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1. Cubic spline in R”.
Solve the following variational problem

min _L(y) with L(y)=[ "yt

rec?([0,2],R?)

r0={g) r0=(o ) 1@-(3 ) 70)-(})- 72~ T

Here C* ([O, 2], Rz) denotes the set of twice continuously differentiable functions [0,2] > R.

subject to

Solution:

2 ..T .. ] ..T .o 2 ..T .. .
(a) L(y) = IO yiydt= Ly ydt + L ¥y vdt , so we break the problem into two subproblems:

min  L(y,) with L(}/l):.llolj"]T}"}dta

" eC4([0,1], R2)

subject to
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Using the result in the lecture, we know that
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Using the boundary conditions, we have
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There are 16 variables and 16 linear equations. Solving it, we have
a,=+,a,=—1,a,=1,a,=0, b,=1,b,=-2,b=1,b,=0,
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c,=—3,c,=%,¢,=-5,¢,=2, d,=-1,d,=4,b,=-5,b,=2.
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Thus,

2. Geodesics on the set of real orthogonal (3 x 3)-matrices
Consider the following constrained variational problem

plmin LX) with L(r)= j;trXTth+% [ors(x"x 1) dr
subject to
0 /2 0 0 10
X(0)=1I,, X(I)=exp||-n/2 0 Of|=|-1 0 0.
0 0 0 0 0 1

Here the smooth function S': [O, 1] — Sym, serves as a symmetric matrix valued Lagrange

multiplier.
(a) Derive the Euler Lagrange equation.
(b) Solve the Euler Lagrange equation respecting the boundary conditions.

Solution:
(a)Let X, =X +¢Y, S, =S+¢T, where Y(O)zY(l)zO (0 matrix), T(0)=T(1)=0,
YeC*([0,1],R*), T: [0.1] - Sym;.
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=dig(%J.;tr<X+sY)T (X+8Y)dt+%j.;tr(S+sT)((X+£Y)T (X+8Y)—[3)dtj

e=0
:%jolzr()‘(fhYTX)dH%j;er(XTX—g)dt+%j0‘zr(SYTX)dz+%j;zr(SXTY)dz
Notice that tr(YTX):tr(XTY), tr(SYTX):tr(XTYST) :tr(STXTY), S0 go on:
=Ioltr(XTY)dt+%j';trT(XTX—13)dt+%j;tr(S+ST)XTYdt
Notice that itr X'Y)=tr(X"Y)+tr(X"Y), so applying Y(0)=Y(1)=0, we have
¢ ©)-1()
Ioltr(XTY)dt = j;%tr(XTY)dt—joltr(XTY)dt - —I;tr(XTY)dt.

Thus, %L(Xg S =] (X7Y)ar +%JoltrT(XTX ~1,)dr +%J.Oltr(S +87) X" Ydr

e=0
=%IoltrT(XTX—13)dt+%_|.;tr(X(S+ST)—2X)T Ydt
=0.
Choose T'=(X"X 1, )t(1—t) e Symy, ¥ =(X(S+S") =2 )¢(1-1), we derive
XX =1, )
2X=x(S+5") 2)°

This is the Euler Lagrange equation.



(b)By (2), S+S" =2X"X. But S+S" is symmetric, thus X' X is also symmetric, i.e.,

HS+8T)=x"X=X"x. (3)
We take the first derivative of (1): X'X+X"X=0. (4)
Take the second derivative of (1): XX +2X"X+X"X =0. (5)
By (3) and (5), we have HS+8T)=X"X=X"X=-X"X. (6)

Now we prove that X" X is constant by showing that (X D¢ ) =0.

(X7X) =075+ XX = XX+ XXX =~ XX - X XK
X7 (X X)X 2 0, ™
By (6) and (7), we get %(S +87 ) is constant. As S'is symmetric, we have S is constant. Now
(1) and (2) gives:
X'X =1, ®)
{X -XS=0 9)’

where S is constant matrix in Sym, .

By (6), we know that

S=-X"X, (10)
so —S is real, symmetric and positive semi-definite. So there exists a real symmetric matrix
A, such that

-S=4". (11)
Plugging (11) into (9), we have
X+Xx4%=0. (12)
So the solution can be written as
X (1)=Pcos(At)+Qsin(Ar). (13)
where P and Q are two 3x3 constant matrices.
X (0)=Pcos(0;)+Qsin(0,)=P=1,, so (13) becomes
X (t)=cos(At)+Qsin(A4r). (14)
Besides, X (1)=cos(4)+Qsin(4). (15)
The solution (14) makes (9) fulfilled. To fulfil (8), we plug (14) into (8)
(cos(At) + sin(Al)QT )(cos(At) + Qsin(At))
= cos (At +sin(A4t) Q" Qsin(Ar)+sin( A1) Q" cos(Ar)+cos(At)Osin( 4r)

— L (16)
w/2 0 0 0 -1 0
Setting A=| 0 -—-n/2 0|, Q0=|-1 0 0], wecancheck that (15), (16) are fulfilled.
0 0 0 0 0 O
cos(7t/2) 0 0 sin(77/2) 0 0
Note  cos At = 0 cos(nt/2) 0|, sindt= 0 —sin(7#/2) 0.
0 0 1 0 0 0
cos(nt/2) sin(wt/2) O
This gives that X(t)=| —sin(nt/2) cos(nt/2) 0. (17)
0 0 1

Finally, the solution to (8) (9) (a geodesic on the manifold O;) with the boundary conditions
(15) is known to be unique. So (17) is the solution.



