
 
 
 

Assignment 4 
28 August, 2006 

1. Cubic spline in 2¡ . 
Solve the following variational problem 
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Here [ ]( )2 20, 2 ,C ¡  denotes the set of twice continuously differentiable functions [ ]0, 2 → ¡ . 
 
Solution: 
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Using the result in the lecture, we know that 
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Using the boundary conditions, we have 
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There are 16 variables and 16 linear equations.   Solving it, we have 
1 1

3 2 1 02 2, , 1, 0a a a a= = − = = ,    3 2 1 01, 2, 1, 0b b b b= = − = = , 
3 11

3 2 1 02 2, , 5, 2c c c c= − = = − = ,    3 2 1 01, 4, 5, 2d d b b= − = = − = . 
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2. Geodesics on the set of real orthogonal ( 3 3× )-matrices 
Consider the following constrained variational problem 
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Here the smooth function [ ] 3: 0,1S Sym→  serves as a symmetric matrix valued Lagrange 
multiplier. 
(a) Derive the Euler Lagrange equation. 
(b) Solve the Euler Lagrange equation respecting the boundary conditions. 
 
Solution: 
(a) Let X X Yε ε= + , S S Tε ε= + , where ( ) ( )0 1 0Y Y= =  (0 matrix), ( ) ( )0 1 0T T= = ,  

[ ]( )2 3 30,1 ,Y C ×∈ ¡ , :T  [ ] 30,1 Sym→ . 

     ( )
0

,d L X S
d ε ε

εε =

 ( ) ( ) ( ) ( ) ( )( )1 1

30 0
0

1 1
2 2

T Td tr X Y X Y dt tr S T X Y X Y I dt
d ε

ε ε ε ε ε
ε =

 = + + + + + + − 
 ∫ ∫& & & &  

( ) ( ) ( ) ( )1 1 1 1

30 0 0 0

1 1 1 1
2 2 2 2

T T T T Ttr X Y Y X dt trT X X I dt tr SY X dt tr SX Y dt= + + − + +∫ ∫ ∫ ∫& & & &

Notice that ( ) ( )T Ttr Y X tr X Y=& & & & , ( ) ( ) ( )T T T T Ttr SY X tr X YS tr S X Y= = , so go on: 

( ) ( ) ( )1 1 1

30 0 0

1 1
2 2

T T T Ttr X Y dt trT X X I dt tr S S X Ydt= + − + +∫ ∫ ∫& &  

Notice that ( ) ( ) ( )T T Td tr X Y tr X Y tr X Y
dt

= +& && & & , so applying ( ) ( )0 1 0Y Y= = , we have  

( ) ( ) ( ) ( )1 1 1 1

0 0 0 0

T T T Tdtr X Y dt tr X Y dt tr X Y dt tr X Y dt
dt

= − = −∫ ∫ ∫ ∫& & & && && . 

Thus, ( ) ( ) ( ) ( )1 1 1

30 0 0
0

1 1,
2 2

T T T Td L X S tr X Y dt trT X X I dt tr S S X Ydt
d ε ε

εε =

= − + − + +∫ ∫ ∫&&  

( ) ( )( )1 1

30 0

1 1 2
2 2

TT TtrT X X I dt tr X S S X Ydt= − + + −∫ ∫ &&  

= 0. 
Choose ( ) ( )3 31TT X X I t t Sym= − − ∈ , ( )( ) ( )2 1TY X S S X t t= + − −&& , we derive 

( )
3 (1)

(2)2

T

T

X X I

X X S S

 =


= +
&& . 

This is the Euler Lagrange equation. 



(b) By (2), 2T TS S X X+ = && .  But TS S+  is symmetric, thus TX X&&  is also symmetric, i.e.,  
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where S is constant matrix in 3Sym . 
 
By (6), we know that  
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Finally, the solution to (8) (9) (a geodesic on the manifold O3) with the boundary conditions 
(15) is known to be unique.  So (17) is the solution.  


