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Abstract

A digital moiré technique with circular and radial gratings is proposed to measure in-plane displacement and strain distributions of
soft materials in a polar coordinate system. By introducing the coordinate-transform technique, the concentric circles and radial lines in
the Cartesian coordinate system are converted to cross gratings in a polar coordinate system. Then, the digital moiré fringes are
generated using logical and filter operations on the one-bit binary images. Finally, the in-plane displacement distributions are obtained
by means of the four step phase-shifting procedure. Also, the measurement principles and the basic procedures of the new digital moiré
technique are explained in detail. An application for rubber sheet with a single-edge crack is studied, and the experimental results show

that the presented method is feasible.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The moiré method is a noncontact, full-field and
convenient measuring technique of in-plane displacement
and strain [1]. Moiré fringes, which are contour maps of the
displacement components in the direction perpendicular to
the grating lines, are typically generated by the super-
position of two periodic gratings: a reference grating and a
deformed (specimen) grating. Using logical operations for
generating moiré fringes, Asundi et al. [2-4] developed the
digital moiré method and adopted phase-shifting technique
for quantification of the patterns. According to this
method, logical operations of computer binary gratings
provided an alternative to simulate the aliasing phenom-
enon generated in traditional moiré patterns. Subsequently,
there have been lots of efforts in the application for
topographic contouring and deformation measurement
using the phase-shifting and logical moiré (PSALM)
technique [5-8]. Since the two gratings handled in digital
moiré method are made up of binary numbers, the
computer-generated reference grating can be precisely

*Corresponding author. Tel.: +862287401572.
E-mail address: tju_ylkang@yahoo.com.cn (Y.L. Kang).

0143-8166/$ - see front matter © 2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.optlaseng.2006.12.004

shifted without any phase shifters used in traditional moiré
method. With the development of nano-meter technology,
Xie et al. [9-11] presented the digital nano-moiré method
and its phase-shifting technique, a new method in which
the nano-meter deformation of an object is measured with
high-resolution microscopes.

For several kinds of solid mechanics problems, it is more
convenient to analyze the in-plane displacement and strain
fields in a polar coordinate system than in the Cartesian
coordinate system. Accordingly, moiré fringes created by
circular and radial gratings are more adaptable for the
purpose of specific applications in the polar coordinate
system. As such, some studies on circular and radial
gratings have been carried out for the measurement of
rigid-body displacements or small angle displacements.
Park and Kim [12,13] proposed a moiré technique of
concentric-circle gratings to measure the radial motion of a
spindle and the relative two-dimensional planar displace-
ment. Circular or radial moiré gratings used for rotation
measurement [14,15] and angular displacement were also
investigated [16]. Moreover, an elongated circular (EC)
grating, instead of the conventional circular grating, was
chosen to determine both the rigid-body displacement and
its direction [17,18]. Besides, the circular and radial
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gratings were also employed in vision identification with
optical measuring systems [19-21]. In order to improve the
automatic analysis of moiré fringes, Zhang et al. [22] also
suggested an optical method which combined the phase-
shifting technique with circular grating moiré method.

To the authors’ knowledge, however, there is no report
on deformation measurement using circular and radial
gratings. In this paper, a new digital moiré technique with
circular and radial gratings for measuring in-plane
displacement and strain fields in large deformation
materials are presented. Using the coordinate-transform
method [23] and the digital phase-shifting technique [3-9],
the digital images of deformed gratings in the polar
coordinate system are processed automatically. An experi-
ment of rubber sheet with a single-edge crack is shown, and
the distributions of the displacements u, and uy near the
crack tip are directly given.

2. Digital moiré technique with circular and radial gratings
(DMTCR)

2.1. Principles of the in-plane displacement measurement
using DMTCR

In the moiré technique the deformed grating is used as
the carrier of displacement information and the spatial
frequency of the carrier has been modulated by the applied
displacement. Considering a circular grating (the radial
grating can be treated analogously), the transmission
function 7, is given by:

2
T,(r,0) = ay+ a; cos ?nr, (1

where p is the pitch of reference grating, ay and a; are
constants.

For the grating deformed by a displacement u(r, 0), the
transmission function 74 can be expressed as

T4(r,0) = ay + a; cos %[r —u(r, 0)], 2)

where u(r, 0) represents displacement in the r direction.

By superposing reference and deformed gratings the
moiré pattern is obtained, and the transmission function
for the moiré pattern is

2 2
T(r,0)=T,Tq = a(z) + aga; cos —n[r — u(r, 0)] + apa; cos -,
p p

N a
2

2
cos ;ﬂ[ZV —u(r,0)] + 3

cosz—nu(r,()), (3)
p
where the first term is the background contribution;
the second and third terms are corresponding to the
original gratings; the fourth term is corresponding to
double frequency of the specimen grating; the fifth term
represents moiré fringes. Usually the high frequencies are
filtered out, and the intensity of moiré pattern can be

simplified as
2
2
T(r,0) ~ X cos “Zu(r, 0). @)
2 P

Then the phase of fringes is calculated according to
formula

2n
d)(r: 0) = ;T/l(r, 0) (5)
Obviously, the displacement u(r, 0) at each point in the
moiré pattern varies linearly with its phase ¢(r, 0). In other
words, once the phase of each point is solved, the
displacement distribution is readily obtained.

2.2. Coordinate-transform technique

In this method, moiré patterns are obtained by a logical
operation of specimen grating and computer-generated
reference grating. After getting the logical moiré patterns
of circular and radial gratings, filter operation is needed to
leach the noise and create the digital moiré patterns which
are identical to the conventional moiré patterns. However,
it is difficult to carry out the filter operation and phase-
shifting technique in the Cartesian coordinate system. So
we introduce the coordinate-transformation method to
solve the problem in this paper.

Because a pair of circular and radial gratings used for in-
plane deformation measurement can also be expressed by a
set of parameters for a polar coordinate system, we
transform the coordinate of a point (x, y) in the Cartesian
coordinate system into that of the polar coordinate
system (r, 0):

{x:Xo—l—rcos@,

y=Yo+rsin0, (6)

where O'(Xy, Yo), which is the center of the circular
gratings (which is also the intersection point of the radial
gratings), is chosen to be the origin of the polar coordinate
system. The coordinate-transform method is schematically
illustrated in Fig. 1. With the help of the coordinate
transform, the circular and radial grating is converted to a
cross grating. Then the moiré fringes from the circular and
radial gratings can be analyzed by the conventional moiré
method. In the end, the obtained displacement and strain
distributions will be transformed back to the Cartesian
coordinate system with the inverse coordinate transforma-
tion, and the distributions corresponding to the original
moiré pattern can be recovered.

2.3. Phase-shifting technique and deformation analysis of
DMTCR

As an automatic fringe analysis method, phase-shifting
technique can highly improve the accuracy of the
measurement. In the digital moiré¢ method, the ability of
precisely shifting the reference grating generated by
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Fig. 1. Coordinate transform from x—y space to r—0 space.

computer enables the quantification of moiré patterns
using the phase-shifting technique. The principle of phase-
shifting method resets on setting a file of phase shift values
0=0;,i=1,2,...,N and fitting a cosine function to the
corresponding set of intensity values /; at a single point.
The intensity distribution of moiré fringe can be expressed
as

Ii = a(x, y){1 + b(x, y) cos[$(x, ) + ]}, (7

where a(x,y) is background contribution, b(x,y) is com-
munication contribution, ¢(x,y) is the function of fringe
phase. In this paper, the four step phase-shifting method is
chosen. By moving three steps, four images can be obtained
and the phase difference between subsequent images is /2.
According to Eq. (7), the intensity distributions of four
shifted fringe patterns can be expressed as

11(x,p) = a(x, ){1 + b(x, y) cos[¢(x, »)]}, ®)
Ir(x,y) = a(x, {1 + b(x, y) cos[p(x, y) + m/2]}, )
I53(x,y) = a(x, »){1 + b(x, y) cos[¢(x, y) + ]}, (10)
14(x,p) = a(x, p){1 + b(x, y) cos[¢(x, y) + 3n/2]}. (11)

Then, the phase of observation point can be determined
by

Iy — 1>
I -1

¢(x,y) = arctan (12)

From Eq. (1), it can be seen that when the reference
grating moves (dilates) in the r direction by the steps of
p/4, p/2, 3p/4, the corresponding phase shift values are
n/2, m, 31/2, respectively. Substituting Eq. (12) to Eq. (5)
produces the displacement distribution in the polar
coordinate system.

What is more, being contour maps of the displace-
ment components, moiré fringes indicate the displace-
ment distributions in a vivid and graphic way, even
though they are far from as accurate as the phases of
moiré patterns do. The displacement components u,
and up in the r and 0 directions can be, respectively,

expressed as

u, = Np,

ug=N'p,
where N and N’ are fringe orders, p and p’ are pitches of
reference gratings in the polar coordinate system.

According to Egs. (5) and (13), the relation between the
fringe order and the fringe phase can be expressed as

N = ¢(r,0)/2x. (14)

N=012,...,
N =0,1,2,... (13)

3. Procedures of deformation analysis using DMTCR

In this section, we explain in detail the procedures of
analysis by exemplifying a simulation model shown in
Figs. 2 and 3. First, the experimental images of deformed
gratings are captured by a CCD camera and saved in the
computer for further analysis. In order to eliminate the
interaction effect, the circular grating and the radial grating
are extracted from the image using morphological image
processing [24]. Second, the center of the circular gratings
is selected as the origin of the polar coordinate system. And
the image is transformed from the Cartesian coordinate
system into a polar coordinate system from Eq. (6). Third,
a reference grating is generated by computer, and logical
operations (AND, OR, XOR) of two binary gratings
produce an identical result to the superposition of two
circular gratings in conventional moiré. Before application
of the phase-shifting equations, the logical moiré pattern
should be filtered to simulate the aliasing feature. In this
paper, the filter operation with a series of filter windows is
carried out to average the logical moiré pattern over the
pitch of the reference grating by MATLAB. According to
the proposed phase-shifting technique, four digital moiré
patterns are obtained and shown in Fig. 3. Therefore, the
phase difference between subsequent images is 7/2. Finally,
using the four step phase-shifting algorithm, the phase of
the digital moiré pattern can be determined. Then, a phase
unwrapping technique which is the process of resolution of
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Fig. 3. Four step phase-shifting moiré fringes and phase unwrapped process.

the modulo 27 phase is performed, and the continuous

phase of fringe is obtained. The four step phase-shifting |<70ﬂ> +
moiré fringes and phase unwrapped process are shown in A

Fig. 3. The continuous fringe phase of the deformed radial 40mm
gratings can be calculated in a similar way. f

—

4. Experiment

In this study, rubber sheet with a single crack is selected Crack
as the test sample, and its deformation is analyzed using a
DMTCR. The deformed gratings are printed on the R
specimen before loading and can undergo large deforma-
tion without delaminating. The linear pitch of the circular
grating is 1 mm/line and the angular pitch of the radial
grating is 6°/line. The material used for the present analysis Specimen
is polybutylene compound. The specimen geometry and gratings
dimensions are shown in Fig. 4. The thickness of the
specimen is 1 mm and the length of the pre-crack is 10 mm.
The specimen is clamped on a loading fixture and tensile
load is applied to the specimen at a low rate. A CCD v
camera and a frame grabber are used to capture the images
of deformed gratings after loading. Fig. 5 shows the images Fig. 4. Dimensions of the specimen.

320mm
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Fig. 5. Images of undeformed and deformed gratings.
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Fig. 6. Phase maps and the multiplied and refined fringe patterns.

of undeformed and deformed gratings. Following the
procedures of the proposed method, the deformed gratings
are transformed from the Cartesian coordinate system to a
polar coordinate system. The deformed circular gratings
and radial gratings are extracted from the image and
analyzed separately. Logical operation and filter operation
are carried out to produce the digital moiré patterns. The
four digital moiré patterns are obtained and the four step
phase-shifting is applied in the r—0 space. Finally, the
unwrapped phase maps in the original x—y space can be
obtained by an inverse coordinate transformation, and the
phase maps of the u, and uy fields are shown in Fig. 6. By
dividing the phase values of the original phase maps [25],
the multiplied and refined fringe patterns of the u, and uy
fields can be evaluated and are shown in Fig. 6.

5. Conclusions

In this paper, the digital moiré technique with the
circular and radial gratings (DMTCR) is proposed to
measure the distributions of in-plane displacement and
strain in the polar coordinate system directly. Only an
image of deformed gratings is needed, the analysis is
automatically carried out by the digital image processing.

The coordinate-transformation technique makes it pos-
sible to analyze the circular and radial moiré patterns with
the digital phase-shifting method. The recovered phase
maps are obtained by the inverse transformation. And
multiplied and refined fringe patterns are evaluated from
the unwrapped phase maps of the u, and uy fields.

Compared with the conventional digital moiré method,
the digital moiré method proposed in this paper is more
convenient. Using a deformed grating, the distributions of
in-plane displacement are measured and the distributions
of strain can be calculated [26]. Using two gratings, the
rigid-body displacements or angular rotation of the
deformed body can also be obtained [13,15]. The results
show that the present method is an efficient method for
measurement of soft materials which can endure large
deformation.

Acknowledgments

This work was supported by the National Science
Foundation of China (No: 10572102) and Key Interna-
tional Co-operation Project. The authors also gratefully
acknowledge Prof. H.M. Xie at Tsinghua University for his
useful discussions on digital moiré method.

References

[1] Patorski K. The handbook of the moiré technique. Oxford: Elsevier;
1993.

[2] Asundi A, Yung KH. Logical moiré and its application. Exp Mech
1991;31(3):236-42.

[3] Asundi A, Yung KH. Phase shifting and logical moiré. J Opt Soc Am
A 1991;18(10):1591-600.

[4] Asundi A. Moiré methods using computer-generated gratings. Opt
Eng 1993;32(1):107-16.

[5] Zhang HB, Wu XP, Asundi A. Two dimensional phase shift and
logical moiré—a fast and automatic method for whole field fringe
pattern analysis. J Exp Mech 1994;9(3):181-91 [in Chinese].

[6] Zhang HB, Wu XP. The 3-D shape measurement with phase-shift
and logical moiré method. Acta Opt Sin 1994;14(4):408-11 [in
Chinese].

[7] Zhang HB, Wu XP. The displacement and strain field measurement
by phase shifting and logical moiré. Acta Mech Solida Sin
1994;15(2):121-7 [in Chinese].

[8] Asundi A. Projection moiré using PSALM. Proc Soc Photo-opt
Instrum Eng 1991;1554:257-65.

[9] Xie HM, Liu ZW, Fang DN, et al. A study on the digital nana-moiré
method and its phase shifting technique. Meas Sci Technol
2004;15(9):1716-21.

[10] Xie HM, Liu ZW, Fang DN, et al. Development nano-Moire method
with high-resolution microscopy at FML. Opt Lasers Eng 2005;43(8):
904-18.



788 X.L. Li et al. / Optics and Lasers in Engineering 45 (2007) 783-788

[11] Xie HM, Boay CG, Liu T, Lu YG, Yu G, Asundi A. Phase-shifting
moiré method with an atomic force microscope. Appl Opt
2001;40(34):6193-8.

[12] Park YC, Kim SW. Optical measurement of spindle radial motion by
moiré technique of concentric-circle gratings. Int J Mach Tools
Manufact 1994;34(7):1019-30.

[13] Park YC, Kim SW. Determination of two-dimensional planar
displacement by moiré fringes of concentric-circle gratings. Appl
Opt 1994;33(22):5171-6.

[14] Lay YL, Chen YW. Rotation measurement using a circular moiré
grating. Opt Laser Technol 1998;30:539-44.

[15] Shang HM, Toh SL, Fu Y, Quan C, Tay CJ. The use of circular
optical grating for measuring angular rotation of mirrors. Opt Laser
Eng 2001;36:487-500.

[16] Kim BJ, Song JS, Kim JT, Jo JH, Chang S, Yuk YC. Determination
of small angular displacement by moiré fringes of matched radial-
parallel gratings. Appl Opt 1997;36:2848-55.

[17] Song JS, Lee YH, Jo JH, Chang S, Yuk YC. Moir¢ patterns of two
different elongated circular gratings for the fine visual measurement
of linear displacements. Opt Commun 1998;154:100-8.

[18] Kim BJ, Yuk YC, Lee SI, Chang S. Use of a phase type elongated
circular grating in Talbot moiré deflectometry. Optik 2004;115(3):
121-8.

[19] Soifer V, Kotlyar V, Khonina S, Skidanov R. Optical-digital methods
of fingerprint identification. Opt Laser Eng 1998;29:351-9.

[20] Wilkinson F, James TW, Wilson HR, Gati JS, Menon RS, Goodale
MA. An fMRI study of the selective activation of human extrastriate
form vision areas by radial and concentric gratings. Curr Biol
2000;10(22):1455-8.

[21] Groves RM, James SW, Tatam RP. Shadow Moiré method for the
determination the source position in three-dimensional shearography.
Opt Laser Eng 2001;36:317-29.

[22] Zhang HY, Wang C, Liu XM, Liu CG. Phase-shifting method for
circular grating Moiré technique. Proc Soc Photo-opt Instrum Eng
2000;4231:603-7.

[23] Ge ZT, Kobayashi F, Matsude S, Takeda M. Coordinate-transform
technique for closed-fringe analysis by the Fourier-transform
method. Appl Opt 2001;40(10):1649-57.

[24] Gonzalez RC, Woods RE. Digital image processing. Boston:
Addison Wesley; 1992.

[25] He XY, Zou DQ, Liu S. Phase-shifting analysis in moiré inter-
ferometry and its applications in electronic packaging. Opt Eng
1998;37(5):1410-9.

[26] Li XL, Kang YL, Qiu W, Xiao X. Application of the digital moiré
method in fracture analysis of a cracked rubber sheet. Acta Mech
Solida Sin 2006;19(3):241-7.



	A study on the digital moiré technique with circular and radial gratings
	Introduction
	Digital moiré technique with circular and radial gratings (DMTCR)
	Principles of the in-plane displacement measurement using DMTCR
	Coordinate-transform technique
	Phase-shifting technique and deformation analysis of DMTCR

	Procedures of deformation analysis using DMTCR
	Experiment
	Conclusions
	Acknowledgments
	References


