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A Vision Based Ensemble Approach to Velocity Estimation for
Miniature Rotorcraft
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Abstract Successful operation of a miniature rotorcraft relies on capabilities including automated guidance, trajectory
following, and teleoperation; all of which require accurate
estimates of the vehicle’s body velocities and Euler angles.
For larger rotorcraft that operate outdoors, the traditional
approach is to combine a highly accurate IMU with GPS
measurements. However, for small scale rotorcraft that operate indoors, lower quality MEMS IMUs are used because
of limited payload. In indoor applications GPS is usually not
available, and state estimates based on IMU measurements
drift over time. In this paper, we propose a novel framework
for state estimation that combines a dynamic flight model,
IMU measurements, and 3D velocity estimates computed
from an onboard monocular camera using computer vision.
Our work differs from existing approaches in that, rather
than using a single vision algorithm to update the vehicle’s
state, we capitalize on the strengths of multiple vision algorithms by integrating them into a meta-algorithm for 3D
motion estimation. Experiments are conducted on two real
helicopter platforms in a laboratory environment for different motion types to demonstrate and evaluate the effectiveness of our approach.
Keywords Visual motion estimation · rotorcraft state
estimation

1 Introduction
Research efforts utilizing miniature rotorcraft are rapidly expanding from typical outdoor applications such as search
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and rescue, inspection, surveillance, and reconnaissance to
indoor or confined environments. Effective operation of the
vehicle requires feedback control for stabilizing the vehicle
and damping out disturbances, at the same time allowing the
human operator to provide control inputs. This paper considers low cost miniature rotorcraft that are suited for operation
in indoor environments. These types of miniature rotorcraft
present some unique challenges. One significant challenge
is the stringent payload limitation that restricts the sensors
and processing capabilities that can be mounted on the vehicle. Another challenge arises due to operation in an enclosed
environment where sensors such as GPS or magnetometers
are unreliable. As a consequence of these challenges, implementing control systems can be a difficult problem.
In order to build a control system, estimates of the vehicle states must be available. In general, low cost IMUs and
other small footprint sensors like cameras introduce significant measurement errors, thus making it difficult to base a
control strategy on any individual sensor. To compensate for
the limitations of the individual sensors, our approach fuses
information from the dynamic vehicle model, measurements
from an onboard IMU, and a camera in order to estimate the
Euler angles (roll, pitch, and yaw) and body frame velocities needed for control. Each component provides different
modalities of information and a state estimation approach
that fuses them will provide better performance than a subset of the elements.
The onboard camera enables a powerful set of motion
cues for velocity estimation. However, most of the vision
based motion estimation algorithms utilize only a single motion cue (such as optical flow or large camera displacement),
as a result they provide only partial information regarding
the motion. Inspired by this observation, we propose a novel
ensemble approach in which we fuse together motion estimated from multiple computer vision algorithms to get a
robust estimation of the vehicle velocity direction. At this
point, we would like to point out that the visual cues can-
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not, by themselves, determine the 3D depth; as a result they
can only provide the direction of the vehicle velocity. Nevertheless, the proportions of the 3D velocity contained in the
direction vector provide valuable information. That is, mismatch between the dynamic model and the physical system
can result in estimation error that can accumulate and cause
drift in the states. The velocity direction allows for correction of low frequency estimation errors as our experiments
demonstrate.
Before we proceed, let us enlist the main contributions
of this paper. We propose an Extended Kalman Filter (EKF)
based state estimation framework that combines the vehicle’s dynamic flight model, the MEMs IMU readings and
vision based estimates of the 3D velocity direction vector from a front facing monocular camera. Next, we introduce a novel vision based motion estimation framework that
exploits the strengths of different vision algorithms into a
meta-algorithm to determine the vehicles’ unit-velocity. We
demonstrate the effectiveness of our method via real implementations on two helicopter platforms: (i) the commercially available AR Drone system, and (ii) a coaxial helicopter platform with more challenging dynamics.
2 Related Work
State estimation for aerial vehicles is an established procedure when GPS and high-end IMUs are available. Significant work exists on performing state estimation during temporary drop outs of GPS signals [18], without using the vehicle’s dynamic model [16], or using low-cost noisy IMU
readings [21]. However, state estimation in true GPS denied
environments, such as the problem we investigate in this paper, still needs attention.
Estimating the camera ego-motion (3D rotation and translation) is a well studied problem in computer vision and a
variety of techniques are available [11]. Motion estimation
techniques using an onboard monocular camera generally
fall into one of the two broad categories: namely (i) discrete time methods, and (ii) continuous time methods. The
former type assumes a significant translation of the camera
between a pair of consecutive images and utilizes the geometric constraints (also called epipolar constraints) between
a static world point and its projection on the images to infer the camera motion [13]. Continuous time methods use
the motion induced intensity fields (optical flow) between
consecutive images, and use structural constraints of image
formation (such as subspace constraints, coupling between
optical flow with the vehicle’s linear and angular velocities,
etc.) to estimate the 3D motion [30]. These vision schemes
have been applied to state estimation problems in aerial vehicles before, such as in the work of Soatto et al. [28] that
uses the epipolar constraint or in [14, 29] that use flow based
subspace constraints.
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In a real-world setting, especially for a 6-DOF helicopter,
many of these motion estimation algorithms based on monocular vision fail. It is not only the dynamic operating environment that adds to the challenge, but also the influence
of external noise such as jitter, radio frequency interference,
illumination variations, etc. that cause variability in feature
position and false image correspondences. In [26], a Kalman
filter based fusion model is introduced, that not only measures the dynamic state of a UAV operating indoors, but also
estimates the wind velocity. This system uses a downward
looking camera and makes restrictive assumptions on the
ground plane. In [34], a sigma-point Kalman filter is proposed that fuses motion estimates from a forward-looking
camera, a 3-axis airspeed sensor, and an onboard IMU. They
use the epipolar geometric algorithm, but rely on the airspeed sensor for state estimation. Unfortunately, this sensor
requires extensive calibration over the expected flight conditions and is often less applicable to rotorcraft operating at
low speeds. In [20], vision aided navigation systems that use
low-cost inertial sensors are proposed to operate in environments where the GPS is temporarily denied. The approach
is based around an inertial navigation system (INS) and updated based on estimates of the 3D position of tracked features. In our work, the end goal is to use the state estimates
as part of a closed loop controller. To integrate all sources
of information and ensure a stable response with known dynamics, a dynamic model is used as the central block instead
of a simple INS system.
In [27], two cameras are integrated with an IMU to generate state estimates onboard a micro air vehicle (MAV). A
state estimation approach for MAVs using a single camera
was described in [1]. The approach fuses pose estimates obtained using VSLAM with information from fast sampling
inertial sensors. A method of incorporating optic flow as a
measurement update for a visual-inertial state estimator was
presented in [6]. The existing method that most closely resembles the approach proposed in this paper is described
in [33]. The work combines a single camera and IMU to estimate velocity and then proceeds to combine the method with
VSLAM for navigation. Our approach also uses a single
camera and IMU to measure speed, but we utilize a dynamic
model of the vehicle and multiple vision algorithms. A few
additional approaches closely related to ours are [15, 25,32]
that utilize dynamic models of aerial vehicles combined with
vision based measurement updates. All these approaches use
only a single vision based motion estimation algorithm. In
real world flights, individual algorithms can have problems
with specific operating environments and motions. The problem with the individual vision algorithms is that each looks
at a particular motion cue for separating the non-linearly
coupled motion parameters. To circumvent this problem and
at the same time take advantage of the higher diversity of
motion cues available in front of the camera, we propose
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a meta-algorithm, that fuses the velocity estimates from a
small set of state-of-the-art ego-motion algorithms in an EKF
setting. To the best of our knowledge such a meta-algorithm
has not been suggested before.

3 Experimental Setup
To study state estimation for miniature rotorcraft, a combination of hardware, software, and electronics are required
that include capabilities for onboard video data collection,
video processing, sensor fusion, vehicle control, and ground
truth measurements. This section provides a brief overview
of our experimental setup at the Interactive Guidance and
Control Lab (IGCL) at the University of Minnesota. For the
work presented in this paper it is assumed that the miniature rotorcraft under investigation operate in indoor environments close to the ground.

3.1 Hardware and Software
The experimental facility is built around a Vicon motion
tracking system that provides accurate real-time measurement of the vehicle’s six DOF motion.1 Figure 1(a) shows
the lab during a flight test. Details on the lab hardware and
software can be found in [2, 3].

3.2 Helicopter Platforms
A number of potential rotorcraft platforms are commercially
available in single rotor, coaxial, and quadrotor configurations. Our two main selection criteria were: (i) small size
suitable for indoor operation, and (ii) the ability to carry a
sensor suite (a payload of at least 50 grams). Other criteria
were cost and integrated electronics. One commercial rotorcraft platform that meets these requirements is the AR
Drone quadrotor, which is small enough (52.5 x 51.5 cm,
420 grams) and includes all the necessary onboard sensors.
The AR Drone also provides onboard processing for stabilization that includes fusion of optical flow from a downward facing camera with inertial measurements [7]. For this
work only the raw measurements from the AR Drone’s IMU
and camera were used. The AR Drone is shown in Figure 1(b).
The primary quantities of interest in this work are the
estimated body velocities for the rotorcraft platforms. To
demonstrate the effectiveness of our velocity estimation approach for a diverse set of rotorcraft configurations, two
platforms with significantly different dynamics were investigated. The two platforms show that the proposed estimation method is applicable to the full range of miniature rotorcraft. The first platform, the AR Drone, provides a sim1
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ple dynamic response. The second platform, a coaxial helicopter based on the Blade CX2 from E-Flite2 , has significantly more complex dynamics. The Blade CX2 has a rotor
diameter of 34.5 cm, a height of 18.3 cm, and weighs 220 g
(with battery). Figure 1(c) shows the modified Blade CX2
equipped with a video camera. For more details on this platform, see [2].

3.3 Sensors
The test vehicles include a range sensor for altitude measurement, a forward facing camera, and an IMU for motion
and pose estimation. The IMU onboard the vehicle provides
measurements of the angular rates and accelerations of the
body frame. To generate the Euler angles based on the IMU
measurements, a complementary filter is applied. The complementary filter is a simple approach that combines angle
measurements based on the accelerometers’ low frequency
response with integrated gyro measurements (that capture
the higher frequencies) [4]. The basic equations for ϕ (roll),
θ (pitch), and ψ (yaw) angles of the complementary filter
are given in Appendix A. Experimental testing shows that
the response of the complementary filter accurately matches
the actual Euler angles (as provided by the Vicon system).
During circular trajectories the gravitational direction
measured by the IMU will be incorrect (due to the centripetal force). Consequently, the attitude estimate generated
by the complementary filter will be inaccurate during such
maneuvers. Improved attitude estimation could have been
achieved by incorporation of the roll and pitch angles into
the filter framework discussed later in the paper, but this
was deemed unnecessary for the current system because the
specific motion that causes the issue was not a significant
component of the experimental trials.
Using the Euler angles, the acceleration due to gravity
can be removed from the IMU’s accelerometer measurements to get the accelerations in the body frame (see Appendix A for the equations). To improve the IMU measurements, a calibration procedure is applied before each flight
test. The resulting measurements of the angles and body velocities are provided as inputs (or updates) for the state estimation algorithm.

4 Dynamic Models
This section provides an overview of the dynamic models
for the two rotorcraft from Section 3.2. The coaxial is more
complex due to the coupling between the two rotors, flybar,
2

http://www.horizonhobby.com

4

Jonathan Andersh et al.

Basestation
Computer

Vicon
Cameras

a, b

c, d

v

θ,q

φ, p
w
u

AR Drone
(a)

(b)

(c)

Fig. 1 Helicopter platforms: (a) example of flight experiments in the IGCL lab, (b) the AR Drone quadrotor platform, and (c) the coaxial helicopter
platform based on the Blade CX2 showing the state variables defined in the dynamic model.

and fuselage motion. For the AR Drone and coaxial vehicles, the control inputs are given by:
[
]T
u(k) = ulon (k) ulat (k) ucol (k) u ped (k) ,

(1)

where ucol controls the height, u ped the heading, ulon the
longitudinal velocity, and ulat the lateral velocity. The basic
structure of the algorithm for estimating state information is
shown in Figure 2, where u, v, and w are the body velocities, ax , ay , and az are body accelerations, and p, q, and r are
the angular rates. The state estimation block uses a standard
Extended Kalman Filter (EKF).

Operator

u, v, w

State
Estimation

control signals for
motors and actuators

ax, ay, az, p, q, r

Helicopter

ü = Uu u +Uu̇ u̇ +Ulon ulon + ωu
v̈ = Vv v +Vv̇ v̇ +Vlat ulat + ωv
ẅ = Ww w +Wẇ ẇ +Wcol ucol + ωw .

IMU

u, v, w direction

Vision Based
Motion
Estimation

sequence of images

The dynamic model of the quadrotor (including the feedback control loops) was identified using frequency sweep
data for the longitudinal and lateral control inputs. The
model parameters, given in Table 1, were identified by first
extracting the frequency responses and then fitting these
with transfer functions using FRESPID and NAVFIT tools
in CIFER respectively [31]. The state and noise vectors are
[
]T
]T
[
given by x̂ = u u̇ v v̇ w ẇ and ω = ωu ωv ωw . The
second order transfer function equations from control inputs
to vehicle velocities (u, v, w) are given in (2). The measurement updates for the state estimator come from the onboard
accelerometer, zero velocity updates based on optical flow,
and velocity direction updates from the computer vision algorithms. Details on the state estimation procedure can be
found in Appendix B.

(2)

Camera

Fig. 2 Block diagram of the state estimation approach.

The structure of the algorithm for state estimation integrates complementary sources of information. The dynamic
model provides structure for the state estimates based on
real world dynamics while the IMU measurements correct
for higher frequency errors. The vision algorithm compensates for low frequency errors caused by the modeling error
or drift in the states.

4.1 AR Drone
For the experimental evaluation described in this paper, the
onboard control loops on the AR Drone were left in place.

Parameter
Uu
Vv
Ww

Value
-4.471
-5.481
-36.06

Parameter
Uu̇
Vv̇
Wẇ

Value
-6.567
-6.581
-12.02

Parameter
Ulon
Vlat
Wcol

Value
24.05
22.56
-28.34

Table 1 Model parameters for the AR Drone dynamic model.

4.2 Coaxial Helicopter
The dynamic model structure used in this paper is based on
previous work on modeling and characterizing the dynamics
of miniature rotorcraft [10, 22]. The helicopter control inputs
are measured at each time step. Based on these control signals, one can integrate the helicopter equations of motion
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forward in time to obtain an estimate of the vehicle’s actual
state.
The dynamic model identified in [10] provides a set of
linearized equations of motion for the helicopter and has the
form shown in (5). The relation of the state variables to the
helicopter body is shown in Figure 1(c). The numerical values of aerodynamic, control derivatives and model parameters listed in Table 2 were taken from [10]. The coefficients
τ and τs are the rotors’ and stabilizer bar time constants, respectively. In the model, the stabilizer bar and upper rotor
were combined and represented by c and d states (aerodynamic effects like those discussed in [8] are ignored). The
state vector shown in (3) includes the Euler angles (ϕ , θ ,
ψ ), the angular rates (p, q, r), the flapping angles (a, b, c,
d), and the body velocities (u, v, w).
[
]T
(3)
x̂ = ϕ θ ψ p q r ṙ a b c d u v w

of velocity information. Since the scene depth cannot be estimated using a monocular camera, the computer vision algorithms cannot find the magnitude of vehicle velocity, instead a velocity direction vector is identified and used as
an observation for state estimation. It is seen that a single
vision algorithm might not be sufficient for robust estimation of the translational velocity given the diversity of the
scenes in front of the camera. For example, optical flow
based algorithms work best for estimating instantaneous velocities, while epipolar geometry is superior when the camera translation is large. Thus, a fusion of these disparate vision algorithms can capitalize on the strengths of the individual algorithms and provide robust ego-motion estimation.
In the following subsections, we will elucidate these vision
algorithms in detail, before introducing our velocity fusion
framework.

The noise vector is given by
[
]T
ω = ω p ωq ωr ωa ωb ωc ωd ωu ωv ωw .

5.1 Computing Point Correspondences
(4)

ϕ̇ = p, θ̇ = q, ψ̇ = r, ṗ = Lb b + Ld d + ω p
q̇ = Ma a + Mc c + ωq , r̈ = Rṙ ṙ + Rr r + R ped u ped + ωr
ȧ = −q − τa + Alon ulon + Alat ulat + Au u + ωa
ḃ = −p − τb + Blon ulon + Blat ulat + Bv v + ωb
(5)
ċ = −q − τcs , d˙ = −p − τds
u̇ = Xu u + Xθ θ , v̇ = Yv v +Yϕ ϕ
ẇ = Zw w + Zcol ucol

Parameter
Lb
Ma
Au
Alon
Mc
Zw

Value
265.4
189.6
2.289
-4.157
154.5
-1.36

Parameter
Alat
Bv
Blon
Blat
Ld
Zc ol

Value
-2.908
-2.141
-2.232
4.900
186.2
-10.0

Parameter
Xu
Xθ
Yv
Yphi
τs
τ

Value
-0.446
-9.810
-0.604
9.810
0.559
0.028

Table 2 Miniature helicopter aerodynamic and control derivatives
(units are in degrees and meters).

The measurement updates for the state estimator use the
Euler angles calculated using (28) (defined in Appendix A),
zero velocity updates, and velocity direction updates from
the computer vision algorithms. Details on the structure of
the state estimation algorithms can be found in Appendix C.

5 Velocity Direction Estimation Using Computer Vision
The translational velocity of a helicopter estimated using an
IMU alone will drift due to noise and errors in the accelerations resulting from corrections for gravity. Consequently,
another measurement modality to update the estimate is essential. Computer vision provides a complementary source

The first step in any vision based motion estimation algorithm is to compute point correspondences across successive video frames; these correspondences are later decomposed into the velocity components. Two significant problems need to be addressed at this stage: (i) robustness of
the feature descriptors and (ii) real time computation of
these descriptors. After experimenting with several popular
methods, we selected the recently introduced Binary Robust
Independent Elementary Feature (BRIEF) descriptors [9].
These descriptors are computationally efficient, robust and
take much less storage (128–512 bits) than other popular
methods.
5.2 Epipolar Geometry
One of the most popular vision algorithms for ego-motion
estimation is based on epipolar geometry [11]. The algorithm assumes the camera motion is smooth and the environment is stationary. It takes as input the point correspondences computed between two successive video frames. Assuming a pinhole model, suppose the camera center moves
from a world point C1 to C2. Further, let x and y represent
the homogeneous image coordinates of a stationary world
point X projected onto the camera image plane at C1 and
C2 respectively. Then, epipolar geometry says that the camera centers and the world point are coplanar. This coplanarity constraint can be written in terms of two corresponding points x and y as:
xT Fe y = 0,

(6)

where Fe is called the Fundamental matrix. It is well-known
[13] that Fe can be written as:
Fe = RS

(7)
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5.3 Optical Flow

Fig. 3 Schematic showing the relation between the 3D velocity components and the optical flow.

where R is the 3 × 3 rotation matrix of camera motion and S
is the skew-symmetric representation of the camera translation vector T = [tx ,ty ,tz ]T , i.e.,


0 −tz ty
S =  tz 0 −tx  .
(8)
−ty tx 0
Note that, for tractability of the solution, the translation vector is normalized to unity. Given eight or more point correspondences between the two images, we use the Gold Standard algorithm in conjunction with RANSAC to robustly estimate Fe [11], from which the rotation matrix R and the unit
translation vector T can be derived using simple linear algebra [11]. Unfortunately, the signs of the dimensions of T are
generally unpredictable in practice (due to errors in computing the point correspondences). We will tackle this problem
in Section 6.2.
Although the epipolar algorithm is computationally simple, it has several disadvantages as listed below:
1. It assumes that there is sufficient translation of the camera, which is not always the case. For example, if the
motion is a pure rotation, then epipolar geometry will
still produce a unit magnitude translation vector due to
the vector normalization and numerical errors.
2. It often uses a RANSAC step for estimating the fundamental matrix robustly, in which multiple motion models
are fit to subsets of the point correspondences to make
the fit robust to outliers. When there is significant noise
in the images, a large number of iterations are required to
find good fitting models, demanding high computational
load.
Alternative ego-motion estimation algorithms, that can
help circumvent these fundamental issues, will be described
in the following subsections. Our primary criteria for selecting these algorithms is to consider different assumptions
about the scene in front of the camera, since a single assumption or visual cue might not be sufficient for a real world
application of the system.

Optical flow is one such cue for ego-motion estimation. Unlike the geometric method, optical flow algorithms work on
instantaneous (differential) velocities, which means that they
are more suited in situations where the motion of the helicopter is small. In this paper, we investigate the less commonly used fundamental equation of optical flow. Although,
optical flow is very popular in computer vision for estimating the image motion across frames, we would like to emphasize that we are dealing with algorithms for computing the 3D camera motion from the 2D optical flow vectors. Towards this end, we chose two potential algorithms,
namely (i) Kanatani’s renormalization method and (ii) the
linear subspace algorithm. Further, assuming we have reasonably accurate estimates of the vehicle’s angular velocity,
we propose a simple scheme for 3D unit-velocity estimation
using the fundamental equation of flow, which we call the
Maximum Likelihood Estimator (MLE) method on flow. In
the following, we briefly review the basics of optical flow,
before discussing each of these algorithms in detail.
Given two consecutive images from the onboard camera, optical flow describes the instantaneous motion field of
image intensities between the two images as a result of the
camera motion [5]. Suppose I(x, y,t) signifies the image intensity at coordinates x = (x, y) and time t. If this intensity
moves to y = (x + δ x, y + δ y) at time t + δ t due to camera
motion, then we have:
I(x + δ x, y + δ y,t + δ t) = I(x, y,t).

(9)

Expanding the LHS of (9) using Taylor series to a first-order
approximation, we have the optical flow constraint:

∂I
∂I
∂I
u+ v+
= 0.
∂x
∂y
∂t

(10)

5.4 Epipolar Equation of Optical Flow
Assume in the following that V and Ω are the camera linear and angular velocities, and let I represent a 3 × 3 identity matrix. With reference to Figure 3, a world point O(t),
having a corresponding image coordinate represented by x,
is moved to the point O(t + ∆ t) as a result of a translation
T = V ∆ t and rotation R = I + Ω × I∆ t. Then, at O(t + ∆ t)
the new image point y is approximately (to the first order)
given by:
y = x + ẋ∆ t.

(11)

Here, we assume ẋ represents the optical flow at the image
coordinate x. Using the epipolar constraint from the previous section, we have:
|x, T, Ry| = 0,

(12)
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where (12) is a triple product. Substituting for T and Ry, we
have:

5.6 Linear Subspace Method

|x, ẋ,V | + (V × x)T (Ω × x) = 0,

A drawback of the above methods is that a large set of optical flow vectors are required for the statistical estimation
of the noise model and the corresponding renormalization,
which might not always be feasible in practice. To accommodate for this situation, we apply a subspace method in
this paper. This technique [12] is based on the simple observation that there exists a bilinear relationship between the
unknown depth of the 3D points and the motion parameters,
such that each of them can be estimated by fixing the others,
there-by solving each unknown variable independently.
The method has been shown to be quite robust to random errors in the flow computation and does not assume
smoothness or planarity in the scene. The basic idea of the
algorithm is as follows: using a pin-hole camera model with
the camera focal length f , an image point x = [x, y]T corresponding to a world point P = (X,Y, Z) is related by

which can further be written as:
[
]
tr (ẋxT )(V × I) +
[
[
]]
( T )
)
1(
T
T
T
tr (xx ) V Ω I − V Ω + Ω V
= 0.
2

(13)

(14)

Following [17], separating the known and unknown variables in (14); let
M = xxT + ẋxT − xẋT
1
Fo = (V T Ω )I − (V Ω T + Ω V T ) +V × I,
2
then (14) can be rewritten as:

(16)

tr(MT Fo ) = 0.

(17)

(15)

Here Fo is called the flow matrix. Assuming the velocity
vector is normalized to unity and under suitable decomposability conditions, it can be shown that the linear and angular velocities can be estimated separately from (17) (see
p.329 [17] for the proof).
5.5 Maximum Likelihood Estimator Method on Flow
When the vehicle’s angular velocity is known, we may estimate the unit-translation vector with better accuracy. In this
section, we propose a method to achieve this. Our scheme is
a variant of prior methods proposed in p.94 [19] and [6, 33],
but differs in that we use a maximum likelihood estimation
for computing the unit velocity, while the prior methods directly solve the epipolar equation for the two unknowns in
the 3D velocity vector. Assuming homogeneous image coordinates given by x = [x y 1]T and the corresponding flow
vectors by ẋ = [ẋ ẏ 0]T , if Ω = [Ωx Ωy Ωz ]T and the linear velocity be V , then we have the following simplification
to (12):
arg min AT V subject to ||V || = 1,

(18)

x=

fX
;
Z

y=

fY
.
Z

(20)

Assuming the camera moves in a static scene, and using the
notation for the linear and angular velocities from the previous sections, the motion of the point P can be expressed
as:
Ṗ = −(Ω × P +V ).

(21)

Now, taking the derivative of (20) and substituting in (21),
we have
ẋ = (1/Z)A(x, y)V + B(x, y)Ω
[
]
−f 0 x
where A(x, y) =
and
0 −f y
[
B(x, y) =

]
(xy)/ f −( f + x2 / f ) y
.
( f + y2 / f ) −(xy)/ f −x

(22)

(23)

It can be shown that by a rearrangement of terms, (22) can
be rewritten as

V

where A is a 3 × N matrix generated from N optical flow
vectors, such that the i-th column of A denoted Ai will have
values


−(yi + Ωy )
.
(19)
ẋi + Ωx − xi Ωz
Ai = 
xi (ẏi + Ωy ) − yi (ẋi + Ωx )
The components of Ai are obtained by expanding and collecting the terms in (13) corresponding to the i-th image
co-ordinates and its respective optical flow. The formulation
in (18) can be solved using an SVD decomposition on AT
and choosing the right singular vector corresponding to the
smallest singular value as V .

ẋ = C(V )ξ

(24)

where C(V ) is a matrix with the matrices A(V ) and B as
columns for all the image coordinates at which the flow is
computed, and ξ is a vector of unknowns corresponding to
the rotation and the depth variables. This is a bilinear problem with variables grouped in such a manner that it can be
optimized separately. In [12], a simple Maximum Likelihood Estimate (MLE) is proposed on a discretized solution
space that minimizes the error residual between the optical
flow vectors and the estimated variables. This algorithm was
seen to be robust to noise, works for sparse flow, and at the
same time is computationally fast.
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5.7 Stationary Hover
Another method to estimate the motion is to detect stationary hover. That is, if the average of the absolute flow in the
image coordinates in both the horizontal and vertical directions is below a small threshold, the rotorcraft is assumed
to be in a stable hover with the velocity vector estimated as
zero. This allows for measurement updates directly to the
velocity states and helps to correct for drift or model errors.

(a)

(b)
Fig. 4 4(a) shows the fusion of various vision algorithms for an improved translational velocity estimate. The fusion is implemented using a covariance intersection filter. 4(b) shows the cuboid histogram for
estimating sign of the velocity vector.

The velocity is subsequently updated within the Kalman filter based on the fused velocity direction. The covariance intersection filter performs the fusion of the covariance and
velocity using

Σ −1 = ∑n=1 λn Σn−1 ;

Σ −1 v̂ = ∑n=1 λn Σn−1 v̂n

N

N

(25)

with
/
1 εn
λn = N / ;
∑i=1 1 εi

εn = tr(Σn )

(26)

where v̂n and Σn are the velocity direction estimates and covariances from the different vision algorithms, while v̂ and
Σ represent the fused velocity and its covariance.
There are a few important practical challenges that
need to be addressed in our fusion framework. Note that
the unit-velocity measurement from each vision algorithm
is weighted by its confidence covariance matrix. Unfortunately, we do not get this matrix directly from the vision
algorithms. A second issue regards the sign of the velocity
vector. Due to noise, numerical errors, and rank deficiency
of the fundamental matrix, the sign of the unit-velocity vector cannot be determined reliably. In the following subsections, we provide statistical heuristics to ameliorate these deficiencies. The final unit-velocity resulting from the fusion
framework is validated by comparing it to the predicted observation from the state estimator and discarded if it falls
outside a threshold ellipsoid defined by the eigenvalues of
the inverse innovation covariance.

6.1 Covariance Estimation Via Monte Carlo Simulations

6 Ensemble Approach to Robust Motion Estimation
As we alluded to earlier, individual vision algorithms utilize
disparate motion cues for 3D unit-velocity estimation. For
each new image captured from the onboard camera, point
correspondences are found between the current and the previous image with the result input to each of the vision algorithms. All the valid outputs from the algorithms are then
fused together. In this section, we propose a novel framework for fusing all the vision algorithms for robust estimation. Figure 4(a) provides an overview of our framework.
We assume that each algorithm outputs a 3 × 3 covariance
matrix quantifying its confidence of the unit-velocity estimate. We use the respective velocity mean and this sample
covariance for fusion. Since each algorithm uses the same
data (scene) in front of the camera, each estimate cannot be
considered independent measurements and therefore cannot
be used directly in the Kalman filter. Instead we first fuse the
estimates using a standard covariance intersection filter [24].

To estimate the confidence covariance of each of the motion estimation algorithms we utilize Monte Carlo simulations. Assume that we have a large set Q of point correspondences, such that |Q| = N. Define random subsets Q j ⊂
Q, j = 1, 2, · · · , L such that |Q j | = m, where m is heuristically
set to double the number of points required by a typical 3D
velocity estimation algorithm (such as 16 in case of epipolar geometry). Next, we feed the point correspondences in
Q j for each algorithm An , n ∈ {1, 2, 3, 4} and gather the respective velocity estimates. Let the estimates be denoted as
vnj corresponding to the n-th algorithm and j-th sample set.
Then we define the sample mean v̂n and sample covariance
Σn of the n-th algorithm as:
v̂n =

1
L

L

1

L

∑ |vnj |, Σn = L ∑

j=1

[ j
][
]T
|vn | − v̂n |vnj | − v̂n .

(27)

j=1

As we pointed out above, the sign of the velocity vector
might not be reliable, as a result we use only the absolutemagnitude.
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6.2 Statistical Estimation of Velocity Sign
The second important problem, when fusing multiple unitvelocity estimates, is the determination of the sign of the
individual 3D directions. The main difficulty is that all the
vision methods are based on the SVD of a rank-deficient
matrix, in which the solution vector is identified as the right
singular vector corresponding to the smallest singular value.
In the presence of noise on the matched features, this singular value fluctuates around zero. Since even the smallest
numerical error can cause a change in the sign of the respective singular vector, this estimate is not reliable. Assuming
the signs are corrupted by uniformly distributed noise, we
employ statistical noise cancellation methods.
Towards this end, we propose the following maximal
voting scheme. The signs of unit-velocity vectors in each
Monte Carlo simulation is used to vote on a bin in a 2×2×2
accumulator cuboid, where each bin of the cuboid corresponds to a binary triplet as shown in the Figure 4(b). The
signs corresponding to the largest accumulator bin is used as
the direction estimate.

7 Experimental Validation
This section starts with simulation based analysis and validation of the performance of the vision algorithms proposed
in this paper. Following, results from two real-world experiments are presented: (i) for the AR Drone, and (ii) for a
coaxial helicopter. The example applications demonstrate
the benefits of the vision based ensemble approach. In future work, the approach can be integrated into more complex
state estimators.
The vision processing and estimation algorithms were
implemented on a basestation to produce velocity estimates
in near real-time. The basestation utilized an Intel Core 2
Quad CPU Q9300 running at 2.5 GHz. It should be noted
that the computing resources were not computationally constrained. The goal of this paper is to investigate how a vision
based ensemble approach improves velocity estimation and
did not focus on optimizing computational requirements.

7.1 Simulation Testing of Vision Algorithms
To better understand the performance of the vision algorithms, experiments using simulated data under various conditions were conducted. The five properties of the algorithms
we decided to study were: (i) the number of point correspondences per frame pair, (ii) increasing translation of the
camera in X direction (in the body frame) while keeping
the translations in Y and Z directions fixed, (iii) increasing translation of the camera in Z while translations in the
other two directions fixed, (iv) increasing angular velocity
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along a fixed axis, while keeping the true translations fixed,
and (v) increasing the per-pixel noise for fixed angular and
translational velocities. These five experiments reflect our
primary motivation to come up with the meta-algorithm for
this problem. Results for each experiment are shown in Figures 5(a)- 5(e) respectively. Finally, in Figure 5(f), we show
the processing time taken by each algorithm to compute the
translation against an increasing number of feature points.
As a baseline, all the experiments generated a random set
of 1K 3D points, a camera projection matrix using a known
translation and rotation was simulated and used to capture
40 corresponding point pairs that appear in the field of view
of both cameras. The resulting feature points are then fed
into each algorithm. Noise of 2 pixel standard deviation was
added to the matching image points to simulate a real-world
setting. The error was computed between the estimated unit
translation vector and the true normalized translation for 1K
trials for each algorithm.
As is clear from the plots, the MLE [12] method is quite
robust to noise compared to other methods and performs
best for motions in the X and Z directions alone, but it is
computationally expensive when compared to other methods due to the SVD step. Surprisingly, the performance of
MLE drops as the angular velocity goes up. As expected,
the epipolar method works best when the camera motion is
significant in the X or Y directions, while the linear subspace is reliable when the motion is large along the Z axis.
Overall, we found that the Kanatani renormalization method
is the most stable among all the methods we tried, and it was
seen to be the most reliable when estimating the sign of the
components in the estimated translation. In short, these experiments demonstrate how complementary the algorithms
are and motivate fusion of multiple algorithms to achieve
robust state estimation.
7.2 Experiments with Simulated Test Flights
A near photo-realistic simulator provided an environment
for experimental testing of vision updates under scenarios
outside the scope of the physical lab [23]. The simulator
utilized the dynamics of the coaxial helicopter described in
Section 4.2 and generated images from a simulated camera
rigidly mounted to the vehicle. The pilot maneuvered the
helicopter down a long hallway while attempting to keep a
constant velocity and then returned to the starting area. Since
the vision based updates only use the direction component of
the velocity, a potential problem exists when operating with
a uniform constant velocity. Under constant velocity the vision updates would be unable to correct offset errors. However, in practice, even when a pilot attempts to keep a constant velocity there are variations. These variations allow the
vision based estimation system to track the velocities accurately over a long period of near constant velocity as shown
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Fig. 5 Plots show the RMSE of each vision algorithm for: 5(a) increasing number of point correspondences per frame pair, 5(b) increasing motion
only in X direction, 5(c) increasing motion in Z direction, 5(d) increasing rotation with fixed translation and 5(e) increasing image pixel noise.
Plot 5(f) compares the processing time against increasing number of corresponding points to be processed.
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Fig. 6 Simulated flight results: 6(a) shows the estimated and actual velocities u and v while flying down a hallway, 6(b) shows estimates for
uerr and verr when using single vision algorithms compared with the fusion approach, 6(c) shows the directional components of the vision based
updates, and 6(d) plots the simulated closed loop velocity control showing the estimated, actual, and desired velocities.

in Figure 6(a). Another observation from Figure 6(a) is that
there is a slight decrease in the estimation performance during the middle of the trial where the helicopter performed
a rotation to reverse the direction of travel. This is due to
few point correspondences being identified during the time
of high rotational velocity resulting in a limited number of
vision updates.

The vision based updates can be visualized by comparing the directional components with the directional components of the actual velocity. Figure 6(c) shows the vision
updates after fusion of the different algorithms. The vision
updates follow the actual values with some level of variance.
The variance results from noise added to the simulation in
order to approximate real performance.

A Vision Based Ensemble Approach to Velocity Estimation for Miniature Rotorcraft

To demonstrate the benefits of fusing multiple vision algorithms a simulated experiment was conducted using each
of the vision algorithms independently. The estimation error was calculated for each algorithm and then compared
with the results from the fusion. Figure 6(b) shows the estimated velocities when using two of the vision algorithms
independently along with the velocity estimates from the
fusion. Table 3 provides the statistical performance evaluation. As seen in the table, the velocity estimation using
the fusion method shows improved performance over any
of the individual algorithms, providing evidence that the individual algorithms provide different information that may
be complementary. To compare to similar state-of-the-art
results, the simulated velocity estimation can be compared
to the approach in [33]. The approach also uses a single
camera and an IMU, but it only incorporates a single vision algorithm. The estimates for the simulated approach
in [33] had an RMS error for the velocity (u,v) of [0.044,
0.050] m/s. Our approach has a similar performance when
using only the epipolar algorithm (the one most similar
to [33]) with an RMS error of [0.042, 0.044] m/s. When using the fused vision algorithms, our RMS error improved to
[0.026, 0.031] m/s.
Vision Update
Epipolar
Linear Subspace
Kanatani
MLE
Fused

RMS error (m/s)
0.0429
0.1052
0.0628
0.0970
0.0284

Table 3 RMS error (compares vectors of estimated velocities with actual velocities) for individual and fused vision algorithms.
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could still achieve 20 frames per second processing performance for the entire vision module.
AR Drone: To test the rotorcraft state estimation performance an AR Drone quadrotor was flown in a lab setting.
Figure 7(a) shows the results from the flight test comparing
the cases of the dynamic model by itself (propagated), after applying measurement updates from the IMU, and after
applying vision based updates. Table 4 shows the statistical
improvement obtained by applying the vision updates. The
values shown are the square root of the MSE found by comparing the vectors of estimated velocities with the velocities measured by the Vicon system (using the goodnessOfFit
function in Matlab).
Experiment
Propagation
IMU Update
Vision Update

RMS error (m/s)
0.5044
0.4845
0.3845

Table 4 RMS error (compares vectors of estimated velocities with actual velocities) for the AR Drone.

Coaxial Helicopter: The coaxial helicopter was used as a
representative example for rotorcraft with more complex dynamics. Figure 7(b) shows the state estimation performance
when combining an IMU, camera, and dynamics. Table 5
shows the statistics for the improvement obtained by applying the vision based updates.
Experiment
IMU Update
Vision Update

RMS error (m/s)
0.8456
0.7667

Table 5 RMS error (compares vectors of estimated velocities with actual velocities) for the coaxial platform.

To further establish the capabilities of the proposed approach, additional experiments were conducted using the velocity estimates for closed loop control. Control loops were
implemented to maintain the desired velocity for the simulated helicopter. The pilot provided the reference velocity
using a joystick. Figure 6(d) shows the estimated, actual, and
the desired reference velocities.

7.3 Real-world Experiments
In this section, we showcase experimental results after implementing our state estimation algorithm for the two helicopter platforms, namely (i) an AR Drone and (ii) a co-axial
helicopter platform. Refer to Section 3 for details regarding
these platforms and the experimental setup.
In our real-world experiments, we found that the number of point correspondences generally fell between 20 and
40. Each vision algorithm was run 30 times on sub-samples
of these point sets for the Monte Carlo simulations and we

7.4 Discussion of Results
The AR Drone experiment looked at the scenario where error in the input signals (due to poorly trimmed control inputs) resulted in an offset to the velocity estimates generated
by the dynamic model. The experimental results in Table 4
show that the vision updates can help correct these offsets.
The forward error (uerr ) after vision updates, shown in Figure 7(a), has an error magnitude that largely stays less than
0.3 m/s with a slight negative bias. In the lateral direction
(verr ), the error magnitude stays less than 0.5 m/s with little bias. The magnitude of the error is largely due to low
resolution of the captured images (320x240 pixels) while
the bias results from the poorly trimmed control signals. A
disturbance followed by a short loss of communication (no
control or IMU updates, but video still transmitted) occurs
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Fig. 7 Figures 7(a) and 7(b) show velocities uerr , verr , and werr estimated for an AR Drone and a coaxial helicopter respectively.

around 42s. As a result, the propagated uerr and the verr after
IMU updates grow large. This demonstrates that the propagated model and IMU updates by themselves can lead to
poor velocity estimates during communication dropouts. If
the video is still available, vision based updates can help
correct for the velocity errors as seen in Figure 7(a).
The coaxial experimental result shows how the approach
performs for a vehicle with significantly more complex dynamics. In the experiment, the Euler angles that result in a
hover state include a bias, which causes an offset in the velocity estimates produced by the dynamic model. This problem is universal for rotorcraft models based on a steadystate hover condition. Changes to the location of the center
of gravity also changes the bias of the angles. As seen in
Figure 7(b), the vision updates attempt to move the velocity estimates back towards the actual velocity, but the frequency of the updates is not sufficient to keep the estimates
from drifting between the vision based updates. The low frequency of the vision updates, and corresponding large estimation error, is due to noise on the captured images resulting
in not enough point correspondences to run the vision algorithms. The images are transmitted using a low power analog
wireless video transmitter operating in the 5.8 GHz range
with interference causing a significant amount of noise on
the captured images. In addition, vibration of the camera
during operation causes slight blurring of the images making
identification of point correspondences challenging. Nevertheless, after applying the vision updates the velocity estimates are improved as seen in Table 5. This indicates that the
approach can also help compensate for modeling errors if
the measurements are available at a sufficiently high rate. In
general, we observe that vision updates help correct low frequency errors in the states, while the IMU corrects medium
to high frequency errors. The dynamic model, the IMU updates and vision provide complementary information for state
estimation.

The error in the velocity estimates changes based on the
update frequency of the vision algorithms and the accuracy
of the velocity direction measurements. Figure 8(a) shows
how the 3σ error bounds change as the level of noise on the
vision based measurements increases. The σv value is the
standard deviation of the noise added to each element of the
velocity direction vector. Figure 8(b) demonstrates the importance of the frequency of the measurement updates provided by the vision algorithms. When the frequency drops
to 1 update per second, the error bounds become large.
8 Conclusions and Future Work
This paper describes a novel state estimation framework for
miniature rotorcraft based on the Extended Kalman Filter.
The system combines the dynamic model of the vehicle with
IMU measurements and vision-based unit-velocity estimates.
To leverage upon the strengths of multiple visual cues, we
propose a novel ensemble approach to 3D unit-velocity estimation that fuses together multiple state-of-the-art vision
based motion estimation algorithms. The synergy achieved
by this combination is experimentally validated in simulations, as well as, real-world flight settings for two helicopter
platforms, namely the AR Drone and a coaxial helicopter.
Going forward, we plan to integrate the state-estimation algorithm into a real-world closed-loop control system, that
will allow us to test outside the lab environment.
Acknowledgements This material is based in part upon work supported by the National Science Foundation through grants #IIP-0934327,
#IIS-1017344, #CNS-1061489, #CNS-1138020, #IIP-1332133, #IIS1427014, and #IIP-1432957.

A Appendix: Complementary Filter
The basic equations for ϕ (roll), θ (pitch), and ψ (yaw) angles of the
complementary filter are given in (28). The complementary filter has
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Fig. 8 Figures 8(a) and 8(b) show the 3σ error bounds for the velocity u under changing levels of noise on the vision based velocity direction
measurements and changing update rates (frames per second).

time constant τ = 0.99s and sampling time dt = 0.01s.
−1
θaccel = 180
π sin ax
θk+1 = 0.99(θk + dt qk ) + 0.01θaccel
−1 −ay
ϕaccel = 180
π sin
cos θaccel
ϕk+1 = 0.99(ϕk + dt pk ) + 0.01ϕaccel
ψk+1 = ψk + dt rk

(28)

Using the Euler angles, the acceleration due to gravity can be removed
from the IMU’s accelerometer measurements to get the accelerations
in the body frame using (29).
axbody = axmeasured − g sin θk
aybody = aymeasured + g cos θk sin ϕk
azbody = azmeasured + g cos θk cos ϕk

(29)

B Appendix: EKF Details for AR Drone
The EKF used for estimation follows the standard approach. The state
vector and its covariance estimate are denoted by x̂ and P respectively,
the Jacobians for the state transition matrix are denoted by Φ and G,
the observation vector ẑ, and observation covariance matrix H. After
discretizing (2) with dt = 0.01, the Φ and G matrices for the AR Drone
are:


1
dt
0
0
0
0
0
0
0
 Uu dt 1 +Uu̇ dt 0



0
1
dt
0
0
 0

Φ =
(30)

0
Vv dt 1 +Vv̇ dt 0
0
 0

 0

0
0
0
1
dt
0
0
0
0
Ww dt 1 +Wẇ dt
and G2,1 = G4,2 = G6,3 = −dt, Gother elements = 0. The matrix Q = 25 I3x3
captures the uncertainty in the model and control inputs.
The observation vector for updates using measurements from the
accelerometer is
h(x̂) = [u̇ˆ, v̇ˆ, ẇˆ ]T

(31)

with an estimate of the measurement covariance R = 0.05I3x3 and observation matrix H given by:


010000
H =  0 0 0 1 0 0 .
(32)
000001

The vision algorithms can determine when the rotorcraft is in a stationary hover. The measurement update for the stationary condition is
[
]T
a measurement of zero velocity (zm = 0 0 0 ) and uses the obser[
]
vation vector h(x̂) = û v̂ ŵ with R = 0.01 I3x3 and


100000

H = 0 0 1 0 0 0 .
(33)
000010
The last measurement update uses the velocity direction obtained from
the vision algorithms. The estimate is found by normalizing the vector
containing the velocity state estimates û, v̂, and ŵ. The observation
vector is defined as
[
]T
û
v̂
ŵ
h(x̂) = √û2 +v̂2 +ŵ2 √û2 +v̂2 +ŵ2 √û2 +v̂2 +ŵ2
(34)
with observation matrix (calculated by taking the partial derivatives of
h(x̂) with respect to the states):


H11 0 H12 0 H13 0

H(k) = H21 0 H22 0 H23 0 
H31 0 H32 0 H33 0
2
H11 = √ 2 1 2 2 − 2 2û 2 3/2
(û +v̂ +ŵ )
ûv̂
3/2
(û2 +v̂2 +ŵ2 )
H31 = − 2 2ûŵ 2 3/2
(û +v̂ +ŵ )
2
√ 1
− 2 2v̂ 2 3/2
(û +v̂ +ŵ )
û2 +v̂2 +ŵ2
H32 = − 2 2v̂ŵ 2 3/2
(û +v̂ +ŵ )
2
√ 1
− 2 2ŵ 2 3/2 .
2
2
(û +v̂ +ŵ )
û +v̂ +ŵ2
û +v̂ +ŵ

H12 = H21 = −
H13 =
H22 =
H23 =
H33 =

(35)

The R matrix identified by the vision algorithms.

C Appendix: EKF Details for Coaxial Helicopter
The non-zero elements of the 14 × 14 state transition matrix Φ are
defined as

Φ1,4 = dt, Φ2,5 = dt, Φ3,6 = dt, Φ4,9 = dt Lb
Φ4,11 = dt Ld , Φ5,8 = dt Ma , Φ5,10 = dt Mc
Φ6,7 = dt, Φ7,6 = dt Rr , Φ7,7 = 1 + dt Rṙ
Φ8,5 = −dt, Φ8,8 = 1 − dt/τ , Φ8,12 = dt Au
Φ9,4 = −dt, Φ9,9 = 1 − dt/τ , Φ9,13 = dt Bv
Φ10,5 = −dt Rr , Φ10,10 = 1 − dt/ τs , Φ11,4 = −dt Rr
Φ11,11 = 1 − dt/ τs , Φ12,2 = −dt Xθ , Φ12,12 = 1 + dt Xu
Φ13,1 = −dt Yϕ , Φ13,13 = 1 + dt Yv , Φ14,14 = 1 + dt Zw

(36)
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with G matrix
G4,1 = G5,2 = G8,4 = G9,5 = G10,6 =
G11,7 = G12,8 = G13,9 = G14,10 = −dt
G7,3 = −R ped dt, Gother elements = 0.

(37)

[

]
I3x3 03x7
captures the uncertainty due to mod07x3 0.5I7x7
eling error and input noise. The measurement update based on the
Euler angles (calculated from the IMU using the complementary filter (28))
vector h(x̂) = [ϕ̂ , θ̂ , ψ̂ ]T , observation matrix
[ uses observation
]
H = I3x3 03x11 , and R matrix based on the accelerometer noise(R =
0.01 I3x3 ).
The measurement
estimate
for a stationary hover (zero[ velocity) is]
[
]
given by h(x̂) = û v̂ ŵ with observation matrix H = 03x11 I3x3
and measurement covariance matrix given by R = 0.01 I3x3 . The final
measurement update uses the velocity direction calculated from the
vision algorithms given by (34), and the R matrix provided as part of
the vision update. The H matrix is (refer to (35) for Hi j ):
The matrix Q =




H11 H12 H13

H = 03x11 H21 H22 H23 
H31 H32 H33

(38)
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