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1. Let B = (By);>o be a Brownian motion defined on a probability space (2, F, P).

(i) Let Z be a standard normal random variable. Define a stochastic process X = (Xi),5, by
X, =t2Z, ¢t > 0. Clearly, X has almost surely continuous sample paths. Show that X; 4 B, for
all t > 0, but X is not a Brownian motion.

(ii) Let ¢ > 0 and show that B(®) = (BE“) . 1 = 1, 2, are Brownian motions where we set
t

=

BM :=c?B,, t>0, BP:=tBy, (t>0), B =0

Solution:

(i) Since X; ~ N (0,t), and By ~ N (0,t) by the definition of Brownian motion, XtiBt for all
t>0. But X1 =7, X4 =274, and Var (X4 — X1) =5 as Z; and Z4 are standard normal and
independent. (If the question means that Z is shared for all Xy, ¢t > 0, then Var (X4 — X;) = 1).
But the definition of Brownian motion requires that X4 — X; ~ N (0,3). So X is not a Brownian
motion.

(ii) Since B is Brownian motion so B is with almost surely continuous sample paths. As ¢~/ ¢, t,
1/t are all continuous, it is obvious that BM and B@ are processes with almost surely continuous
sample paths. Now we make use of the following fact:

If B= (Bt> is a process with almost surely continuous sample paths defined on a probability

=

space (2, F, P), then B is a Brownian motion if and only if B is a Gaussian process with expectation
function FB; = 0 and covariance function EB;B; = min {s, t}.

Since B is Brownian motion, so B is a Gaussian process with expectation function £B; = 0 and

covariance function EB;Bs = min{t,s}. As ¢~1/2 is constant, obviously B() is a Gaussian process

with expectation EBt(l) = ¢ 1/2EB,, = 0. Moreover, the covariance function

EBt(l)BS) = ¢ 'EBBes = ¢ ' min {ct, cs} = min {t,s} as ¢ > 0.
Hence, BW is a Brownian motion.

As Bs ~ N (0,s), so Bg/s ~ N (0,1/s), and lim Bs/s =0 a.s.. Thus,
§—00

lim B? = lim tBy, = lim B./s=0=BY a.s.
S B = B Bue= T Bofs o0 s

To prove that B® is a Gaussian process, it suffices to show that for all d € N and 0 < ty <
t, < --- < tg, the random vector (Bt(OZ),Bg), e ,Bg?) is Gaussian. This is obvious if {5 > 0 as
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(Bg),Bt(f), - ,Bg)) — (toB1/tgst1B1jty, -+ »taBis,) and we know that (By g, Bijtys- - » Bij,)
is Gaussian. But if £y = 0, then as B{® = 0 and (Bt(f), B®,... ,Bt(j)) = (0,1Byjtys -+ ytaBu, ),
we still have that (B(Q) Bg), e ,Bg)) is Gaussian.

to

As for covariance, if s,t > 0, then
EBgQ)Bgz) =F (tBl/tsBl/s) = stE (Bl/tBl/s) =stmin{1/t,1/s} = min{¢t,s}.

If s or t is 0, then EB® B = 0 = min {s,t} (s,t > 0).
Obviously EBS” =0, and EB{”) = E (tBy;) = t-0=0 for all t > 0.
)

In sum, B@ is a Gaussian process with expectation function EBt(2 = 0 and covariance function

EBt(Q)B§2) = min {s,t}. So B® is a Brownian motion.

2. The Brownian motion is used for modelling stock prices in the Black & Scholes model. The
stock price process S; is defined S; = sg exp ((u — 1/202) t+ UBt), for t > 0.

(i) Let sg, 02 > 0, r € R. Find p € R such that, for all ¢ > 0

1
FEexp ((,u — 202> t+ cht> = e,

(ii) Let Z be a standard normal random variable and set

B(z)=P(Z>a) = (27)" V2 /oo exp (-é%) dz, zeR.

xT

For p = r, the value of a contingent claim with pay off X at T" > 0 is given by
Value (X) =e"TE(X),

where X is a random variable that is measurable w.r.t to the o-algebra generated by(Bt)Ogth.
Let K > 0 and consider the pay-off X = 1g,>x. Give a formula of the value of X in terms of ®.

Solution:

(i) Since B; ~ N (0,t), so 0By ~ N (0,0%t), thus

Eexp ((M— ;02> t+aBt> = exp ((M - %

= exp <<u — ;&) t> -Eexp (cBy)
7))
2

So (u — %02) t+ %a2t =rt, thus p =r.
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(i)
_ —rT _ —rT _ ,—rT
Value (X) = e ™ E(X)=e " Flg,>xk =¢ " P (St > K)
= P (so exp ((,u — 1/202) T+ aBT) > K)

Br 1 (mi ~(u—1/20%) T>>
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