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Abstract. Theory Reasoning means to build-in certain knowledge
about a problem domain into a deduction system or calculus, such as
model elimination. We present several complete versions of highly
restricted theory model elimination (TME) calculi. These restrictions
allow (1) to keep fewer path literals in extension steps than in related
calculi, and (2) to discard proof attempts with multiple occurrences
of literals along a path (i.e. regularity holds). On the other hand, we
obtain by small modifications to TME versions which do not need
contrapositives (à la Near-Horn Prolog). We show how regularity
can be adapted for these versions. The independence of the goal
computation rule holds for all variants. Comparative runtime results
for our PTTP-implementations are supplied.

1 Introduction and Preliminaries

The model elimination calculus is a goal-oriented, linear and refuta-
tionally complete calculus for first order clause logic [15]. It is the
base of numerous proof procedures for first order deduction. There are
high speed theorem provers, like METEOR [1] or SETHEO [13] and
there is a whole class of provers, namely Prolog technology theorem
proving (PTTP) as introduced in [22], which rely on model elimina-
tion. In this paper we extend in several new ways model elimination
towards theory reasoning.

Theory reasoningwas introduced by M. Stickel within the general,
non-linear resolution calculus [23]; for model elimination it is defined
and investigated in [2]. Theory reasoning means to relieve a calculus
from explicit reasoning in some domain (e.g. equality, partial orders,
taxonomic reasoning)by taking apart the domain knowledgeand trea-
ting it by special inference rules for theory reasoning (“background
reasoner”). Theory reasoning is interesting because, first, proofs be-
come more structured, and second, higher efficiency can be achieved
by a clever reasoner that takes advantage of the theories’ properties.

Theory reasoning is a very general scheme and has many applica-
tions, among them reasoning with taxonomical knowledge as in the
Krypton system [10], building in theory-unification procedures and
equality reasoning as by Paramodulation or E-resolution.

Another source for this work is the upcoming of various (non-
theory) calculi which do not need all contrapositives2. Near-Horn
Prolog ([16]) is motivated from the background of logic program-
ming, and needs contrapositives for each positive literal in a clause
only. The (modified) simplified problem reduction format [20] is more
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2 In systems with contrapositives n procedural counterparts (contrapositives)
Li : � L1 � � � � � Li � 1 � Li

�
1 � � � � � Ln for a clause L1 � � � � � Ln have to

be used. Each contrapositive represents a different entry point during the
proof search into the clause. See [20] for a motivation for the avoidance of
contrapositives.

a theorem-proving system and needs only one single contrapositive
per clause. A detailed comparison of these calculi and of another one,
N-Prolog, can be found in [21]. In [7] we have made a small change
to model elimination which also avoids contrapositives and allows
for a PTTP-implementation.

The common idea behind all these calculi is to carry out case
analysis wrt. the positive literals in a disjunctive clause. The initial
goal then is to be proven for each case, and this kind of reasoning
replaces the need for contrapositives. Proving by cases seems also to
be a very natural way to do proofs. For example in proving theorems
such as “if � �� 0 then � 2 	 0” a human typically uses case analysis
according to the axiom 
 � 0 � 
 � 0 �  
 � 0.

Main Results. One major contribution of this paper are the vari-
ous refinements of theory model elimination calculi ([2, 19]). One
such refinement is the saving of path literals. Technically, the literals
stemming from the extending clauses need in an extension step not
to be included in the resulting paths. This is theoretically appealing
because it gives a better understanding of the role of the different
kinds of literals involved in inference steps; furthermore it is practi-
cally relevant since, occasionally, the time needed for finding a proof
decreases as the local search space decreases. Such a restriction has
not been consider before (cf. “related work” below).

Another improvement concerns the use of the regularity restric-
tion. Regularity means, briefly, that in the course of a proof it is not
necessary to derive an identical subgoal more than once. A nice pro-
perty of this loop-detection feature is that it constitutes the base of a
decision procedure for propositional logic. Regularity is easy to im-
plement (at least approximatively) and it is one of the more effective
restrictions for model elimination procedure. Our practical experi-
ments (Section 4) strongly support this claim for the case of theory
reasoning. While regularity is known to be compatible to non-theory
model elimination ([12]), the corresponding result for the theory case
has not been established so far.

While these modifications concern new refinements of the base
calculus, we see the second main contribution in the design of a
theory model elimination calculus without contrapositives. We will
demonstrate that a slight change to the base calculus suffices to en-
sure completeness of the restriction to one single contrapositive per
clause. Furthermore, the regularity restriction can be adapted in a
completeness preserving way. Finally, the calculi may don’t-care
nondeterministically choose the next subgoal to be processed, i.e.
the independence of the computation rule holds in a similar way as
in Prolog’s SLD-Resolution. The thus resulting calculus can be seen
as an extension of the one presented in [7] towards theory reaso-
ning. Furthermore, the PTTP implementation technique [22] used for
that calculus can be extended to the theory case. See Section 4 for
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experimental results.

Related Work. Theory reasoning was ported to many calculi. In
[3] we showed that total theory resolution is compatible with or-
dering restrictions. Theory reasoning was defined for matrix methods
in [17], for the connection graph calculus in [18] and for the connec-
tion method in [9, 19]. However there are significant differences
between these calculi and model elimination: model elimination is a
linear calculus, which means that an initially chosen goal clause is
stepwisely processed until the refutation is found. In [2, 19] comple-
teness results for theory model elimination can be found. However,
these calculi neither make use of the above mentioned savings of
path literals, nor do they incorporate the regularity restriction. As a
consequence of all these considerations we need a new completeness
proof and cannot use one of the existing ones.

Preliminaries. A clause is a multiset of literals, written as the
disjunction � 1 � � � � � � � . As usual, clauses are considered implicitly
as being universally quantified, and a clause set is considered logically
as a conjunction of clauses. Instead of the chains of the original model
elimination calculus we follow [6] and work in a branch-set setting.
A branch is a finite sequence of literals, written by juxtaposing its
constituents � 1 � 2 � � � � � . A branchset is a finite multiset of branches.

Concerning interpretations we restrict ourselves to Herbrand-
Interpretations over a (most times implicitly) given finite signature
Σ. Furthermore we suppose Σ to contain the 0-ary predicate symbol�

which is to be interpreted by � � � � � in every interpretation. We as-
sume a theory to be given by a satisfiable set of universally quantified
formulas, e.g. as a clause set (because a Herbrand-theorem holds). In
the sequel 	 always denotes such a theory. As an example one might
think of the theory of equality, given by the usual axioms. A Herbrand
	 -interpretation 
 for a formula � is a Herbrand-interpretation over
the joint signatures of 	 and � that satisfies 	 , i.e. 
 �� 	 . We write

 ��  � to indicate that 
 is a 	 -interpretation and 
 satisfies �
(i.e. 
 is a 	 -model for � ). Furthermore, � is called 	 -valid, ��  F,
iff every 	 -interpretation satisfies � , and � is 	 -(un-)satisfiable iff
some (none) 	 -interpretation satisfies � . As a consequence of these
definition it holds ��  � iff � � is 	 -unsatisfiable iff 	 � � � � � is
unsatisfiable.

2 Theory Model Elimination Calculi

Theory reasoning comes in two variants [23]: total and partial theory
reasoning. Total theory reasoning directly lifts the idea of finding
syntactical complementary literals in inferences (e.g. resolution) to a
semantic level. In partial theory reasoning semantical complementary
sets are computed stepwise by means of intermediate goals (called
“residues”). The partial variant is of particular interest for us because
we have a technique to automatically construct background reasoners
for partial theory model elimination [4].

Definition 2.1 (Theory model elimination (TME)) The inference
rule theory extension step which transforms a branch set and some
clauses in a new branch set is defined as follows:

� K1 � � � Km � � � L1 � R1 � � � Ln � Rn

� � K1 � � � KmK � K � Res � R1 � � � � � Rn � � � � � Ext

iff

1. � K1 � � � Km � � � is a branch set (m � 1, K1 � � � Km is called the
selected branch, and Km is called the extended literal), and

2. Li � Ri are clauses (n � 0 � i � 1 � � � n); the Lis are called
extending literals, and Ri denotes the rest of the extending clause
Li � Ri, and

3. there exist indices 1 � j1 � � � � � jk � m  1 and there exists a
substitution � such that

��  � �
Kj1 � � � � � Kjk � Km � L1 � � � � � Ln � Res � � (1)

Here Res is a literal3, which is also called residue in this context.
Following [23], the set
� Kj1 � � � � � Kjk � Km � L1 � � � � � Ln � is called the key set of the infe-
rence.

An extension step with Res � F is called total, otherwise it is called
partial. As a second inference rule we define deletion step:

� K1 � � � KmF � � �
� Del

Thus the deletion step allows to remove branches which are de-
tected as contradictory (by means of a concluding F). The calculus
of total theory model elimination (TME) consists of the inference
rules total theory extension step and deletion step, and partial TME
additionally consists of partial theory extension step.

A (total, partial) TME derivation of � n from a clause set M then
is defined as a sequence (n � 1) � 1 � � � � � � n such that

1. � 1
� � L1 � � � � � Ln � , i.e. a multiset of branches of length 1, for

some L1 � � � � � Ln � M; this clause is also called the query, and
2. for i � 2 � � � n, � i is obtained (2a) either by applying the Ext

inference rule to � i� 1 and some new variants of clauses from
M, or else (2b) by applying the Del inference rule to � i� 1.

A refutation of M is a derivation of the empty branch set � � from M.
A branch is called regular iff all the literals occuring in it are

pairwise distinct (i.e. the branch contains no duplicate literals). A
branch set is regular iff every of its branches is regular. A derivation
is called regular iff every branch set of the derivation is regular.�

Informally, the implication (1) in Definition 2.1 means (roughly)
that the residue is a logical consequence of some literals along the
branch (including the extendedliteral) and the extending literals. This
condition is needed to obtain a sound calculus.

In the full paper we require the implication (1) to be minimal (i.e.
after deleting any element, (1) would no longer hold). For example,
if the theory is “equality”, the selected branch is  �  ! and the
extending literals are � � � " � �  " � then a total extension step with
key set �  � �  ! � � � " � �  " � is possible. However, the implication
 � �  ! � � � " � �  " � �

is not minimal, as with deleting
the extended literal # $ �  ! the resulting implication  � � � �
" � �  " � �

is still valid. Thus, this proposed extension step would
not be allowed. In general, in implementations the local search space
can be pruned considerably, as the minimality restriction allows to
guide the search for the extending literals around the extended literal
# $ .

Example 2.2 Consider the ground clause set
M � � � A � B � C � D � � C � and the theory
	 � � B � A � C � D � A � . Figure 1 contains a partial TME refuta-
tion of M with query � A.

�

3 Residues can be generalized to clauses as in [23], if it is of interest.
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Figure 1. A TME refutation of M in a tree notation following [13]. 1 is

the tree resulting from the query � A. 2 is obtained by a total extension step
with B � C, making use of the fact that � A � B 	 F is 
 -valid (because� � A � B 	 F�  �

B 	 A� ). In this extension step (and similarly below) we

have decorated the edge with the extending literal. 3 is obtained by a partial
extension step with clause D � � C, using the 
 -validity of C � D 	 A.

4 is obtained by a total extension step with the ancestor literal � A, which

is possible since � A � A 	 F is valid in every theory. 5 is obtained in a
similar way.

Note that in extension steps the extending literals are not contained
anywhere in the new branches. This is a difference to the works in
[2] and �19

�
where these literals are appended to the extended branch

one after the other.
So far, the Ext- and Del-inference rules operate on some selec-

ted branch. This would mean for implementations that choosing the
selected branch is subject to backtracking. Clearly we would like to
avoid this if possible. Indeed we have a free choice regarding the
selected branch. As a further advantage of such a result, the selected
branch can be choosen heuristically. Occasionally, factoring can be
applied more successfully (see [12]) if such a subgoal reordering is
allowed.

For the formalization, we borrow the notion of a “computation
rule” from logic programming ([14]):

Definition 2.3 A computation rule is a function c from the set of
branch sets to the set of branches such that c

� � � � � . Thus A
computation rule can be used in derivations to determine the selected
branch for the next inference step; we say that a derivation is a
derivation wrt. c iff the selected branch in every of its inference steps
is determined by c.

�

For example, if a Prolog-like computation rule is desired, then always
some longest branch is to be selected.

The following lemma is crucial; it can be proved for any of the
calculi defined in this paper.

Lemma 2.4 (Independence of the computation rule – ground
case) Let 	 be a theory and M be a ground clause set. Suppose
there exists a refutation of M with top clause C. Then for every com-
putation rule c there exists a refutation of M wrt. c.

As a consequence of our completeness proof techniques, which is a
traditional ground-proof and lifting technique, it suffices to proof this
result for the ground case only. The respective result for the first-order
case with variables would be technically much more complicated
(cf. [14]).

Completeness is stated for the ground case only.Although not quite
trivial, lifting to the first order case can be carried out by generalizing
standard techniques (see e.g. [11, 14]).

Theorem 2.5 (Ground Completeness of Regular Total TME) Let
	 be a theory, c be a computation rule and let M be a 	 -unsatisfiable

ground clause set. Let C � M be such that C is contained in some
minimal 	 -unsatisfiable subset of M. Then there exists a regular total
TME refutation of M wrt. c with query C.

For the ground proof the excess literal parameter technique can be
used in a similar way as it is done for the non-theory version in [7].
Regularity is shown by restricting for every branch to be closed the
available input clause set to those clauses that are free of literals
occuring in that branch.

A similar completeness result exists for partial theory model eli-
mination. The difficulty with the partial variant is that usually in
extension steps not all 	 -valid implications (condition 3 in definition
of extension step) shall be considered for extension steps. Take e.g.
equality: The paramodulation inference rule for equational reasoning
is an instance of partial TME, but a paramodulation step does not
compute all equational consequences of the given key set. Such re-
strictions can be formulated within the general framework defined in
the full version ([5]). This framework allows to specify a “filtering
out” of 	 -valid implications which are not relevant for a derivation.

An important class of theories are definite theories, i.e. theories
that are axiomatized by a set of definite clauses4. For such theories we
find a special structure of implications:

Proposition 2.6 For every definite theory 	 and for every 	 -valid
implication � �

L1 � � � � � Ln � Ln
�

1 � it holds that either (1) all
literals L1 � � � � � Ln and the conclusion Ln

�
1 are positive, or (2) one

single literal Li (1 � i � n) is negative and Ln
�

1 is either negative
or F.

This special structure of implications can immediately be imposed
on the corresponding implications in the definition of extension steps
above. If additionally the input clause set is “Horn” then the ancestor
literals of leafs need not to be stored and all extending literals are
positive. This result generalizes a well-known property of ordinary
model elimination, which states that no reduction steps are required
(even possible) in the Horn case.

3 Restart Theory Model Elimination

Let us now modify the calculus given above, such that only a single
contrapositive per clause is needed. The modifications work for both
the total as well as the partial variant. Hence we will give up the
distinction in this section.

For the modifications we have to presuppose definite theories (see
the preceeding section). Furthermore, in order to get a complete cal-
culus, we have to assume that there exists only one clause containing
only negative literals, which furthermore does not contain variables,
and this clause is to be used as query in refutations5. We note that
Theorem 2.5 can be adapted for this new setting.

Definition 3.1 (Restart Theory Model Elimination) First, exten-
sion steps are restricted to operate on negative leafs only. For this
define a definite theory extension step in the same way as theory
extension step, except that additionally Km is required to be a nega-
tive literal and all other key set literals Kj1 � � � � � Kjk � L1 � � � � � Ln are
required to be positive literals.

In order to deal with positive leafs Km define the inference rule
restart step as follows:

4 A definite clause contains exactly one positive literal.
5 Without loss of generality this can be achieved by introducing a new clause� goal and transforming every purely negative clause � B1 � � � � � � Bm

into goal � B1 � � � � � Bm.
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� K1 � � � Km � � �
� K1 � � � KmK1 � � � Rest

iff Km is a positive literal and Km
�� F.

The strict Restart TME calculus consists of the inference rules
definite theory extension step, restart step and deletion step. The non-
strict version consists additionally of theory extension step.

�

If clauses are written in a programming language style
� 1 � � � � � � � � �

1 � � � � � � $ then it is clear that, for syntactical re-
asons, definite extension steps are possible only with head literals
� ’s, but not with

�
’s from the body. Thus it is possible to represent

clauses as above without the need of augmenting them with all con-
trapositives; only contrapositives with conclusions (i.e. entry points)
stemming from the positive literals are necessary.The price of the ab-
sence of contrapositives is that whenever a path ends with a positive
literal, the root of the tree has to be copied. Then, the only inference
applicable to that branch is a definite extension step. Occasionally a
shorter refutation exists if non-definite extension steps are allowed as
well; this motivates the need for the non-strict version.

Example 3.2 Consider again the (definite) theory 	 and ground
clause set M of example 2.2 (Section 2). In Figure 1 the partial
extension step from 2 to 3 is not allowed in Restart TME since
the leaf C of the extended branch � AC is positive. A restart step has to
take place instead. Figure 2 contains a respective strict Restart TME
refutation.

�

�� ��� �

F �
�

1

� �

� �

�� �� �� �� �� ��

�� ��

� �
2 3 4 5

� �

F �
� � �

F �
�

� �

� �

F �
�

� �

� �

� �
�
F

Figure 2. A strict partial Restart TME refutation of M (defined in Exam-

ple 2.2 above). 1 and 2 are obtained as in Figure 1. 3 is obtained by a

restart step. 4 is obtained by a partial definite extension step at � A with the

ancestor literal C and residue � D, using the 
 -validity of � A � C 	 � D. 5
is obtained by a total definite extension step with clause D � � C. The final
deletion of branches ending in F is not depicted.

The restart calculus can further be weakened by introducing a se-
lection function in the following way: a selection function f maps
a clause � 1 � � � � � � � �

�
1 � � � � � � $ with � � 1 to a literal � �

� � 1 � � � � � � � � . Additionally, � is required to be stable under lif-
ting which means that if � selects � � in the instance of the clause� � 1 � � � � � � � � �

1 � � � � � � $ � � (for some substitution � ) then � se-
lects � in � 1 � � � � � � � � �

1 � � � � � � $ .6Now, for (definite) extension
steps only selected literals may serve as extending literals. Thus, ope-
rationally, only one single contrapositive per input clause is needed.
Notably, all this is complete:

6 This property is needed for the completeness proof; it guarantees for lifting
that the selection function will select on the first order level a literal whose
ground instance was selected at the ground level.

Theorem 3.3 (Completeness of strict Restart TME) Let M be a
clause set with one single negative ground clause G, f be a selection
function and c be a computation rule. Then there exists a strict Restart
TME refutation of M with goal G.

Proof. (Sketch) The proof is by splitting the given non-Horn clause
set into Horn sets and assuming by completeness of TME respective
refutations without reduction steps (cf. Proposition 2.6 and the re-
marks following the proposition). For the goal clause choose � in
every refutation. Then these refutations are assembled back into the
desired Restart TME refutation. There, reduction steps come in by
replacing extension steps with splitted unit clauses by reduction steps
to the literals where the restart occurred.

�
The regularity restriction as it is usually defined for the non-restart

versions (cf. Def. 2.1, “no literal occurs more than once in a branch”)
does no longer hold for Restart TME. This is rather easy to see since
after a restart step it might be necessary to repeat – in parts – a
refutation derived so far up to the restart step.

By analyzing in the proof of the previous theorem the process
of assembling the refutations of the splitted Horn sets, as well as
by certain semantical considerations, we learn that we can demand
blockwise regularity. For this call the first literal of a branch the goal
literal. Then a branch � is called blockwise regular iff (1) every pair
of identical literals (unequal to the goal literal) in � is separated by at
least one occurence of the goal literal, and, (2) all the positive literals
occuring in � are pairwise distinct. For example, the refutation in
Figure 2 is blockwise regular. Fortunately it holds:

Theorem 3.4 Strict Restart TME with selection function is complete
when restricted to blockwise regular refutations.

4 Practical Experiments

We have implemented the calculi variants described in the precee-
ding sections. The system, called PROTEIN (PROver with a Theory
Extension INterface, [8]), is implemented using the PTTP imple-
mentation technique (“Prolog Technology Theorem Prover”, [22]) in
ECLiPSe Prolog.

The implementation of partial theory reasoning is currently tailo-
red for the method of linearizing completion [4]. Linearizing comple-
tion is a saturation technique that transforms a given Horn clause set
	 into a “completed” set, which admits (in resolution terminology)
both linear and unit-resulting proofs for 	 -unsatisfiable literal sets.
Such a system then can be used as complete background reasoner for
partial theory model elimination.

We ran several examples known from the literature with PROTEIN
and a high-performance model elimination prover. Table 3 contains
the runtime results (in seconds), obtained on a SPARC 10/40. The
first four columns refer to different versions of PROTEIN. Column 5
contains data for Setheo [13] in its latest version (Version 3.0).

PROTEIN was run in default mode, except where indicated in
Table 3. In default mode it includes the regularity restriction and
the ground-reduction refinement. Setheo was also run in its default
mode, which then makes use of the following refinements and cons-
traints: subgoal reordering, purity, anti-lemmas, regularity, tautology
and subsumption.

The example referred to as Non-obvious is taken from the October
1986 Newsletter of the Association of Automated Reasoning7. The
selected theory here consists of a transitive and symmetric relation

7 Entries such asMSC/MSC006-1 refer to the respective TPTP-names [24].
All examples were drawn from that problem library without modification
— only the theory part had to be selected by hand.
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Restart- Restart-
Example ME ME TME TME Setheo
Non-obvious 0.3 2.7 1.6 1.1 0.5
MSC/MSC006-1 0.15 1

Graph 10.8 � 0.2 7.0
0.8 2

x
�� 0 	 x2 � 0 2.4 0.7 2.2 0.6 0.8

Pelletier 48 5.9 1.2 0.4 0.9 0.2
SYN/SYN071-1 0.6 2 0.1 1 �2
Pelletier 49 � 297 1.6 1.5 �
SYN/SYN072-1
Pelletier 55 392 � 21 254 3.5
PUZ/PUZ001-2
Lion&Unicorn 588 � 21 � 47
PUZ/PUZ005-1
Wos 4 22 20 0.3 26 13
GRP/GRP008-1
Wos 10 � - 14 - 850
GRP/GRP001-1
Wos 11 9.6 - 1.1 - 0.7
GRP/GRP013-1
Wos 15 384 - 47 - 478
GRP/GRP035-3
Wos 16 302 - 0.02 - 13
GRP/GRP036-3
Wos 17 � - 0.1 - 23
GRP/GRP037-3
Entries: Numbers: runtimes (seconds) – � no proof within reasonable

time bound – “-” Not applicable –
Remarks: 1 – With selection function, 2 – With (back) factoring,

3 – With Lemmas

Figure 3. Runtime Results for various provers: ME – plain model elimina-
tion version of PROTEIN; Restart-ME – case-analysis style reasoning; TME
and Restart-TME – respective versions with theory reasoning extensions.

� and a transitive relation � . In the Graph example a graph with
a transitive and symmetric reachability relation is traversed. The
example referred to by � �� 0 � � 2 	 0 is to prove this theorem (�
is universally quantified) from calculus. Case analysis is carried out
according to the axiom 
 	 0 � 
 � 0 �  
 	 0.

For the theory variants of PROTEIN, the background calculus was
obtained completely automatical by the linearizing completion tool in
a preprocessing phase. For the theories we have selected appropriate
Horn-subsets of the input clauses. The runtime of the linearizing
completion tool was sufficiently small and need not be mentioned. In
case linearizing completion would yield an infinite inference system
for background reasoning – in the Wos examples from group theory –
a finite approximation was used. The selected theory consists here of
equality (except function substitution axioms) and the associativity
of the group operation.

Concerning the search strategy we used iterative deepening with
the costs of extension steps uniformly set to 1. The same costs are
used for case analysis steps.

In the experiments the regularity restrictions turned out to be very
advantageous for most examples. Both the non-restart and the restart-
variants of TME are useful, with non-restart being in the average the
preferrable choice. In general, the runtime results suggest to us that
theory reasoning is a significant technique for automated theorem
proving.
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