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Robust Properties of Risk–Sensitive Control∗

Paul Dupuis† Matthew R. James‡ Ian Petersen§

Abstract

The purpose of the present paper is to precisely characterize and
prove robustness properties of risk sensitive controllers. In particular,
we establish a stochastic version of the small gain theorem. This the-
orem is expressed in terms of an inequality which bounds the average
output power in terms of the input power. Since this inequality is
closely related to the risk-sensitive criterion, our stochastic small gain
theorem can be expressed in terms of the risk-sensitive criterion. This
provides a concrete motivation for the use of the risk-sensitive criterion
stochastic robustness.
Keywords. Risk sensitive stochastic control, robustness, small gain
theorem.

1 Introduction

The development of risk–sensitive control has been intensive in recent years
[BvS85, DM97, FHH97, FM95, HHM96, Jac73, JBE94, PMR96, Whi81],
in part because of its connection with nonlinear robust (or H∞) control
[GD88, FM95, Jam92]. The latter topic has also been extensively developed,
and was itself motivated by the successes of the linear H∞ control formula-
tion introduced by Zames [Zam81]. The original motivations for Zames work
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were the following. Given a model for a true system, it is almost inevitable
that there are dynamics that are left unmodeled, that assumptions regard-
ing distributions are only approximate and even then may change with time,
and so on. In such a situation, one may question the value of a control or
regulation scheme that is designed under an idealized model. The goal of
robust control was the development of design criteria that could deal with
such model uncertainty. Optimality with respect to one of the standard cost
criteria (e.g., L2 norm of the output) was rejected, and instead the objective
of the design criteria was good qualitative behavior (e.g., stability) across a
wide range of system models. For example, a basic result within the theory
is the disturbance attenuation bound [BB95], e.g., which guarantees a bound
on a norm of the state of the system in terms of a corresponding norm on
the disturbances that enter the system. This provides a sort of guaranteed
performance that is independent of the statistical properties of the distur-
bances. This approach to control design is completely deterministic, with
the disturbances modeled simply by unknown functions taking values in an
appropriate space (e.g., an L2 space). A second important result is the
small gain theorem [Zam66, Vid93]. If controls are designed with respect
to a nominal model and achieve a certain performance measure (the L2

gain), then the small gain theorem characterizes a range of system models
(which hopefully will include the “true” model) for which good performance
is guaranteed. Such results are not possible with standard design criteria,
and provide a quantitative measure of the additional robustness properties
that are possible when robust criteria are used. There has been an enormous
amount of work on robust control, including extensions to nonlinear systems
and formulations in terms of differential games [BB95]. In the differential
game formulation there are two players, one representing the disturbance
entering the system which will attempt to degrade system performance, and
the other representing the “true” control in the system.

A risk-sensitive criterion for stochastic optimal control was introduced
by Jacobson [Jac73]. This performance criterion is defined as the average-
of-exponential cost associated with a controlled process. In the context of
linear-gaussian systems and quadratic cost, Jacobson solved for the optimal
state feedback controller which is expressed in terms of a sign-indefinite Ric-
cati equation, and further he established an equivalence with a deterministic
dynamic game problem. Interest in the connections between risk–sensitive
control and robust control starts with Glover and Doyle [GD88] and contin-
ues with many papers. A typical finite time risk–sensitive control problem
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is the following. The system dynamics are of the form

dxε = b(Xε, u)dt+ ε
1
2σ(Xε)dw, Xε(0) = x,

and with minimal cost function

V ε(x) = inf
u
ε logEx exp

(

µ

ε

[

∫ T

0
c(Xε, u)dt

])

.

Here the infimum is over an appropriate class of controls, ε ∈ (0,∞), and
µ is a parameter related to the L2 gain in robust control. The connection
to robust control is obtained in the large deviation limit ε → 0. Under
appropriate conditions, one can prove that V ε(x) converges to the value of a
deterministic differential game, with one player in the game representing the
original “true” control in the risk–sensitive problem, and the other playing
the role of the disturbance. Analogous results have also been obtained for
infinite time problems. Since the differential game can be viewed as a state
space formulation of a certain robust control problem, this suggests that
the controls designed on the basis of the risk–sensitive criteria should also
exhibit certain robustness properties.

It is perhaps surprising that controls designed using one of the most
sensitive limits in probability, namely a large deviation limit, should be ex-
pected to be robust. The standard argument is that since the risk–sensitive
control is based on a very conservative exponential cost criteria, and since
boundedness of such an exponential cost for any given control should in-
dicate strong stabilizing properties, properties such as those associated to
controls based on robust criteria should be expected. Interesting interpre-
tations of the risk-sensitive criterion are presented in [vS96].

The purpose of the present paper is to precisely characterize and prove
these robustness properties. In particular, we establish a stochastic version
of the small gain theorem (§3). This theorem (Theorem 3.1) is expressed in
terms of an inequality which bounds the average output power in terms of
the input power. Since this inequality is closely related to the risk-sensitive
criterion, our stochastic small gain theorem can be expressed in terms of the
risk-sensitive criterion (Corollary 3.3). This provides a concrete motivation
for the use of the risk-sensitive criterion stochastic robustness.

Before presenting the stochastic small gain theorem, we begin in §2 with
an analysis of the risk-sensitive criterion. In particular, we point out the
connection with the above-mentioned power gain inequality. Central to this
is a duality relationship involving the risk-sensitive criterion and the relative
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entropy of probability measures associated with nominal and actual systems.
In §4 we consider two extensions of our ideas. Robust control via the solution
of a risk-sensitive optimal control problem is considered in §4.1, and in §4.2
our results are extended to allow for uncertainty in the diffusion coefficients.

2 Analysis of a Risk–Sensitive Cost

We consider stochastic differential equations (SDEs) of the form

G0 :











dXt = b̄(Xt)dt+ ε
1
2σ(Xt)dwt,

Zt = h(Xt),

(2.1)

where X is n−dimensional and w is a d−dimensional standard Wiener pro-
cess with d ∈ {1, ..., n}. A state feedback control may incorporated into the
definition of b̄, in which case we have b̄(Xt) = b(Xt, u(Xt)) for an appropri-
ate function b(·, ·). We will also consider a functional Zt = h(Xt), where h is
a Borel measurable function. Z isolates the state variables whose behavior
must be controlled, and this process will take values in IRm. We assume
that the SDE (2.1) has a unique strong solution on [0,∞) for each initial
condition in IRn, and denote the underlying probability space by (Ω,F , P ).
The system (2.1), referred to as the nominal system, is illustrated in Figure
1.

- -
Zw

G0

Figure 1: Nominal system

Let γ > 0 and ε > 0 be given. For x ∈ IRn and T ∈ [0,∞) we define

S(x, T )
.
= Ex

[

exp
1

2γ2ε

∫ T

0
|Zt|

2dt

]

, (2.2)

where Ex denotes expectation conditioned on X0 = x. This quantity is
always well defined, although it may equal ∞.

4



Let Ft be a filtration satisfying the “usual conditions” of [KS88, p. 10],
with the property that w is an Ft−Wiener process. Let VT denote the set
of all IRd−valued Ft−progressively measurable processes vt that are also
square integrable:

‖v‖2T
.
= E

[

1

2

∫ T

0
|vt|

2dt

]

<∞.

We will also make use of finite power signals v ∈ P where

‖v‖2power
.
= lim sup

T→∞

1

T
‖v‖2T .

and

P
.
=

{

vt ∈
⋂

T>0

VT : ‖v‖power <∞

}

.

We have the following representation for S(x, T ): for each x ∈ IRn and
T ∈ [0,∞),

γ2ε logS(x, T ) = sup
v∈VT

Ex

[

1

2

∫ T

0

(

|Z̄t|
2 − γ2|vt|

2
)

dt

]

, (2.3)

where Z̄t = h(X̄t), and X̄t is the unique strong solution to the SDE

G :











dX̄t = b̄(X̄t)dt+ σ(X̄t)vtdt+ ε
1
2σ(X̄t)dwt,

Z̄t = h(X̄t).

(2.4)

The representation (2.3) is discussed in the appendix. We shall refer to (2.4)
as the true system, and view it as a perturbation of the nominal system, as
illustrated in Figure 2.

- -

¾

-

Z̄w
G

perturbation

X̄v
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Figure 2: Actual system (a perturbation of the nominal).

The representation formula (2.3) gives

Ex

[

1

2

∫ T

0
|Z̄t|

2dt

]

≤ γ2Ex

[

1

2

∫ T

0
|vt|

2dt

]

+ γ2ε logS(x, T ) (2.5)

for all v ∈ VT . Suppose the following bound on the large time asymptotics
of the risk–sensitive cost holds:

λγ,ε .
= lim sup

T→∞

γ2ε

T
logS(x, T ) <∞. (2.6)

Finiteness of this cost in the present risk–sensitive context is closely related
to a corresponding H∞ bound in the context of deterministic robust control.
Suppose we consider the small noise limit and assume lim supε→0 λ

γ,ε = λγ <
∞. It is shown in [FJ95, FM95] under this condition that there is finite βγ(x)
so that for all T > 0

1

2

∫ T

0
|Z̄t|

2dt ≤ γ2
1

2

∫ T

0
|vt|

2dt+ λγT + βγ(x), (2.7)

where now the system is deterministic:

G :











˙̄Xt = b̄(X̄t) + σ(X̄t)vt, X̄0 = x,

Z̄t = h(X̄t).

(2.8)

Inequality (2.7) is called a power gain inequality, and is studied in [DJ97].
The H∞ or L2 gain (in this deterministic context) corresponds to λγ = 0
(see [FJ95]); i.e.,

1

2

∫ T

0
|Z̄t|

2dt ≤ γ2
1

2

∫ T

0
|vt|

2dt+ βγ(x).

Returning to the stochastic case and using (2.5), (2.6) implies

lim sup
T→∞

1

T
Ex

[

1

2

∫ T

0
|Z̄t|

2dt

]

≤ γ2 lim sup
T→∞

1

T
Ex

[

1

2

∫ T

0
|vt|

2dt

]

+ λγ,ε (2.9)

for all v ∈ P. In analogy with (2.7) we have for all T > 0

Ex

[

1

2

∫ T

0
|Z̄t|

2dt

]

≤ γ2Ex

[

1

2

∫ T

0
|vt|

2dt

]

+ λγ,εT + βγ,ε(x) (2.10)

for some finite βγ,ε(x) and all v ∈ P. The following table summarizes the
different possible interpretations of the bound (2.10):
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λ Interpretation

λγ,ε <∞ Stochastic finite power gain
λγ <∞ Deterministic finite power gain
λγ = 0 Deterministic L2 gain

It is important to observe that even though a particular model is used
in the definition of the risk–sensitive cost, the duality formula introduces
the family of models (2.4). In the sequel, we will often interpret the model
defined by (2.1) as an approximation to a more precise mathematical model
of the physical process that is being controlled. One may wish to consider
the surrogate (2.1) simply because an exact determination of the true model
is impossible or very difficult. Alternatively, one may prefer (2.1) to a more
detailed model because of analytical or computational motivations. Suppose
that the “true” model takes the form (2.4) for some progressively measurable
process v·. In this case the bound (2.5) is very attractive, in that it provides
bounds for an ordinary (i.e., not risk– sensitive) cost for the true model (2.4)
in terms of the risk–sensitive cost under the design model (2.1), plus a term
that measures the size of the difference v· between the design and the true
models.

Several interesting choices are possible for v. What may be the simplest
choice is the case where v is an exogenous noise (i.e., a process that is inde-
pendent of the driving Wiener process) that perturbs the drift as indicated
by (2.4). Another choice is vt

.
= b1(X̄t). In this case, ∆b(X̄t)

.
= σ(X̄t)b1(X̄t)

can be interpreted as an error in the drift of the design model. However,
in all cases it is apparent that the true model can differ from the design
only in the drift term, and that the local quadratic variation (as a function
of position) must be the same for all models. This is due to the presence
of the relative entropy in the convex duality formula relating risk–sensitive
and ordinary costs (see the Section 4.2 and [DE97]). In order for the bounds
obtained from this formula to be meaningful, the relative entropy must be
finite, and this in turn restricts the class of true models in the diffusion case
to those obtained by perturbing the drift of the design model. Thus the class
of comparable true models was determined by the choice of the design. We
will return to this issue in §4.2, where we indicate how one can modify the
design model if one wishes to accommodate modeling errors in quantities
such as the quadratic variation.

In the next two sections the bound (2.10) will be used to identify robust
properties of a control that makes the risk–sensitive cost λγ,ε finite.
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3 A Stochastic Small Gain Theorem

The small gain theorem is a basic and important result widely used in the
analysis of feedback systems, see, e.g., [vdS96, Vid93]. In this section we
give a stochastic generalization of this result. Referring to Figure 3, we are
concerned with the stability of the closed loop system depicted, for a range
of exogenous inputs v(1), v(2).

µ´
¶³

µ´
¶³

- -

6

¾¾
?

-

¾

w(1)

v(2)

e(2)

Z̄(1)

e(1)

v(1)

G1

G2

−

+

+

+
Z̄(2)

w(2)

Figure 3: Small gain theorem.

By L2
loc stability we mean that if v(i), i = 1, 2 are mean square integrable on

[0, T ], then all signals in Figure 3 also are mean square integrable on [0, T ].
By power stability we mean that if v(i), i = 1, 2 have finite power

‖v(i)‖2power = lim sup
T→∞

1

T
E

[

∫ T

0
|v(i)(t)|2dt

]

<∞, (3.11)

then all signals in Figure 3 also have finite power.
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The systems Gi, i = 1, 2 in Figure 3 are modelled by the dynamics (c.f.
(2.4))

Gi :











dX̄
(i)
t = b̄(i)(X̄

(i)
t )dt+ σ(i)(X̄

(i)
t )e

(i)
t dt+ ε

1
2σ(i)(X̄

(i)
t )dw

(i)
t ,

Z̄
(i)
t = h(i)(X̄

(i)
t ).

(3.12)
We assume the existence of unique strong solutions to this system of equa-
tions.

Each system in isolation is assumed to satisfy a finite gain inequality
(c.f. (2.10))

Ex(i)

[

1

2

∫ T

0
|Z̄

(i)
t |

2dt

]

≤ γ2i Ex(i)

[

1

2

∫ T

0
|e
(i)
t |

2dt

]

+ λ(γi,ε,i)T + β(γi,ε,i)(x(i))

(3.13)

for all e(i) ∈ VT , where Ex(i) denotes expectation given X̄
(i)
0 = x(i); this is

analogous to the classical deterministic small gain theorem [Vid93, Theorem
6.6.1]. The interconnections in the closed-loop system Figure 3 are defined
by the equations

e(1) = v(1) − z(2),

e(2) = v(2) + z(1).

(3.14)

Theorem 3.1 Consider the closed-loop system Figure 3 and assume that
each system Gi satisfies the gain inequality (3.13), for all T ≥ 0, i = 1, 2.
Then the closed loop system is L2

loc stable and power stable if

γ1γ2 < 1. (3.15)

Proof. The proof proceeds in the usual way, [Vid93, Theorem 6.6.1], except
with modifications arising from our stochastic context.

Now from (3.13)

‖z(1)‖2T ≤ γ21‖e
(1)‖2T + λ(γ1,ε,1)T + β(γ1,ε,1)(x(1))

‖z(2)‖2T ≤ γ22‖e
(2)‖2T + λ(γ2,ε,2)T + β(γ2,ε,2)(x(2))

(3.16)

and by (3.14)

‖e(1)‖T ≤ ‖v(1)‖T + ‖z(2)‖T

‖e(2)‖T ≤ ‖v(2)‖T + ‖z(1)‖T

(3.17)
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By assumption (3.15), there exists α > 0 such that (1 + α)2γ21γ
2
2 < 1. Now

for a, b ≥ 0 we have (a+ b)2 ≤ (1+1/α)a2+(1+α)b2, and so (3.17) implies

‖e(1)‖2T ≤ (1 + 1/α)‖v(1)‖2T + (1 + α)‖z(2)‖2T

‖e(2)‖2T ≤ (1 + 1/α)‖v(2)‖2T + (1 + α)‖z(1)‖2T

(3.18)

Substitution of (3.18) into (3.16) gives

‖z(1)‖2T ≤ γ21(1 + 1/α)‖v(1)‖2T + γ21(1 + α)‖z(2)‖2T + λ(γ1,ε,1)T

+β(γ1,ε,1)(x(1))

‖z(2)‖2T ≤ γ22(1 + 1/α)‖v(2)‖2T + γ22(1 + α)‖z(1)‖2T + λ(γ2,ε,2)T

+β(γ2,ε,2)(x(2)),

(3.19)

and solving gives

‖z(1)‖2T ≤ [1− (1 + α)2γ21γ
2
2 ]
−1{γ21(1 + 1/α)‖v(1)‖2T

+ γ21γ
2
2(1 + 1/α)(1 + α)‖v(2)‖2T + γ21(1 + α)λ(γ2,ε,2)T

+γ21(1 + α)β(γ2,ε,2)(x(2)) + λ(γ1,ε,1)T + β(γ1,ε,1)(x(1))}

‖z(2)‖2T ≤ [1− (1 + α)2γ21γ
2
2 ]
−1{γ22(1 + 1/α)‖v(2)‖2T

+ γ21γ
2
2(1 + 1/α)(1 + α)‖v(1)‖2T + γ22(1 + α)λ(γ1,ε,1)T

+γ22(1 + α)β(γ1,ε,1)(x(1)) + λ(γ2,ε,2)T + β(γ2,ε,2)(x(2))}.
(3.20)
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Inequalities (3.20) imply the L2
loc stable property for each T ≥ 0, and on

dividing (3.20) by T and sending T →∞ we obtain power stability:

‖z(1)‖2power ≤ [1− (1 + α)2γ21γ
2
2 ]
−1{γ21(1 + 1/α)‖v(1)‖2power

+ γ21γ
2
2(1 + 1/α)(1 + α)‖v(2)‖2power

+γ21(1 + α)λ(γ2,ε,2) + λ(γ1,ε,1)}

‖z(2)‖2power ≤ [1− (1 + α)2γ21γ
2
2 ]
−1{γ22(1 + 1/α)‖v(2)‖2power

+ γ21γ
2
2(1 + 1/α)(1 + α)‖v(1)‖2power

+γ22(1 + α)λ(γ1,ε,1) + λ(γ2,ε,2)}.

(3.21)

2

Remark 3.2 Note that we get explicit bounds regarding the gain (3.20) and
power gain (3.21).

In view of (2.10), which shows that the gain inequality follows from
the risk-sensitive criterion (2.6), we can restate the small gain theorem as
follows.

Corollary 3.3 Consider the closed-loop system Figure 3 and assume that
each system Gi satisfies

λγ1,ε
1 < +∞, λγ2,ε

2 < +∞, (3.22)

and γ1γ2 < 1. Then the closed-loop system is power stable.

We next apply the small gain theorem to obtain a robust stability result.
The actual system is assumed to be

G :











dX̄t = b̄(X̄t)dt+∆b̄(X̄t)dt+ ε
1
2dwt,

Z̄t = X̄t

(3.23)
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(i.e., (2.4) with σ(x) = I, vt = ∆b̄(X̄t), h(x) = x). The corresponding
nominal system is

G0 :











dXt = b̄(Xt)dt+ ε
1
2dwt,

Zt = Xt

(3.24)

(i.e., (2.1) with σ(x) = I, h(x) = x). This is illustrated in Figure 4.

- -

¾

-

X̄w

X̄

v = ∆b̄(X̄)

G0

∆b̄

Figure 4: Robust stability

We assume that the perturbed drift satisfies

|∆b̄(x)|2 ≤ C∆,1|x|
2 + C∆,2. (3.25)

Theorem 3.4 Consider the system (3.23) illustrated in Figure 4. Assume
that

λγ,ε < +∞, and γ2C∆,1 < 1.

Then the system (3.23) is power stable:

‖X̄‖power < +∞.

Proof. It follows from (2.10) that

‖X̄‖2T ≤ γ2‖v‖2T + λγ,εT + βγ,ε(x) (3.26)

12



for all T ≥ 0, where v = ∆b̄(X̄). Substituting (3.25) into (3.26) we get

‖X̄‖2T ≤ γ2C∆,1‖X̄‖
2
T + γ2C∆,2 + λγ,εT + βγ,ε(x), (3.27)

so that

‖X̄‖2T ≤ [1− γ2C∆,1]
−1{γ2C∆,2T + λγ,εT + βγ,ε(x)}. (3.28)

Dividing inequality (3.28) by T and sending T →∞ we obtain

‖X̄‖2power ≤ [1− γ2C∆,1]
−1{γ2C∆,2 + λγ,ε}. (3.29)

2

4 Extensions

Although we only consider the case of uncontrolled diffusion processes in
Sections 2 and 3, many analogous results are also possible. In this section
we consider briefly two such extensions. In §4.1 we discuss the case of
controlled diffusions and the synthesis of controllers with the objective of
obtaining robust stability as discussed above, and in §4.2 we consider cases
where the diffusion coefficient can be uncertain.

4.1 Control

We consider the case of controlled diffusions with the same infinite horizon
risk-sensitive cost. The controlled diffusion is equation (2.1), where b̄(Xt) =
b(Xt, u(Xt)), where we restrict to static state feedback controls u : IRn → U ,
where U is the control space. In such a setting dependence of the risk-
sensitive cost (2.2) on u will be denoted by S(x, u, T ). Consider problems
for which one can establish large time asymptotics of the form

λγ,ε .
= lim sup

T→∞
inf
u

γ2ε

T
logS(x, u, T ) <∞. (4.30)

If u∗ is a minimizing (and admissible) feedback controller in (4.30), then
the optimal closed-loop system with b̄(Xt) = b(Xt, u

∗(Xt)) will enjoy the
robustness properties described in earlier sections. For details on obtaining
the optimal controller, see, e.g., [FM95].
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4.2 Noise Coefficient

A second interesting extension involves broadening the class of true models
for which bounds can be obtained when a risk- sensitive cost is known to be
finite. In this context, it is important to observe the key role that relative
entropy plays in linking risk-sensitive and ordinary costs. Let S be a Polish
space (a complete separable metric space) with the Borel σ−algebra, and let
P(S) denote the set of probability measures defined on S. Given θ ∈ P(S)
and ν ∈ P(S), the relative entropy of ν with respect to θ is defined to be

R(ν‖θ)
.
=

∫

S

(

log
dν

dθ

)

dν

if ν is absolutely continuous with respect to θ. Otherwise, we set R(ν‖θ)
.
=

∞.
If f is any non-negative function from S to the reals then (cf. [DE97])

log

∫

S
efdθ = sup

ν∈P(S)

[
∫

S
fdν −R(ν‖θ)

]

.

With θ interpreted as the design model and ν as the true, it follows that
whenever ν is absolutely continuous with respect to θ

∫

S
fdν ≤ log

∫

S
efdθ +R(ν‖θ). (4.31)

Thus the absolute continuity of ν with respect to θ is a prerequisite if one
wishes to obtain meaningful bounds on ordinary costs in terms of risk-
sensitive costs and “distance” between models as measured by relative en-
tropy. The requirement of absolute continuity is not purely technical, in
that if one requires bounds for a sufficiently broad class of cost functions f
(e.g., all bounded continuous functions), then finiteness of the relative en-
tropy is also a necessary condition [DE97, Lemma 1.4.3]. Thus one possible
approach to broadening the class of true systems is to restrict the class of
possible cost functions further. An alternative, and the one we shall pursue
here, is to modify the design model.

For the diffusion model discussed in Sections 2 and 3, the requirement of
bounded relative entropy restricts the class of true models to those obtained
by perturbing the drift in the SDE of the design model by a mean square
integrable process. However, in certain problems one may wish to consider
true models that are other perturbations of the design. For example, in many
applications of diffusions the diffusion coefficient is difficult to estimate. If
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this is the case and if one wishes to continue to use risk-sensitive criteria
to deal with this type of model uncertainty, then clearly the design model
must be modified. In the rest of this section we will indicate how this can
be done for one particular set of circumstances. The example will further
illustrate the role that relative entropy plays, and it will also suggest how
one might deal with other design models and desired perturbations.

As noted previously, two diffusion processes with different diffusion co-
efficients induce mutually singular measures. Because of this, one cannot
obtain robustness with respect to errors in the diffusion coefficient via risk-
sensitive costs if the design model is a diffusion. However, if one is willing to
consider a more general class of design processes then it is possible to obtain
bounds on a family of diffusion processes with different diffusion coefficients
in terms of a single risk-sensitive cost. We will describe what appears to
be the simplest possible example, and note that there are many variations
and alternatives that will not be mentioned. In particular, we have not at-
tempted to understand if the choice of design model is in any sense best,
even though it is clear that this selection will determine the difficulty of
evaluating the risk-sensitive cost. Our objective is to simply show that ro-
bustness with respect to these alternative types of modeling errors is indeed
possible for some choice of design model.

For simplicity we restrict to the case of dimension one and fix ε = 1.
Suppose one wishes to bound a performance measure of the diffusion pro-
cesses

G :











dX̄t = b̄(X̄t)dt+ σdwt,

Z̄t = h(X̄t),
(4.32)

Suppose that the values σ ∈ {a,A} are to be considered, where 0 < a <
A < ∞. One can construct a process whose induced measure is absolutely
continuous with respect to both diffusion processes, as well as a family of
closely related processes, as follows. Let Ft be a filtration that satisfies the
usual conditions, and suppose that w is an Ft−Wiener process. Let Ξ be
a continuous time Markov chain with states {a,A}, and suppose that the
jump rates between these two states are ηa,A ∈ (0,∞) and ηA,a ∈ (0,∞).
We suppose that the process Ξ is independent of the filtration Ft, and define
the process

G0 :











dXt = b̄(Xt)dt+ Ξdwt,

Zt = h(Xt),
(4.33)
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Let Gt be the completion of the sigma algebra σ(Ft, σ(Ξs, 0 ≤ s ≤ t)). Then
w is a Gt−Wiener process, and Gt satisfies the usual conditions. The pair
(Xt,Ξt) form a jump Markov process that is progressively measurable with
respect to Gt.

For x ∈ IR, ξ ∈ {a,A}, and T ∈ [0,∞), we define

S(x, ξ, T )
.
= Ex,ξ

[

exp
1

2γ2

∫ T

0
|Zt|

2dt

]

,

where Ex,ξ denotes expectation conditioned on X0 = x and Ξ0 = ξ. As we
will see, the introduction of this new “noise” will broaden the class of true
models for which a bound of the form (4.31) is meaningful. The first step is
to formulate the representation analogous to (2.3) for this type of process.

Because of the jump component Ξt, a representation for the processes
(4.33) does not follow directly from the results proved in either [BD98] or
[BD97]. However, the arguments there can be adapted with little difficulty
to the simple jump diffusion (4.33), and one obtains the following represen-
tation. Define the function

`(a)
.
=

{

a log a− a+ 1 if a ≥ 0
∞ else.

Let VT denote the set of all IR−valued Gt−progressively measurable pro-
cesses that are mean square integrable, and let WT denote the set of all
IR−valued Gt−progressively measurable processes γt that satisfy

E

[

∫ T

0
`(γt)dt

]

<∞.

Given processes γa,A and γA,a inWT , let Ξ̄ be the unique jump process with
cadlag sample paths and state space {a,A} such that

1{Ξ̄t=a} −

∫ t

0

(

−γa,A1{Ξ̄s=a} + γA,a1{Ξ̄s=A}

)

ds

and

1{Ξ̄t=A} −

∫ t

0

(

−γA,a1{Ξ̄s=A} + γa,A1{Ξ̄s=a}

)

ds

are Gt−martingales. For any v ∈ VT and x ∈ IR, define the processes X̄t

and Z̄t by

G :











dX̄t = b̄(X̄t)dt+ Ξtvtdt+ Ξtdwt,

Z̄t = h(X̄t).
(4.34)
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We then have the representation

γ2 logS(x, ξ, T )

= sup
v∈VT ,γa,A,γA,a∈WT

Ex,ξ

[

∫ T

0

{

1
2

(

|Z̄t|
2 − γ2|vt|

2
)

−`((γa,A)t/ηa,A)− `((γA,a)t/ηA,a)

}

dt

]

.

We make use of the fact that `(0) = 1 and `(1) = 0. With the choices
(γa,A)t = ηa,A and (γa,A)t = 0, the process Ξ̄ enters the state A (uniformly
in the initial distribution) and stays there for all time. If Ξ̄(0) = A w.p.1
then Ξ̄ remains in A for all time. Hence one obtains bounds of the form

γ2 logS(x,A, T ) + T ≥ Ex,A

[

∫ T

0

1

2

(

|Z̄t|
2 − γ2|vt|

2
)

dt

]

,

where Z̄ will be associated with a diffusion process with diffusion coefficient
A. In a similar fashion, one can also establish bounds on the performance
of a diffusion process with coefficient a, and also a range of (non diffusion)
models with quadratic variation between these two extremes.

Appendix

In this appendix, we discuss equation (2.3) as well as the general duality
relation between relative entropy and exponential integrals.

The representation (2.3) is proved in [BD98] for the case where Ft is
the completion of the filtration generated by the Wiener process w. It is
straightforward to extend this to the general case where Ft is any filtration
satisfying the usual conditions that makes w a Wiener process, and indeed
[BD97] gives this form of the representation for Hilbert space valued Wiener
processes. Equation (2.3) is obtained from the more general convex duality
formula mentioned in Section 4.2:

log

∫

S
efdθ = sup

ν

[
∫

S
fdν −R(ν‖θ)

]

, (0.35)

where S is a Polish space (a complete separable metric space) with the Borel
σ−algebra, P(S) denoting the set of probability measures defined on S, and

R(ν‖θ)
.
=

∫

S

(

log
dν

dθ

)

dν
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if ν is absolutely continuous with respect to θ and R(ν‖θ)
.
= ∞ otherwise.

General properties of the relative entropy function (convexity, lower semi-
continuity, etc.) are discussed in Section 1.4 of [DE97]. Apart from the
scaling constants γ and ε, one can formally identify the logarithm of the
risk sensitive cost S(x, T ) with the left hand side of (0.35), the integral of
|Z̄t|

2 with the integral of f with respect to ν, and the integral of |vt|
2 with

the relative entropy of the measure induced by ε
1
2w· +

∫ ·
0 vtdt with respect

to the measure induced by ε
1
2w· (the identification is only formal because a

single underlying probability space appears in (2.3)). Details of a rigorous
derivation may be found in the references listed above.
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