consequently, one can define a function

f : Density Y → Density X

by

f(h) = f ◦h,

for each h ∈ Density Y .
One can define conditional densities. Consider a function f : Density X × Y that defines

a product density. Then the conditional density obtained by conditioning on values in X can
be expressed by the function f1 : X → Density Y defined by

f1(x)(y) =
f(x, y)∫

Y f(x, y) dν(y)
,

for x ∈ X and y ∈ Y . Clearly, f1(x) is a density. Conditioning on the other argument is
analogous to this. Specialised to the discrete case, the definition is

f1(x)(y) =
f(x, y)∑
y∈Y f(x, y)

.

Marginal densities can also be defined. Consider a function

f : Density X × Y × Z

that defines a product density. Then the marginal density over the first argument can be
expressed by the function f1 : Density X defined by

f1(x) =
∫
Z

∫
Y
f(x, y, z) dν(y) dξ(z),

for x ∈ X. By Fubini’s theorem, f1 is a density. This is easily extended to marginalising in
arbitrary products. Specialised to the discrete case, the definition is

f1(x) =
∑
z∈Z

∑
y∈Y

f(x, y, z).
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closed, 104, 123
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continuous, 171
discrete, 171
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environment, 138
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result, 140
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frame, 30
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measurable, 170

global assumption, 59
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goal, 86, 122
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of predicate rewrite, 83
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intended pointed interpretation, 60
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law, 170
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matcher, 23
maximum expected utility, 139
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measurable space, 170
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for types, 67
minimal element, 168
modal occurrence, 15
modal path, 15
modal term, 4, 11, 32
model

pointed, 60
more general than

for type substitutions, 67
for types, 67

most general unifier
for types, 67

necessity rule, 105
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modal, 15
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branch, 104, 123
tableau, 104, 123
term, 14

order
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parameter, 66
percept, 138
pointed interpretation, 31
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pointed model, 60
possibility rule, 105
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standard, 76

predicate derivation, 84
predicate derivation step, 84
predicate rewrite, 83

body of, 83
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prefix, 101
prefix of standard predicate, 76
prefixed biterm, 101
probabilistic belief, 142
probability, 170
probability space, 170
programming with abstractions, 99
proof, 123
proof of rank 0, 103
proof of rank k, 122
proof problem, 101
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Radon-Nikodym theorem, 170
random variable, 170

real-valued, 170
range

of substitution, 16
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rational agent, 138
real-valued random variable, 170
redex, 84, 86, 122

selected, 84
reflexivity rule, 105
regular predicate, 82
relative type

of free variable, 68
of subterm, 70

result, 86, 122
result feature, 140
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constant, 6
term, 11

rule
Π, 105
Σ, 105
abstraction, 105
conjunctive, 105
disjunctive, 105
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existential, 108
global assumption, 106
local assumption, 106
necessity, 105
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L-satisfiable
tableau branch, 104

scope
of lambda, 15
of modality, 15

selected redex, 84
selection rule, 86

leftmost, 86
parallel-outermost, 86

σ-algebra, 170
signature, 7
standard equality theory, 91
standard predicate, 76
strict partial order, 168
substitution, 16

admissible, 51
type, 66

substitutivity rule, 105
subterm, 15

at occurrence, 14
eligible, 83
proper, 15

suffix of standard predicate, 76
symmetric transformation, 79

tableau
closed, 104, 123
open, 104, 123
satisfiable, 104

tableau of rank 0, 104
tableau of rank k, 123
term, 8, 68

basic, 29
closed, 14
default, 28
normal, 28
open, 14
rigid, 11
underlying monomorphic, 73

term replacement, 19
theorem, 104, 123
theory, 59
transformation, 75

symmetric, 79
transitivity, 168

tuple, 11
type, 6, 66

biterm, 7
closed, 66
of term, 8, 68
relative, 68, 70

type constructor, 5, 66
nullary, 5

type substitution, 66
closed, 67
grounding, 71

underlying monomorphic alphabet, 70
underlying monomorphic term, 73
unifier

for types, 67
universal closure, 14
universal rule, 108
utility, 139

maximum expected, 139

valid, 60
L-valid, 59
valid at world in interpretation, 58
valid in frame, 59
valid in interpretation, 59
valuation, 30
variable, 5, 66

bound, 15
free, 13, 68

variable assignment, 32
x-variant, 37

well-founded order, 168
world, 30
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