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ABSTRACT

We prove various properties of C(n, q), the set of n-vertex g-edge labeled connected
graphs. The domain of validity of the asymptotic formula of Erdés and Rényi for |C(n, ¢)|
is extended and the formula is seen to be the first term of an asymptotic expansion. The
same is done for Wright's asymptotic formula. We study the number of edges in a random
connected graph in the random edge model ¥, ,. For certain ranges of n and g, we
determine the probability that a random edge (resp. vertex) of a random graph in C(n, q)
is a bridge (resp. cut vertex). We also study the degrees of random vertices.

1. INTRODUCTION

In this article graphs are labeled, and an (7, g) graph is one having n vertices and
q edges. Let C(n, q) be the set of connected (n, q) graphs and let c(n, g) =
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|C(n, g)]. We will often speak of things chosen at random. Unless stated
otherwise, this means uniformly at random. For example, “Let e be a random
edge of C(n, ¢g)” means that we choose a graph G € C(n, g) using the uniform
distribution and then an edge e of G using the uniform distribution. In [1] we
obtained an asymptotic formula for c(n, g) as n, ¢— «. Here we apply this result
to study various properties of these graphs. In particular, we study

(a) the asymptotics of c¢(n, g) when g/n is near 1 and when g/n is large,
developing expansions whose first terms were found by Wright [3] and
Erd6s and Rényi [2], respectively,

{b) connected graphs in the edge probability model for random graphs,
determining their probability and the distribution of the number of edges;

(c) the expected number and nature of bridges in C(n, g);

(d) the expected number and degree of cut and noncut vertices in C(n, g).

Throughout we let

N——'(;), k=q—-n and x=gq/n=1+k/n. (1.1)

The function y = y(x) =0 is defined implicitly by

.+.
2xy = log<i~—§> , (1.2)

for 1 = x <. We will rely heavily on the results of [1], particularly the following.

Theorem 1.1. With N, k, x, and y defined as above, the number of connected
(n, q) graphs, c(n, q) is given by

c(n, q) = (Z)w,‘e""’(‘)”(")(l + O((k + 1)“16/n9'50)) (1.3)

1
as n— oo, uniformly for 0= k<N — n, where ¢(1)=2/e, a(1)=2+ 3 log(3.2),

2e—xy1—x 3 ze—x(l—y)yl—x

ew(x)z =
1—y* I+y 7

(1.4)

a(x)=x(x+1)(1-y)+log(l —x+ xy)— % log(1—x+ xyz) (1.5)

and w,=(1—4/((k+1)+ O((k +1)7%)). The exact value of w, is given by
(1, (1.6), (3.:20)}.

We also recall that

exp(—¢'(x))=y. (1.6)
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2. THE ERDOS RENYI FORMULA

Recall the formula of Erdés and Rényi [2] for the number of labeled connected
graphs with n vertices and g edges

et )~ () exple™)

as n—>« with g = % nlogn+ pn + o(n). With € =1/4 and m =2, this formula is

a consequence of the following theorem, which extends the Erdés—Rényi formula
to lower values of q.

Theorem 2.1. Let € >0 and m>1/(2¢) be fixed. Let the power series f(u) =
Y, f(x)u' be defined implicitly by
>0

f(u) = u(1 = f(u))e*™ (2.1)

and let
glu) = Z g(x)u' = —2xf(u) — log(1 — f(u)) — (x — V) log(1 - 2f(w)) . (2.2)

Then g,(x) is a polynomial of degree t — 1 and

c(n, q) ~ ( Z) eXP{n ”g g.(X)e'Z"}

uniformly for q > enlog n. The first few values of g (x) are

4 1

8()="-1, g()= -8 -3 x- 3,
_ 1 128 1
gW)=-2-7, g@)=-5x-2x—7.

Proof. By [1, (3.8), (3.12)], a(x)—>0 as x— . By the Lagrange inversion
formula, g,(x) is the coefficient of f*~" in

%(l_é? + 2§x~—2}) _ 2x>(1 _f)te4rx/ ,

which can be seen to be a polynomial in x of degree ¢ — 1 with a bit of algebra. (In
fact, for t>1, the leading coefficient is —4(4r)'"*/t!.) If p,, p,, and p, are
polynomials in the variable f with positive coefficients, the coefficient of ™' in
their product is bounded by p,(1)p,(1)p;(1). Thus,

lg,(0)| = % (t+2(x = 1)2" + 2x)2'(t(4x1) (e — 1))

=6(16e)'x",
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using very crude bounds. Certainly, though, g(u) converges for 0 <u <e~ %, and
g™ W)|=K x", Osu<e ™, (2.3)

where K, is a constant depending only on m.
Let 6 =(1 - y)/2. By (1.2) and some algebra,

d=e"%(1-5)e*.

Comparing this with (2.1), we see that 8 = f(e”**). From (2.2) and the rightmost
part of (1.4), ¢(x)=g(e"¥). To complete the proof, we note that by Taylor’s
theorem with remainder, (2.3), the choice of m, and the fact that x = ¢ logn,

gle™) - 2 g(x)e * =0o(1/n). .

3. THE WRIGHT FORMUILA

In [3] Wright proved that the number of connected sparsely edged graphs is given,
for k= o(n”3), by

c(n, n + k) = d3m) e/ 12k)**n" 1D (1 + O(k™Y) + O Yn''?Y) ,

in which d is a constant which he evaluated to six decimal places. Later, Meertens
proved that d = 1/24r, and his proof appears in [1]. Noting the value of d and that
w,, which is defined below, is equal to 1 + O(k*l), the next theorem shows, by
taking m =2 and € >1/2, that Wright’s formula is valid for an actually wider
range of k than originally proved. Moreover, Wright’s formula appears as the first
term of an asymptotic expansion which allows larger k.

Theorem 3.1. There exists a sequence C, of constants such that for each fixed
€ >0 and integer m>1/e.

3 kiz B
c(n, q) = = 225 (T;«’_k> pr k=12
m-=2 kl+l

C‘ km kl/z k+1 1/16
X exp{ 2 — + 0(;,‘"—_‘1‘ + n—l/—z + (—T/s)o_)} (31)

=1 n

uniformly for k= O(n' ™). The first few values of the constants are

701 263 538859

1
Gi=-3G= 30 G~ " 1550" C4 T 2695000 °

Proof. Let p(k/n) stand for a power series in k/n having nonzero radius of
convergence and no constant term. The value of p(k/n) is not necessarily the
same at each occurrence. By (1.2) and standard complex analysis arguments,
y>=p(kin) and the linear term of this power series is 3k/n. Thus
log(1 — y*) = p(k/n) and log( yVn/3k) = p(k/n). It follows that
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1=y * = (25) explipthrmy (62)

By Stirling’s formula,
(n+ k) =V2mnn"**e (1 + O(k/n)) exp{kp(k/n)} . (3.3)

vy [1, (3.23), (3.25)],
(n+ k)!(n Il’ k) = (n*2)" *e”*(1 + O(k/n)) 3.4)

and

a(l+ kin)= = 10g(3/2)+2+ O(k'"*n""?y . (3.5)

Noting that (y'~*)"=y~* and using (1.4) and (3.2-5) in (1.3), we obtain the
theorem. .

4. THE CONNECTEDNESS OF A RANDOM GRAPH

Let R,(n, q) be the probability that an n vertex graph constructed at random with
edge probability p = p(n) is connected and has g edges; that is,

Rp(n’ q) =Pq(1 - P)N_qc(", q) ’ (41)

and let Rp(n, g) be the approximation of R,(n, q) suggested by (1.3); that is,

B, @)= (1= 2)(7) P71 = " explne(a) + a)

Note that although R (n, q) is defined only for integral values of g, we define

A . . L . N
R,(n, q) for nonintegral g by evaluating the binomial coefficient ( ) as N!/

I'(q + 1)I'(N — g + 1). We define a random variable X, (n) to be the %umber of
edges of a random graph with edge probability p conditioned on the event that
the graph is connected. Thus

Prob{X,(n)=q} = M . (4.2)

; R,(n, q)

In this section, we will determine the limiting behavior of X,(n) as n— .

Theorem 4.1. Define

yo=tanh(pn/2),  go=n"p/ly,, X,=qy/n (4.3)
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and

(4.4)

Then the following are true

(a) Equation (1.2) holds for x, and y,.

(b) If p’n’ > and p= O(lognin), then q,—n—» and (X,(n)— q,)/c
converges to the normal distribution N(0, 1) as n— <,

(c) If p=0(n">"*) as n—>, then

Q@xlcyvai3, fork=-1;
Prob{X,(n)—n=k}~a, = mANG, fork=0;
Aw, (ce/12k)*"*, otherwise ;

where ¢ = pn®'?, w, is given by [1, (1.6)], and A is chosen so that L a, = 1.
(d) If p=Clogn/n and C>1, then X, (n) is approximately a binomial dis-
tribution with parameters p and N; more precisely, Prob{X,(n) = q} =
q (A —=p)YV" 7+ 0(n'") uniformly in n and q.
We will actually prove somewhat more than this because we will obtain big-oh
estimates for the errors in the distributions. These estimates are given in Lemmas
4.2 and 4.3.

In order to establish the theorem, we will use the three lemmas. We first state
the lemmas and then give the proofs.

Lemma 4.1. The function k;, equal by definition to q,~— n, is an increasing
function of p and

ky/2<a®<4k,. (4.5)
When 0<p=o(n™"),
Vo= 2 pn— = p’n+ O(p°n"): (4.6)
° 2 24 ’ :
koy=q,—n= % pzn3 + O(p4n5) ; 4.7)
1.1 + O(1/ 4.8
0_2_ 2k0 ( n‘)' ( . )

Lemma 4.2. When n™""® <p = O(log n/n), q,+ r is integral, and |r|< n''*%g,
we have

R,(n, 4o+ )= R,(n, g,) exp{— 7207 + O(n™""*")} .

Further,
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Eq: Rp(na q)= VZTUIAQP(n, go)(1 + O(n—1/40)) .

Lemma4.3. Fix 0<c<1. Whenp'n®*—w, p=0(n"""*), q,+ r is integral, and
|r| = ck,, we have

R,(n, gy + 1) = R,(n, qo) exp{—r20" + O(|r|’Tkg + k3'*/n'"*)} .
Further, for any fixed 8 >0

2 Rp(n, q) = mGRP(n, qo)(l + O(kg-llz)) '

Proof (of theorem from lemmas). Result (a) follows from noting that (1.2) is
equivalent to y = tanh(xy). The first part of result (b) follows from Lemma 4.1,
first for small p from k, ~ I p°n’® and then for larger p by the monotonicity of
k,. The rest of (b) follows from Lemmas 4.2 and 4.3. Result (c) follows by simple
calculation from (4.1), Cayley’s formula n""? for the number of trees, and

{1, (1.9)]. Finally, result (d) follows from the well known fact that, for C>1,
random graphs are almost certainly connected. ]

Proof (of Lemma 4.1). Since
dky/dp = (y, — pdy,/dp)n*2y} and pdy,/dp = (pn/2)cosh *(pni2),

the monotonicity of k, follows easily from the simple inequality 8 <sinh 8 cosh B
for g >0.

. .. . .- a
For simplicity, write @ = —1/¢"(x,). By definition, o* = nx, prar and from
0

[1, (2.6)] we find o = nxy(1 — x,(1 - y5)). For the first inequality of (4.5), note

from (1, (1.3)] that 1— x(1—y®)=2y%3, and that xy*=3(x —1)/4. For the

second, note from [1, (1.3)] that 3(x — 1) = y* =1 — x(1 — y*), and multiplication

by x gives the result for 4/3 = x; but for 4/3 < x, 4(x — 1) = x trivially.
Equations (4.6) and (4.7) follow from

tanh(z) = z — 315- 22+ 0(2%)

and (4.3). From [1, (2.6)], @ =2y2/3+ O(y;). On the other hand,

k Y5
0 0 4
_—x0_1—3.+0(y0)
and 9o =n-—1. Combining these with the deﬁnition of o giVCS (48) ]

Proof (of Lemma 4.2). Let |r|<n'*’c. The assumed lower bound on y,
implies, for some ¢>0, cn'’* <k,= O(nlogn), and so by (4.5) r<n'*%}*=

o(k,). Recall that w, = exp(O(k™")). We start with (4.1), (1.3), and the following
easy estimates:
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(2

(£25) =& exptomy.

2

n )' 2 ~3/8
=\=—) exp{—r7/2q,+ O(n ,
(72-) emt=rizgo+ 06"

Wiosr =exp{O(n7"%)},
a(x, + r/n) — a(xy) = O(n “7sy

(q + r)l/16 _
'_0;975'0_": o(n™'"?)

and

3
r_2 ‘Pl”(xo + er/n) = O(n~1/32 log312n) for IB‘ < 1 .
n

We have used [1, (3.3), (3.6), (3.11), (3.13)] to see that a’(x) = O(1/y) and that
¢"(x) = O(1/y*). Since

.2 3
r ",
@(x, + rin) = @(x,) + n® "(x0) + 2 ®"(x4) + ‘6'_5 @"(xq + 8r/n)

for some 6 € (0, 1), and since exp(—¢’(x,)) = y,, We obtain

R,(n, g, + r)

2

r —~1/40
— =exp;—— + O(n }
Rp(n, q,) p{ 207 ( )

The value for 0, R,(n, q) is obtained by restricting r to |r| < n'’**c. The sum for

larger r is negliqgible because
N -
(7)p - expneo)

is log concave with respect to q. (Log concavity follows from the well-known log
concavity of q p?(1—p)""? and the fact that ¢” <0.) ]
Proof (of Lemma 4.3). By (4.7) we have k, = (p°n’12)(1 + O(n™*'*)), and for

such small k, {1, (1.9)] is a more convenient presentation of c(n, n+ k) than
(1.3). From [1, (1.9)]

R (") 9)

qo(l p)N qo(l _ ——)(3/7r)”2 n+§(3ko—1)(e/12ko)k0/2(1 + O(n—ws)) ,

N\P—‘
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and we find
Rp(n’ qo+r) =( D )’ Wig+r (i)ﬂz k(l;O/z nri2
Rp(n’ qO) 1- D 1— i 12 (kO + r)(ku+r)/2
kq

X (1+ O(k}*In'"?)) .

We now use the easy estimates (refer to Theorem 1.1 regarding w, )

ko2

W = ky"* exp(~r/2~r20" + O(r'lk;)}
0

(1= p) =exp{O(rn™"""")}
wk0+r 2
2~ exp{O(r1KD)}

%

and
(p’n’112ky)"* =1+ O(n™*'")
to find

Rp(n, got+r)
Rp(”’ qO)

Summing on r, with simple bounds for the tails, completes the proof. »

= CXP{_Tz/ZO'Z + O(r3/k(2)) + O(k?)/Z/nl/z)} .

5. BRIDGES

We start by showing the probability that a random edge is not a bridge is
approximately y, as given in (1.2). For small k this approximation breaks down,
and an asymptotic expansion is found. For large x, 1 — y is near zero and fails to
give the asymptotic probability that a random edge is a bridge; instead, the latter
probability is found by showing that almost all bridges, for large x are pendant
edges.

In this section we work in the probability space of all connected (n, g) graphs
with a distinguished edge, each such graph having a probability of 1/gc(n, q). We
consider the events

% the distinguished edge is a bridge;
BT, B holds and one end of the distinguished edge is a tree with ¢ vertices;
BT the union of BT, over all 1.

The symbol — is used to denote logical negation.
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Theorem 5.1. Let € >0 be arbitrary. The following results hold uniformly in the
ranges indicated.
(@) For1=k=N-—n,
Prob{— @} = y(1+ O(1/k) + O(k*"**1n*"**)) .

(b) For 1=k=0(n""%), C,as in (3.1) and m>1/e, we have

-12 (k=1)/2 m-1
_ k
Prob{—1®B} ~ e (k > exp{-n > tC,k’/n'} .

wk _1 =2
(¢) For k=0, Prob{®7 } = Prob{B7,}(1 + 0(xe—zx))_

(d) For k=0, Prob{®BJ} = Prob{B7,}e"* V(1 + O((k + 1)""*/n°"*%)).
(e) For k=0(n""%),

Prob{®7,} = ¢\ 1~ y*(1 - q/N)" > exp{(1~ q/N)"'}
X (1+ O((k +1)"""n*"*%) .

Prob{®} = Prob{®BJ} + O(min(x’e */n, (nk)™*'*)).
Remark. We actually derive a big-oh error estimate for (b). See (5.2).

Proof (of (a)). We have
(N—gq+1)c(n, g 1)

Prob{—B} = o
= w‘:" exp{n(e(x —1/n) — ¢(x)) + a(x — 1/n) — a)x)}
X (1+ O(((k + )" )71, (5-1)

by (1.3). By Taylor’s theorem,

n(e(x — 1/n) — p(x)) = —¢"(x) + <p_"2(§_1)
and
a(x —1/n) — a(x) = — “'(nfz)

for x —1/n < ¢, <x. For k=2, we use (3.5), (3.10), (3.3), and (3.13) of [1] to
bound ¢” and a’. The ratio w,_,/w, is 1+ O(k™"), as given in Theorem 1.1.
Combining this with (1.6), we obtain (a) for k=2. For k=1, use [1, (1.9)]. =

Proof (of (b)). This follows fairly easily from (3.1) and the fact, proved there,
that y” is a power series in k/n with lead term 3k/n. By using (3.1), we obtain an
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error in the exponent which is
O™ Yn™) + Ok n""*y + Ok 1n°"°) . = (5.2)

Proof (of (c)). For here and for the proof of (d) we note that, if Prob(87,} =0,
then Prob{#J} =0, so we may limit our attention to Prob{ 37} # 0. Since

Prob{89,} = n(n - De(n—1,9g-1)

gc(n, @) ’ (5-3)

it follows from Theorem 1.1 that this probability is bounded away from zero when

x is bounded. Thus we need only consider the case x— . It is easily shown, as
was [1, (1.11)], that

t—1) (n—1),c(n—t, qg—1t)
t! (n—1e(n—-1,q-1)/"

n-2
Prob{®7 ) = Prob{%gq}(l by, M
=2

(5.4)
Let A, be the general term in the sum. We have
.Y 1+b(n—t qg—1)
A= e v, exp(®_,, ~P_ ) 1+b(n—-1,q-1)" (5.5)
where b is given by {1, (1.9)], and ® and ¥ are (see (1, (4.1)])
e q—t—s—l) (q—t—s»l)_ _
@, =(n— (LT 1) 4 o( 121222 g9 - ()
("3")
‘If,,=(n_1)'< 2 )
i (N) q—t—s— 1
q
Note (¢t + 1)7(¢t+ 1)! = O(e") by Stirling’s formula,
Vo /Y= 0((\1'—1_2/‘1'4,1)’))
by [1, (5.14)] and
P = 0(1) — to(x) + t(x — 1)e'(x)
by the concavity of ¢. Combining these observations with (5.5), we obtain
\y—x.z , !
A= 0\ exp{l - e() + (x—De'(0)} ] - (5.7)
-1,1

Combining
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sl ()
(n=2(g-1) ("72)\”
("1 \("31) -

=(1+ O(1/n))2xe ™,

&

(1.4), (1.6), and (5.7), we obtain

A, = O(D{(1+ 01 /n)xe' "1 -y} . (5.8)

The expressxon inside {---} is bounded away from 1 and, by [1, (3.7)], i
O(xe ™). This proves that the series in (5.4) can be bounded by a geometnc
series and (c) follows. L

Proof (of (d)). We will estimate the sum in (5.4). From (5.8), the sum is
dominated by a geometric series with ratio bounded away from 1. It follows that

we need only sum over ¢ < Clog n for some large enough constant C. From [1,
(3.5), (3.13)],

ktp’ (X)

®_,,=—tp(x) + ——— + o(1/n) (5.9)

for such ¢
From the remarks following (5.8), it follows that the sum is O(k""'%n*'*°) for
x> Clog n and C sufficiently large. Thus we assume that x = O(log n). From [1,

(52)},
V_, = (2x) exp{—2xt + o(1/n' ")}
for ¢, x < O(log n). Combining these with (5.5) and (5.9), we obtain

Prob{BJ} = Prob{ BT, }(1 + O((k + 1) *%n°'*°))

—1

X (Z t—ﬂ_ (2xe_2“¢(x)+(x—1)@'(x))t—1) ]

=1

Using [1, (1.12)] and (1.2), the summation can be simplified to

T(B) _ 1=9) _ o
B B ’

which proves (d). L]




PROPERTIES OF LABELED CONNECTED GRAPHS 195

Proof (of (e)). From (1.6), (5.3), and (5.9),

("3
Prob{m‘l}="_(nq—l)( 2 )(N)"

qg-1 q
X exp{—e(x) + (x = )e'(x)}(1 + O((k + 1)""*%1n’"*%))

=e,\/1—_—y-2(zv+2—~n)(1v)“

q q
X (1+ O((k + 1)!"*n°%%) .

The ratio of binomial coefficients equals

L it2
"_3N—~q—2—l ( _i)n-Zn—3 N—gq
i=0 N'—l h N i=0 1____1_
N
n—2 n—-3 . .
- _1) { £_i+2 3 _z}
(1 N epo:ON N_q+0(n/(N 9)°)
n—2
() oo e
(1 N expil N_q+0(1/n)
n-2
= (1 - %) exp{(1— q/N)"' + O(1/n)} . =
Proof (of (f)). Writing A for Prob{® — 87}, we have by [1, (1.11)]
k-1
%S n c(t,t+s)c(n—t,g—t—s—1)
As ( )t -1 = - . 5.10
Eo gl ()0 q¢c(n, ) (5-10)

Let T(X) be the exponential generating function for rooted trees; that is,

T(X) = > tc(t, t — 1)XYt!. We use the following, which holds for 0= X <e™!

t=1
s=0:

b

"21 te(t, t +5) T(X)

= a X'= O(1)(3/2)'s! W . (5.11)

For s =1 this is a consequence of an inequality found in [3], as explained in [1,
(10.5)]. For s =0 see the explicit formula [1, (2.4)]. Fix 8, ¢,>0 and C, <1 so
that (see [1, (6.2), (6.4)])

%X (n/k)*=(1-8)CY*, x=1l+e, (5.12)

and
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C.k
5 I—yZSI—-—:‘-, x=1+¢,. (5.13)

The proof consists of three cases.

Case (i), 0< k < en. Using (1.3), (5.6), and - <’:>t(n ~1)= )lc ti, (n-1),,
we may rewrite (5.10) thus
k-—l
A=0(1) Zo 21 felt, 1 ¥5) '”) o, o¥r . (5.14)
o o
Using stx = O(n®) in (1, (5.21)] to bound ®, e*, and then (5.13),
k—l
A=0(1) 2 (2xy/n)**! 21 ’_C.(‘_:'ji) (1— %’f)e (5.15)

Ck
Now apply (5.11) with X = (1 - —i—)/e, noting by [1, (8.4)] that
1- T( 1- —;l‘— e) = (C,k/n)'"?, to obtain

k-1

2 n \37?2
A=o1)Z ~ 2 2xy/n)(3/2)s‘<Ck> .

y 3 372 k —
Condition (5.12) implies tha w3 2 (_n_) =l1-6fors=< , and so the

2 e \Cik 2

sum on s is bounded by O(1) Z V3(1—-8) = O(1). Hence, A= O(y/k)
=0

= O((kn)""'?), the last because y* =3(x — 1) =3k/n. This complete case (i).

Case (ii), e;n < k <6nlog n. Let 1 — &, be the value of (x + 1)}/1 ~ y¥2 when
x = €. Since 1, (8.9)] (x + 1)1 — y%/2 decreases when x and y increase, 8, > 0.
Let s, = Csn/x, where C; is fixed and satisfies

0< cssg(l—a)ag/z. (5.16)
Separate the bound (5.10) for A into two parts
A=A, +4,,

where A, is that part of ihe summation in (5.10) where 0 < s <s,, and A, is that

part where s;=s= . We now consider each of A, and A, in turn. Again,
stx = O(n®), and so, as in (5.14) and (5.15), we have

A,=0(1)z_0: (2xy/n)’”"§—: te(t, t +5) <x+1 ,__1_y2):.

=1 t! 2e

Since {1, (8.9)] (x + 1)1 — y%2 decreases as x and y increase, since T(X)=
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O(X), and since [1 (8.9)]T((1 - 8,)/e)=<1~-1/§,, we have by (5.11) with
X=(x+1)V1-yY2e

So
A, = O(1) % 1=y 2 (2xy/n) (3/2)s18 %2 .

Condition (5.16) implies that —= % 2 8,717

s is again O(1). Since [1, (3. 7)]1 - y*= 0O(e™ ™), we have A, = O(x’¢ */n).
We turn now to A,. Because ¢'(x) >0 and ¢"(x) <0 we have

52) om0 (1) ().

Since 0< a(x) = O(1), we may substitute from (1.3) into (5.10) and find

o S50 1))

Hence, by {1, (10.1)], A, = O(p(n)27°°), where p(n) is a polynomial in n. This
completes case (ii).
Case (iii), 6nlog n < k< N — n. First, note the bound, for 1st=n-—1,

=1- & for s <s5,, and so the sum on

(N_qt(—nl_ t)) <(N-t(n—t)>"“
) "
q-—1

As noted in [1, page 155]

<xp

k-1
2

N—-tln—1t
2c(t,t+s)c(n—-t,q—~l-t—s)s( (n )),
s=0 q"l

N
and so, since c(n, g) ~ ( q) by [2], we have from (5.10) and (5.17)

—t(n—:))
A=0(1) 2 ('t’)z(n PN St S

=0 n" ———o n'exp<—-———-———-————(q—1)t(n_t)>/t!.
{5

Because n exp(—(gq —1)(n — t)/N) < nexp(—(q — 1)/n) = O(n"") for
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1=t=n/2, the above sum on ¢ is dominated by the first term; also,
2) (ge1)=(,21)
=(N-g+1 = , and so
q( g) = W=at D )=\,
A= O(n’e™ ™),

since (n — 1)/N =2/n. This completes case (iii), and the proof of Theorem 5.1.
L]

6. VERTEX DEGREES AND CUT VERTICES

Recall the convention of Section 1 that a ‘“random vertex” is one selected
uniformly from a graph G, with G selected uniformly from the class C(n, q).

We begin the study of vertices by computing the probability that a vertex is a
noncut vertex of degree d. We then obtain information about the degrees of cut
vertices by showing that removal of a typical cut vertex produces only one
component which is not a tree.

Theorem 6.1. Let n*’ <k =<6nlogn, let P(d) be the probability that a random
vertex is a noncut vertex of degree d and let n=1/k + k''*/n*"*°. For 1=d =

O(log n), we have
Vi-y' @)’

P(d) = 2y dl (1+0O(m). (6.1)
For arbitrary d > d, > 3x,
P(d) < O(1)P(dy)(2/3 + o(1))* %, (6.2)

For n and k as given, the probability that a random vertex is not a cut vertex is

e 1+ O(n)) . (6.3)
Theorem 6.2. Let D(d) be the probability that a random vertex has degree d and
let D (d) be the probability that, in addition, removal of the vertex leaves only one

component that is not a tree. Let n=1/k + k'"*/n°"*°. For n*'° = k <6nlogn and
1=d = O(log n),

D(d) = Dr(d) + O(n) =

V1-y* 1+ )~ (<1~ y))*
Zyex d! + O(n) *
(6.4)
Throughout this section, we let

H= nlk’®,  for n*’<k=en,
V8 for en<k=<6nlogn,

€, being the constant defined in [1, (6.1)-(6.4)]. We require a technical lemma.
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Lemma 6.1. Forn*’<k=6nlogn, t<H and s = O(log n), we have

cn—t,g—t—s) _ (xe™*V1-y%) (ny

c(n, q) (-1, \n

where n=n(n, k)= 1/k + k""**/n**°

Jarom), 63

Proof. Since

m=x+6with5=ﬂf_—1)-;s,
n—t n—t
we have
n—t
(( ) ))
C(’l—t,q—t—-s)_ g—t—-s
() ™) exp{a(x +8) - a(x)}
q

x exp{{(n — )e(x + &) — np(x)}(1+ O(n)) . (6.6)

We will treat each of the first three factors on the right of (6.6) separately.
In the notation of [1, Lemma 5.2], the first factor of (6.6) is ¥,_, ,/(n — 1), and

)I (q_t)s
(N-B—-g+5s),

Vo_,,= (er—z:

x exp{ O(&xIn) + O(t*(x — 1)/n) + O(FxIn*)} , (6.7)
where B = t(n — t/2 —3/2). The exponential in (6.7) is exp(O(n)). We have

st+s2
q

t+s\
q>(q- t),>q’(1~ —;I—S) =q CXP{O(

)} = & exp(otmy)

and so (g — 1), = g°(1 + O(x)). Since
n*/2>>(N-B~-gq+s),>(N-B-q)

and

2(N—-B-q) -1 (2t+1)+2x -t +3)/n
2 =17 ’

n n

it follows that
(N—B-q+s),=n"2"°(1+ O(v)) .

Using these estimates with (6.7), we have
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("3")
2
q—t—s (2xe &)’ (Zx)’
= —)(1+0 . 6.8)
e (1+0() (
q
Since a’(x) is O(n"'¥k"'?) for y=<3/4 and bounded elsewhere by [1, (3.2),
(3.8), (3.13)], we have

a(x+8)—a(x)= 0(n) . (6.9)

We have

(n—1)e(x + 8) — ne(x) = —to(x) + (n — 1)8¢"(x) + O(nd’e"(£)) ,
(6.10)

where £ is between x and x + 8. By [1, (3.5), (3.10)], O(n8%¢"(£)) = O(n). Thus
by (1.4), (1.6), (6.10), and the definition of §,

X 2.1t

1 —
expl(n ~ e + )~ np() = (5L )y + o). (6.1)
The lemma follows from (6.8), (6.9), and (6.11). =

Proof (of Theorem 6.1). To make a vertex v a noncut vertex, we construct a
connected graph on the remaining vertices and connect v to it with d edges. Thus

_ n—l) cn—1,q9—4d)
P(d) = ( i) dng (6.12)
As in the proof of Lemma 6.1, (n — 1), = n%(1+ O(n)). Using (6.5) with t=1
and s = d — 1, we obtain from (6.12)

d 1 —y? d-1
Py =5 2 (2) v o).

ne

This proves (6.1).
We now prove (6.2). Substituting (1.3) into (6.12) and using the boundedness
of a and the positivity of ¢’, it follows that

o (39 552
P(d,) -
(ndol) (qivd)

- (n—dy—i) (q+i-d)
_0(1)‘_[11 d,+i) (N+d—gq-1i)°
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Clearly each fraction inside the product is at most ng/d,(N — gq), which, since
d,>3x, is at most 2/3 + o(1). This proves (6.2).
Using (6.1) and (6.2), sum P(d) over d >0 to obtain

Vie 2
3 Pd) =52 (& = 1)1+ O(m)).

Now use (1.2) to obtain (6.3). ]

Proof (of Theorem 6.2). The plan of the proof is as follows. For the stated
range of d, show that D, (d) equals the expression on the right side of (6.4).
Define A(d) to be D,(d) in that range and 0 otherwise, Next, conclude that

L A(d)=1+ O(n). Finally, since D(d)—~A(d)=0 and E D(d) =1, conclude
that D(d) - A(d) = O(n).

Let f,(¢) be the number of ¢ vertex labeled forests that contain exactly j rooted
Iabeled trees. The exponential generating function for f; is (T(2))/j!, where

T = ze" is the exponential generating function for rooted 1abeled trees.
By an argument like that for (6.12), it is easy to see that

R G L i R ey
o (6.13)

—t—1 n
For t = H, we can replace (n d—i ) with @ . Also, we can apply Lemma

6.1 with ¢ replaced by t+1 and s by d —j— 1. Thus a term in (6.13) is
nd—)’(n_l)l \/ ):+l 2y xy d—j—1
ad = ¢ ) ( 1),H ( ) 1+ 0(m)
Vl— (2xy)*™ (0 (x\/1~ )

2ye*  (d-j)

(1+0())-

We wish to sum this for 0=t < n. We may bound the tails of the sum, where
t> H, by using {1, Lemma 5.4] and arguments like those in [1, Section 8]. This

gives
Vi-y* Quy)*” 1(8Y
05,« 2ye"  (d-j) )

Do(d) = (1+0(), (6.14)

where B =xe *\/1—y* is the same as in [1, (1.13)]. From [1, (1.12)], T(B) =
x(1 - y). Using this in (6.14), we obtain

‘/ y2

2ye"d

Di(d) = 5 (%)@ G- yya+ om),

which easily gives (6.4) for D, (d). Note that the formula vanishes for 4 =0.
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Summing this on d =0, with easy estimates for d = ((log n), gives

\[_

2 A(d) = 5= (exp{x(1 + y)} ~ exp{x(1 = ))))(1 + O(n) .
Using (1.2) and a bit of algebra, this reduces to

2 A(d)y=(1+ O(n)). .
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