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Motion Estimation for Nonoverlapping
Multicamera Rigs: Linear Algebraic
and L., Geometric Solutions
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Abstract—We investigate the problem of estimating the ego-motion of a multicamera rig from two positions of the rig. We describe and
compare two new algorithms for finding the 6 degrees of freedom (3 for rotation and 3 for translation) of the motion. One algorithm
gives a linear solution and the other is a geometric algorithm that minimizes the maximum measurement error—the optimal L.,
solution. They are described in the context of the General Camera Model (GCM), and we pay particular attention to multicamera
systems in which the cameras have nonoverlapping or minimally overlapping field of view. Many nonlinear algorithms have been
developed to solve the multicamera motion estimation problem. However, no linear solution or guaranteed optimal geometric solution
has previously been proposed. We made two contributions: 1) a fast linear algebraic method using the GCM and 2) a guaranteed
globally optimal algorithm based on the L., geometric error using the branch-and-bound technique. In deriving the linear method using
the GCM, we give a detailed analysis of degeneracy of camera configurations. In finding the globally optimal solution, we apply a
rotation space search technique recently proposed by Hartley and Kahl. Our experiments conducted on both synthetic and real data

have shown excellent results.

Index Terms—Multicamera rigs, generalized camera, motion estimation, epipolar equation, branch and bound, linear programming.

1 INTRODUCTION

OTION estimation using a monocular or stereo camera

has been studied for decades in computer vision.
Most research have focused on the central projection
camera model (or pinhole camera model). Recently, interest
in exploiting the Generalized Camera Model (or generic
imaging model) has increased substantially, partly because
many new nonconventional camera models (for example,
catadioptric camera) have been developed. An important
example of the Generalized Camera Model is a rigidly
coupled multiple camera system attached to a moving
vehicle or platform. This type of camera setup is receiving
more and more attention because of its use in applications
such as urban mapping and model building. In Fig. 1a, for
instance, a set of cameras mounted on a vehicle can be used
to find the position of the vehicle by using information
obtained from images captured by the mounted cameras;
Fig. 1b shows another commercial six-camera system—
PTGrey’s Ladybug camera. The overlap between the fields
of view of the six cameras is minimal.
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Nonoverlapping multicamera rigs are of particular inter-
est in practice. Because the component cameras have little or
no overlap in their fields of views, the effective overall field
of view is wider, leading to efficient data acquisition. A
further benefit of the wide field of view is that the ego-
motion may be determined with greater accuracy. It is
important and interesting to note that most conventional
binocular stereo heads are not instances of such nonoverlap-
ping multicamera rigs because the two cameras usually
share a large portion of the field of view. In this paper, we are
interested in a system consisting of multiple rigidly config-
ured pinhole cameras with possibly nonoverlapping fields of
view, such as the two examples shown in Fig. 1.

In the most general setting, a multicamera rig can be
treated as a special case of the General Camera Model
(GCM). The GCM is an abstract imaging model, which
generalizes many nonconventional nonpinhole cameras,
including multicamera rig systems. Specifically, it replaces
the conventional concept of image pixels by a set of
unconstrained image rays. Grossberg and Nayar in [1] first
gave a systematic study of this imaging model. A
hierarchical analysis of general camera models in terms of
multiview geometry is given by Sturm in [2]. Pless [3] has
studied how to use this GCM to derive motion estimation
algorithm using the multiple camera rigs, which is the
subject of this paper. He proposed two linear algorithms,
one for the discrete motion case and the other for the
continuous motion case. However, the particular case of
nonoverlapping cameras was not fully explored. As will be
made clear in this paper, his algorithms do not apply
directly to this important type of GCM because of a
degeneracy in the set of linear equations obtained using
his method. We propose a modification to his method that
applies to the nonoverlapping camera configuration.
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Fig. 1. An example of nonoverlapping multicamera rigs: (a) 8-camera
system of 3D Urban modeling project (courtesy of UNC-Chapel Hill) and
(b) 6-camera system of Ladybug2 omnidirectional camera.

Although many iterative nonlinear algorithms have been
proposed ([4], [5]) to solve this relative motion problem, it is
surprising that no reliable linear algorithm has been
described. This is curious because local nonlinear algorithms
usually need a good initial estimate for refinement. However,
to our knowledge, little research has been done to give alinear
algorithm for the nonoverlapping camera case. In this paper,
we will address this issue and give a simple linear solution
which can be used to initialize any nonlinear algorithm.

An obvious problem with local nonlinear methods is that
they may result in a local minimum. In other words, no
global optimality is guaranteed. Recently, quasiconvex
optimization to obtain truly globally optimal solutions
under the L, norm was introduced and has become a
fruitful direction of research [6], [7], [8], [9], [10], [11], [12].
Our nonlinear algorithm in this paper is based on such L,
global optimization. In particular, we use the branch-and-
bound technique to achieve guaranteed optimality. By
using some geometric heuristics, we have made the
branch-and-bound computation fast enough to produce
accurate estimates within a reasonable time.

In this paper, we describe two algorithms for the relative
motion of a GCM. First, we briefly introduce the general-
ized camera model and categorize types of GCMs according
to their degeneracy. From this analysis, we derive a linear
algorithm, based on Pless’s work, for estimating relative
motion. This result may be used for initializing our L.
globally optimal method, which is described next. This
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nonlinear method minimizes a meaningful geometric cost
function in L, norm by repeated applications of Linear
Programming (LP).

Experiments with both synthetic and real data are carried
out to assess the linear method and optimal nonlinear
method. These experiments show that our proposed method
gives a reliable and accurate solution to the motion
estimation problem for nonoverlapping multicamera rigs.

2 PREviOus WORK

Grossberg and Nayar described the general imaging model
as a mapping of scene rays to pixels, and presented a concept
of “raxels” that represent geometric, radiometric, and optical
properties [1]. They also provided a calibration method for
this general imaging model using structured light patterns.
Pless used Pliicker line coordinates [13] to represent scene
rays and derived an epipolar constraint equation for
generalized cameras [3]. He predicted that 17 point
correspondences are enough to solve the generalized
essential matrix. Although it may appear that his equations
give a linear solution to the relative motion problem, many
important camera configurations, such as those discussed in
the current paper, lead to a set of degenerate equations from
which a linear solution is not immediately possible. A
hierarchy of generalized camera models and essential
matrices for the different camera models are shown by
Sturm in [2]. However, none of these researches has shown
any experiments with a linear method for estimating an
essential matrix for generalized cameras. In our research, we
show and extensively verify a linear method for solving the
relative motion problem for generalized cameras.

There exist many nonlinear algorithms for solving for the
generalized essential matrix for generalized cameras.
Lhuillier used bundle adjustment for generalized cameras
by using angular error instead of 3D errors [5]. Stewénius
et al. used a Grobner basis to solve for the generalized
essential matrix and Byrod et al. improved the numerical
accuracy of the Stewénius et al.’s method [14], [15]. These
methods based on a Grébner basis approach solve poly-
nomial equations to compute the generalized essential
matrix and apply to the minimal case only.

Mouragnon et al. [4] considered the dimension of the
solution set of the generalized epipolar equations in the case
of locally central cameras, both axial and nonaxial. The
authors confirmed that there are ambiguities in the solution
for the generalized epipolar equations, and indeed found
the same rank conditions that we report here. They do not
appear to consider the case of axial nonlocally central
cameras, a class that includes noncentral catadioptric and
pushbroom cameras. Their approach to solving this
problem involved a nonlinear algorithm. They carried out
experiments with axial-type cameras only and used an
incremental bundle adjustment method to refine their
results. Schweighofer and Pinz gave an iterative algorithm
for generalized cameras to estimate their structure and
motion by minimizing an object-space error, which is the
distance between a point in 3D and the projection of the
point onto a scene ray [16]. All of these methods require a
good initial estimate for their nonlinear optimization
process. However, none of the methods actually used the
linear 17-point algorithm for initialization.
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Fig. 2. (a) The most general case: Pixels in an image correspond to general lines in space. (b) The locally central case: Corresponding image rays in
two images with a moving camera pass through a common point (their local center) in the camera’s coordinate frame. For example, the two centers,
c; and c}, of the rays passing through each point X; are the same point relative to the coordinate frame of the camera. Compare this with (a), where
this condition does not hold. (c) The axial case: All of the image rays meet a common line, the axis. (d) The locally central, axial case: Image rays
meet a common line and corresponding rays pass through the same point on that line. The ranks of the generalized epipolar equations in each of

these cases are 17, 16, 16, and 14, respectively.

There is some related work estimating relative motion
for nontraditional cameras. Frahm et al. [17] proposed a
pose estimation algorithm for multicamera systems by
putting a virtual camera into a multicamera system. Also, a
similar approach to estimate relative motion for nonover-
lapping multicamera systems using Second-Order Cone
Programming (SOCP) was proposed by Kim et al. [18].
However, that approach does not provide a unified frame-
work for global estimation. They first estimate the motion of
each camera separately, and then as a second stage,
combine the individual motions to find a solution. The
accuracy of that method is limited by the accuracy of the
estimate of the motion of each camera.

Parts of this work have been published in conference
papers [19], [20].

3 GENERALIZED CAMERAS

A generalized camera is a model for an imaging situation in
which pixels in the image correspond to specified rays
(straight lines) in space, but with no other limitation on how
incoming light rays project onto an image. The image value
at a pixel records the response (for instance, color) of some
point along its associated ray. There can be multiple centers
of projection, or indeed no centers of projection at all. This
camera model is relatively general and includes cameras
such as perspective cameras, fish-eye cameras, central or
noncentral catadioptric cameras, linear or nonlinear pushb-
room cameras [21], whiskbroom cameras, panoramic
cameras [22], as well as multicamera rigs and insect eyes.
It is worth noting, however, that it does not cover certain
important classes of cameras, such as Synthetic Aperture
Radar (SAR) images and the rational cubic camera model
[23] used in many surveillance images. This is because the
possible 3D points that map to a given image point in such
images do not all lie on a straight line.

The generalized camera model, along with certain
important special cases, is illustrated in Fig. 2.

Multicamera systems. For us, the most important type of
generalized camera is the multicamera system. A multi-
camera system is a set of cameras placed rigidly on a moving
platform or vehicle, possibly having nonoverlapping or
minimally overlapping fields of view. We assume that the
complete calibration of the camera system is known.

Since the multicamera system moves rigidly, it is
convenient to consider it as a single image device, or a
single generalized camera. Indeed, in conformity with the
definition of generalized camera, each pixel in the set of

images taken at one time corresponds to a ray in space. Note
that different rays pass through different camera centers.
The algorithms developed in this paper for generalized
cameras will apply to any such multicamera system.
However, we are mostly interested in cameras with
minimal or no overlap in their field of view. In such an
instance, we further assume that, during the motion of the
rig, points are tracked only within individual images and
that point tracks do not pass from one camera to another.
Under this assumption, the multicamera system is an
example of a special class of generalized camera called a
“locally central camera.” This means that a 3D point X is
seen by the same camera from two different positions of the
multicamera rig, and most particularly, the rays correspond-
ing to the two images of X pass through the same point in
the local camera coordinate frame, the said camera center.
A multicamera system may also be classed as an “axial
camera” if the centers of all the cameras lie on a common
line, the axis. This will always be the case for two-camera
rigs. Axial and locally central camera systems have special
degeneracies, which will be explored in this paper.
Derivation of Pless’s equations. Let a light ray be
described by a point v lying on the ray and a unit direction
vector x pointing along the ray. The 6-vector L = (x', (v x
x)')" is known as the Pliicker coordinates of the line. Note
that the vector L is independent of the particular point v
chosen on the line.
The condition for two lines with Pliicker coordinates L
and L' to meet may be simply expressed by the equation

L’T[(I) (I)] L=0.

When a euclidean transformation consisting of rotation R
and translation t is applied to a line L, it is transformed into
a different line according to the transformation rule

L Lo = [E g} L,

where E = [t], R is the essential matrix corresponding to the
motion. Here, [t], is the skew symmetric matrix represent-
ing the vector (cross) product in the sense that x'[t], =
(x x t)" for any vector x.

Pless’s equation expresses the fact that a line L, when
transformed via a euclidean motion, will meet another line
L'. These lines represent the rays belonging to two cameras
meeting in a matched point in space. By combining the two
equations above, we obtain
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This is Pless’s Generalized Epipolar Constraint and it
must be satisfied by every pair of matching rays from a
moving Generalized Camera.

The Generalized Epipolar Constraint may be expanded
out to give the following equation:

xTEx+ (v x x') "Rx + x'"R(v x x) = 0. (1)

Equation (1) may be written as a linear equation of the form
aly =0, where y is a vector made up of the unknown
entries of matrices E and R. By putting together the
equations derived from N such matched point pairs, we
may construct a set of equations

.
a

T

a, .
(E11,E12,...,E33,R11,...,Ra3)

: (2)

ay

vec(E)
=A =0,
( vec(R) )

where vec(E) and vec(R) are 9-vectors whose elements are
taken in column-major order from E and R, respectively.

From a minimum of N = 17 such matches, one seeks to
solve these equations to find E and R up to a common scale.
From N > 17 points, a least-squares solution can be sought.
In particular, let A =UDV' be the Singular Value Decom-
position (SVD) of A, where D is a diagonal matrix containing
the singular values in order of decreasing magnitude. Then
the least-squares solution (zgfgg) is the last column of V. This
will be referred to as the standard SVD solution method.

Unfortunately, as will be seen later, the set of equations
constructed in this way does not have rank 17 except in the
most general camera case. Hence, it is impossible to solve
these equations directly to find the correct solution.

Change of origin. Consider what happens if the origin of
coordinates is changed via a translation so that v; and v/ are
changed. The form of the equations (1) is correspondingly
changed and the solution also changed. If (E,R) is the
solution to the equations (1), then, under a change of
coordinates v; — v; +s and Vv, — v, +s, the solution is
modified as follows:

(E, R) — (E—[s|,R+R[s],, R)
= (E - [S]XR+ [RS}XRW R‘) (3)
= ([t —s+Rs| R,R).

In the ground-truth solution to the equations (1), the
matrix E is of the form [t] R, where R is the same matrix
occurring in the second and third terms of this equation.
There is no simple way of enforcing this condition in
solving the equations, however, so, in a linear approach, we
solve the equations ignoring this condition. Our initial goal
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is to examine the linear structure of the solution set to these
equations under various different camera geometries.

4 ANALYSIS OF DEGENERACIES

We identify several degeneracies for the set of equations
arising from (1) which cause the set of equations to have
smaller than expected rank. These examples are illustrated
in Fig. 2.

Genericity argument. Suppose we wish to show that the
rank of the system is equal to 7 < 17. We assume that there
are at least r equations arising from point correspondences
via the equations (2). To show that the rank is r, we will
exhibit a linear family of solutions to the equations. If the
linear family of solutions has rank 18 — r, then the equation
system must have rank no greater than r.

The reader may object that this argument only places an
upper bound on the rank of the equation system. However,
to show that the system does not have smaller rank, it is
sufficient to exhibit a single example in which the rank has
the claimed value. This will mean that generically (that is,
for almost all input data) the rank will indeed reach this
upper bound.

This claim is justified by the following argument:
Consider the set of equations arising from a set of point
correspondences (x;,V;) < (x},v,). Equation (2) arising
from such a correspondence is easily seen to have
coefficients that are polynomials in the variables
Xi, X}, v;,vi. For the set of equations arising from several
correspondences to have rank less than 7, it is necessary and
sufficient that all » x r subdeterminants vanish. Each such
subdeterminant gives rise to a polynomial equation in the
input data variables. The system will have rank less than r
only on the input data forming a zero-set for all these
polynomials—in other words, on a variety in the euclidean
space of all possible input data. However, a variety in IR" is
either dense nowhere or else consists of the whole of IR".
Exhibiting a single point not on the variety (corresponding
to a set of input data for which the rank is equal to ) rules
out the second possibility. This demonstrates that gener-
ically the rank must be 7.

An example of how to construct an example of the
required type is given in the Appendix. The example shows
that the rank is indeed 14 in the locally central axial case
described soon. It is easily modified to determine the rank
for the other configurations.

The most general case. In the most general case (see
Fig. 2a), the camera is simply a set of unconstrained
image rays in general position. For this case, the rank of
the obtained generalized epipolar equation will be 17.
Therefore, a unique solution is readily solvable by the
standard SVD method. We do not further consider this
case in the paper.

Locally central projection. Next, we consider the case of
a “generalized camera” consisting of a set of locally central
projection rays (see Fig. 2b). The commonly used (non-
overlapping) multicamera rigs are examples of this case.
When the camera rig moves from an initial to a final
position, points are tracked. We assume that points are not
tracked from one camera to another. Thus, a point that is
seen at one time instant by one of the cameras constituting
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the multicamera rig can only be seen to correspond with a
point seen by the same camera at a later point in time. We
assume further that each component camera is a central
projection camera so that all rays go through the same
point, i.e., the camera center. We will refer to this as locally
central projection.

Since rays are represented in a coordinate system
attached to the camera rig, the correspondence is between
points (x;,v;) < (x},v;), where v; is the camera center. In
particular, note that v} = v;. The equations (1) are now

X EX, + % R(v; x X)) 4+ (v; x x;) 'Rx, = 0. (4)

Now let (E,R) be one solution to this set of equations,
with E # 0. It is easily seen that (0, I) is also a solution. In
fact, substituting (0,I) into (4) results in x;(v; x x}) +
(vi x x;)' x|, which is zero because of the antisymmetry of
the triple product.

Generically, the rank is not less than 16, so a complete
solution to this set of equations is therefore of the form
(AE, AR + uI), a two-dimensional linear family. From this
formulation, an interesting property of the set of solutions
to (1) is found: The ambiguity is contained entirely in the
estimation of R, while the essential matrix E is still
determined uniquely up to scale.

Axial cameras. Our second example of degenerate
configuration is what we will call an axial camera (see
Fig. 2c). This is defined as a generalized camera in which all
the rays intersect in a single line, called the axis. There are
several examples of this which may be of practical interest.

1. A pair of rigidly mounted central projection cameras
(for instance, ordinary perspective cameras).

2. A set of central projection cameras with collinear
centers. We call this a linear camera array.

3. A set of noncentral catadioptric or fish-eye cameras
mounted with collinear axes.

4. A linear pushbroom or whiskbroom camera.

The first two cases are also locally central projections,
provided that points are not tracked from one camera to
others.

To analyze this configuration, we may choose the origin
of the world coordinate system to lie on the axis, and
examine the solution set of equations (1) for this case.

For a different coordinate origin, the solution will be
related to this particular solution according to (3). We see
that in different coordinate systems, the value of E changes.
This is why we insist on the requirement that the origin of
the camera coordinate system should lie on the axis.

In such a coordinate system, we may write v; = a;w and
vl = alw, where w is the direction vector of the axis.
Equation (1) then takes the form

X Ex) + ai(w x x;) 'RX, + o/x/R(w x x}) =0.  (5)

Suppose that (E,R) is the true solution to these equations.
Another solution is given by (0,ww'). It satisfies (5)
because (w xx;) w=w'(w x x}) = 0. Generically, the
equation system has rank 16, so the general solution to (5)
for an axial camera is (AE, AR + pww ).

Note the most important fact that the E part of the solution
is constant and the ambiguity only involves the R part of the

solution. Thus, we may retrieve the matrix E without
ambiguity from the degenerate system of equations. It is
important to note that this fact depends on the choice of
coordinate system such that the origin lies on the axis.
Without this condition, there is still a two-dimensional family
of solutions, but the solution for the matrix E is not invariant.

Locally central-and-axial cameras. If in addition we
assume that the projections are locally central, then further
degeneracies occur (see Fig. 2d). We have seen already that
for locally central projections, (0,I) is also a solution.
However, in the case of an axial camera array, a further
degeneracy occurs. The condition of local centrality means
that a; = o in (5). We may now identify a further solution
(0, [w], ) since

(W x;) " [w], ]+ x] [w], (w x x])
=(wxx) (wxx}) + (x; xw) (wxx)=0.

In summary, in the case of a locally central axial camera,
the complete solution set is of the form

(aE, aR+ I + y[w], + sww'), (6)

under the assumption that the coordinate origin lies on the
camera axis. Once more, the E part of the solution is
determined uniquely up to scale, even though there is a
four-dimensional family of solutions.

Cross-slits camera. A camera that has been considered in
certain graphics applications [24], [25] is the cross-slits
camera. This has the property that each ray must meet two
separate nonintersecting straight lines. Such a camera is not
locally central. Since each straight line gives rise to one
degree of ambiguity, it follows that the rank of the equation
system for a cross-slits camera is at most 15.

Let the coordinate origin be on one of these two lines, so
a point on this line is of the form a;v. A point on the other
line may be expressed as a + [3;w for some vectors a and w.
We write v; = ;v and x; = a+ B;w — q;V.

We also consider a second cross-slits camera and express
the analogous quantities with primes. It is not necessary to
assume that the two cameras are identical, so a, v, and w
may be different from a’, v/, and w’. With this notation, it
may be verified that Pless’s equation (1) has special solutions
(E,R) = (0,v'v") and (E,R) = ([a'] w'w —w'wla] ,w'w').

It follows that if (E,R) represents the true motion, then
there are at least the following solutions to the epipolar
equations:

E+ p([@],ww' —wwlal, ), R+ AV +pw'w!).

On the other hand, experiments suggest that, generically,
the rank is 13, which implies the existence of two other
solutions. At present, we cannot identify these solutions, and
the question will not be further considered in this paper.

4.1 Summary of Degeneracy Results

The results we have obtained for solutions to (1) are as
follows:

1. For the most general case, the rank of the general-
ized epipolar equation is exactly 17 and the equation



gives a unique solution. The scale can be estimated
by properly normalizing the rotation matrix.

2. For alocally central projection, the general solution is
of the form (aE, aR + (I). Despite the degeneracy, we
may retrieve E (up to scale) from the solution family.

3. For axial cameras, the general solution is of the form
(aE,aR+ fww'), as long as the equations are
written in a coordinate system with the axis passing
through the origin. In this case, we may retrieve E
(up to scale) from the solution family.

4. For axial cameras with locally central projection (for
instance, a pair of perspective cameras or several
perspective cameras mounted linearly), the general
solution is of the form (aE, oR+ BI +yww' +
6[w], ), provided the origin is chosen to lie on the
axis. Once more, we may retrieve E up to scale.

5. For the cross-slits camera, there is a three-dimen-
sional set of solutions (including scale).

5 LINEAR ALGORITHM

Next, we shall give a new algorithm based on (1) for
retrieving the motion of a generalized camera. The
algorithm applies to the situations involving locally central
and/or axial cameras, where the equation set is rank
deficient, resulting in different dimensional families of
solutions. Despite the degeneracy, we show how to obtain a
unique linear solution.

Linear algorithm. The condition (1) gives one equation for
each point correspondence. Given sufficiently many point
correspondences, we may solve for the entries of matrices E
and R linearly from the set of equations A(‘V:;Eg;) =0.
However, we have seen that the standard SVD solution to
this set of equations gives a whole family of solutions. If one
ignores the rank deficiency of the equations, totally spurious
solutions may be found.

It was observed that for locally central projections, one
trivial solution to the linear system is E=0 and R =1I. In
practice, this solution is often found using the standard SVD
algorithm. The corresponding motion is given by R = I and
t =0, since E= [t| ,R. This means that the camera rig
neither rotates nor translates—a null motion. However, for a
moving camera, this solution is not compatible with the
observation. This shows a very curious property of the
algebraic solution that the equation set may be satisfied
exactly with zero error even though the solution found is
totally wrong geometrically.

Various possibilities for finding a single solution from
among a family of solutions may be proposed, enforcing
necessary conditions on the essential matrix E and the
rotation R. Such methods will be nonlinear and not easy to
implement (e.g., involving many parameter tunings). In
addition, observe that the solution E=0, R=1 with t =0
satisfies all compatibility conditions between a rotation R
and E = [t] R, and yet is wrong geometrically. We prefer a
linear solution avoiding this problem, which will be
described next.

The key idea. To avoid the problem of multiple
solutions, we observe the crucial fact that although there
exists a family of solutions (of dimension 2-4 depending on
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the case), all the ambiguity lies in the determination of the
R part of the solution. The E part of the solution is
unchanged by the ambiguity. In other words, the family
of solutions, when projected down to the nine-dimensional
subspace formed by the E part only, will be well con-
strained. This suggests using the set of equations to solve
only for E, and forget about trying to solve for the R part,
which provides redundant information anyway.

Thus, given a set of equations A(V“C(E>) =0, we find the

- vec(R)
solution that minimizes [|A (‘)| subject to |E|| =1

vec(R
instead of H(:ZEE%)H =1 as in the <st)andard SVD algorithm.
This seemingly small change to the algorithm avoids all the
difficulties associated with the standard SVD algorithm.
Solving a problem of this form is discussed in [26,
Algorithm 5.4.2, page 595] in a more general form. Here, we
summarize the method. Write the equations as Agvec(E) +
Agvec(R) =0, where Ap and Ar are submatrices of A
consisting of the first and last nine columns. Finding the

solution that satisfies ||vec(E)|| = 1 is equivalent to solving

(ARAf, — I)Agvec(E) = 0, (7)

where A} is the pseudo-inverse of Ag. This equation is then
solved using the standard SVD method, and it gives a
unique solution for E.

Details. Note that, typically, A is rank deficient (that is,
it has rank less than 9, its column-dimension). One cannot,
therefore, use the formula A}, = (AfAR) 'Aj to compute A;.
Instead, we use the SVD and write Ag = UDV'. The pseudo-
inverse is then A} = VDU, where D" is the diagonal matrix
defined by D} =D;! for i =1,...,r and D}, = 0 otherwise.
Here, r is the rank of Ar. In this case, we observe that
(AgrAf; — I) = U, U] — I, where U, is the matrix consisting of
the first r columns of U.

In each of the degenerate cases we have discussed, the
matrix Ar is rank deficient. Suppose that the matrix E is
known. Then the set of equations (2) may be written as a set
of nonhomogeneous equations

Agvec(R) = —Agvec(E)

in the unknowns vec(R). Since one scale factor is set by the
choice of scale for E, this set of equations has a set of
solutions of dimension 1, 1, or 3 in IR? for the locally central,
axial, or locally central-and-axial cases, respectively. Hence,
the matrix Ag has rank 8, 8, or 6 for these cases. This known
rank should be taken into account when computing the
pseudoinverse Af.

Minimum number of points. Since we solve for E
directly from the set of equations (7), it might be thought
that eight points will be sufficient to give a unique solution.
However, this is not so. The matrix (AgAf —I) =U, U —1I
has a rank deficiency equal to r, where r is the rank of Ag,
and this decreases the rank of the equation matrix. In fact,
if A=[Ag|Ag] has n rows, stemming from n point
correspondences, then the matrix (AgAf — I)Ag will have
rank at most n — r, where 7 is the rank of Ay. It follows that
we need at least n = r 4 8 point correspondences to solve
for E up to scale—that is, 16, 16, or 14 points for the three
cases, respectively.

Handling axial cameras. The method for solving for
axial cameras, and particularly, for the case of two cameras
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(i.e., stereo head) is just the same, except that we must take
care to write the Generalized Epipolar Constraint equations
in terms of a world coordinate system, where the origin lies
on the axis. This is an essential (nonoptional) step to allow
us to compute the matrix E correctly. In the case of two
cameras, it makes sense that the origin should be the mid-
point between the two cameras.

Extracting the rotation and translation. The E part, once
found, may be decomposed as E = [t], R to obtain both the
rotation and translation up to scale. This problem is a little
different from the corresponding method of decomposing
the essential matrix E for a standard pair of pinhole images.
There are two differences as follows:

1. The decomposition of E = [t] R gives two possible
values for the rotation, differing by the so-called
twisted pair ambiguity. This ambiguity may be
resolved by cheirality considerations. However, in
the GCM case, only one of the two possibilities is
compatible with the Generalized Epipolar Constraint.

2.  From the standard essential matrix, the translation t
may be computed only up to scale. For a generalized
camera, however, the scale of t may be computed
unambiguously. There is only one translation t that is
compatible with the correctly scaled rotation matrix R.

The recommended method of computing the translation t

once R is known is to revert to the equations (1) and
compute t directly from the relationship

al

X;

6], (Rx;) + (V) x x)) "Rx; + x| R(v; x x;) = 0.

The only unknown in this set of equations is the translation
vector t, which may then be computed using linear least
squares. Since this is a nonhomogeneous set of equations,
unless R = I, the computed t will not have scale ambiguity.

Algorithm description. We now summarize the linear
algorithm for solving the Generalized Epipolar Constraints
in the case of locally central or axial cameras.

Linear Motion Estimation for Multicamera Systems
Given
A set of correspondences (x;,V;) < (x},V};) derived from a
pair of images from a locally central of axial camera. For the
case of locally central projection, v; = v/ for all i. For the
case of an axial camera, all v; and v} lie on a single line,
which contains the coordinate origin of the camera.
Objective
Estimate the rotation and translation (with scale) of the
camera.
Algorithm
1. Form the set of linear equations Agvec(E) + Agvec(R) =
0 using (1).
2. Compute the pseudoinverse A} of Ag and write the
equation for vec(E) as B vec(E) = 0, where
B = (AgA};, — I)Ag. Solve this equation using the
standard SVD algorithm to find E.
3. Decompose E to get the twisted pair of rotation matrices
R and R
4. Knowing possible rotations, solve equations (1) to
compute t linearly. The equations are
nonhomogeneous in t, so t is computed with the

correct scale. Keep either R or R’ and the corresponding
t, whichever gives the best residual.

5.1 Alternation

It was indicated that once R is known, t may be computed
linearly. Similarly, if t is known, then R may be computed
linearly from the same equations. We solve linearly for R
subject to the condition ||R|| =3 so as to approximate a
rotation matrix.

This suggests an alternating approach in which one
solves alternately for R and t. Since the cost decreases at
each step, this alternation will converge to a local minimum
of the algebraic cost function

Z |/ [t] R x] + % R(V} x x]) + (v; X x;)'R x;-||2. (8)
i

The matrix R so found may not be orthogonal, but it may be
corrected at the end. Unfortunately, the alternation algo-
rithm just given has a problem that manifests itself
occasionally. Namely, it returns to the spurious minimum
R=1Iand t =0, ie., the null motion, even if it may not be
geometrically meaningful. Note that we avoided this
spurious solution in the linear algorithm by enforcing a
constraint that ||E|| = 1. However, since we are computing
the value of t exactly (without scale ambiguity) in this
alternation method, we cannot enforce this constraint.

The way to solve this is by modifying the equations (1) as
will be explained now. We rewrite the equations as follows:
Let t = /5t be a unit vector in the direction of t, with 8 being
chosen accordingly. Then, multiplying each term of (8) by
results in a cost function

Z (x1T [‘E]XR x; + ﬁ(XTR(V; X x:) + (v x xi)TR x;))Z 9)
v

in which (3 is an additional unknown. We wish to minimize
this cost over all values of f3, t, and R subject to the
conditions [|t|| = 1 and ||R]| = 3. Given t and §, it is easy to
solve for R linearly as described before. Similarly, if R is
known, the problem is a linear least-squares problem in t
and (3, which we may solve subject to ||t|| = 1 in the same
way as we solved for E above.

Note that the trick of multiplying the cost by 3, which is
the reciprocal of the magnitude of t, prevents t from
converging to zero.

By a sequence of such alternating steps, the algebraic cost
function associated with (9) is minimized subject to ||t| = 1
and |[R|| = 3, the cost diminishing at every step. In this way,
we cannot fall into the same spurious minimum of the cost
function as before. Our alternation serves as a simple add-
on to the linear algorithm, which improves accuracy at very
low cost. If further accuracy is required, it may be used to
initialize a nonlinear bundle-adjustment algorithm.

5.2 Nonlinear Extensions

We have seen above that it is possible to compute the
essential matrix linearly from as few as 14 point matches for
the locally central-and-axial camera. This is analogous to
the 8-point algorithm for computing the essential matrix
from a single moving camera. It is well known that it is
possible to use its inherent constraints to compute the



essential matrix from a smaller number of points. One can
use the constraint det(E) =0 to solve for E from seven
points [27] or the constraint 2EE'E — trace(EE")E =0 to
solve from five points. The simplest algorithm in this case is
given in [28]. Since the starting point for both of these
algorithms is a linear family of solutions, we can apply
them to compute the essential matrix for the degenerate
multicamera systems that we have considered here. Thus,
for the locally central-and-axial camera configuration, it is
possible to compute E from only 11 point correspondences
by applying the algorithm of [28]. For locally central or axial
cameras, 13 points will be required. We have verified that
this method works well for exact data, but is quite sensitive
to even low levels of noise.

Note, however, that these are not true minimal solutions
for this problem since it is possible to solve for motion from
only six point correspondences [14] in the generalized
camera case. However, that method does not work for all
the degenerate cases considered here. A minimal algorithm
for the two-camera case is given in [29].

6 NONLINEAR GEOMETRIC SOLUTION

The limitations of methods for estimating motion using
purely algebraic methods are well known. In broad terms,
the quantity minimized in such methods has no relationship
to the measurement errors. It is well known that methods
that minimize some meaningful geometric error are prefer-
able. We now turn to a different method for computing the
motion of a multicamera rig that minimizes a geometric error
metric. In this section, we introduce an L., method, which
finds a geometrically optimal estimate of the motion in
L, error-norm, using a branch-and-bound algorithm.

For multicamera systems, an algorithm was proposed in
[18] to estimate the motion of the multicamera systems
using SOCP. In that paper, it was shown that the motion
problem is the same as a triangulation problem, once the
rotation is known. SOCP was applied to obtain a solution
for translation of the multiple camera system. However, the
method described there used an unstable initial estimate of
rotation extracted from an essential matrix from a single
camera. Although the method tries to obtain good initial
estimates by averaging the selected rotations, the initial
estimates come from each camera not from all cameras.
Therefore, the rotation estimated from a single camera is
still not an optimal solution for the whole system in terms of
global optimization. Surely it can be improved if we could
estimate the initial rotation from all cameras.

In this paper, we introduce a way of using all cameras to
estimate the motion—rotation and translation—from the
optimal essential matrix for the multicamera system. The
method involves a branch-and-bound algorithm over the
space of all rotations.

6.1 Branch-and-Bound Algorithm

In [10], [11], Hartley and Kahl describe a branch-and-
bound algorithm for estimating the essential matrix from
the motion of a single camera. The algorithm finds the
optimal rotation by dividing the space of all rotations into
several blocks and testing them one by one to find which
one gives the best solution. Rotation space is represented as
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a three-dimensional space using the angle-axis representa-
tion of a rotation. As the algorithm progresses, the blocks
may need to be subdivided into smaller blocks in order to
get a more accurate answer. Ultimately, after a finite
number of steps, one can find the optimal rotation, and
hence, translation within any required degree of accuracy.

The key to the branch-and-bound technique is a method of
bounding the cost associated with the rotations within a
block. Let Ry be the rotation represented by the center of a
block in rotation space and r represent the maximum radius
of the block (measured in radians). Since the translational
part of the motion may be computed optimally (in
L norm) once the rotation is known, we might find this
optimal solution assuming the rotation Ro, and compute the
best residual ¢ (namely the maximum angular measurement
error, or residual, also measured in radians) over all
possible choices of translation. Now the key point is that,
for all other rotations R in the rotation block of radius r, the
best residual is bounded below by 6 + r (see [10], [11]).

Now, suppose that 6,,;,, is the best residual found so far
in the search, we ask the following question: Is it possible
to find a solution with rotation assumed equal to Ry that
has residual less than 6., +r? If the answer is no, it
means that no rotation inside the current rotation block
can beat the best residual 6,;,. In this case, we do not
need to consider the current block any further. If, on the
other hand, the answer is yes or possibly, then the result
is inconclusive. In this case, we subdivide the rotation
block by dividing into eight subblocks and keep them for
future consideration. This method is guaranteed to find
the optimal rotation, and hence, translation within any
desired bound within a finite number of steps.

The main computation in the method just described is,
for each block, we need to answer a feasibility question: Is it
possible with rotation Ry to find a solution with residual less
than € = 6 + 7? We will see that this feasibility problem
can be answered very efficiently using LP.

This LP problem arises in the following way: It will be
shown that each point correspondence (before and after the
motion) must constrain the translation vector of the motion
to lie in a wedge of space bounded by a pair of planes. The
placement and angle of this wedge depends on the value of
€ just defined. The feasibility problem has a positive answer
if the set of all these wedges (one wedge for every point
correspondence) has a common intersection. This is a
standard LP feasibility problem, and may be solved quickly
and efficiently.

6.2 Theory for Multicamera Systems

We now give more details of the method given above. We
assume that a rotation R is given, and our task is to find
whether there exists a solution to the motion problem with
residual less than a given value e.

Single camera constraints. Let x < x' be a pair of
matched points observed in one of the cameras. These
represent direction vectors expressed in a coordinate frame
attached to the camera rig. Knowing (or rather hypothesiz-
ing) the rotation, we may transform one of the vectors so
that they are both in the same coordinate system. Therefore,
define v=~Rx and v/ =x'. These two vectors and the
translation vector must now satisfy the coplanarity condi-
tion t'(v x v/) = 0, which specifies that the three vectors
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(@) (b)

Fig. 3. (a) Translation direction t exists in a region of intersections
(shaded as green) of half-spaces bounded by planes that are tangent to
two cones having axes v; and v;. Two matched pairs of points, v; < v}
and v, < v}, give the two intersections of two wedges. The intersection
of the two wedges is a polyhedron containing the translation direction t.
(b) The two normals of the two half-spaces.

involved are coplanar. This obviously places a constraint on
the vector t.

However, we do not expect this constraint to be satisfied
exactly for all point correspondences. Rather, we wish to
know if it may be satisfied within a given error bound e. A
technical detail discussed in [10], [11] allows us to specify
different bounds € and € on the two points. This is not
necessary to follow the argument further, but we will
assume that v and v’ are allowed different error bounds ¢
and €. If we allow v and Vv’ to be perturbed in this way, then
this means that they must lie inside cones of radius ¢ and ¢,
respectively, as shown in Fig. 3a.

The translation direction t must lie inside a wedge
bounded by planes tangent to the two cones. The two
normals of these planes are shown in Fig. 3b. For several
matched points, the translation direction must lie inside all
such wedges.

To solve the feasibility problem, we need to express the
normals to the planes in terms of (v,¢) and (v/,¢). Then,
answering the feasibility problem is equivalent to solving
the LP problem. We give the formulas for the normals
below, without full details.

As shown in Fig. 4, let us assume that angles «, 3, and e
are the angle between two axes of cones, the angle between
bitangent planes and the cones, and radius error of matched
points, respectively. Let x, y, and z be vectors given by two
cones v and v/, as shown in Fig. 4.

Details of the following derivation are given in [11]. The
vectors x and z are determined by the axes of two cones v
and v’ and by the vector y, where two great circles meet as
shown in Fig. 4. The vector y is expressed as follows:

_sin(e)v' 4 sin(€)v
~ sin(B)sin(a)
where ( is the angle between the planes bitangent to two

cones and the plane containing the axes of the two cones as
illustrated in Fig. 4. This angle ( is given by

(10)

_ sin?(e) + 2sin(e) sin(€') cos(a) + sin?(¢')

sin?(a)

sin? 3 , (1)
where ¢, ¢, and € are shown in Fig. 4.

The vectors x, y, and z form a basis for a coordinate
system and serve to build equations of normals for the two
half-spaces. From the work of the authors of [10], [11], given

Fig. 4. The angle 3, between the planes bitangent to two cones and the
plane containing the axes v; and v} of the two cones, is determined by
the angles «, ¢, and ¢, where « is the angle between v, and v/, and both
e and ¢ are the angle errors at measured image point coordinates of the
matched points. The vectors x and z are given by v; x vi and y x x,
respectively, and the vectors x, y, and z construct a basis of a
coordinate system.

a pair of matched cones on v; < v), we derive the two
normals n; and n, of half-spaces as follows:

n; = sin(f)z + cos(H)x, (12)

ny = sin(f)z — cos(f)x. (13)

These equations provide two normals n; and ny for
planes from a pair of matched points x < x/, and
eventually, will be used to get an intersection of all half-
spaces from all matched pair of points. This is an
intersection from only one camera, and the existence of
the intersection tells us whether a problem is feasible for the
optimal essential matrix in one camera. In this paper, we
would like to deal with multiple cameras instead of single
camera to find the optimal rotation and translation.

Multiple cameras. We represent each camera by a sphere
centered at the camera center. Therefore, we have m spheres
for an m-camera system. Associated with each sphere, as in
Fig. 3, there is a polyhedral cone with apex positioned at the
center of each camera, formed as the intersection of wedges
defined by the point correspondences for that camera. These
cones represent the direction of motion of each of the
cameras. A correspondence of points in the kth camera
generates two constraints of the form

n'(c, —c;) >0, (14)

where c;, is the center of kth camera and c}, is the center of the
kth camera after the motion. However, the constraints from
different cameras involve different variables. To get a set of
consistent constraints, we need to transform these cones so
that they constrain the final position of a specific chosen one of
the cameras, let us say the final position ¢} of the first camera.

This problem is the same as the triangulation problem
considered in [18]. We will see how the cones given by the
linear constraints are transformed by the assumed rotation
of the camera. This is illustrated in Fig. 5.

To express (14) in terms of ¢ instead of c}, we use the
following relationship, which may easily be read from Fig. 5:

¢y =c, +R(ci —cp) + (), — cp)

Another way of justifying this equation is to observe that it
is equivalent to c| —c, =R(c; —c;), which simply ex-
presses the effect of a rotation on the vector ¢; — c;.
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¢34+ R(c; — c3)

Fig. 5. The shaded region is the intersection of three polyhedra located
on where each camera sees, c/, the center of the first camera after a
rigid motion. The shaded region is a feasible solution of the translation of
this multicamera system.

By substituting for (cj —c;) into (14), we obtain the
inequality for multiple camera systems as follows:

0<n'(c)—cp)

=n'(c| —c; —R(c; —cp))

=n'c) —n'(c; +R(c; —cp)).
This is the specific inequality involving c| after the
transformation. Finding a solution satisfying all these
inequalities is the same as finding an intersection of all
the half-spaces.

We find the center of the first camera after the motion by
an intersection of all wedges defined by all pairs of matched
points. In other words, we find a solution to a set of linear
constraints by Linear Programming. More precisely, this
feasibility problem is described as follows:

Does there exist ¢
T T

satisfying n/ic; —nj(c;, +R(ci —¢p)) >0
n,c) —n)(c, +R(ci —cp)) >0
for i=1...N,

where n;; and n;, are the two normals derived from
matched point ¢ and £; is the appropriate index of the
camera generating the matched point ;4 =1,..., N.

The feasible region is the region of space satisfying all
these inequalities. Solving this feasibility problem tells us
the position of the center of the first camera after the
motion, and finally, it gives us the optimal solution of the
translation direction vector and its scale value.

Feasibility test. All half-spaces from matched pairs serve
as inequalities in this LP problem. Given a total of
N matched points in m cameras, the number of inequalities
is 2N. Generally, for five cameras with 100 points, the LP
problem is to find the intersection of 1,000 half-spaces. If we
use only LP to solve this problem, it will take too much
computation time.

We suggest a way to reduce the LP computation time in
this particular problem by testing the feasibility at an earlier
stage before solving a full LP problem. The feasibility for a
multicamera system depends on the feasibility of a single
camera. If the feasibility test applied to a single camera fails,
then we do not need to look at feasibility for the other

cameras. This observation gives a method to reduce the
computation time greatly.

The feasibility test for a single camera is done by
reducing the number of variables for the translation
direction vector to two variables as shown in [10], [11].
This feasibility test for a single camera can be adopted for
greater speed of LP in multicamera systems.

The order of matched points also affects the speed of the
feasibility test. A larger angle a between two matched
points leads to a narrower wedge in which the translation
direction must lie, and gives more chance to finish the
feasibility test earlier. Thus, these points should be tested
first. In our experiments, using a preemptive feasibility test
makes the algorithm 90 times faster than an algorithm
without this feasibility test.

Degeneracy. It is important to note that if the motion
from one frame to the next has no rotation, then the scale of
the translation cannot be computed. Because of the
independence of the different cameras, there is an overall
scale ambiguity, despite having known distances between
the cameras. If the rotation is close to zero, the translation
will be less reliable. Nevertheless, the rotation computation
by the branch-and-bound algorithm will succeed.

7 BRANCH-AND-BOUND ALGORITHM

Given m calibrated cameras with a total of N matched
points in each image, we can transform the matched points
into vectors on the surface of a sphere by multiplying by
the inverse of the calibration matrix and the inverse of the
rotation matrix of each camera. With these simplified
image vectors, the problem becomes easier to describe. The
algorithm to find the optimal solution for the motion of a
multicamera system is written as follows:

Optimal L., Motion Estimation for Multicamera Systems
Given

m calibrated cameras with N matched points, x; < x|
Objective

Estimated optimal rotation and translation with scale.
Algorithm

1. Obtain an initial estimate for the motion by any means
(a random guess if necessary) and compute an initial
estimate 8,,;, for the minimal residual.

2. Create a queue and populate it with rotation blocks
covering the whole of rotation space. (A reasonable
choice is to divide the 3D rotation space into
10 x 10 x 10 blocks.)

3. Carry out a branch-and-bound algorithm over rotation
space, with the following steps (4 to 11).

4. Select a rotation block from the queue and consider its
center as an initial estimate of rotation R in rotation
space.

5. Multiply R by x to get axes of two cones v = Rx and
v =%\

6. Let € = 6,y + 7, where r is the radius of the rotation
block. Next determine whether there is a solution with
rotation R and residual less than € by the following
steps (7 to 10).

7. From the two cones about v and v’ with half
vertex-angle errors ¢, compute two normals n; and n
from (13). Do this for all correspondences v < v'.
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Fig. 6. Three types of generalized cameras used in the experiments with
the synthetic data: (a) a general nonaxial camera rig of five cameras
(“the locally central case”), (b) an axial camera rig of five cameras (“the
locally central-and-axial case”), and (c) a nonoverlapping stereo head of
two cameras (“the locally central-and-axial case”).

Residual convergence curve
(noise = 0.05,100 points,
average of 50 runs)
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Fig. 7. An average convergence curve of the alternation procedure, i.e.,
residual error versus number of iterations. The curve was generated by
averaging 50 runs with 0.05 degree standard deviation noise.
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Fig. 8. Histograms of estimation accuracy based on 1,000 randomly
simulated tests for a nonaxial multicamera rig. In all of these tests, we
introduce angular noise at level of standard deviation 0.05 degree. The
number of rays is 100.

8. Transform the two half—spaces to obtain inequality
equations n/ ¢} — n; (cj, +R(c; —cy,)) > 0.
9. Solve Lmear Programmmg with the constraints.

10. If it is not a feasible problem, then discard the rotation
block and continue. Otherwise divide the selected
rotation block into subblocks, and queue these
subblocks for further processing. In addition, since the
LP problem provides an estimate for the translation t,
test the motion pair (R,t) to see if this gives a better
solution than the current best.

11. Repeat from step 4 until we achieve a desired error,
then return the estimated rotation and translation.

8 [EXPERIMENTS

8.1 Synthetic Experiments for the Linear Method
We carry out three experiments with synthetic data. The
synthetic data simulate three commonly used generalized
cameras, which are 1) a general nonaxial camera rig, 2) an

Error in rotation Error in translation direction Estimated scale
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Fig. 9. Histograms of estimation accuracy based on 1,000 randomly
simulated tests for an axial camera rig. In all of these tests, we introduce
angular noise at a level of standard deviation 0.05 degree. The number
of rays is 100.
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Fig. 10. Estimation accuracy (in rotation, translation, scale) as a function
of noise level. The error in scale estimate is defined as ||1 — H‘H ||. Results
are for simulated nonaxial camera rigs.
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Fig. 11. Estimation accuracy (in rotation, translation, scale) as a function

of noise level. The error in scale estimate is defined as ||1 — I} ||. Results

. . : [1E
are for simulated axial camera rigs. !l

axial camera rig, and 3) a nonoverlapping stereo head.
These three types of generalized cameras are shown in
Fig. 6. The image size for each camera is about 1,000 x
1,000 pixels. The three cases have ranks 16, 14, and 14,
respectively, from the analysis of the generalized epipolar
equations in the previous sections. Gaussian noise with
standard deviation 0.05 degree is added to the direction
vector in Pliicker line coordinates.

In Fig. 7, an average convergence curve for 50 runs of the
alternation method is plotted. As shown in Fig. 7, the
residual error for the alternation method decreases rapidly
in less than 20 iterations. For the first two cases in Fig. 6,
1,000 random runs are carried out and histograms of
estimation errors are shown in Figs. 8 and 9. Graphs of the
errors of the estimated rotation and the estimated transla-
tion from 1,000 trials are shown for the first two cases in
Figs. 10 and 11. For the nonoverlapping stereo head, errors
of the estimated rotation and the estimated translation are
shown in Fig. 12. To see how much our method improves
the estimations, another experiment with a monocular
camera is carried out and the comparison between them
is shown in Fig. 12. As seen in Fig. 12, our method gives
better estimations than the monocular camera system.
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Error in direction of translation
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Fig. 12. Experiment results for a 2-camera stereo system. (a) Estimation
errors in rotation and translation directions using one camera only (i.e.,
monocular). (b) Estimation errors obtained by the proposed method.

8.2 Synthetic Experiments for the L., Method

Experiments are conducted on synthetic data to show
robustness.

A synthetic data set was generated for four cameras with
50 image points randomly located in space. A total of
200 points were projected onto four image planes, and the
system of four cameras was moved by a rigid motion of
rotation and translation. The 200 points were also projected
onto another four image planes of cameras at the final
position. When we process this synthetic data to estimate
the motion by using our method, the CPU computation time
is about 3.5 seconds in a standard Intel Core 2 CPU PC
based on 32-bit instructions and a single process. The
implementation is written in C++ and uses the GNU Linear
Programming Kit (GLPK) [30]. As shown in Fig. 13, several
experiments are conducted 10 times on the same synthetic
data with increasing noise in pixels, and the distance error
of centers is compared with the ground truth and its mean
values are shown.

We have compared the performance with another
method [18], which we call “E+SOCP” in this paper. This
method uses a single essential matrix and SOCP to estimate
the motion of multicamera systems. As seen in Fig. 13, our
proposed method gives a better estimation for rotation and
translation than E+SOCP.

8.3 Real Experiments for the Linear Method

An experiment with real data is carried out. The real data are
obtained from a spherical imaging device, the Ladybug?2
camera system [31]. The Ladybug? camera system consists of
six cameras in the head unit. There are five cameras along the
ring of the head unit and one camera on top of the head unit
as shown in Fig. 14. The average distance between cameras
on the horizontal ring is about 3.71 ¢cm and the average
distance between the five horizontal cameras and the top
camera is about 4.57 cm. Although this camera system is
mainly used for taking images for spherical or omnidirec-
tional vision, the six cameras are considered here as a
multicamera system since the six camera centers are not at
the same point. Accordingly, the Ladybug2 camera is a real
example of the “locally central” case of generalized cameras.

To acquire the ground truth, a trajectory is generated
from a computer-aided drawing tool, as shown in Fig. 15.
This trajectory is an co-shape and it has marked positions
for aligning the camera at every frame. As seen in Fig. 14,
the bottom of the camera is flat. So, one of the edges on the
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Fig. 13. Comparison of two methods: the SOCP based on the single
essential matrix method by Kim et al. [18] (indicated as blue lines,
“E+SOCP”) and our proposed method based on a branch-and-bound
algorithm with LP (indicated as red lines, “B&B+LP”). (a) The difference
between the true position of camera and the estimated position of the
camera at the final position. (b) Angle error of estimated rotation.
(c) Angle error of estimated translation direction. (d) Scale error of
estimated translation. The “B&B+LP” method gives more accurate
position of camera though it has underestimation of rotation and
translation directions compared with the “E+SOCP” method. The
difference of the errors is less than 1 degree, so it is minimal. The
less scale error of translation in the “B&B+LP” method shows why it
estimates a better position of cameras at the final position.

bottom of the head unit can be aligned with the marked
positions in the experiment. For the alignment, a target
point on the edge is marked with a label. Then, the
trajectory is printed on a piece of A2-size paper and the
printed trajectory is attached under a piece of half-
transparent paper with a 1 mm grid. All of the marked
positions can be measured in millimeters in 2D coordinates,

(@) (b)

Fig. 14. (a) The Ladybug2 camera system consisting of five cameras on
the side and one camera on the top of the head unit. A label is attached
on the left-side edge of the bottom of the head unit, which is just under
the red LED light. The label is used to align the camera with a trajectory
printed on a piece of paper. (b) Positions of the six cameras in the
Ladybug2 camera. The positions are retrieved from calibration informa-
tion provided by Point Gray, Inc. The order of cameras is indicated by
colors red, green, blue, cyan, magenta, and black. The label for the
alignment is indicated by a cyan dot at the bottom of the head unit.
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Fig. 15. An oo-shape trajectory produced by a drawing tool. The
trajectory is printed on a piece of paper and is for the path of the
Ladybug2 camera in the experiment. The trajectory is a closed-loop and
has 108 positions. A starting position and end position are shown by a
red line segment, and the frame numbers are shown.

and they provide us the ground truth for the motion of the
camera in this experiment.

For features to track in this real experiment, static objects
such as books and some boxes are placed around the
camera as shown in Fig. 16. The average distance between
the camera and the 3D points on the books is about 30 cm.
Then, the camera is manually moved and aligned with the
marked positions at every frame.

A set of six images is captured by the Ladybug?2 camera
at each marked position. The number of marked positions is
108, so a total of 648 images are captured in this experiment.
The size of each captured image is 1,024 x 768 pixels. All
calibration information is provided by Point Gray, Inc., and
the Ladybug SDK library is used to remove radial distortion
in images [31].

A sample of six images captured by the Ladybug?2
camera in the experiment is shown in Fig. 1b.

Features in the images are detected and tracked through
six image sequences using 2D3 software [32]. Because of the
wide-angle lenses of the Ladybug2 camera (2.5 mm focal
length high-quality microlenses), there is a large amount of
radial distortion in the captured images. So, radial distor-
tion correction is applied to the coordinates of the features.
After the radial distortion correction, a RANSAC algorithm
is used to get rid of outliers from the features [33].

Given all inliers at every frame and camera calibration
information, Pliicker line coordinates for the inliers are
represented in a local coordinate system. One of the six
cameras in the Ladybug2 camera system is selected and
aligned with the origin of the local coordinate system. With
all of these real data, the estimated motion of the camera and
its comparison with the ground truth are shown in Fig. 17. A
3D view of the estimated motion and positions of all six
cameras of the Ladybug2 camera system are shown in
Fig. 18. Note that the trajectory is a closed loop and the

Fig. 16. Experimental setup with the Ladybug2 camera and books
surrounding the camera. The camera is placed on a piece of A2-size
paper on which the trajectory of 108 positions of the camera is printed.

~
~ \\Start frame
“End frame

End frame

I i I 1 it
50 0 -50 -100 -150 -200 -250 -300 -350

Fig. 17. Estimated motion of the Ladybug2 camera in the real
experiment using our proposed “linear method,” which is indicated by
blue dots and lines. The ground truth of the motion is superimposed by
red dots and lines. All of the estimated positions go relatively well until
frame number 92 out of 108 frames. At frame number 93, the linear
method gives a large amount of displacement error. However, after that
frame, the estimation goes well again until the last frame. It tells us that
our linear method needs to find some other ways of nonlinear estimation
using bundle adjustment to improve the result. The measurement unit in
this figure is millimeters.

estimated positions of the cameras accumulate errors at
every frame. Therefore, examining how well the trajectory is
closed at the last frame can be one way of verifying the result.
In this experiment, the estimation seems fine throughout all
frames. However, there is a large displacement in the
estimation at the moment of frame number 93. It tells us
that the linear method is fairly applicable and gives good
results, but in terms of robustness, we need a better way of
minimizing residual errors in motion estimation.

8.4 Real Experiments for the L., Method

We have used the same real data set that we used for the
linear method. For 108 images, the motion of the 6-camera
system is estimated and the results are shown and compared
with the results of the “E+SOCP” method in Fig. 21. The
graph in Fig. 21 shows that the estimated rotation and
translation by our proposed method are more accurate than
E+SOCP. The estimated trajectory of the cameras is super-
imposed on the ground truth in Fig. 19. Histograms of
translation and rotation errors of the simulated motion are
shown in Fig. 20. This analysis shows that the translation

(b)

o JL )

a0}
-60f
100 50 0 50 100 150 200 250 300 350 400

Fig. 18. The estimated motion and position of six cameras of the
Ladybug2 camera are plotted. The camera position is indicated by blue
dots and lines. The axis of the Ladybug2 camera is shown by red lines.
The marked position of the label attached on the head unit, which is
aligned with the predefined trajectory, is shown by cyan dots. (a) Top
view of the estimated motion and positions of the six cameras;
(b) perspective view of the estimated motion and positions of the six
cameras; (c) side view of the estimated motion and positions of the six
cameras.
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—e— Estimated positions
—e— Ground truth positions
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Fig. 19. Top view of the estimated trajectory of the camera and the
ground truth from frames 0 to 108. The estimated trajectory is indicated
using blue lines and dots to indicate the positions of the camera. The
ground truth is illustrated using red lines and dots. The starting position
of the cameras is the left middle point, which is (0, 0, 0) in the coordinate
system. There is a drift in the estimated motion because of accumulated
errors over frames.

direction is sensitive to noise in image coordinates. The
estimated trajectories of the Ladybug camera and its six
cameras with the marker are shown in Fig. 22.

9 CONCLUSION

We have discussed two methods of frame-to-frame motion
estimation of a multicamera rig, a rapid linear method and a
geometric L.-optimal algorithm.

Our linear method is fast and easy to implement
compared to nonlinear methods. Although the estimate
from the linear approach is sensitive to noise, particularly
when a motion of the system is close to no-rotation motion,
the linear approach is fast enough to be used for real-time
applications, and it serves as a good initial guess for
nonlinear refinement methods.

The nonlinear approach which gives an optimal solution
in L., showed robust estimation result of the motion. It could
cure large displacement errors, which may happen in the
linear method. However, the estimation of translation
direction is more sensitive than that of the rotation in L., as
well. Because it uses an exhaustive search over rotation space,
the nonlinear method is much slower than the linear method,
but its runtime on the order of a few seconds is not exorbitant.

Although we have been concerned chiefly with non-
overlapping cameras in this paper, the methods developed
are equally valid for cameras with overlapping fields of
view as well.
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Fig. 20. Histograms of rotation and translation errors on the simulated
motion. The simulated motion is generated with 0.1 degree standard
deviation noise in the image coordinates. (a) Histogram of rotation
errors. (b) Histogram of translation direction errors. (c) Histogram of
translation scale errors. These show that the translation direction errors
are sensitive to noise.
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Fig. 21. (a) Histogram of the rotation error by our proposed “B&B+LP”
method. It shows 1.08 degrees of the mean and 0.9 degree standard
deviation. (b) Histogram of the rotation error by the “E+SOCP” method,
which is based on the essential matrix from single camera and SOCP by
Kim et al. [18]. It shows 4.73 degrees of the mean and 5.06 degree
standard deviation. The proposed “B&B+LP” method estimates the
rotation better than the “E+SOCP” method in real data experiments.
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APPENDIX
RANK CONDITIONS

We show how to generate examples that prove the rank
conditions stated in this paper. We concentrate on the
locally central axial camera. According to (6), the solution
set has dimension 4, so the rank of the equation matrix must
be at most 14. According to the argument in Section 4, to
prove that the rank is generically equal to 14, we need only
exhibit one single example where the rank is 14.

We consider a 3D point set consisting of the vertices of
two unit cubes. The points (denoted by X;) are represented
by the columns of the following array—15 points in all:

111122 222223333
112 211222332233
1212121232323 23

This set of points is chosen arbitrarily. Just about any set of
points will do. Define a rotation matrix

0 1 0
R=1|-1 0 O
0 0 1

and a translation t = (1,0,1)". Then define a second set of
points X =RX; +t. Let v; =(0,0,0) for i =1,...,7 and
(0,0,1) fori =8, ..., 15. Now, define points x; = X; — v; and
x, = X — v;. There is no need to normalize the points x; and
X} to unit vectors since this will only change the following
equation by a constant factor. One may verify that this
condition,

Fig. 22. The top-side view of the path of the six cameras (blue and red
lines) and marker (cyan dots).
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X;TEXZ' + (vi x xg)Tij + x;TR(vz; x x;) =0,

holds with E = [t] ,R. Writing this condition as a set of
equations of the form (2), one may verify that the matrix A
has rank 14. This may be done by computing the
determinant of a 14 x 14 submatrix. For the sake of proving
this rank condition, we have given this example in terms of
points with integer coordinates so that one may rigorously
show that the rank condition holds without worrying about
floating-point numerical precision.

Continuing this example, one may divide matrix A into
two parts A = [Ag Ag]. Then one verifies that rank(Ar) = 6
and rank((AgAj; — I)Ag) = 8. Finally, solving the equation
(ARAf, — I)Agvec(E) = 0 retrieves the essential matrix E.
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