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CHAPTER 1: SOLUTION MANUAL

1.1

Assume that C' is convex. Then, clearly (A1 + A\2)C C A\ C + A2C; this is true
even if C' is not convex. To show the reverse inclusion, note that a vector x in
AMC + XoC' is of the form x = A1x1 + Aexe, where x1,x2 € C. By convexity of
C, we have
A1 A2
A1 +)\2x1 + A1+ A2

x2 € C,

and it follows that
T = MANT1+ Aoxa € ()\1 + /\Q)C

Hence AiC + A2C C (A1 + X2)C.

For a counterexample when C' is not convex, let C be a set in R" consisting
of two vectors, 0 and = # 0, and let Ay = A2 = 1. Then evidently C is not convex,
and (A1 + A2)C = 2C = {0,2z} while \;C 4+ A2C = C + C = {0, z, 2z}, showing
that ()\1 + )\2)0 75 MC + XC.

1.2 (Properties of Cones)

(a) Let z € N; 1C; and let a be a positive scalar. Since z € C; for all 7+ € I and
each C; is a cone, the vector ax belongs to C; for all i € I. Hence, ax € N; 1C;,
showing that N; rC; is a cone.

(b) Let z € C1 x C2 and let « be a positive scalar. Then z = (z1,z2) for some
x1 € C1 and x2 € C2, and since C; and Cq are cones, it follows that ax1 € Ci
and azy € Cy. Hence, ax = (az1,azz) € C1 x Cy, showing that Cy x Cs is a
cone.

(c) Let x € C1 4+ C and let o be a positive scalar. Then, z = z1 + x2 for some
z1 € C1 and x2 € (2, and since C7 and Cs are cones, ax; € Cy1 and azxs € Cs.
Hence, ax = axi1 + axe € C1 + Cs, showing that Cy + Cs is a cone.

(d) Let = € cl(C) and let a be a positive scalar. Then, there exists a sequence
{zr} C C such that zx — =z, and since C is a cone, azy € C for all k. Further-
more, axr — oz, implying that az € cl(C). Hence, cl(C) is a cone.

(e) First we prove that A-C is a cone, where A is a linear transformation and A-C
is the image of C' under A. Let z € A - C and let a be a positive scalar. Then,
Az = z for some x € C, and since C is a cone, ax € C. Because A(az) = az,
the vector az is in A - C, showing that A - C is a cone.

Next we prove that the inverse image A~! - C of C under A is a cone. Let
z € A71 - C and let « be a positive scalar. Then Az € C, and since C' is a cone,
aAz € C. Thus, the vector A(ax) is in C, implying that az € A~ - C, and
showing that A™! - C is a cone.



1.3 (Lower Semicontinuity under Composition)

(a) Let {zx} C R™ be a sequence of vectors converging to some z € R". By
continuity of f, it follows that {f(:rk)} C R™ converges to f(z) € R™, so that
by lower semicontinuity of g, we have

likrriigfg(f(wk)) > g(f(:v))

Hence, h is lower semicontinuous.

(b) Assume, to arrive at a contradiction, that h is not lower semicontinuous at
some z € R". Then, there exists a sequence {zy} C R" converging to x such
that

liminf g(f(wx)) < g(f(2))-

Let {zr}k be a subsequence attaining the above limit inferior, i.e.,

lim  g(f(zx)) =liminfg(f () <g(f(2)). (1.1)

koo, k

Without loss of generality, we may assume that
g(f(zr) <g(f(@), VEkek.
Since g is monotonically nondecreasing, it follows that
flze) < flx), VEkek,
which together with the fact {zx}x — z and the lower semicontinuity of f yields

f(@) < liminf f(zx) < limsup f(zx) < f(x),
koo, k K koo, k K

showing that {f(a:k)}K — f(z). By our choice of the sequence {zj}k and by
lower semicontinuity of g, it follows that

lim - g(f(x)) = kligyilgfl(g(f(wk)) > g(f(x)),

koo, k

contradicting Eq. (1.1). Hence, h is lower semicontinuous.
As an example showing that the assumption that g is monotonically non-
decreasing is essential, consider the functions

0 ifz <0,
f(“")—{1 if z >0,

and g(z) = —z. Then
{0 ifz <0,
1 ifz>0,

9(f(@)) =

which is not lower semicontinuous at 0.



1.4 (Convexity under Composition)
(a) Let z,y € C and let o € [0,1]. Then we have

h(oz + (1 - a)y) = g(f(aw +(1- CM)y))
< g(af(z)+ (1 -a)f(y)
<ag(f(@) + (1 -a)g(f(y))
= ah(z) + (1 — a)h(y),

where the first inequality above follows from the convexity of f and the mono-
tonicity of g, while the second inequality follows from the convexity of g. If g
is monotonically increasing and f is strictly convex, then the first inequality in
the preceding relation is strict whenever x # y and « € (0, 1), showing that h is
strictly convex.

(b) Let 2,y € ™ and let a € [0,1]. Then, by the definitions of h and f, we have
h(aw +(1- a)y) = g(f(am +(1- a)y))

:g<f1(a:v+(1 fa)y),...,fm(aer(l fa)y))
<g(afi(@) + (1 =) fi(), .., afm(@) + (1 = a) fm(y))
= g(a(1@). - @) + A=) (@) fu )
< Oég(fl(l'),7fm($)) + (1 —Oé)g(fl(y%,fm(y))
=ag(f(x)) + (1 —a)g(f(v))
= ah(z) + (1 — a)h(y),

where the first inequality follows by convexity of each f; and monotonicity of g,

while the second inequality follows by convexity of g.

1.5 (Examples of Convex Functions)

(a) It can be seen that fi is twice continuously differentiable over X and its
Hessian matrix is given by

i-n 1 1
1 lz= 1
2 . fl(m) Tox] Ig zoxTn
Vifi(z) = o
T T
TpTy  T1T z2
for all z = (z1,...,%,) € X. From this, direct computation shows that for all
z=(21,...,2n) € R" and = = (z1,...,2n) € X, we have
fi(z) " 2 ’ N
2 - 1) Zi) zi
2 Vofi(z)z = 3 Zm, nZ(xz) :
i=1 i=1
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Note that this quadratic form is nonnegative for all z € R" and = € X, since
f1(z) <0, and for any real numbers i, ..., a,, we have

(a1++an)? <n@f+--+al),

in view of the fact that 2cou < af +aj. Hence, V? fi() is positive semidefinite
for all z € X, and it follows from Prop. 1.2.6(a) that fi is convex.

(b) We show that the Hessian of f is positive semidefinite at all z € R™. Let
B(xz) = €e"t + .-+ e". Then a straightforward calculation yields

2 Vi fale)z = %1)2 Z Ze(ziﬂj)('zi -2z)?>0, VzeR"

i=1 j=1

Hence by Prop. 1.2.6, f3 is convex.

(b) The function f3(x) = ||z||” can be viewed as a composition g(f(x)) of the
scalar function g(t) = t¥ with p > 1 and the function f(x) = ||z||. In this case, g is
convex and monotonically increasing over the nonnegative axis, the set of values
that f can take, while f is convex over R™ (since any vector norm is convex,
see the discussion preceding Prop. 1.2.4). Using Exercise 1.4, it follows that the
function fs5(z) = ||z||” is convex over R".

(¢) The function fi(z) = ﬁ can be viewed as a composition g(h(az)) of the
function g(t) = —1 for ¢ < 0 and the function h(z) = —f(z) for z € R". In this
case, the g is convex and monotonically increasing in the set {¢ | ¢ < 0}, while h
is convex over R". Using Exercise 1.4, it follows that the function fi(z) = -~

(=)
is convex over R".
(d) The function f5(z) = af(z) + B can be viewed as a composition g(f(m)) of
the function g(t) = at+ 8, where ¢ € R, and the function f(x) for z € R". In this
case, g is convex and monotonically increasing over R (since o > 0), while f is

convex over R". Using Exercise 1.4, it follows that the function f5(z) = af (z)+ 3
is convex over i".

(e) The function fs(x) = € 4% can be viewed as a composition g(f(a:)) of the

function g(t) = € for t € R and the function f(z) = x Az for x € R™. In this
case, g is convex and monotonically increasing over 3, while f is convex over "
(since A is positive semidefinite). Using Exercise 1.4, it follows that the function

fo(z) = €°® 4% is convex over R™.

(f) This part is straightforward using the definition of a convex function.

1.6 (Ascent/Descent Behavior of a Convex Function)

(a) Let x1,x2,x3 be three scalars such that 1 < 2 < x3. Then we can write 2
as a convex combination of 1 and x3 as follows

xr3 — T2 T2 — X1
T2 = T+ T3,
T3 — T1 T3 — T1



so that by convexity of f, we obtain

xr3 — T2 T2 — T1

< .
flz2) < s _mlf(ﬂﬁl) + _mlf(l’S)
This relation and the fact
_ Tr3 — T2 ro — X1
flz2) = —m3_m1f( 2) + s _mlf($2)7
imply that
T2 — T

B (f(2) - fla) <

xr3 — IT1 Tr3 — X1

(f(xs) = f(w2))-

By multiplying the preceding relation with z3 — z1 and by dividing it with (z3 —
22)(x2 — x1), we obtain

fz2) = f(z1) _ flas) = fla2)

To — 1 - T3 — T2

(b) Let {zx} be an increasing scalar sequence, i.e., 1 < zz < x3 < ---. Then
according to part (a), we have for all k

flawe) = flx) _ flxs) = fz2) o [(@esr) = fl@n)

T2 — X1 - T3 — T2 - Tg4+1 — Tk

(1.2)

Since (f(ack) — f(:ck_l))/(mk — xp—1) is monotonically nondecreasing, we have

fzr) = fzr—1)

— 7, 1.3
prA— gl (1.3)

where 7 is either a real number or co. Furthermore,

f(@ri1) = flzn)

We now show that ~ is independent of the sequence {zx}. Let {y;} be
any increasing scalar sequence. For each j, choose Tk; such that y; < Tk, and
Ty < Ty < -+ < Thy, s0 that we have y; < yj1 < ax < Tk By part (a),
it follows that

1 e
FQys+1) = fys) F(@ry ) = fleng )

Yi+1 —Yj - :ij+2 - :ij+1

and letting j — oo yields

lim Fyi+1) — f(y;) <~
Jj—oo Yji+1 — Yj

Similarly, by exchanging the roles of {zx} and {y;}, we can show that

i L Wi+1) = f(Y)) > .
Jj—oo Yi+1 — Yj
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Thus the limit in Eq. (1.3) is independent of the choice for {z\}, and Eqs. (1.2)
and (1.4) hold for any increasing scalar sequence {z}.

We consider separately each of the three possibilities v < 0,7 = 0, and
~ > 0. First, suppose that v < 0, and let {zx} be any increasing sequence. By
using Eq. (1.4), we obtain

k—1
Flan) =Y M(%‘H — ;) + f(z1)

Tj+1 — Ly

k—1
< ZV(%‘H —zj) + f(z1)
=1

=y(zk — z1) + f(21),

and since v < 0 and zx — oo, it follows that f(zx) — —oo. To show that f
decreases monotonically, pick any  and y with < y, and consider the sequence
1 =z, 12 =y, and xz = y + k for all £ > 3. By using Eq. (1.4) with &k = 1, we

have
fW =@
y—x
so that f(y) — f(x) < 0. Hence f decreases monotonically to —oo, corresponding
to case (1).

Suppose now that v = 0, and let {zy} be any increasing sequence. Then,
by Eq. (1.4), we have f(zxt1)— f(zr) < 0forall k. If f(ars1)— f(zk) < 0 for all
k, then f decreases monotonically. To show this, pick any x and y with z < y,
and consider a new sequence given by y1 = x, y2 = vy, and yr = Tk 4r—3 for all
k > 3, where K is large enough so that y < zx. By using Egs. (1.2) and (1.4)
with {yx}, we have

) = f@) _ o) = fax)

y—x - TK+1 — TK

<0,

implying that f(y) — f(z) < 0. Hence f decreases monotonically, and it may
decrease to —oo or to a finite value, corresponding to cases (1) or (2), respectively.

If for some K we have f(zx+1) — f(zx) = 0, then by Egs. (1.2) and (1.4)
where v = 0, we obtain f(zx) = f(zk) for all k > K. To show that f stays at
the value f(zk) for all z > zk, choose any = such that x > 2k, and define {yx}
as y1 = Tk, y2 = x, and yr = xny+x—3 for all k£ > 3, where N is large enough so
that © < xn. By using Egs. (1.2) and (1.4) with {yx}, we have

fla) = flox) _ flax) = f@) _

T —TK - IN — T

so that f(z) < f(zk) and f(zn) < f(z). Since f(zx) = f(zn), we have
f(z) = f(zk). Hence f(z) = f(zk) for all > xx, corresponding to case (3).

Finally, suppose that v > 0, and let {x} be any increasing sequence. Since
(f(mk) — f(mk_l))/(xk — xk—1) is nondecreasing and tends to vy [cf. Egs. (1.3)
and (1.4)], there is a positive integer K and a positive scalar e with € < ~ such
that

ESMy V> K. (1.5)
Tk — Tk—1
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Therefore, for all k > K

Z P 2 J@5) ) 4 far) 2 el — 2r) + Fla),

Ti+1 — Ty

implying that f (zx) — oo. To show that f(z) increases monotonically to co for
all z > xk, pick any x < y satisfying x < z < y, and consider a sequence given
by y1 = 2k, y2 =, ys = vy, and yx = TN+k—a for k > 4, where N is large enough
so that y < zn. By using Eq. (1.5) with {yx}, we have
W)~ @)
y—x

Thus f(z) increases monotonically to co for all # > xk, corresponding to case
(4) with T = zk.

1.7 (Characterization of Differentiable Convex Functions)

If f is convex, then by Prop. 1.2.5(a), we have
fW) 2 @)+ Vi@ (y—=), Vazyel
By exchanging the roles of x and y in this relation, we obtain
f@) =2 fW)+Viy) (z-y), Vayedl,
and by adding the preceding two inequalities, it follows that
(Vi) = Vi) (x—y) >0. (1.6)

Conversely, let Eq. (1.6) hold, and let « and y be two points in C. Define
the function A : R — R by

h(t) = f(;v +t(y — :c))
Consider some ¢,¢ € [0,1] such that ¢ < ¢. By convexity of C, we have that
z+t(y —z) and = + ¢ (y — x) belong to C. Using the chain rule and Eq. (1.6),
we have

dh(t) dh(t
( dt dt >(t —t)
= (Vf(x+t(yfx)) fo(xH(yfx))) (y—x)(t —1)

> 0.
Thus, dh/dt is nondecreasing on [0,1] and for any t € (0,1), we have
1
h(t) — h(0) _ Y dh(r )d <) < 1 dh(r) dr — h(1) — h(t).
¢ t), dr 1t dr 1t
Equivalently,

th(1) + (1 — )h(0) > h(t),
and from the definition of h, we obtain
tfy) + (1 =) f(x) > f(ty + (1 —t)z).

Since this inequality has been proved for arbitrary ¢ € [0,1] and z,y € C, we
conclude that f is convex.



1.8 (Characterization of Twice Continuously Differentiable
Convex Functions)

Suppose that f : R"™ — R is convex over C. We first show that for all z € ri(C)
and y € S, we have y V2f(x)y > 0. Assume to arrive at a contradiction, that
there exists some T € ri(C') such that for some y € S, we have

y Vi f(@)y < 0.

Without loss of generality, we may assume that ||y|| = 1. Using the continuity of
V2f, we see that there is an open ball B(T, €) centered at Z with radius e such
that B(%,€) Naff(C) C C [since T € ri(C)], and

y V2f(z)y <0, vV z € B(T,¢). (1.7)

By Prop. 1.1.13(a), for all positive scalars a with a < €, we have

J(@+ay) = [() +aV (@) y+ 3y V(@ +ay)y,

for some & € [0, . Furthermore, ||(T + ay) — T|| < € [since |ly|| =1 and @ < €.
Hence, from Eq. (1.7), it follows that

f@+ay) < f(@)+aViT)y, Y a € 0,¢).

On the other hand, by the choice of € and the assumption that y € S, the vectors
Z 4+ ay are in C for all @ with « € [0,€), which is a contradiction in view of
the convexity of f over C. Hence, we have y V2f(x)y > 0 for all y € S and all
z € ri(C).

Next, let T be a point in C that is not in the relative interior of C. Then, by
the Line Segment Principle, there is a sequence {zx} C ri(C) such that = — Z.
As seen above, y V2 f(zx)y > 0 for all y € S and all k, which together with the
continuity of V2 £ implies that

y V2 f(@y = lim y V*f(z)y 20, VyeS.

It follows that y V?f(x)y >0 for all z € C and y € S.

Conversely, assume that y V2f(z)y > 0 for all z € C and y € S. By Prop.
1.1.13(a), for all =,z € C' we have

f(z) = f(@) + (2 = 2) Vf(2) + 3(z — 2) V2f (2 + a(z — 7)) (z — @)

for some o € [0,1]. Since z,z € C, we have that (z —z) € S, and using the
convexity of C' and our assumption, it follows that

f(z) > f(@z)+ (z —z) Vf(z), Vaz,zeC.

From Prop. 1.2.5(a), we conclude that f is convex over C.



1.9 (Strong Convexity)

(a) Fix some z,y € R" such that x # y, and define the function h : ® — R by
h(t) = f(x +t(y— m)) Consider scalars ¢ and s such that ¢ < s. Using the chain
rule and the equation

(Vi@ - Viw) (@-y) >allz -yl  VazyeRr (1.8)
for some a > 0, we have

dh(s)  dh(t)
(% =)=
= (Vi(a+sw—2) - VI(a+t-2)) -2 -1
> a(s =)o —y[* > 0.

Thus, dh/dt is strictly increasing and for any ¢ € (0, 1), we have

h(t) = h(0) _ 1 /t dh(r) , 1 /1 dh(r) . _ h(1) = h(t)

t t

- T< dr 1—t

dr 1-—t

Equivalently, th(1) + (1 — ¢t)h(0) > h(t). The definition of h yields ¢f(y) + (1 —
t)f(x) > f(ty +(1- t)a:) Since this inequality has been proved for arbitrary
t € (0,1) and x # y, we conclude that f is strictly convex.

(b) Suppose now that f is twice continuously differentiable and Eq. (1.8) holds.
Let ¢ be a scalar. We use Prop. 1.1.13(b) twice to obtain

2
@ +ey) = f(@) + ey V(@) + Sy V2 f (@ + tey)y,

and
2
J@) = f(a+ey) — ey Vi +ey) + Sy Vifla+ sey)y,

for some t and s belonging to [0,1]. Adding these two equations and using Eq.
(1.8), we obtain
2
c
U (V@ +sey) + V(@ + tey) )y = (V2 + ey) = V(@) (ey) = ac®|Jy]*.

We divide both sides by ¢® and then take the limit as ¢ — 0 to conclude that
y V2f(x)y > ally|®>. Since this inequality is valid for every y € R", it follows
that V2 f(x) — al is positive semidefinite.

For the converse, assume that V2 f(z) — ol is positive semidefinite for all
x € R". Consider the function g : i — R defined by

g(t) =V f(te+ (1 —t)y) (z —y).

Using the Mean Value Theorem (Prop. 1.1.12), we have
(VF() = Vi) (= —y) =9(1) = 9(0) = ==
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for some ¢ € [0,1]. On the other hand,

W0 — (o= ) P {10+ (1 09) @~ ) 2 alle ~ oI,

where the last inequality holds because V2 f (ter(l ft)y) —al is positive semidef-
inite. Combining the last two relations, it follows that f is strongly convex with
coefficient a.

1.10 (Posynomials)

(a) Consider the following posynomial for which we have n =m =1 and g = %7

1
gly) =y2, Vy>0.
This function is not convex.

(b) Consider the following change of variables, where we set

f@) =I(g,....yn)), bi=Wnp;, Vi, x;=Iy; Vj

With this change of variables, f(z) can be written as

f(z) =In (Z ebi+ai111+"'+”mz”> .

i=1
Note that f(x) can also be represented as
f(z) = lnexp(Az +b), VzeR",

where Inexp(z) = 1n(ez1 + -+ ez’") for all z € ®™, A is an m x n matrix with
entries a;;, and b € R™ is a vector with components b;. Let f2(z) = In(e®! +
-+« +e*m). This function is convex by Exercise 1.5(b). With this identification,
f(x) can be viewed as the composition f(z) = fo(Ax + b), which is convex by
Exercise 1.5(g).

(c) Consider the function g : " — R of the form

71, Ir

gy) = g1 (y)" g (y)",

where gy, is a posynomial and 7, > 0 for all k. Using a change of variables similar
to part (b), we see that we can represent the function f(z) =Ing(y) as

flx) = Z Vi Inexp(Arz + br),

k=1

with the matrix A; and the vector by, being associated with the posynomial g for
each k. Since f(z) is a linear combination of convex functions with nonnegative
coefficients [part (b)], it follows from Prop. 1.2.4(a) that f(x) is convex.
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1.11 (Arithmetic-Geometric Mean Inequality)

Consider the function f(z) = —In(z). Since V2f(x) = 1/2* > 0 for all = > 0, the
function — In(x) is strictly convex over (0, 00). Therefore, for all positive scalars
x1,..., @, € (0,00) and a1, ... with Y7 a; =1, we have

—In(aaz1 + -+ anzn) < —arIn(z1) — - -+ — ap In(zy),

which is equivalent to

eln(a1x1+-<-+anxn) > 1 In(zq)+--+an In(zn) — 1 In(zq) . eon ln(grtn)7

or

«@ @
a1z + - anzn >yt an”,

as desired. Since — In(z) is strictly convex, the above inequality is satisfied with
equality if and only if z1,...,x, are all equal.

1.12 (Young and Holder Inequalities)

According to Exercise 1.11, we have

u

Q=

1
uPvd < , Vu>0, Vov>0,
p

+

SRS

where 1/p+1/g =1, p > 0, and ¢ > 0. The above relation also holds if u =0 or
v = 0. By setting u = z” and v = y?, we obtain Young’s inequality

p q
< 4+ Y we>o0, vy>o.
p q
To show Holder’s inequality, note that it holds if z; = --- = x, = 0 or
1= =yn=0. If z1,...,2, and y1,...,yn are such that (z1,...,z,) # 0

and (y1,...,yn) # 0, then by using

_ |4 _ |y
=, ad y=o——
(s fal) (5w
in Young’s inequality, we have for all i = 1,...,n,
. ) P 1q
| |y < | n |y .
n 1/p n 1/ — n n
(Zj:l |xj|p> (Zj=1 |yj|q) P\ lml? ) g (5 Tl
By adding these inequalities over i = 1,...,n, we obtain
i il -yl 1,1
n VP n 7=yt Th
(S lal) " (S sl

which implies Holder’s inequality.
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1.13

Let (z,w) and (y,v) be two vectors in epi(f). Then f(z) < w and f(y) < v,
implying that there exist sequences {(m,ﬁk)} C C and {(y,ﬁk)} C C such that
for all k,

Ek§w+%, Wkﬁv-i-%.
By the convexity of C, we have for all « € [0,1] and all &,
(aw + (1 — ay), oawg + (1 — a)ﬂk) e C,
so that for all &,
f(a:c—l—(l—a)y) < awi + (1 — a)vg Sozw—&—(l—a)v—i—%.

Taking the limit as £ — co, we obtain

f(a:c +(1- a)y) <aw+ (1—a)v,
so that a(z,w) + (1 — a)(y,v) € epi(f). Hence, epi(f) is convex, implying that

f is convex.

1.14

The elements of X belong to conv(X), so all their convex combinations belong
to conv(X) since conv(X) is a convex set. On the other hand, consider any
two convex combinations of elements of X, x = Ax1 + -+ + Ao, and y =
Hwiy1 + - + pryr, where z; € X and y; € X. The vector

l-a)z+ay=(1-0a)(Mx1+ -+ AnTm) + a(pryr + - + wryr)

where 0 < a < 1, is another convex combination of elements of X. Thus, the
set of convex combinations of elements of X is itself a convex set. It contains X,
and is contained in conv(X), so it must coincide with conv(X).

1.15

Let y € cone(C). If y =0, then y € U, c{vx | v > 0} and we are done. If y # 0,
then by definition of cone(C'), we have

y= i A,
1=1

for some positive integer m, nonnegative scalars \;, and vectors z; € C. Since
y # 0, we cannot have all \; equal to zero, implying that Z:’;l Ai > 0. Because
x; € C for all i and C' is convex, the vector

m

i
T = Z 727” " T

j=1 ~1=1
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belongs to C. For this vector, we have

()

with Y™ A > 0, implying that y € U, 0{790 | ¥ > 0} and showing that
cone(C) C Uy c{vx |~y > 0}.

The reverse inclusion follows directly from the definition of cone(C).

1.16 (Convex Cones)
(a) Let x € C' and let X be a positive scalar. Then
a;(Ax) = Aa;z <0, Viel,
showing that Az € C' and that C' is a cone. Let z,y € C and let A € [0,1]. Then
ai(Al’—l—(l—)\)y):Aaix—k(l—A)ainO, Viel,

showing that ()\ZE+(1 - )\)y) € C and that C is convex. Let a sequence {zy} C C
converge to some T € R"™. Then

a;x = lim a;zr <0, Viel,

k — oo

showing that z € C' and that C' is closed.

(b) Let C be a cone such that C 4+ C C C, and let z,y € C and « € [0, 1]. Then
since C'is a cone, az € C' and (1 —a)y € C,so that ax+ (1 —a)y e C+C C C,
showing that C is convex. Conversely, let C' be a convex cone and let z,y € C.
Then, since C is a cone, 2z € C and 2y € C, so that by the convexity of C,
z+y = 3(2z +2y) € C, showing that C' + C C C.

(c) First we prove that C1 + Cy C conv(Ci U C3). Choose any = € C1 + Ch.
Since C1 + C- is a cone [see Exercise 1.2(c)], the vector 2z is in C1 + C2, so that
2x = x1 + x2 for some x1 € C1 and xz2 € C3. Therefore,

1 +1
T=-T1+ T
gf1+ 572,

showing that z € conv(Cy U C3).
Next, we show that conv(Cy UC3) C C1 4 Ca. Since 0 € Cy and 0 € Cy, it
follows that
Ci=Ci+0C Cy+Cq, i=1,2,

implying that
CruCy C Cy + Co.

14



By taking the convex hull of both sides in the above inclusion and by using the
convexity of C1 + C2, we obtain

conv(Cy UCs) C conv(Cy + C) = C1 + Cs.

We finally show that

CinNCse = U (aC1 N (1 — a)Cz).

a [0,1]
We claim that for all @ with 0 < a < 1, we have
aCi N (1 — Oé)CQ =C1NCs.

Indeed, if z € C1 N Cy, it follows that x € C1 and x € C2. Since C7 and Cs
are cones and 0 < a < 1, we have ¢ € aC:1 and z € (1 — a)C2. Conversely, if
z € aC1 N (1 — a)Cs, we have
T
— € (4,
«@
and
_r
(1-a)
Since C; and C5 are cones, it follows that x € C; and x € Ca, so that x € C1NCs.
If « =0 or a =1, we obtain

€ (.

aCiN(l—a)C; ={0}C CiNCy,

since C1 and Cs contain the origin. Thus, the result follows.

1.17

By Exercise 1.14, C is the set of all convex combinations £ = a1y1 + - - - + @mYm,
where m is a positive integer, and the vectors yi, ...,y belong to the union of
the sets C;. Actually, we can get C just by taking those combinations in which
the vectors are taken from different sets C;. Indeed, if two of the vectors, y1 and
y2 belong to the same C;, then the term a1y + a2y2 can be replaced by ay,
where o« = o1 + a2 and

y = (cr/a)yr + (a2/a)y2 € Ci.
Thus, C is the union of the vector sums of the form

a1Ciy + - + amCipy,

with
m
>0 Vi=1,...,m, Zaizl,
i=1
and the indices i1, ..., i, are all different, proving our claim.

15



1.18 (Convex Hulls, Affine Hulls, and Generated Cones)

(a) We first show that X and cl(X) have the same affine hull. Since X C cl(X),
there holds
aff(X) C aff(cl(X)).

Conversely, because X C aff(X) and aff(X) is closed, we have cl(X) C aff(X),
implying that
aff(cl(X)) C aff(X).

We now show that X and conv(X) have the same affine hull. By using a
translation argument if necessary, we assume without loss of generality that X
contains the origin, so that both aff(X) and aﬁ(conv(X)) are subspaces. Since

X C conv(X), evidently aff(X) C aff (conv(X )) To show the reverse inclusion,
let the dimension of aff (conv(X)) be m, and let z1, ...,z be linearly indepen-

dent vectors in conv(X) that span aff (conv(X)). Then every x € aff (conv(X)) is
a linear combination of the vectors x1, ..., Tm, i.e., there exist scalars G1,..., Om

such that
m
T = Z Bix;.
i=1

By the definition of convex hull, each x; is a convex combination of vectors in
X, so that z is a linear combination of vectors in X, implying that = € aff(X).
Hence, aff (conv(X)) C aff(X).

(b) Since X C conv(X), clearly cone(X) C cone(conv(X)). Conversely, let

T € cone(conV(X )) Then z is a nonnegative combination of some vectors in
conv(X), i.e., for some positive integer p, vectors z1,...,zp, € conv(X), and
nonnegative scalars a1, ..., ap, we have

D
r = E QG5
=1

Each z; is a convex combination of some vectors in X, so that x is a nonneg-
ative combination of some vectors in X, implying that x € cone(X). Hence
cone (conv(X)) C cone(X).

(c) Since conv(X) is the set of all convex combinations of vectors in X, and
cone(X) is the set of all nonnegative combinations of vectors in X, it follows that
conv(X) C cone(X). Therefore

aff (conv(X)) C aff (cone(X)).

As an example showing that the above inclusion can be strict, consider the
set X = {(1, 1)} in $2. Then conv(X) = X, so that

aff(conv(X)) =X = {(1,1)}»

and the dimension of conv(X) is zero. On the other hand, cone(X) = {(a, a) |
a > O}, so that
af‘f(cone(X)) = {(xl,xg) | z1 = 332}7
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and the dimension of cone(X) is one.

(d) In view of parts (a) and (c), it suffices to show that
aff (cone(X)) C aff (Conv(X)) = aff (X).

It is always true that 0 € cone(X), so aff(cone(X)) is a subspace. Let the
dimension of aﬁ(cone(X)) be m, and let z1,...,z, be linearly independent
vectors in cone(X) that span aff (cone(X)). Since every vector in aff (cone(X)) is
a linear combination of x1, . .., Tn, and since each z; is a nonnegative combination
of some vectors in X, it follows that every vector in aff (cone(X )) is a linear
combination of some vectors in X. In view of the assumption that 0 € conv(X),
the affine hull of conv(X) is a subspace, which implies by part (a) that the affine
hull of X is a subspace. Hence, every vector in aff (cone(X)) belongs to aff(X),

showing that aff(cone(X)) C aff(X).

1.19
By definition, f(x) is the infimum of the values of w such that (z,w) € C, where
C' is the convex hull of the union of nonempty convex sets epi(f;). By Exercise

1.17, (z,w) € C if and only if (z,w) can be expressed as a convex combination
of the form

(z,w) = Zai(xi,wi) = Zaimi,Zaiwi ,
i 1 i 1 i 1

where T C T is a finite set and (x;,w;) € epi(f;) for all i € I. Thus, f(z) can be
expressed as

f(z) =inf { Zaiwi

(z,w) = Zai(xi,wi),

(zi,w;) € epi(fi), as >0, Viel, Zai—l}.

i 1

Since the set {(azl, fl(:cz)) | x; € §R"} is contained in epi(f;), we obtain

f(z) <inf Zalfl(xl) ‘ x:Zaixi, 2 €R”, >0, Viel, Zaizl
i 1 i T

i 1 i 1

On the other hand, by the definition of epi(f;), for each (z;,w;) € epi(f;) we
have w; > fi(x;), implying that

f(z) > inf Zalfl(:cl) ‘ x:Zaimi, 2 €R”, >0, Viel, Z%‘:l
i 1 T

i 1 i 1
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By combining the last two relations, we obtain
f(z) =inf Zalfl(xl) ‘ T = Zaixi, 2 €R, >0, Viel, Zai =15,
i 1 i T i T

where the infimum is taken over all representations of x as a convex combination
of elements x; such that only finitely many coefficients «; are nonzero.

1.20 (Convexification of Nonconvex Functions)
(a) Since conv (epi( I )) is a convex set, it follows from Exercise 1.13 that F' is con-

vex over conv(X). By Caratheodory’s Theorem, it can be seen that conv (epi( f))
is the set of all convex combinations of elements of epi(f), so that

F(x) = inf { Zaiwi

(z,w) = Zai(xi,wi),

(zi,w;) € epi(f), a; >0, Zai = },

where the infimum is taken over all representations of x as a convex combination
of elements of X. Since the set {(z,f(z)) | z € X} is contained in epi(f), we
obtain

F(x)ginf{z:aif(xi) ‘ x:Zaimi, i€ X, a; >0, Zaizl}.

On the other hand, by the definition of epi(f), for each (z;,w;) € epi(f) we have
w; > f(x;), implying that

F(z) > inf { Zaif(ﬂci) ’ (z,w) = ZOZi(l‘i,IUi)v
(zi,wi) € epi(f), ai >0, Zai = 1}7

:inf{Zaif(xi) ‘ :tc:Zozicci7 r; € X, a; >0, Zaizl},

which combined with the preceding inequality implies the desired relation.

(b) By using part (a), we have for every z € X
Fz) < f(x),
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since f(x) corresponds to the value of the function ) «f(xi) for a particular
representation of x as a finite convex combination of elements of X, namely
xz =1-xz. Therefore, we have

inf F(x) < inf
n (z) n f(x),
and since X C conv(X), it follows that

inf F(z) < acln)f(f(x)

z conv(X)
Let f = inf, x f(z). If infy conv(x) F(2) < f , then there exists z €

conv(X) with F(z) < f . According to part (a), there exist points z; € X and
nonnegative scalars o with ) a; = 1 such that z = ) a;x; and

F(2) <Y aif(z) < f,

implying that

Zal(f(:cz) — f ) < 0.

i

Since each «; is nonnegative, for this inequality to hold, we must have f(z;)—f <
0 for some 4, but this cannot be true because z; € X and f is the optimal value
of f over X. Therefore

inf F(z)= zlnif(m)

z conv(X)

(c) If x € X is a global minimum of f over X, then = also belongs to conv(X),
and by part (b)

inf F(x) = inf f(z) = [(z) > F(x ),

z conv(X)

showing that = is also a global minimum of F' over conv(X).

1.21 (Minimization of Linear Functions)
Let f: X — R be the function f(z) = ¢ x, and define

F(z) = inf{w | (z,w) € conv(epi(f))}7
as in Exercise 1.20. According to this exercise, we have

inf F(z)= zlng(f(x),

z conv(X)
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and

F(x) = inf Z ;i x;

Zaixi:z,xiGX,Zaizl,aiEO
:inf{c (Zaim) ’ Zaiazi:x, mieX,Zai:L aiZO}

=cux,

showing that
inf  cx= inf cx.
z conv(X) z X
According to Exercise 1.20(c), if inf, x c x is attained at some z € X,
then inf, conv(x)c is also attained at = . Suppose now that inf, conv(x)c is
attained at some z € conv(X), i.e., there is x € conv(X) such that

inf  cx=cxz.

z conv(X)
Then, by Caratheodory’s Theorem, there exist vectors zi,...,zp+1 in X and
nonnegative scalars asq, ..., anpy1 with Z?:ll a; = 1 such that z = Z?:ll Ty,
implying that
n+1

cCxr = E Q;C Ty,
i=1

Since z; € X C conv(X) for all i and cx > cx for all z € conv(X), it follows

that
n+1 n+1

cxr = g iCc T > E acxr =cx ,
i=1 i=1

implying that ¢ ; = cx for all ¢ corresponding to a; > 0. Hence, inf, xcx is
attained at the z;’s corresponding to a; > 0.

1.22 (Extension of Caratheodory’s Theorem)

The proof will be an application of Caratheodory’s Theorem [part (a)] to the
subset of R given by

Y = {(x,l)\x€X1}U{(y,0)|y€Xz}.

If z € X, then
k m
T = Z%‘ﬂﬂi + Z YiYi,
i=1 i=k+1
where the vectors x1, ..., zx belong to X1, the vectors yx+1,...,ym belong to Xo,

and the scalars 71,...,vm are nonnegative with y1 + --- 4+ vx = 1. Equivalently,
(z,1) € cone(Y). By Caratheodory’s Theorem part (a), we have that

k m
(@, 1) =Y aiw, 1)+ > aiy:,0),
i=1 i=k+1
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for some positive scalars as, ..., a, and vectors

(z1,1), ... (zr, 1), (Y+1,0),..., (Ym,0),

which are linearly independent (implying that m < n 4+ 1) or equivalently,

k m k
T = g ;T + g Y5, 1= g ;.
i=1 i=1

i=k+1

Finally, to show that the vectors xo — x1,..., x — %1, Yk+1,...,Ym are linearly

independent, assume to arrive at a contradiction, that there exist Aa, ...,

all 0, such that
k

Z/\Z(CCZ — acl) + i iy = 0.

i=2 i=k+1

Equivalently, defining A1 = — (A2 + - -+ + Am ), we have

k m
D i@ )+ Y iy, 0) =0,
i=1 i=k+1

which contradicts the linear independence of the vectors

(z1,1), ..., (zk, 1), (Yk+1,0), .. ., (ym, 0).

1.23

Am,, DO

The set cl(X) is compact since X is bounded by assumption. Hence, by Prop.

1.3.2, its convex hull, conv (cl(X)), is compact, and it follows that
cl(conv(X)) Cdl (conv (CI(X))) = conv(cl(X)).
It is also true in general that

conv (CI(X)) C conv (cl (conv(X))) =cl (conv(X)) ,

since by Prop. 1.2.1(d), the closure of a convex set is convex. Hence, the result

follows.
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1.24 (Radon’s Theorem)

Consider the system of n + 1 equations in the m unknowns Ai,..., Ap,

i)\il‘izo, i)\izo.
=1 i=1

Since m > n + 1, there exists a nonzero solution, call it A . Let
I={i|x >0},  J=1{j|) <o}
and note that I and J are nonempty, and that

Zxk = Z(—/\k) > 0.

k J
r = E QiTq,
i I

ai:L iel.

2 1M

In view of the equations Y " A;z; =0 and ) 7" A; =0, we also have
r = Z a5,
jJ

-\ )
0= —=——2—  jel

Zk J(_)‘k)7

It is seen that the a; and a; are nonnegative, and that
Sa=Ya=1
i I i J

so x belongs to the intersection
conv({xi |ie I}) ﬁconv({xj |je J})

Consider the vector

where

where

1.25 (Helly’s Theorem [Hel21])

Let B; be defined as in the hint, and for each j, let z; be a vector in B;. Since
M+ 1 > n+ 2, we can apply Radon’s Theorem to the vectors x1,...,Ta+1.
Thus, there exist nonempty and disjoint index subsets I and J such that TUJ =
{1,...,m}, nonnegative scalars a1, ..., @m+1, and a vector  such that

T :E aixizg Ty, E ai:E a; = 1.
il i J i1 iJ

It can be seen that for every i € I, a vector in B; belongs to the intersection
N; 7Cj. Therefore, since  is a convex combination of vectors in B;, i € I, x
also belongs to the intersection N; ;Cj;. Similarly, by reversing the role of I and
J, we see that x belongs to the intersection N; ;Cr. Thus, x belongs to the
intersection of the entire collection Ci, ..., Car41.
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1.26

Assume the contrary, i.e., that for every index set I C {1,..., M}, which contains
no more than n + 1 indices, we have

inf {maxfi(m)} <f.
x n i I
This means that for every such I, the intersection N; ;X; is nonempty, where

Xi:{:c\fi(;r:)<f }

From Helly’s Theorem, it follows that the entire collection {X; | i =1,...,M}
has nonempty intersection, thereby implying that

inf i .
nf {Z_IPaXMf (x)} <f
This contradicts the definition of f . Note: The result of this exercise relates to
the following question: what is the minimal number of functions f; that we need
to include in the cost function max; f;(x) in order to attain the optimal value f ?
According to the result, the number is no more than n + 1. For applications of

this result in structural design and Chebyshev approximation, see Ben Tal and
Nemirovski [BeNO1].

1.27

Let T be an arbitrary vector in cl(C). If f(Z) = oo, then we are done, so assume
that f(Z) is finite. Let x be a point in the relative interior of C. By the Line
Segment Principle, all the points on the line segment connecting x and T, except
possibly T, belong to ri(C) and therefore, belong to C. From this, the given
property of f, and the convexity of f, we obtain for all a € (0, 1],

af(@)+ (1 -a)f@) > flaz+ (1 - a)z) > 7.

By letting o — 0, it follows that f(Z) > ~. Hence, f(Z) > ~ for all z € cl(C).

1.28

From Prop. 1.4.5(b), we have that for any vector a € R", ri(C + a) = ri(C) + a.
Therefore, we can assume without loss of generality that 0 € C, and aff(C)
coincides with S. We need to show that

ri(C) =int(C+S )NnC.

Let z € ri(C). By definition, this implies that € C and there exists some
open ball B(z,€) centered at x with radius € > 0 such that

B(z,e)nS C C. (1.9)
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We now show that B(z,e) C C + S . Let z be a vector in B(x,e). Then,
we can express z as z = x + ay for some vector y € R™ with ||y| = 1, and
some « € [0,€). Since S and S are orthogonal subspaces, y can be uniquely
decomposed as y = ys +yg , where ys € Sand y, €S . Since ||y|| = 1, this
implies that ||ys|| < 1 (Pythagorean Theorem), and using Eq. (1.9), we obtain

z+ays € B(z,e)NS C C,

from which it follows that the vector z = = + ay belongs to C' + S , implying
that B(z,e) C C + S . This shows that z € int(C + S )N C.

Conversely, let z € int(C' + S )N C. We have that = € C' and there exists
some open ball B(x, €) centered at x with radius € > 0 such that B(z,¢) C C+S .
Since C' is a subset of S, it can be seen that (C'+S ) NS = C. Therefore,

B(z,e)NS C C,

implying that = € ri(C).

1.29

(a) Let C be the given convex set. The convex hull of any subset of C'is contained
in C. Therefore, the maximum dimension of the various simplices contained in
C' is the largest m for which C contains m + 1 vectors xo,...,Zm such that
r1 — Xo,...,Tm — To are linearly independent.

Let K = {zo,...,Zm} besuch a set with m maximal, and let aff (K) denote
the affine hull of set K. Then, we have dim(aff(K)) =m, and since K C C, it
follows that aff(K') C aff(C).

We claim that C' C aff(K). To see this, assume that there exists some
z € C, which does not belong to aff (K). This implies that the set {z,zo,...,Zm}
is a set of m + 2 vectors in C' such that x — xo, 1 — x0, ..., Tm — o are linearly
independent, contradicting the maximality of m. Hence, we have C C aff(K),
and it follows that

aff (K) = aff(C),

thereby implying that dim(C) = m.

(b) We first consider the case where C' is n-dimensional with n > 0 and show that
the interior of C' is not empty. By part (a), an n-dimensional convex set contains
an n-dimensional simplex. We claim that such a simplex S has a nonempty
interior. Indeed, applying an affine transformation if necessary, we can assume
that the vertices of S are the vectors (0,0,...,0),(1,0,...,0),...,(0,0,...,1),

ie.,
n
S:{(xl,..,,xn) ‘ 2;>0,Vi=1,...,n, ingl}.
=1

The interior of the simplex S,

int(S) = {(ml,...,xn)|xi>0, Vi=1,...,n, in<1},
1=1
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is nonempty, which in turn implies that int(C) is nonempty.

For the case where dim(C) < n, consider the n-dimensional set C + S
where S is the orthogonal complement of the subspace parallel to aff(C). Since
C+ S is a convex set, it follows from the above argument that int(C' + S ) is
nonempty. Let z € int(C' + S ). We can represent = as © = x¢ + x4 , where
zc € Cand g €S . It can be seen that z¢ € int(C' 4+ S ). Since

ri(C) =int(C+ S )nC,

(cf. Exercise 1.28), it follows that z. € ri(C), so ri(C) is nonempty.

1.30

(a) Let C1 be the segment {(ml, 22) |0<z1 <1, 22 = 0} and let C5 be the box
{(1}1,1}2) [0<z1 <1, 0< 22 < 1}. We have

ri(Ch) = {($1,$2) [0 <z <1, a2 :0},

ri(C) = {(z1,22) |0 <21 <1, 0 <22 <1}.

Thus C1 C Cs, while ri(C1) Nri(Ce) = 0.

(b) Let =z € ri(Cy), and consider a open ball B centered at = such that B N
aﬂ(C1) C (1. Since aff(Cl) = aff(Cg) and Cy C 02, it follows that Bﬁaff(CQ) C
C3, so z € ri(Cy). Hence ri(C1) C ri(Cb).

(c) Because C1 C Cy, we have
ri(Ch) = ri(C1 N Ca).
Since ri(C1) Nri(C2) # &, there holds
ri(C1 N Cy) = ri(Ch) Nri(Co)

[Prop. 1.4.5(a)]. Combining the preceding two relations, we obtain ri(C1) C
ri(Cz).

(d) Let z2 be in the intersection of C7 and ri(C2), and let z1 be in the relative
interior of C; [ri(C1) is nonempty by Prop. 1.4.1(b)]. If 1 = x2, then we are
done, so assume that x1 # x2. By the Line Segment Principle, all the points
on the line segment connecting x1 and x2, except possibly x2, belong to the
relative interior of Cy. Since Ci1 C Ca, the vector x1 is in Ca, so that by the
Line Segment Principle, all the points on the line segment connecting x; and x2,
except possibly z1, belong to the relative interior of C2. Hence, all the points on
the line segment connecting x1 and x2, except possibly x1 and x2, belong to the
intersection ri(C1) Nri(Cs), showing that ri(C1) Nri(C2) is nonempty.
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1.31

(a) Let = € ri(C). We will show that for every T € aff(C), there exists a v > 1
such that x + (y — 1)(z — T) € C. This is true if T = x, so assume that T # x.
Since z € ri(C), there exists € > 0 such that

{z | lz —z| < e} Naff(C) C C.

Choose a point T. € C in the intersection of the ray {x +a—z)|a> 0} and
the set {z |z —z| < e} N aff(C). Then, for some positive scalar a.,

T —Te = ac(z — 7).
Since z € ri(C) and T. € C, by Prop. 1.4.1(c), there is 7. > 1 such that
z+(ve—1)(x—T) €C,
which in view of the preceding relation implies that
z+ (ye — Daec(z — %) € C.

The result follows by letting v = 1 + (7. — 1)a. and noting that v > 1, since
(Ye — 1)ae > 0. The converse assertion follows from the fact C' C aff(C) and
Prop. 1.4.1(c).

(b) The inclusion cone(C) C aff(C) always holds if 0 € C. To show the reverse
inclusion, we note that by part (a) with = 0, for every T € aff(C'), there exists
~v > 1 such that Z = (y — 1)(—) € C. By using part (a) again with z = 0, for
z € C C aff(C), we see that there is 4 > 1 such that z = (y —1)(—2) € C, which
combined with & = (y — 1)(—%) yields z = (3 — 1)(y — 1)T € C. Hence

v
G-DO-1)

T =

with z € C and (¥ —1)(v —1) > 0, implying that T € cone(C) and, showing that
aff(C) C cone(C).
(c) This follows by part (b), where C' = conv(X), and the fact

cone (conv(X)) = cone(X)

[Exercise 1.18(b)].
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1.32

(a) If 0 € C, then 0 € ri(C) since 0 is not on the relative boundary of C.
By Exercise 1.31(b), it follows that cone(C) coincides with aff(C), which is a
closed set. If 0 ¢ C, let y be in the closure of cone(C) and let {yx} C cone(C)
be a sequence converging to y. By Exercise 1.15, for every yg, there exists a
nonnegative scalar ay and a vector z € C such that yr = axzk. Since {yr} — v,
the sequence {yi} is bounded, implying that

arllzell < sup lymll < 00,V k.

m=0

We have inf,,=q ||2m || > 0, since {zx} C C and C' is a compact set not containing
the origin, so that

0<a< S'Upmzo llym |l < 00, v k.
nfr=o [|2m |
Thus, the sequence {(ax,zr)} is bounded and has a limit point («,z) such that
a > 0and z € C. By taking a subsequence of {(a,zx)} that converges to («, z),
and by using the facts yr = arxy for all k and {yx} — y, we see that y = ax
with @ > 0 and = € C. Hence, y € cone(C), showing that cone(C) is closed.

(b) To see that the assertion in part (a) fails when C' is unbounded, let C' be the
line {(1‘1,1‘2) |1 =1, z2 € §R} in $? not passing through the origin. Then,
cone(C) is the nonclosed set {(mhm) | z1 >0, 2 € ?R} U {(0,0)}.

To see that the assertion in part (a) fails when C' contains the origin on its
relative boundary, let C be the closed ball {(:El,xg) | (z1 —1)*+23 < 1} in R2.
Then, cone(C) is the nonclosed set {(xl,azz) | 21 >0, z2 € §R} U {(0,0)} (see
Fig. 1.3.2).

(c) Since C' is compact, the convex hull of C' is compact (cf. Prop. 1.3.2). Because
conv(C') does not contain the origin on its relative boundary, by part (a), the cone
generated by conv(C) is closed. By Exercise 1.18(b), cone (conv(C)) coincides
with cone(C) implying that cone(C') is closed.

1.33

(a) By Prop. 1.4.1(b), the relative interior of a convex set is a convex set. We
only need to show that ri(C) is a cone. Let y € ri(C). Then, y € C and since C
is a cone, ay € C for all & > 0. By the Line Segment Principle, all the points on
the line segment connecting y and ay, except possibly ay, belong to ri(C'). Since
this is true for every a > 0, it follows that ay € ri(C) for all a > 0, showing that
ri(C') is a cone.

(b) Consider the linear transformation A that maps (aa,...,am) € R™ into
Zm a;x; € R". Note that C is the image of the nonempty convex set

=1

{(al,...7am)|a120,,,.,am20}
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under the linear transformation A. Therefore, by using Prop. 1.4.3(d), we have
ri(C) :ri(A~ {(al,...,am) |ar >0,...,am > O})

:A~ri({(a1,...,am)\alzo,“.?amZO})

:A.{(al,...,am)|o¢1>0,...,am>0}

m
—{Zaixi|a1>0,...,am>0}.
i=1

1.34

Define the sets
D=R"xC, S={(z,Az)|zeR"}.

Let T be the linear transformation that maps (x,y) € R"*™ into x € R™. Then

it can be seen that
ATh.c=T-(DNnS). (1.10)

The relative interior of D is given by ri(D) = R" x ri(C'), and the relative interior
of S is equal to S (since S is a subspace). Hence,

ATHri(C) =T (ri(D) N S). (1.11)

In view of the assumption that A™' - ri(C) is nonempty, we have that the in-
tersection ri(D) N S is nonempty. Therefore, it follows from Props. 1.4.3(d) and
1.4.5(a) that

ri(T-(DNS)) =T-(ri(D)NS). (1.12)

Combining Egs. (1.10)-(1.12), we obtain
(A7 C) = A7 ri(0).

Next, we show the second relation. We have
AT al(C) = {x | Az € cl(C)} =T- {(at,Ax) | Az € CI(C)} =T (cl(D) N S).

Since the intersection ri(D) N S is nonempty, it follows from Prop. 1.4.5(a) that
cl(D)NS =cl(DNS). Furthermore, since T is continuous, we obtain

AT (C)=T-c(DNS) Cel(T-(DNS)),
which combined with Eq. (1.10) yields
AT c(O) cel(ATh - O).

To show the reverse inclusion, cl(A™" - C) ¢ A~ - cl(C), let T be some vector in
cl(A™! - ©). This implies that there exists some sequence {xx} converging to T
such that Az € C for all k. Since x, converges to T, we have that Axj converges
to AZ, thereby implying that AZ € cl(C), or equivalently, T € A™" - cl(C).
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1.35 (Closure of a Convex Function)

(a) Let g : R™ — [—o00,00] be such that g(z) < f(z) for all x € R". Choose
any € dom(cl f). Since epi(clf) = cl(epi(f)), we can choose a sequence
{(wk7wk)} € epi(f) such that = — x, wr — (cl f)(z). Since g is lower semicon-
tinuous at x, we have

g(x) < 1ikm inf g(z) < likm inf f(zr) < likm inf w, = (cl f)(x).
Note also that since epi(f) C epi(cl f), we have (cl f)(z) < f(z) for all z € R".

(b) For the proof of this part and the next, we will use the easily shown fact that
for any convex function f, we have

ri(epi(f)) = {(:mw) | z € ri(dom(f))7 flx) < w}.

Let z € M(dom(f))7 and consider the vertical line L = {(x,w) | w e §R}
Then there exists @ such that (z, @) € Lﬁri(epi(f)). Let w be such that (z,w) €
Lﬂcl(epi(f)). Then, by Prop. 1.4.5(a), we have Lﬂcl(epi(f)) = cl(Lﬂepi(f)),
so that (z,w) € cl(L N epi(f)). It follows from the Line Segment Principle that
the vector (ac,ﬁ) + a(w — ﬁ))) belongs to epi(f) for all @ € [0,1). Taking the
limit as o — 1, we see that f(z) < w for all w such that (z,w) € LN cl(epi(f)),
implying that f(z) < (cl f)(z). On the other hand, since epi(f) C epi(cl f), we
have (cl f)(z) < f(z) for all z € R", so f(z) = (cl f)(x).

We know that a closed convex function that is improper cannot take a finite

value at any point. Since cl f is closed and convex, and takes a finite value at all
points of the nonempty set ri(dom(f)), it follows that cl f must be proper.

(c) Since the function cl f is closed and is majorized by f, we have

(el )(y) < liminf(el f)(y + a(w — ) < lminf f(y + a(z —y)).

To show the reverse inequality, let w be such that f(z) < w. Then, (z,w) €
ri (epi(f))7 while (y7 (cl f)(y)) €cl (epi(f)). From the Line Segment Principle, it
follows that

(owc + (1 - a)y,aw+ (1— a)(clf)(y)) € lri(epi(f))7 vV a € (0,1].
Hence,
f(ax+(lfa)y) < aw+ (1 —a)(d f)(y), vV a e (0,1].
By taking the limit as o — 0, we obtain
liminf f(y + a(z - y)) < (1 f)(y),
thus completing the proof.
(d) Let € N2 ri (dom(fi)). Since by Prop. 1.4.5(a), we have
ri(dom(f)) = NiZyri (dom(fi)),
it follows that = € ri(dom(f)). By using part (c), we have for every y € dom(cl f),

m

(AN =lim f(y+ale—y) =D lmfi(y+alz—y) =Y (1))

=1
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1.36

Assume first that C is closed. Since C N M is bounded, by part (c) of the
Recession Cone Theorem (cf. Prop. 1.5.1), Renn = {0}. This and the fact
Rcnm = Re N Ry, imply that Re N Ry = {0}. Let S be a subspace such that
M =z + S for some z € M. Then Ry = S, so that Rc NS = {0}. For every
affine set M that is parallel to M, we have R;; =S, so that

RCDM:RcﬂRV:RcﬂS:{O}.

Therefore, by part (c) of the Recession Cone Theorem, C N M is bounded.

In the general case where C' is not closed, the assumption that C' N M
is nonempty and bounded implies that cl(C) N M is nonempty and bounded.
Therefore, by what has already been proved, cl(C) N M is bounded, implying
that C' N M is bounded.

1.37 (Properties of Cartesian Products)

(a) We first show that the convex hull of X is equal to the Cartesian product of
the convex hulls of the sets X;, i = 1,...,m. Let y be a vector that belongs to
conv(X). Then, by definition, for some k, we have

k k
y:Za,'yi, with a; >0, i =1,...,m, Zai:].,
=t i=1

i

where y; € X for all ¢. Since y; € X, we have that y; = (zf,...,2%,) for all i,
with 1 € X1,...,z;, € Xy. It follows that

K k K
. i iy i i
y= i (Xl Ty) = o;ry, ..., iy, |,
i=1 i=1 i=1

thereby implying that y € conv(X1) X - -+ x conv(X,y,).

To prove the reverse inclusion, assume that y is a vector in conv(X1) X - - - X
conv(X,,). Then, we can represent y as y = (y1,...,Ym) with y; € conv(X;),
i.e., forallt =1,...,m, we have

kg kg
_ i i i . i . i_
Yi = a;Tj, z; € Xy, Vg, a; >0, Vg, a; = 1.
j=1 Jj=1
First, consider the vectors
1 2 m 1 2 m 1 2 m
(mlvm'rla' . -7xrm_1)7 (:L‘Qamrlw . ’7xrm_1)7“ ) (mkivm'rla' . -7xrm_1)7
for all possible values of r1,...,rm—1, i.e., we fix all components except the

first one, and vary the first component over all possible ac;’s used in the convex
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combination that yields y1. Since all these vectors belong to X, their convex
combination given by

k1
1.1 2 m
QT | Ty ooy Ty
j=1

belongs to the convex hull of X for all possible values of r1,...,7m—1. Now,
consider the vectors

k1 k1
1) 2 m 1.1 .2 m
;T ,ml,...7:ﬂrm_l yeo ey Q; T ,$k27...,me_1 ;
j=1 Jj=1

i.e., fix all components except the second one, and vary the second component

over all possible x?’s used in the convex combination that yields y2. Since all
these vectors belong to conv(X), their convex combination given by

ky k2
( a%x}), (Z 0é32'$?>7~~7$:nm,1
=1 j=1
belongs to the convex hull of X for all possible values of r2, ..., rnm—1. Proceeding

in this way, we see that the vector given by

k1 ko km

1.1 2,2 m_m
a;T; ), QT35 )y, a; Ty

j=1 j=1 j=1

belongs to conv(X), thus proving our claim.

Next, we show the corresponding result for the closure of X. Assume that
y=(x1,...,Zm) € cl(X). This implies that there exists some sequence {y*} C X
such that y* — y. Since y* € X, we have that v* = (2%,...,z%) with ¥ € X,
for each ¢ and k. Since y* — g, it follows that z; € cl(X;) for each 4, and
hence y € cl(X1) X -+ x cl(X,,). Conversely, suppose that y = (21,...,2m) €
cl(X1) x -+ x cl(X,,). This implies that there exist sequences {z¥} C X; such
that ¥ — a; for each i = 1,...,m. Since z¥ € X; for each i and k, we have that
y* = (aF,...,2") € X and {y*} converges to y = (21,...,%m), implying that
y € cl(X).

Finally, we show the corresponding result for the affine hull of X. Let’s
assume, by using a translation argument if necessary, that all the X;’s contain
the origin, so that aff(X1),...,aff(X,,) as well as aff(X) are all subspaces.

Assume that y € aff(X). Let the dimension of aff(X) be r, and let
y',...,y" be linearly independent vectors in X that span aff(X). Thus, we

can represent y as
T
y=> B8,
i=1
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where 8,..., 8" are scalars. Since y* € X, we have that y* = (xi,...,z%,) with
x; € X;. Thus,

y:ZBl(ac’l,,x:n) = zr:ﬁlxll,,iﬁlen ,
i=1 i=1

implying that y € aff(X1) x --- x aff(X,,). Now, assume that y € aff(Xi) x
- x aff(X,). Let the dimension of aff(X;) be r;, and let z;, . .. ,z;* be linearly
independent vectors in X; that span aff(X;). Thus, we can represent y as

71 ™m
_ E J - d E J
y_ ﬁlmlw'w /Bmxm
j=1 j=1

Since each X; contains the origin, we have that the vectors

71 72 Tm

E J E J e § J
ﬂ1x1507"'70 ) 03 /32x2707“'?0 yct Oa"'a Bmmm )

j=1 j=1 j=1

belong to aff (X), and so does their sum, which is the vector y. Thus, y € aff (X),
concluding the proof.

(b) Assume that y € cone(X). We can represent y as

s
_ i
y - « y ’
i=1
1 . R
for some r, where a,...,a" are nonnegative scalars and y; € X for all 7. Since
y* € X, we have that y* = (2, ...,2;,) with 2} € X;. Thus,
™ s ™
_ i i iy i i i i
y= A" (x]y .y XTpy) = a'zl,. .., o'z, |,
i=1 i=1 i=1

implying that y € cone(X1) X « -+ x cone(X,,).
Conversely, assume that y € cone(X1) X --- X cone(X,,). Then, we can

represent y as
1 m
_ § : J nd § : J pd
Y= a1y, - AT |
j=1 j=1

where xf € X; and ozf > 0 for each ¢ and j. Since each X; contains the origin,
we have that the vectors

1 T2 ™m

J pd J pd J
g ay21,0,...,0 ], O,E QyT5,0,...,0 ] ..., 0,...,2 AT | s
j=1 j=1 j=1
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belong to the cone(X), and so does their sum, which is the vector y. Thus,
y € cone(X), concluding the proof.
Finally, consider the example where

X1 ={0,1} C R, Xo={1} CR.

For this example, cone(X1) X cone(X2) is given by the nonnegative quadrant,
whereas cone(X) is given by the two halflines «(0,1) and «(1,1) for > 0 and
the region that lies between them.

(c) We first show that
ri(X) =ri(X1) x - X 1i(Xom).

Let 2 = (x1,...,2m) € ri(X). Then, by Prop. 1.4.1 (c), we have that for all
T = (T1,...,Tm) € X, there exists some > 1 such that

z+(y-1D(x-7) € X.
Therefore, for all T; € X;, there exists some v > 1 such that
z; + (v — (i — 73) € Xi,

which, by Prop. 1.4.1(c), implies that z; € ri(X;), i.e., z € ri(X1) X - - - X 1i(Xm).
Conversely, let = (z1,...,Zm) € ri(X1) X -+ X ri(X,,). The above argument
can be reversed through the use of Prop. 1.4.1(c), to show that = € ri(X). Hence,
the result follows.

Finally, let us show that

Rx = Rx; X+ X Rxyp,.

Let y = (y1,...,Ym) € Rx. By definition, this implies that for all z € X and
a > 0, we have x + ay € X. From this, it follows that for all x; € X; and a > 0,
x; +ay; € Xy, so that y; € Rx,, implying that y € Rx,; x--- X Rx,,. Conversely,
let y = (y1,...,Ym) € Rx, X --- X Rx,,. By definition, for all ; € X; and a > 0,
we have x; + ay; € X;. From this, we get for allz € X and a« > 0, z + ay € X,
thus showing that y € Rx.

1.38 (Recession Cones of Nonclosed Sets)

(a) Let y € Rc. Then, by the definition of Re,  + ay € C for every z € C and
every a > 0. Since C C cl(C), it follows that z + ay € cl(C) for some z € cl(C)
and every a > 0, which, in view of part (b) of the Recession Cone Theorem (cf.
Prop. 1.5.1), implies that y € Rci(c). Hence

Rc C Raoy-

By taking closures in this relation and by using the fact that R ¢ is closed [part
(a) of the Recession Cone Theorem], we obtain cl(Rc) C Rei(c).
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To see that the inclusion cl(Rc) C Reyc) can be strict, consider the set
C = {(:cl,xg) |0 <z, 0< 22 < 1} U {(O, 1)},
whose closure is
c(C) ={(z1,22) | 0 < 1, 0 < g <1}
The recession cones of C' and its closure are
Rc:{(0,0)}, Rd(c):{(xl,xzﬂogml, atg:()}.

Thus, cl(Rc) = {(O, 0)}, and cl(R¢) is a strict subset of Rej(c).

(b) Let y € Rc and let  be a vector in C. Then we have x + ay € C for all
a > 0. Thus for the vector x, which belongs to C, we have z + ay € C for all
a > 0, and it follows from part (b) of the Recession Cone Theorem (cf. Prop.
1.5.1) that y € R5. Hence, Rc C Rg.

To see that the inclusion Rc C RE can fail when C is not closed, consider
the sets

C = {(1'1,1}2) | z1 >0, 22 :0}, 6: {(wl,xg) ‘ 120, 0< 22 < 1}.
Their recession cones are
Re=C={(1,22) |21 >0, 22 =0},  Rz={(0,0)},

showing that Rc¢ is not a subset of Rg5.

1.39 (Recession Cones of Relative Interiors)

(a) The inclusion Ry¢y C Recy follows from Exercise 1.38(b).

Conversely, let y € Rqj(c), so that by the definition of Reycy, v+ay € cl(C)
for every z € cl(C) and every a > 0. In particular, z + ay € cl(C) for every
z € ri(C) and every a > 0. By the Line Segment Principle, all points on the
line segment connecting = and x + ay, except possibly = + ay, belong to ri(C),
implying that = + ay € ri(C) for every = € ri(C) and every a > 0. Hence,
y € Ryi(cy, showing that Recy C Rri(c)-

(b) If y € Ryi(cy, then by the definition of R,y for every vector = € ri(C') and
a > 0, the vector = + ay is in ri(C'), which holds in particular for some z € ri(C')
[note that ri(C) is nonempty by Prop. 1.4.1(b)].

Conversely, let y be such that there exists a vector z € ri(C) with z+ ay €
ri(C) for all & > 0. Hence, there exists a vector x € cl(C) with z+ay € cl(C) for
all @ > 0, which, by part (b) of the Recession Cone Theorem (cf. Prop. 1.5.1),
implies that y € Rey(¢y. Using part (a), it follows that y € R,j(cy, completing the
proof.

(c) Using Exercise 1.38(c) and the assumption that C' C C' [which implies that
C C cl(C)], we have

Re C Rcl(E) = Rri(E) = Rg,
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where the equalities follow from part (a) and the assumption that C = ri(C).

To see that the inclusion Rc C R can fail when C # 1i(C), consider the
sets

C = {(ml,mg) | xr1 > 0, D<o < 1}, 6: {(331,172) | 1 > 07 0<axs < 1}7
for which we have C' C C and
Rc={($1,x2)\x120, xQ:O}, Raz{(o,())},

showing that R¢ is not a subset of Rg.

1.40

For each k, consider the set Cj = Xj N Cy. Note that {Cy} is a sequence of
nonempty closed convex sets and X is specified by linear inequality constraints.
We will show that, under the assumptions given in this exercise, the assumptions
of Prop. 1.5.6 are satisfied, thus showing that the intersection X N (N5>,Ck)
[which is equal to the intersection Ny_q (X, N Ck)] is nonempty.

Since Xiy1 C Xi and Ci41 C Ck for all k, it follows that

619«&»1 Cakn v k‘7

showing that assumption (1) of Prop. 1.5.6 is satisfied. Similarly, since by as-
sumption X3 N C is nonempty for all k, we have that, for all k, the set

XﬂékIXﬂXkﬂCk:XkﬂCm

is nonempty, showing that assumption (2) is satisfied. Finally, let R denote the

set R = ﬂZ":Ong. Since by assumption C}, is nonempty for all k£, we have, by
part (e) of the Recession Cone Theorem, that ng = Rx, N Rc, implying that
R= ﬂ,;“;ong
= Nieo(Rx, N Re,,)
= (QZO:ORX]C) N (HZ‘;ORck)
= Rx N Rc.

Similarly, letting L denote the set L = ﬂ,;";oLgk, it can be seen that L = LxNLc.
Since, by assumption Rx N Rc C L¢, it follows that

RxNR=RxNRc C Lc,
which, in view of the assumption that Rx = Lx, implies that
RxNRCLcNLx :L,

showing that assumption (3) of Prop. 1.5.6 is satisfied, and thus proving that the
intersection X N (Ny2,Ck) is nonempty.
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1.41

Let y be in the closure of A - C. We will show that y = Az for some z € cl(C).
For every € > 0, the set

Ce=cl(C)Nn {ac | ly — Az|| < e}

is closed. Since A-C C A-cl(C) and y € cl(A-C), it follows that y is in the closure
of A-cl(C), so that C¢ is nonempty for every € > 0. Furthermore, the recession
cone of the set {as | |[Az —y|| < 6} coincides with the null space N(A), so that
Rc. = Ra(cy N N(A). By assumption we have Re(cy N N(A) = {0}, and by part
(c) of the Recession Cone Theorem (cf. Prop. 1.5.1), it follows that C. is bounded
for every € > 0. Now, since the sets C. are nested nonempty compact sets, their
intersection NesoCe is nonempty. For any x in this intersection, we have z € cl(C)
and Az —y = 0, showing that y € A - cl(C). Hence, cl(A-C) C A-cl(C). The
converse A - cl(C) C cl(A - C) is clear, since for any z € cl(C) and sequence
{zr} C C converging to z, we have Az, — Az, showing that Az € cl(A - C).
Therefore,

cl(A-C)=A-cl(C). (1.13)

We now show that A - Ry = Ra.c(c)- Let y € A- Rycy. Then, there
exists a vector u € Rcy(c) such that Au = y, and by the definition of R,
there is a vector z € cl(C) such that z + au € cl(C) for every a > 0. Therefore,
Az + aAu € A - cl(C) for every a > 0, which, together with Az € A - cl(C) and
Au = y, implies that y is a direction of recession of the closed set A - cl(C) [cf.
Eq. (1.13)]. Hence, A - Ry C Ra.aco)-

Conversely, let y € Ra.ci(c). We will show that y € A - Rgj(). This is true
if y = 0, so assume that y # 0. By definition of direction of recession, there is a
vector z € A-cl(C) such that z+ay € A-cl(C) for every a > 0. Let x € cl(C) be
such that Az = z, and for every positive integer k, let zx € cl(C) be such that
Az, = z + ky. Since y # 0, the sequence {Az,} is unbounded, implying that
{zi} is also unbounded (if {zr} were bounded, then {Az\} would be bounded,
a contradiction). Because xy # x for all k, we can define

T — X

Uk vV k.

" e —all’

Let uw be a limit point of {ux}, and note that u # 0. It can be seen that
w is a direction of recession of cl(C) [this can be done similar to the proof of
part (c) of the Recession Cone Theorem (cf. Prop. 1.5.1)]. By taking an appro-
priate subsequence if necessary, we may assume without loss of generality that
limg . oo ur = u. Then, by the choices of ur and xx, we have

Az — A
Au = lim Aup = lim Tk L Y,
e A = N o el T A Tl — ]

implying that limg ., co exists. Denote this limit by A. If A = 0, then w is
in the null space N(A), implying that u € Re(¢y "IN (A). By the given condition

Ry N N(A) = {0}, we have u = 0 contradicting the fact v # 0. Thus, A is

_k
Tp—T
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positive and Au = Ay, so that A(u/A\) = y. Since R () is a cone [part (a) of the
Recession Cone Theorem] and u € Rcy(c), the vector u/ is in Reycy, so that y
belongs to A - Rcicy. Hence, R4.cicy C A - Rec), completing the proof.

As an example showing that A- R ¢y and R .c(cy may differ when ReycyN
N(A) # {0}, consider the set

C= {(93171’2) | z1 € R, z2 > 39?}7

and the linear transformation A that maps (z1,z2) € R2 into z; € R. Then, C
is closed and its recession cone is

RC :{(Il,mz) | X1 = 0, T2 Z 0}7

so that A- Rc = {0}, where 0 is scalar. On the other hand, A - C coincides with
§R, so that Ra.c =R 7& A- Re.

1.42

Let S be defined by
S = Rd(c) n N(A),

and note that S is a subspace of L.(c) by the given assumption. Then, by Lemma
1.5.4, we have

c(C) = (c(C)NS ) +5,
so that the images of cl(C) and cl(C) NS under A coincide [since S C N(A4)],

ie.,

A-c(C)=A-(d(C)nS ). (1.14)
Because A-C C A - cl(C), we have

cl(A-C) C cl(A-cl(C)),

which in view of Eq. (1.14) gives
(A C) C c1<A~ (el(C)n S )).

Define
C=c(C)nS

so that the preceding relation becomes
cl(A-C) Ccl(A-O). (1.15)
The recession cone of C is given by
Rz = RaieyNs (1.16)
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[cf. part (e) of the Recession Cone Theorem, Prop. 1.5.1], for which, since S =
R.i(cy N N(A), we have

RzNN(A) =S5n S ={o}.

Therefore, by Prop. 1.5.8, the set A-C is closed, implying that cl(A-C) = A-C.
By the definition of C, we have A-C C A - cl(C), implying that cl(A - C) C
A-cl(C) which together with Eq. (1.15) yields cl(A-C) C A-cl(C). The converse
A-cl(C) C cl(A - C) is clear, since for any = € cl(C) and sequence {zy} C C
converging to x, we have Az, — Az, showing that Az € cl(A - C). Therefore,

(A-C) = A-c(C). (1.17)

We next show that A - Ry = Ra.acc)- Let y € A- Rgc). Then, there
exists a vector u € Rcyc) such that Au = y, and by the definition of R,
there is a vector z € cl(C) such that = + au € cl(C) for every a > 0. Therefore,
Az + aAu € Acl(C) for some z € cl(C) and for every o > 0, which together with
Az € A-cl(C) and Au = y implies that y is a recession direction of the closed
set A - CI(C) [Eq. (1.17)]‘ Hence, A- Rcl(C) C RA-cl(C)~

Conversely, in view of Eq. (1.14) and the definition of C, we have

Racey =R,
Since Rz N N(A) = {0} and C is closed, by Exercise 1.41, it follows that
R,c=4" Rg,
which combined with Eq. (1.16) implies that
A-Rz CA- Ry

The preceding three relations yield R4.cicy C A - Rei(cy, completing the proof.

1.43 (Recession Cones of Vector Sums)

(a) Let C be the Cartesian product C1 X - -+ X Cp,. Then, by Exercise 1.37, C' is
closed, and its recession cone and lineality space are given by

Rc = Roy X -+ X Ray,, Lec=Lcy X+ X Loy,

Let A be a linear transformation that maps (z1,...,2m) € ™" into 21 + -+ +
Zm € N". The null space of A is the set of all (y1, ..., ym) such that y1+- - -+ym =
0. The intersection Rc NN (A) consists of points (y1, ..., Ym) such that y1 +-- -+
Ym = 0 with y; € Ro, for all . By the given condition, every vector (yi,...,Ym)
in the intersection Rc N N(A) is such that y; € L¢, for all ¢, implying that
(y1,--.,ym) belongs to the lineality space Lc. Thus, Rc N N(A) C Le N N(A).
On the other hand by definition of the lineality space, we have Lo C Rc¢, so that
LcNN(A) C Re N N(A). Therefore, Rc N N(A) = Lc N N(A), implying that
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Rc N N(A) is a subspace of L¢c. By Exercise 1.42, the set A - C is closed and
Ra.c =A-Re. Since A-C =Ci + -+ + Cy,, the assertions of part (a) follow.

(b) The proof is similar to that of part (a). Let C' be the Cartesian product
C1 X --+ X Cp,. Then, by Exercise 1.37(a),

cl(C) =cl(Cy) x -+ x cl(C), (1.18)
and its recession cone and lineality space are given by
Racy = Ra(ey) X -+ X Raem), (1.19)

Loy = Leaey) X -+ X Leicpm)-

Let A be a linear transformation that maps (z1,...,%m) € R™" into z1 + -+ +
Zm € R™. Then, the intersection R (C) N N(A) consists of points (y1,...,Ym)
such that y1 + -+ + ym = 0 with y; € R(c;) for all i. By the given condition,
every vector (y1, . .., ¥ym) in the intersection ReycyNN (A) is such that y; € Lei(c;)
for all 4, implying that (yi,...,%m) belongs to the lineality space L¢cy. Thus,
Reicy NN(A) C Locy N N(A). On the other hand by definition of the lineality
space, we have Lccy C Rei(cy, 80 that Leycy N N(A) C Ry N N(A). Hence,
Rcy "N N(A) = Loy N N(A), implying that Ry N N(A) is a subspace of
La(cy- By Exercise 1.42, we have cl(A-C) = A-cl(C) and Ra.ac) = A Ra(c),
from which by using the relation A-C = C1 + --- + Cp,, and Egs. (1.18) and
(1.19), we obtain

c(Ci 44+ Cn) =cl(C1) + -+ + cl(Cn),

Racy++0m) = Raey) + -+ Raom)-

1.44

Let C be the Cartesian product C7 x --- x C), viewed as a subset of ™", and
let A be the linear transformation that maps a vector (z1,...,Zm) € ™" into
x1 + -+ + xm. Note that set C' can be written as

C:{x:(xl,...,:cm)|a:@ijx+6ija:+bi]-§0, 1=1,...,m, jzl,...,n},

where the @1 , are appropriately defined symmetric positive semidefinite mn xmn
matrices and the a;; are appropriately defined vectors in 8"". Hence, the set C'
is specified by convex quadratic inequalities. Thus, we can use Prop. 1.5.8(c) to
assert that the set AC = Cy + -+ + C,, is closed.

1.45 (Set Intersection and Helly’s Theorem)

Helly’s Theorem implies that the sets C, defined in the hint are nonempty. These
sets are also nested and sagsfy the assumptions of Props. 1.5.5 and 1.5.6. There-
fore, the intersection Nj=,C’; is nonempty. Since

N21Ci C N21Ci,

the result follows.
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LAST UPDATE October 8, 2005

CHAPTER 2: SOLUTION MANUAL

2.1

Part (a) of the exercise is trivial as stated. Here is a corrected version of part
(a):

(a) Consider a vector z such that f is convex over a sphere centered at z .
Show that z 1is a local minimum of f if and only if it is a local minimum
of f along every line passing through z [i.e., for all d € R", the function
g: R — R, defined by g(a) = f(z +ad), has a = 0 as its local minimum].

Solution: (a) If z is a local minimum of f, evidently it is also a local minimum
of f along any line passing through x .

Conversely, let z be a local minimum of f along any line passing through
x . Assume, to arrive at a contradiction, that = is not a local minimum of f
and that we have f(T) < f(x ) for some T in the sphere centered at  within
which f is assumed convex. Then, by convexity, for all o € (0, 1),

flaz +(1-a)7) <af(z ) +(1-a)f@) < f(z ),
so f decreases monotonically along the line segment connecting x and Z. This

contradicts the hypothesis that = is a local minimum of f along any line passing
through x .

(b) Consider the function f(x1,x2) = (x2 — pal)(z2 — qal), where 0 < p < g and
let z = (0,0).

We first show that g(a) = f(z + ad) is minimized at o = 0 for all d € R2.
We have
g(@) = f(z +ad) = (adz — pa’d})(adz — ga?d}) = o®(dz2 — pads ) (dz — gad).
Also,
g (@) = 2a(dz — padi)(d2 — gad?) +a” (—pd}) (d2 — gad?) + a®(dz — padi)(—qdi).
Thus g (0) = 0. Furthermore,

g9 (a) = 2(d2 — padi)(dz — qad}) + 2a(—pd; ) (d2 — god;)
+ 2a(dz — pad?)(—qdi) + 2a(—pd?)(dz2 — qad?) + o (—pd?)(—qd)
+2a(dz — pads )(—qd}) + o (—pd}) (—qd?).

2



Thus g (0) = 2d3, which is greater than 0 if d2 # 0. If d2 = 0, g(a) = pga’ds],
which is clearly minimized at o = 0. Therefore, (0,0) is a local minimum of f
along every line that passes through (0, 0).

Let’s now show that if p < m < ¢, f(y,my?) < 0 if y # 0 and that
fly,my®) = 0 otherwise. Consider a point of the form (y,my?). We have
fly,my?) = y*(m — p)(m — q). Clearly, f(y, my®) < 0 if and only if p < m < ¢
and y # 0. In any e—neighborhood of (0,0), there exists a y # 0 such that for
some m € (p,q), (y,my?) also belongs to the neighborhood. Since f(0,0) = 0,
we see that (0,0) is not a local minimum.

2.2 (Lipschitz Continuity of Convex Functions)

Let € be a positive scalar and let Cc be the set given by
Ce= {z | Iz — z|| <, for some x € cl(X)}.

We claim that the set C. is compact. Indeed, since X is bounded, so is its closure,
which implies that ||z < max, o(x)||z| + € for all z € C¢, showing that C. is
bounded. To show the closedness of C¢, let {zx} be a sequence in Ce¢ converging
to some z. By the definition of C¢, there is a corresponding sequence {zx} in
cl(X) such that

Iz — zk|| <€ Y k. (2.1)

Because cl(X) is compact, {x} has a subsequence converging to some z € cl(X).
Without loss of generality, we may assume that {zx} converges to = € cl(X). By
taking the limit in Eq. (2.1) as k — oo, we obtain ||z — z|| < € with z € cl(X),
showing that z € C.. Hence, C. is closed.

We now show that f has the Lipschitz property over X. Let x and y be
two distinct points in X. Then, by the definition of C¢, the point

€
z:erfo(yfx)

lly
is in C.. Thus
lly — |l €
Yy = z+ x
ly —zll+€  lly—zl+e€
showing that y is a convex combination of z € Cc and = € C.. By convexity of
f, we have

I

€

lly — |

=Ty —al+e T

implying that
ly — = ly — || :
_ < g =i _ < g 7l _
£~ @) < I (76 = f@) < L ma ) — min £0) ).
where in the last inequality we use Weierstrass’ theorem (f is continuous over

R™ by Prop. 1.4.6 and C. is compact). By switching the roles of z and y, we
similarly obtain

Fa) — fly) < lz=vl (maxf(u) — min f(v)> ,

€ u Ce v Ce
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which combined with the preceding relation yields ‘f(ac) — f(y)} < L|z — yl|,

where L = (maxu ce f(u) —min, ¢, f(v))/e

2.3 (Exact Penalty Functions)

We note that by Weierstrass’ Theorem, the minimum of ||y — z|| over y € X is
attained, so we can write min, x ||y — z|| in place of inf, x ||y — z]|.

(a) By assumption, £ minimizes f over X, so that z € X, and we have for all
c>L,yeX,andz €Y,

Fo(z )= f(z ) < f(y) < f(2) + Llly — =l < f2) +clly — ],

where we use the Lipschitz continuity of f to get the second inequality. Taking
the minimum over all y € X, we obtain

Foz ) < f(z) + cmi)I(l ly — z|| = Fe(x), VzeY.
y

Hence, * minimizes F.(z) over Y for all ¢ > L.

(b) It will suffice to show that € X. Suppose, to arrive at a contradiction,
that z minimizes F.(z) over Y, but z ¢ X.

We have that Fo(z )= f(z )+ cminy, x |ly —z ||. Let £ € X be a point
where the minimum of ||y — z|| over y € X is attained. Then Z # = , and we
have

which contradicts the fact that  minimizes Fe(x) over Y. (Here, the first
inequality follows from ¢ > L and & # x , and the second inequality follows from
the Lipschitz continuity of f.)

2.4 (Ekeland’s Variational Principle [Eke74])
For some ¢ > 0, define the function F' : R" — (—o0, oo] by
F(z) = f(z) + 0|z — =[|.

The function F' is closed in view of the assumption that f is closed. Hence, by
Prop. 1.2.2(b), it follows that all the level sets of F' are closed. The level sets are
also bounded, since for all v > f , we have

(1@ <o} cfols +ale-m <} =5 (n 250 ), e
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where B(E7 (v—=f )/6) denotes the closed ball centered at T with radius (v —
f )/d. Hence, it follows by Weierstrass’ Theorem that F’ attains a minimum over
R", i.e., the set argmin, =~ F(z) is nonempty and compact.

Consider now minimizing f over the set argmin, » F(z). Since f is closed
by assumption, we conclude by using Weierstrass’ Theorem that f attains a
minimum at some Z over the set argmin, » F(x). Hence, we have

f(@) < f(o), Yz € arg zmir}L F(x). (2.3)

Since Z € argmin, n F(z), it follows that F(Z) < F(z), for all z € R", and

F(Z) < F(x), Vx ¢ arg mmir}L F(z),

which by using the triangle inequality implies that

f@)< f(@) + 0]z — = - 5]z — 2|

< f(z) + dljlz — ||, V z ¢ arg min F(z). 24)

Using Egs. (2.3) and (2.4), we see that
f@) < fl@)+dllz—zll, Vaz#i,

thereby implying that Z is the unique optimal solution of the problem of mini-
mizing f(z) + 0||z — Z|| over R™.
Moreover, since F(Z) < F(z) for all x € R", we have F(Z) < F(Z), which
implies that
@) < f(@) =dl|lz -zl < f(=@),

and also
F(@) < F@) = f@) < f +e

Using Eq. (2.2), it follows that Z € B(T,€/d), proving the desired result.

2.5 (Approximate Minima of Convex Functions)

(a) Let € > 0 be given. Assume, to arrive at a contradiction, that for any sequence
{6x} with & | 0, there exists a sequence {zx} C X such that for all &

fl@e) < f + 0k, min [|lzx —z || > e

It follows that, for some k, zx belongs to the set {x eEX|fle)y<f + 55}, for

all k > k. Since by assumption f and X have no common nonzero direction of
recession, by the Recession Cone Theorem, we have that the closed convex set
{w eX|fle)<f + JE} is bounded. Therefore, the sequence {x} is bounded
and has a limit point T € X, which, in view of the preceding relations, satisfies

f@<r, [T—z|>e Vo eX,
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which is a contradiction. This proves that, for every e > 0, there exists a 6 > 0
such that every vector x € X with f(z) < f +0 satisfies min, x |z—z | <e.

(b) Fix € > 0. By part (a), there exists some d. > 0 such that every vector x € X
with f(z) < f + d satisfies min, x |[z —z || < e Since f(zr) — f , there
exists some K. such that

By part (a), this implies that {zx}k=x, C X + eB. Since X is nonempty and
compact (cf. Prop. 2.3.2), it follows that every such sequence {zx} is bounded.

Let T be a limit point of the sequence {xx} C X satisfying f(zx) — f .
By lower semicontinuity of the function f, we get that

f@) < liminf f(zx) = f .

Because {1} C X and X is closed, we have T € X, which in view of the preceding
relation implies that f(z) = f ,ie,T € X .

2.6 (Directions Along Which a Function is Flat)

(a) We will follow the line of proof of Prop. 1.5.6, with a modification to use the
condition Rx N Fy C Ly in place of the condition Rx N Ry C Ly.

We use induction on the dimension of the set X. Suppose that the dimen-
sion of X is 0. Then X consists of a single point. This point belongs to X N Cy
for all k, and hence belongs to the intersection X N (ﬂ;":OCk).

Assume that, for some | < n, the intersection X N (ﬂ;c’:OCk) is nonempty
for every set X of dimension less than or equal to [ that is specified by linear
inequality constraints, and is such that XNC}, is nonempty for all k and RNFy C
Ly. Let X be of the form

X:{I|aj$§bj,j:1,...77"}7

and be such that X N Cj is nonempty for all k, satisfy Rx N Fy C Ly, and have
dimension ! + 1. We will show that the intersection X N (ﬂf:OCk) is nonempty.

If Ly N Ly = Rx N Ry, then by Prop. 1.5.5 applied to the sets X N Cy, we
have that X N (ﬂzc’:OCk) is nonempty, and we are done. We may thus assume
that Lx N Ly # Rx N Ry. Let § € Rx N Ry with —y ¢ Rx N Ry.

If y ¢ Fy, then, since §y € Rx N Ry, for all z € X N dom(f) we have
lima ~oo f(z + ay) = —oc0 and z + ay € X for all @ > 0. Therefore, x + ay €
XN (OZ":OCk) for sufficiently large «, and we are done.

We may thus assume that y € Fy, so that § € Rx N Fy and therefore also
Yy C Ly, in view of the hypothesis Rx N Fy C Ly. Since —y ¢ Rx N Ry, it follows
that —y ¢ Rx. Thus, we have

Yy € Rx, _gngv gELf~

From this point onward, the proof that X N (OZC’:OCk) # (J is nearly identical to
the corresponding part of the proof of Prop. 1.5.6.
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Using Prop. 1.5.1(e), it is seen that the recession cone of X is
Rx ={y|a;y <0, j=1,...,r},
so the fact § € Rx implies that
a;y <0, Vi=1,...,m,

while the fact —7 ¢ Rx implies that the index set
J={jla;y <0}

is nonempty.
Consider a sequence {zj} such that

rr € XNCg, VEk.

We then have
ajrr < by, Vji=1,...,r, VEk.

We may assume that

ajr < by, Vjed, Vk;
otherwise we can replace zx with zx + 7, which belongs to X N C}, (since § € Rx
and g € Ly).

Suppose that for each k, we start at x; and move along —7% as far as possible
without leaving the set X, up to the point where we encounter the vector

Tk = Tk — BkY,
where (i is the positive scalar given by

. ajmk — bj
Br = min ——.
i J a;y

Since a;7 = 0 for all j ¢ J, we have a;Tx = a;zx for all j ¢ J, so the number
of linear inequalities of X that are satisfied by T as equalities is strictly larger
than the number of those satisfied by xx. Thus, there exists jo € J such that
ajoTr = bj, for all k in an infinite index set £ C {0,1,...}. By reordering the
linear inequalities if necessary, we can assume that jo =1, i.e.,
a1 Tk = by, a1z < by, Vkek.
To apply the induction hypothesis, consider the set
X ={z| a1z = b, a;x <bj, j=2,...,r},

and note that {ZTyp}x C X. Since Ty = zp — ﬁkZWith zr € Cy and § € Ly,
we have T € Cy for all k, implying that T € X N Cy for all k € K. Thus,
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XNCk # () for all k. Because the_sets C), are nested, so are the sets X NCh.
Furthermore, the recession cone of X is

Ry ={ylay=0, a;y <0, j=2,...,7},
which is contained in Rx, so that
RezNFy CRxNFy CLy.

Finally, to show that the dimension of X is smaller than the dimension of X, note
that the set {« | ay2 = b1} contains X, so that a; is orthogonal to the subspace
S+ that is parallel to aff(X). Since a;7 < 0, it follows that § ¢ St. On the
other hand, 7 belongs to Sx, the subspace that is parallel to aff (X), since for all
k, we have x, € X and =, — Bry € X.

Based on the preceding, we can use the induction hypothesis to assert
that the intersection X N (QZ‘;OCk) is nonempty. Since X C X, it follows that

Xn (ﬂZ":OCk) is nonempty.
(b) We will use part (a) and the line of proof of Prop. 2.3.3 [condition (2)]. Denote

f = inf f(@),

and assume without loss of generality that f = 0 [otherwise, we replace f(z) by
f(z)—f ]. We choose a scalar sequence {wy} such that wy | f , and we consider
the (nonempty) level sets

Cr = {1: eR"| f(z) < wk}.

The set X NCY, is nonempty for all k. Furthermore, by assumption, RxNFy C Ly
and X is specified by linear inequality constraints. By part (a), it follows that
XN (ﬂZ":OCk), the set of minimizers of f over X, is nonempty.

(c) Let X = R and f(x) = z. Then

Fy=Ls={y|y=0},
so the condition Rx N Fy C Ly is satisfied. However, we have inf, x f(z) = —o0

and f does not attain a minimum over X. Note that Prop. 2.3.3 [under condition
(2)] does not apply here, because the relation Rx N Ry C Ly is not satisfied.

2.7 (Bidirectionally Flat Functions)
(a) As a first step, we will show that either Ny, C # @ or else
there exists j € {1,...,r}and y € Nj=oRy; With y ¢ FJ__.
Let T be a vector in Cp, and for each k > 1, let x; be the projection of T on
Ck. If {z1} is bounded, then since the g; are closed, any limit point & of {x1}

satisfies
9;(%) < liminf g;(ar) <0,
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so & € N2 Ck, and Ny C # J. If {4} is unbounded, let y be a limit point
of the sequence {(wk —Z)/||lzk — 7| | ok # E}, and without loss of generality,
assume that _

T — T

T = Y
[z, — ||

‘We claim that
Yy (S ﬂ;zoRg]. .

Indeed, if for some j, we have y ¢ Rg;, then there exists a > 0 such that
95 (T + ay) > wo. Let
_ T — T
2k =T+ oa——,

[z — |
and note that for sufficiently large k, zx lies in the line segment connecting T and
Zk, so that g1(zx) < wo. On the other hand, we have zi — T + ay, so using the
closedness of g;, we must have

9;( + ay) < liminf g1 (z1) < wo,

which contradicts the choice of « to satisfy ¢;(Z + ay) > wo.

Ify € Nj—oFy;, since all the g; are bidirectionally flat, we have y € Nj_oLg;.
If the vectors T and zy, k > 1, all lie in the same line [which must be the line
{Z + ay | @ € R}], we would have g;(T) = g;(zx) for all k and j. Then it follows
that T and zj all belong to Ny—;C%. Otherwise, there must be some xj, with
k large enough, and such that, by the Projection Theorem, the vector zx — ay
makes an angle greater than 7/2 with zx — Z. Since the g; are constant on the
line {zx — ay | & € R}, all vectors on the line belong to Ck, which contradicts
the fact that x is the projection of T on Cj.

Finally, if y € Ry, but y ¢ Fy,, we have go(z + ay) — —o0 as a — 00, 50
that Ny—;Cx # @. This completes the proof that

Ni=1Ck = & = there exists j € {1,...,r} and y € Nj_o R, with y ¢ FJ__. (1)

We now use induction on r. For r = 0, the preceding proof shows that
Npe1Crk # . Assume that N2, Cx # @ for all cases where r < 7. We will show
that Ng2,Cy # O for r = 7. Assume the contrary. Then, by Eq. (1), there exists
je{l,...,r}and y € Nj—oR; with y ¢ ng_,. Let us consider the sets

6k={x|go(ax)ka,gj(m)§07]:1,,7'7]755}

Since these sets are nonempty, by the induction hypothesis, N5>,C # &. For any
& € N2, Ch, the vector Z+ay belongs to Ny, C, for all a > 0, since y € Nj_oR;.
Since go(Z) < 0, we have Z € dom(g;), by the hypothesis regarding the domains
of the g;. Since y € Nj_oR; with y ¢ F]__7 it follows that g=(Z + ay) — —oo as
a — oo. Hence, for sufficiently large o, we have gj—.(iy—kay) < 0, so £+ ay belongs
to Nz, Ck.

Note: To see that the assumption
{ | go(x) <0} c Nj_1dom(g;)
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is essential for the result to hold, consider an example in R2. Let
go(z1,22) =21, g1(x1,72) = (1) — 22,

where the function ¢ : & — (—o0,00] is convex, closed, and coercive with
dom(¢) = (0,1) [for example, ¢(t) = —Int —In(1 —¢) for 0 < ¢ < 1]. Then
it can be verified that C, # @ for every k and sequence {wi} C (0,1) with
wy | 0 [take 1 | 0 and x2 > ¢(x1)]. On the other hand, we have N C = J.
The difficulty here is that the set {x | go(z) < 0}, which is equal to

{z|x1 <0, z2 € R},
is not contained in dom(g; ), which is equal to
{z]0<21 <1, 22 €R}

(in fact the two sets are disjoint).

(b) We will use part (a) and the line of proof of Prop. 1.5.8(c). In particular,
let {yr} be a sequence in AC converging to some § € R". We will show that
ye AC. We let

2 2
go(z) = [[Az =glI",  wr = [lyx — 7"
and
Cr = {z| go(x) S wg, gs(x) <0, =1,...,r}.
The functions involved in the definition of C are bidirectionally flat, and each C
is nonempty by construction. By applying part (a), we see that the intersection

NieoCk is nonempty. For any z in this intersection, we have Az = g (since
Yk — ), showing that gy € AC.

(c) We will use part (a) and the line of proof of Prop. 2.3.3 [condition (3)]. Denote
— inf
f = inf f(z),

and assume without loss of generality that f = 0 [otherwise, we replace f(z) by
f(z)—f ]. We choose a scalar sequence {wy} such that wy | f , and we consider
the (nonempty) sets

Ck = {me%n | f(fl?) Sw}ﬁgj(x) §07j:1,4..77"}.
By part (a), it follows that Ny—,Ck, the set of minimizers of f over C, is nonempty.

(d) Use the line of proof of Prop. 2.3.9.
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2.8 (Minimization of Quasiconvex Functions)

(a) Let z be a local minimum of f over X and assume, to arrive at a contradic-
tion, that there exists a vector T € X such that f(Z) < f(z ). Then, T and =
belong to the set X NV, , where v = f(x ). Since this set is convex, the line
segment connecting x and T belongs to the set, implying that

f(ozf—&—(l—a)m ) < f(z ), vV a€l0,1]. (1)
For each integer k > 1, there exists an ay € (0,1/k] such that
f(ozki—&— (1—ar)z ) < f(z ), for some ay, € (0,1/k]; (2)

otherwise, in view of Eq. (1), we would have that f(z) is constant for z on the
line segment connecting x and (1/k)T + (1 — (1/k))w . Equation (2) contradicts
the local optimality of x .
(b) We consider the level sets
Vy={z| f(z) <~}

for v > f . Let {y*} be a scalar sequence such that v* | f . Using the fact
that for two nonempty closed convex sets C' and D such that C' C D, we have
Rc C Rp, it can be seen that

Ry =Ny rRy = ﬁz.;lRﬂ/k.
Similarly, Ly can be written as

Lf =Ny FL"/ = ﬁleL,yk,

Under each of the conditions (1)-(4), we show that the set of minima of f
over X, which is given by

X = ﬂzozl(X n V‘/k)
is nonempty.

Let condition (1) hold. The sets X N Vwk are nonempty, closed, convex,
and nested. Furthermore, for each k, their recession cone is given by Rx N Rk
and their lineality space is given by Lx N ka. We have that

ﬂzozl(RX n R’Yk) =Rx N Rf,
and

ﬁzozl(LX n ka) =LxNLy,
while by assumption Rx N Ry = Lx N Ly. Then it follows by Prop. 1.5.5 that
X is nonempty.

Let condition (2) hold. The sets Vv’“ are nested and the intersection XﬂVwk
is nonempty for all k. We also have by assumption that Rx N Ry C Ly and X is

specified by linear inequalities. By Prop. 1.5.6, it follows that X is nonempty.
Let condition (3) hold. The sets V_ ; have the form

Vi ={zeR"| Qx4 cx+bH") <0}
In view of the assumption that b(vy) is bounded for v € (f ,7], we can consider
a subsequence {b(7¥)}k that converges to a scalar. Furthermore, X is specified
by convex quadratic inequalities, and the intersection X N Vﬂ{k is nonempty for

all k € K. By Prop. 1.5.7, it follows that X is nonempty.
Similarly, under condition (4), the result follows using Exercise 2.7(a).
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2.9 (Partial Minimization)
(a) The epigraph of f is given by

epi(f) = {(z,w) | f(z) < w}.

If (x,w) € Ef, then it follows that (x,w) € epi(f), showing that Ef C epi(f).
Next, assume that (z,w) € epi(f), i.e., f(z) < w. Let {wr} be a sequence with
wy > w for all k , and wy — w. Then we have, f(z) < wy for all k, implying
that (z,wx) € Ey for all k, and that the limit (z,w) € cl(Ey). Thus we have the
desired relations,

E; C epi(f) C cl(Ey). (2.5)

We next show that f is convex if and only if Ey is convex. By definition, f
is convex if and only if epi(f) is convex. Assume that epi(f) is convex. Suppose,
to arrive at a contradiction, that Ey is not convex. This implies the existence of
vectors (z1,w1) € Ef, (2, w2) € Ey, and a scalar o € (0, 1) such that o(z1,w1)+
(1 — a)(z2,w2) ¢ Ey, from which we get

f(axl +(1- a)a:z) > owr + (1 — a)ws

(2.6)
> af(z1) + (1 - a)f(z2),

where the second inequality follows from the fact that (z1,w1) and (22, w2) belong
to Ey. We have (th(acl)) € epi(f) and (xg,f(mz)) € epi(f). In view of the
convexity assumption of epi(f), this yields a(a:l, f(ml)) +(1-a) (wg, f(zz)) €
epi(f) and therefore,

flazs + (1 - a)ra) < af(er) + (1 - a)f(x2).

Combined with Eq. (2.6), the preceding relation yields a contradiction, thus
showing that Ey is convex.

Next assume that E; is convex. We show that epi(f) is convex. Let
(z1,w:1) and (z2,w2) be arbitrary vectors in epi(f). Consider sequences of vectors
(achw’f) and (mg,wé) such that wf > wy, w5 > ws, and wf — wi, W —
wa. It follows that for each k, (z1,w?) and (x2,wk) belong to Ef. Since Ej is
convex by assumption, this implies that for each « € [0,1] and all k, the vector
(omcl + (1 — @)z2, awh + (1 - a)w’f) € Ey, i.e., we have for each k

f(axl +(1— a)xg) < owt + (1 — a)wh.
Taking the limit in the preceding relation, we get
f(aml +(1- a):cz) <aw + (1 — @)ws,

showing that (aazl +(1—a)z2, 0w +(1 —Oé)’wg) € epi(f). Hence epi(f) is convex.

(b) Let T denote the projection of the set {(:c7 z,w) | F(z,2) < w} on the space
of (z,w). We show that E; = T. Let (z,w) € Ey. By definition, we have

inf F(z,2) <w,

z
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which implies that there exists some zZ € R" such that
F(z,z) < w,

showing that (z,z, w) belongs to the set {(a:, z,w) | F(z,z) < w}, and (z,w) € T.
Conversely, let (z,w) € T. This implies that there exists some z such that
F(z,z) < w, from which we get

f(@) = inf F(z,2) <w,

z

showing that (z,w) € Ey, and completing the proof.

(c) Let F be a convex function. Using part (a), the convexity of F' implies that
the set {(w,z,w) | F(z,2) < w} is convex. Since the projection mapping is
linear, and hence preserves convexity, we have, using part (b), that the set Ey is
convex, which implies by part (a) that f is convex.

2.10 (Partial Minimization of Nonconvex Functions)

(a) For each u € R™, let fu(xz) = f(x,u). There are two cases; either f, = oo,
or f, is lower semicontinuous with bounded level sets. The first case, which
corresponds to p(u) = oo, can’t hold for every w, since f is not identically equal
to co. Therefore, dom(p) # ¢, and for each u € dom(p), we have by Weierstrass’
Theorem that p(u) = inf, f,(z) is finite [i.e., p(u) > —oo for all u € dom(p)] and
the set P(u) = arg min, fu(z) is nonempty and compact.

We now show that p is lower semicontinuous. By assumption, for all w €
R™ and for all @ € R, there exists a neighborhood N of & such that the set
{(:v,u) | flz,u) < a} N (R™ x N) is bounded in R™ x R™. We can choose a
smaller closed set N containing % such that the set {(a:,u) | f(z,u) < a} N
(R™ x N) is closed (since f is lower semicontinuous) and bounded. In view of the
assumption that f, is lower semicontinuous with bounded level sets, it follows
using Weierstrass’ Theorem that for any scalar «,

p(u) < « if and only if there exists z such that f(z,u) < a.

Hence, the set {u | p(u) < a} N N is the image of the set {(Jz,u) | flz,u) <

a} N (R™ x N) under the continuous mapping (z,u) — u. Since the image of a
compact set under a continuous mapping is compact [cf. Prop. 1.1.9(d)], we see
that {u | p(u) < a} N N is closed.

Thus, each w € R™ is contained in a closed set whose intersection with
{u | p(u) < oz} is closed, so that the set {u | p(u) < a} itself is closed for all
scalars a. It follows from Prop. 1.2.2 that p is lower semicontinuous.

(b) Consider the following example

_ min{|x71/u\,1+ \m|} ifu#0,zeR,
f@,u) {1—|—|w| ifu=0,zeRN,

where z and u are scalars. This function is continuous in (z,u) and the level sets
are bounded in x for each u, but not locally uniformly in wu, i.e., there does not
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exists a neighborhood N of u = 0 such that the set {(ac7 u) |u €N, flz,u) < a}
is bounded for some « > 0.
For this function, we have

_J0 ifu#o,
p(“)*{1 if u=0.

Hence, the function p is not lower semicontinuous at 0.

(c) Let {ur} be a sequence such that up — u for some u € dom(p), and also
p(ur) — p(u ). Let a be any scalar such that p(u ) < «. Since p(ur) — p(u ),
we obtain

fzr,ur) = plur) < a, (2.7)

for all k sufficiently large, where we use the fact that x, € P(ux) for all k. We
take N to be a closed neighborhood of v as in part (a). Since ux — u , using Eq.
(2.7), we see that for all k sufficiently large, the pair (xx, ux) lies in the compact
set

{(@,u) | f(z,u) <a}n(R" x N).

Hence, the sequence {zx} is bounded, and therefore has a limit point, call it .
It follows that

(z ,u )€ {(x,u) | fz,u) §a}.

Since this is true for arbitrary o > p(u ), we see that f(z ,u ) < p(u ), which,
by the definition of p(u), implies that z € P(u ).

(d) By definition, we have p(u) < f(z ,u) for all w and p(u ) = f(z ,u ). Since
f(z ,-) is continuous at u , we have for any sequence {ux} converging to u

limsup p(ux) < limsup f(z ,ux) = f(z ,u ) =p(u ),

k — oo k — oo
thereby implying that p is upper semicontinuous at u . Since p is also lower

semicontinuous at w by part (a), we conclude that p is continuous at u .

2.11 (Projection on a Nonconvex Set)

We define the function f by

_Jw—=| ifweC,
f(w’x)_{oo ifwé¢C.

With this identification, we get
de(z) = inf f(w, ), Pc(z) = argmin f(w, x).

We now show that f(w,x) satisfies the assumptions of Exercise 2.10, so that we
can apply the results of this exercise to this problem.

Since the set C is closed by assumption, it follows that f(w,z) is lower
semicontinuous. Moreover, by Weierstrass’ Theorem, we see that f(w,z) > —oo
for all x and w. Since the set C' is nonempty by assumption, we also have that
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dom(f) is nonempty. It is also straightforward to see that the function || - ||,
and therefore the function f, satisfies the locally uniformly level-boundedness
assumption of Exercise 2.10.

(a) Since the function ||-|| is lower semicontinuous and the set C' is closed, it follows
from Weierstrass’ Theorem that for all z € R", the infimum in inf,, f(w,z) is
attained at some w , i.e., P(z ) is nonempty. Hence, we see that for all z € R",
there exists some w € P(x ) such that f(w ,-) is continuous at x , which
follows by continuity of the function || - ||. Hence, the function f(w,x) satisfies
the sufficiency condition given in Exercise 2.10(d), and it follows that dc(x)
depends continuously on z.

(b) This part follows from part (a) of Exercise 2.10.
(c) This part follows from part (c) of Exercise 2.10.

2.12 (Convergence of Penalty Methods [RoW98])

(a) We set 5§ = 1/¢ and consider the function g(z, s) : " X R — (—o0, o] defined
by

g(a.s) = f(@) +B(F(x),s),

with the function 6 given by

O(u,s) =4 op(u) if s=0,
o0 ifs<0ors>s,

~ {G(u,l/s) if s € (0, 3],

where

_J0 ifueD,
5”(“)_{00 ifug D.

We identify the original problem with that of minimizing ¢g(z,0) in z € R™, and
the approximate problem for parameter s € (0,3] with that of minimizing g(z, )
in z € R" where s = 1/c. With the notation introduced in Exercise 2.10, the
optimal value of the original problem is given by p(0) and the optimal value of
the approximate problem is given by p(s). Hence, we have

p(s) = 9cinfn g(z, s).

We now show that, for the function g(z, s), the assumptions of Exercise 2.10 are
satisfied.

We have that g(x,s) > —oo for all (z,s), since by assumption f(z) > —co
for all z and 0(u, s) > —oo for all (u,s). The function @ is such that 6(u,s) < oo
at least for one vector (u, s), since the set D is nonempty. Therefore, it follows
that g(x,s) < oo for at least one vector (z,s), unless g = oo, in which case all
the results of this exercise follow trivially.

We now show that the function 6 is lower semicontinuous. This is easily
seen at all points where s # 0 in view of the assumption that the function 6 is
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lower semicontinuous on R™ x (0, 00). We next consider points where s = 0. We
claim that for any a € R,

{u|0(u,0)<a} = () {u]fu,s) <a}. (2.8)
s (0,3]

To see this, assume that 0(u,0) < a. Since O(u, s) 1 0(u,0) as s | 0, we have
O(u, s) < a for all s € (0,3]. Conversely, assume that 6(u, s) < « for all s € (0,3].
By definition of 6, this implies that

O(u,1/s) < a, vV s € (0, so).
Taking the limit as s — 0 in the preceding relation, we get

hi% 0(u,1/s) = dp(u) = 0(u,0) < a,

thus, proving the relation in (2.8). Note that for all « € R and all s € (0, 5], the
set
{u ‘ é(uvs) < a} = {'LL | 0(114, 1/5) < a},

is closed by the lower semicontinuity of the function 6. Hence, the relation
in Eq. (2.8) implies that the set {u | 6(u,0) < a} is closed for all & € R,
thus showing that the function 6 is lower semicontinuous everywhere (cf. Prop.
1.2.2). Together with the assumptions that f is lower semicontinuous and F' is
continuous, it follows that g is lower semicontinuous.

Finally, we show that g satisfies the locally uniform level boundedness
property given in Exercise 2.10, i.e., for all s € R and for all « € R, there
exists a neighborhood N of s such that the set {(m,s) | s € N,g(z,s) < a} is
bounded. By assumption, we have that the level sets of the function g(x,s) =
f(x) —&—é(F(z), 1/§) are bounded. The definition of §, together with the fact that

0(u, s) is monotonically increasing as s | 0, implies that g is indeed level-bounded
in z locally uniformly in s.

Therefore, all the assumptions of Exercise 2.10 are satisfied and we get
that the function p is lower semicontinuous in s. Since é(u, s) is monotonically
increasing as s | 0, it follows that p is monotonically nondecreasing as s | 0. This
implies that

p(s) = p(0),  ass |,

Defining s = 1/¢y, for all k, where {c } is the given sequence of parameter values,
we get
p(sx) — p(0),

thus proving that the optimal value of the approximate problem converges to the
optimal value of the original problem.

(b) We have by assumption that sy — 0 with z € Py /s, . It follows from part (a)
that p(sx) — p(0), so Exercise 2.10(b) implies that the sequence {z} is bounded
and all its limit points are optimal solutions of the original problem.
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2.13 (Approximation by Envelope Functions [RoW98])
(a) We fix a ¢p € (0,c¢y) and consider the function

Fw) + (3)llw —z|* if ¢ € (0, co,
h(w,z,c) = { f(z) if c=0and w =z,
0 otherwise.

We consider the problem of minimizing h(w,z,c) in w. With this identification
and using the notation introduced in Exercise 2.10, for some ¢ € (0, ¢p), we obtain

6Cf(x) = p(ZE,C) = lnf h(w,x,c),

and
P.f(z) = P(z,c) = argmin h(w, z, c).

We now show that, for the function h(w, z, ¢), the assumptions given in Exercise
2.10 are satisfied.

We have that h(w,z,c) > —oo for all (w, z, ¢), since by assumption f(z) >
—oo for all z € R". Furthermore, h(w, z,c) < oo for at least one vector (w, z, ¢),
since by assumption f(z) < oo for at least one vector z € X.

We next show that the function h is lower semicontinuous in (w, z, c). This
is easily seen at all points where ¢ € (0, co] in view of the assumption that f is
lower semicontinuous and the function || - ||* is lower semicontinuous. We now
consider points where ¢ = 0 and w # z. Let {(wk, Tk, ck)} be a sequence that
converges to some (w, z,0) with w # x. We can assume without loss of generality
that wy # xy, for all k. Note that for some k, we have

%9 if ¢, =0,
h(we, Tk, ) = 4 ) + (ze)llwe = zel|* it e > 0.

Taking the limit as £ — co, we have

lim h(wg, 2k, ck) = 00 > h(w,z,0),

— oo

since w # x by assumption. This shows that h is lower semicontinuous at points
where ¢ = 0 and w # x. We finally consider points where ¢ = 0 and w = z. At
these points, we have h(w,z,c) = f(x). Let {(wk,mk,ck)} be a sequence that
converges to some (w, z,0) with w = z. Considering all possibilities, we see that
the limit inferior of the sequence {h(wk,xk, ck)} cannot be less than f(x), thus
showing that h is also lower semicontinuous at points where ¢ = 0 and w = =.

Finally, we show that h satisfies the locally uniform level-boundedness prop-
erty given in Exercise 2.10, i.e., for all (x ,c¢ ) and for all @ € R, there exists a
neighborhood N of (z ,c ) such that the set {(w,x,c) | (z,¢) € N,h(w,z,c) <
a} is bounded. Assume, to arrive at a contradiction, that there exists a sequence
{(wk,mk, ck)} such that

h(wi, Tr, cr) < a < 00, (2.9)
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for some scalar «, with (z,cx) — (z ,c¢ ), and ||wk|| — co. Then, for sufficiently
large k, we have wy # xk, which in view of Eq. (2.9) and the definition of the
function h, implies that cx € (0, co] and

1
Flwr) + s—llwk — zi* < o,
2¢ck
for all sufficiently large k. In particular, since ¢x < co, it follows from the pre-
ceding relation that

1
fwr) + 5—lwi — zx* < a. (2.10)
2(20

The choice of cg ensures, through the definition of cf, the existence of some
c1 > ¢o, some T € R", and some scalar § such that

1
fw)> =5 llw =7+ 8,  Vw
C1
Together with Eq. (2.10), this implies that

_ 1
—Eﬂwk —7|” + %Ilwk —xl? < a— B,

for all sufficiently large k. Dividing this relation by |Jwg||® and taking the limit

as k — oo, we get
1 1
4 <0
2c1 + 2c0 —
from which it follows that ¢; < ¢g. This is a contradiction by our choice of c¢;.
Hence, the function h(w,z, c) satisfies all the assumptions of Exercise 2.10.
By assumption, we have that f(Z) < oo for some T € R". Using the
definition of e.f(z), this implies that

eef ()= int { f(w) + -l —a]|*}

1
Sf(f)—l—%||5—:c|\2<oo7 VzeR",

where the first inequality is obtained by setting w = Z in f(w) + o [lw — z[/*.
Together with Exercise 2.10(a), this shows that for every ¢ € (0,co) and all
x € R", the function e. f(x) is finite, and the set P, f(z) is nonempty and compact.
Furthermore, it can be seen from the definition of h(w, z, ¢), that for all ¢ € (0, co),
h(w, z, c) is continuous in (z, c). Therefore, it follows from Exercise 2.10(d) that
for all ¢ € (0,co), ecf(z) is continuous in (z,c). In particular, since e.f(x) is a
monotonically decreasing function of ¢, it follows that

ecf(z) =p(z,c) 1 p(z,0) = f(z), Vazascl|O.

This concludes the proof for part (a).
(b) Directly follows from Exercise 2.10(c).
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2.14 (Envelopes and Proximal Mappings under Convexity [RoW98])

‘/\/e COnSider lhe function Jdc deﬁned by
’ 2C ’

In view of the assumption that f is lower semicontinuous, it follows that g.(z, w)
is lower semicontinuous. We also have that g.(z,w) > —oo for all (x,w) and
ge(z,w) < oo for at least one vector (x,w). Moreover, since f(z) is convex by
assumption, g.(x,w) is convex in (z,w), even strictly convex in w.

Note that by definition, we have

€Cf(llf) = H’uljf gc(za ’LU),

P.f(z) = argmin g.(z, w).

(a) In order to show that cy is oo, it suffices to show that e.f(0) > —oo for all
¢ > 0. This will follow from Weierstrass’ Theorem, once we show the boundedness
of the level sets of g.(0,-). Assume the contrary, i.e., there exists some a € R
and a sequence {x} such that ||zx| — oo and

1
90(0, ) = f(ax) + o lol* <o Yk (2.11)

Assume without loss of generality that ||zx| > 1 for all k. We fix an zo with

f(zo) < co. We define
1

Tk = 77—
[l

€ (0,1),
and
Tk = (1 — Tk)xo + T Tk

Since ||zk|| — oo, it follows that 7, — 0. Using Eq. (2.11) and the convexity of
f, we obtain

F@)< (1= 75) f(wo) + 7 f (k)

)
< (1= 7)f (@) +7rer = 2 o

Taking the limit as & — oo in the above equation, we see that f(Tr) — —oo. It
follows from the definitions of 74, and =) that

[Zkll < 111 = 7l llzoll + {17 [kl
< llwoll + 1.
Therefore, the sequence {Zx} is bounded. Since f is lower semicontinuous, Weier-
strass’ Theorem suggests that f is bounded from below on every bounded subset

of ™. Since the sequence {Zy} is bounded, this implies that the sequence f(Tx)
is bounded from below, which contradicts the fact that f(Zr) — oo. This proves
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that the level sets of the function ¢.(0,-) are bounded. Therefore, using Weier-
strass’ Theorem, we have that the infimum in e.f(0) = inf,, g.(0,w) is attained,
and e f(0) > —oo for every ¢ > 0. This shows that the supremum cy of all ¢ > 0,
such that e.f(x) > —oo for some z € R", is oco.

(b) Since the value ¢y is equal to co by part (a), it follows that e.f and P.f have
all the properties given in Exercise 2.13 for all ¢ > 0: The set P, f(x) is nonempty
and compact, and the function e. f(z) is finite for all z, and is continuous in (z, ¢).
Consider a sequence {wy} with wy € Pe, f(zx) for some sequences zx — x and
¢k — ¢ > 0. Then, it follows from Exercise 2.13(b) that the sequence {wy}
is bounded and all its limit points belong to the set P, f(z ). Since g.(z,w) is
strictly convex in w, it follows from Prop. 2.1.2 that the proximal mapping P. f is
single-valued. Hence, we have that P.f(z) — P. f(z ) whenever (z,¢) — (z ,c )
with ¢ > 0.

(c) The envelope function e, f is convex by Exercise 2.15 [since g.(x,w) is convex
in (z,w)], and continuous by Exercise 2.13. We now prove that it is differentiable.
Consider any point 7, and let w = P.f(Z). We will show that e. f is differentiable
at T with

Veof(m) = -1
Equivalently, we will show that the function h given by

(z - w)

hw) = eef @+ ) — eef (@) — T
is differentiable at 0 with VA(0) = 0. Since W = P.f(Z), we have

u (2.12)

— — 1 _ 2
eof (@) = f(@) + 5|7~ 7,
whereas 1
eef(@+u) < f(@)+ 5 [[w - @+w)|?  Vu,
so that

1, _ 2 1, _ 9 1
< — — [ — — =
W) < o[~ (@ -+ 0)|* — o[ — 7 — -

@ —w)u= iHuHQ, Vau (213)

Since e.f is convex, it follows from Eq. (2.12) that h is convex, and therefore,
1 1 1 1
= =h(= (- < = Zh(—
0 = h(0) h(2u+ 5 u)) < Sh(w) + 5h(-w),
which implies that hA(u) > —h(—u). From Eq. (2.13), we obtain
1 2 1 e
Ch(—w) > —— — -
O e [
which together with the preceding relation yields
M) >~ -l Vo
Thus, we have
1
|h(u)| < %HUHQ, Vu,

which implies that h is differentiable at 0 with VA(0) = 0. From the formula
for Ve.f(-) and the continuity of P.f(-), it also follows that e. is continuously
differentiable.
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2.15

(a) In view of the assumption that int(C1) and C2 are disjoint and convex [cf
Prop. 1.2.1(d)], it follows from the Separating Hyperplane Theorem that there
exists a vector a # 0 such that

az <axa, YV z1 € int(Ch), VY z2 € Ch.
Let b = inf,, ¢, a x2. Then, from the preceding relation, we have
azx<b, vV z € int(Ch). (2.14)

We claim that the closed halfspace {z | a z > b}, which contains C2, does not
intersect int(Ch).

Assume to arrive at a contradiction that there exists some Z1 € int(Ch)
such that a Ty > b. Since T1 € int(C1), we have that there exists some € > 0
such that T; + ea € int(C1), and

a (T + €a) > b+ €|al|® > b.
This contradicts Eq. (2.14). Hence, we have

int(C1) C {z | a z < b}.

(b) Consider the sets

C, = {(331,962) | z1 = 0},
Ch = {(xl,ilIQ) | x1 >0, xax1 > 1}.

These two sets are convex and C5 is disjoint from ri(C1), which is equal to Ci. The
only separating hyperplane is the z2 axis, which corresponds to having a = (0, 1),
as defined in part (a). For this example, there does not exist a closed halfspace
that contains Cs but is disjoint from ri(Cy).

2.16

If there exists a hyperplane H with the properties stated, the condition M N
ri(C) = @ clearly holds. Conversely, if M Nri(C) = ¢, then M and C can be
properly separated by Prop. 2.4.5. This hyperplane can be chosen to contain
M since M is affine. If this hyperplane contains a point in ri(C'), then it must
contain all of C' by Prop. 1.4.2. This contradicts the proper separation property,
thus showing that ri(C) is contained in one of the open halfspaces.
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2.17 (Strong Separation)

(a) We first show that (i) implies (ii). Suppose that C; and C2 can be separated
strongly. By definition, this implies that for some nonzero vector a € ", b € R,
and € > 0, we have

Ci+eB C{z|az>b}

Ca+eB C{z|azx<b},

where B denotes the closed unit ball. Since a # 0, we also have
inf{fay |y e B} <0, sup{a y | y € B} > 0.
Therefore, it follows from the preceding relations that
b<inflax+eay|z e Ciry€ B} <inf{faz|ze Ci},

b>sup{fax+eay|xeCaye B} >supf{ax|zeCa}.

Thus, there exists a vector a € "™ such that

inf a x> sup az,
z Cp xz Co

proving (ii).

Next, we show that (ii) implies (iii). Suppose that (ii) holds, i.e., there
exists some vector a € R" such that

inf a x> sup ax, (2.15)
C1 xz Co

x

Using the Schwartz inequality, we see that

0< inf ax— sup ax

z C xz Co
— inf _
o ol ¢ (0=
< inf |la]||lz1 — z2]|.
zy Cp, gy C2
It follows that
inf |{E1 — {EQH > 07

zy Cp,22 Cg |
thus proving (iii).

Finally, we show that (iii) implies (i). If (iii) holds, we have for some € > 0,

inf |z1 — z2|| > 2¢ > 0.
1 Cp,z9 Co

From this we obtain for all 1 € C1, all z2 € Cs, and for all y1, y2 with |ly1] <,
2]l <'e,

(@1 +y1) = (22 +y2)[| > 21 = 22| = [l ]l = [[g2]l >0,
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which implies that 0 ¢ (C1 +¢eB) — (C2 +€B). Therefore, the convex sets C1+€B
and C2 + eB are disjoint. By the Separating Hyperplane Theorem, we see that
C1 + eB and C3 + €B can be separated, i.e., C1 + €¢B and Cs + ¢B lie in opposite
closed halfspaces associated with the hyperplane that separates them. Then,
the sets C1 + (¢/2)B and C2 + (¢/2)B lie in opposite open halfspaces, which by
definition implies that C7 and C3 can be separated strongly.

(b) Since C; and Cs are disjoint, we have 0 ¢ (Cy — C2). Any one of conditions
(2)-(5) of Prop. 2.4.3 imply condition (1) of that proposition (see the discussion
in the proof of Prop. 2.4.3), which states that the set C1 — C> is closed, i.e.,

cl(Cl — 02) = 01 — CQ.
Hence, we have 0 ¢ cl(Cy — C3), which implies that

inf |1 — z2|| > 0.
zy Cp,zp Cg

From part (a), it follows that there exists a hyperplane separating C; and Cs
strongly.

2.18

(a) If C1 and C5 can be separated properly, we have from the Proper Separation
Theorem that there exists a vector a # 0 such that

inf axz > sup az, (2.16)
z Op xz Co
sup a x > inf ax. (2.17)
z Cq z O
Let
b= sup az. (2.18)
xz Co

and consider the hyperplane
H={z|axz="0}
Since C=2 is a cone, we have
Aaz=a(Az) <b< oo, Vezely, VA>O0.

This relation implies that a x < 0, for all z € Cs, since otherwise it is possible to
choose A large enough and violate the above inequality for some x € C>. Hence,
it follows from Eq. (2.18) that b < 0. Also, by letting A — 0 in the preceding
relation, we see that b > 0. Therefore, we have that b = 0 and the hyperplane H
contains the origin.

(b) If Cy and C-> can be separated strictly, we have by definition that there exists
a vector a # 0 and a scalar § such that

axe < fP<awx, Vo, €C1, Vuxe (. (2.19)
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We choose b to be

b= sup az, (2.20)
xz Co

and consider the closed halfspace
K={z|axz<b},
which contains C5. By Eq. (2.19), we have
b<pB<ar, Ve C,

so the closed halfspace K does not intersect C'.

Since C> is a cone, an argument similar to the one in part (a) shows that
b = 0, and hence the hyperplane associated with the closed halfspace K passes
through the origin, and has the desired properties.

2.19 (Separation Properties of Cones)

(a) C is contained in the intersection of the homogeneous closed halfspaces that
contain C, so we focus on proving the reverse inclusion. Let « ¢ C. Since C is
closed and convex by assumption, by using the Strict Separation Theorem, we
see that the sets C' and {z} can be separated strictly. From Exercise 2.18(c), this
implies that there exists a hyperplane that passes through the origin such that
one of the associated closed halfspaces contains C, but is disjoint from z. Hence,
if z ¢ C, then z cannot belong to the intersection of the homogeneous closed
halfspaces containing C', proving that C contains that intersection.

(b) A homogeneous halfspace is in particular a closed convex cone containing
the origin, and such a cone includes X if and only if it includes cl(cone(X)).
Hence, the intersection of all closed homogeneous halfspaces containing X and
the intersection of all closed homogeneous halfspaces containing cl (cone(X )) co-
incide. From what has been proved in part(a), the latter intersection is equal to
cl(cone(X)).

2.20 (Convex System Alternatives)
(a) Consider the set
C = {u | there exists an x € X such that g;(z) <wuj, 7=1,... ,r},
which may be viewed as the projection of the set
M= {(m,u) |z € X, gj(z) < uyj, jzl,...,r}

on the space of u. Let us denote this linear transformation by A. It can be seen
that
R]WQN(A) = {(yvo) |y€RxﬁR91 .“ng'r )
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where Rjs denotes the recession cone of set M. Similarly, we have
Ly NN(A) = {(y,0) |y € Lx N Lgy ---N Ly, },
where Ljs denotes the lineality space of set M. Under conditions (1), (2), and
(3), it follows from Prop. 1.5.8 that the set AM = C'is closed. Similarly, under
condition (4), it follows from Exercise 2.7(b) that the set AM = C'is closed.
By assumption, there is no vector x € X such that

gl(z) S 07 e 7gT($) S 0.
This implies that the origin does not belong to C'. Therefore, by the Strict Sep-
aration Theorem, it follows that there exists a hyperplane that strictly separates
the origin and the set C, i.e., there exists a vector p such that

0<e<pu, VueC. (2.21)
This equation implies that x> 0 since for each u € C, we have that (u1,...,u; +
Y, ... ur) € C for all j and v > 0. Since (gl(m),...,gr(;v)) € C for all z € X,
Eq. (2.21) yields

pigr(x) 4+ -+ prgr(z) > €, VzelX. (2.22)
(b) Assume that there is no vector x € X such that

g1(z) <0,...,9,(z) <0.

This implies by part (a) that there exists a positive scalar €, and a vector u € R"
with p > 0, such that

pigi() + -+ prge(r) 26, VzeX.

Let x be an arbitrary vector in X and let j(x) be the smallest index that satisfies
j(z) = argmaxj—1,...r g;(x). Then Eq. (2.22) implies that for all z € X

€< i@ <Y 1) (@) = gicay () Y -
Jj=1 Jj=1 J=1

Hence, for all z € X, there exists some j(x) such that
i) (T) > € >0
i(2) (%) 2 =< .
! Z]’:l Hj

This contradicts the statement that for every € > 0, there exists a vector x € X
such that

g1(z) <e€....g-(z) <,

and concludes the proof.
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2.21

C is contained in the intersection of the closed halfspaces that contain C' and
correspond to nonvertical hyperplanes, so we focus on proving the reverse inclu-
sion. Let z ¢ C. Since by assumption C' does not contain any vertical lines, we
can apply Prop. 2.5.1, and we see that there exists a closed halfspace that cor-
respond to a nonvertical hyperplane, containing C' but not containing z. Hence,
if x ¢ C, then x cannot belong to the intersection of the closed halfspaces con-
taining C' and corresponding to nonvertical hyperplanes, proving that C' contains
that intersection.

2.22 (Min Common/Max Crossing Duality)

(a) Let us denote the optimal value of the min common point problem and the
max crossing point problem corresponding to conv(M) by Weony(ar) A Geony (ar)s
respectively. In view of the assumption that M is compact, it follows from Prop.
1.3.2 that the set conv(M) is compact. Therefore, by Weierstrass’ Theorem,
Weonv(ar), defined by

inf

Weonv(a) = (0,w) lconv(l\/l)

is finite. It can also be seen that the set

conv(M) = {(u,w) | there exists w with w < w and (u,w) € conv(M)}

is convex. Indeed, we consider vectors (u,w) € conv(M) and (u,w) € conv(M),
and we show that their convex combinations lie in conv(M). The definition of
conv(M) implies that there exists some wys and war such that

wy < w, (u,wpr) € conv(M),

wy < W, (@, Wn) € conv(M).

For any « € [0,1], we multiply these relations with a and (1 — «), respectively,
and add. We obtain

awy + (1 —a)om < aw+ (1 — ).

In view of the convexity of conv(M), we have a(u,wn) + (1 — a)(@, wm) €
conv(M), so these equations imply that the convex combination of (u,w) and
(@, w) belongs to conv(M). This proves the convexity of conv(M).

Using the compactness of conv(M), it can be shown that for every sequence
{(uk,wk)} C conv(M) with uy — 0, there holds weqny(ary < liminfy . co wy.
Let {(uk,wk)} C conv(M) be a sequence with up — 0. Since conv(M) is
compact, the sequence {(uk,wk)} has a subsequence that converges to some
(0,@) € conv(M). Assume without loss of generality that {(uk, wk)} converges
to (0,@). Since (0,w) € conv(M), we get

Weonv(M) <w= hkn'l inf wg.

— oo
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Therefore, by Min Common/Max Crossing Theorem I, we have

Weonv(M) = Geonv(M)- (223)

Let ¢ be the optimal value of the max crossing point problem corresponding to
M, ie.,
q = sup q(p),
womn
where for all u € R"
q(p) = inf {w+pul.
()= inf | {wtuu)
We will show that ¢ = wqp,(ar)- For every p € R, g(n) can be expressed as
g(p) = infy arc z, where ¢ = (u, 1) and = (u, w). From Exercise 2.23, it follows
that minimization of a linear function over a set is equivalent to minimization
over its convex hull. In particular, we have

— inf = inf
q(M) zlnxcx T cl)rriv(X)cx,

from which using Eq. (2.23), we get

q = Geconv(M) = Weonv(M)s

proving the desired claim.

(b) The function f is convex by the result of Exercise 2.23. Furthermore, for all
z € dom(f), the infimum in the definition of f(z) is attained. The reason is that,
for z € dom(f), the set {w | (z,w) € M} is closed and bounded below, since
M is closed and does not contain a halfline of the form {(;t,w +a)|a< ()}.
Thus, we have f(z) > —oo for all z € dom(f), while dom(f) is nonempty, since
M is nonempty in the min common/max crossing framework. It follows that f
is proper. Furthermore, by its definition, M is the epigraph of f. Finally, to
show that f is closed, we argue by contradiction. If f is not closed, there exists
a vector = and a sequence {xj} that converges to = and is such that

f(x) > klirr;o f(zr).

We claim that limy . oo f(2zk) is finite, i.e., that limg . oo f(xx) > —oco. Indeed, by
Prop. 2.5.1, the epigraph of f is contained in the upper halfspace of a nonvertical
hyperplane of R"*!. Since {z)} converges to x, the limit of {f(xk)} cannot be
equal to —oo. Thus the sequence (mk, f(:ck)), which belongs to M, converges to
(:v,limkqoo f(xk)) Therefore, since M is closed, (:v,limkqoo f(:ck)) € M. By the
definition of f, this implies that f(z) < limg . e f(z1), contradicting our earlier
hypothesis.

(c) We prove this result by showing that all the assumptions of Min Com-
mon/Max Crossing Theorem I are satisfied. By assumption, w < oo and
the set M is convex. Therefore, we only need to show that for every sequence
{uk,wr} C M with ur — 0, there holds w < liminf . co Wi.
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Consider a sequence {ug,wr} C M with up — 0. If liminfy . oo wr = o0,
then we are done, so assume that liminfy _ e wr = @ for some scalar w. Since
M C M and M is closed by assumption, it follows that (0,@) € M. By the
definition of the set M, this implies that there exists some @ with @ < @ and
(0,w) € M. Hence we have

w = inf w<w<w=liminfwg,
0,w) M k — oo

proving the desired result, and thus showing that ¢ = w .

2.23 (An Example of Lagrangian Duality)
(a) The corresponding max crossing problem is given by

q = sup q(p),
pwoom

where g(u) is given by

(u,w)

a(p) = inf {w+pu}= nf {f(w)JrZui(eim—di)}

(b) Consider the set

M = {(ul,...,um,w) | 3 € X such that e;z — d; = ui, Vi, f(z) gw}.

We show that M is convex. To this end, we consider vectors (u,w) € M and
(@, w) € M, and we show that their convex combinations lie in M. The definition
of M implies that for some z € X and & € X, we have

f(@)
f(@)

IA
g

, er—di =u;, 1=1,...,m,

IN
IS
2

, e;r—di=1u;,, i=1,...,m.

For any a € [0, 1], we multiply these relations with « and 1-«, respectively, and
add. By using the convexity of f, we obtain

f(am—i—(l —oa)i’) <af(z)+(1-a)f(@) <aw+ (1 —a)w,

ei(aa:—i—(l—a)i‘)—di:aui—l—(l—a)ﬂi, i=1,...,m.

In view of the convexity of X, we have az+(1—a)Z € X, so these equations imply
that the convex combination of (u,w) and (&, @) belongs to M, thus proving that
M is convex.

(¢) We prove this result by showing that all the assumptions of Min Com-
mon/Max Crossing Theorem I are satisfied. By assumption, w is finite. It

follows from part (b) that the set M is convex. Therefore, we only need to
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show that for every sequence {(uk,wk)} C M with ur — 0, there holds w <
lim infy _ co wg.

Consider a sequence {(uk,wk)} C M with uxr, — 0. Since X is compact
and f is convex by assumption (which implies that f is continuous by Prop.
1.4.6), it follows from Prop. 1.1.9(c) that set M is compact. Hence, the sequence
{(uk, wk)} has a subsequence that converges to some (0,w) € M. Assume with-
out loss of generality that {(uk, wk)} converges to (0,w). Since (0,w) € M, we
get

w = inf w <w = liminfwy,
0,w) M k — oo

proving the desired result, and thus showing that ¢ = w .

(d) We prove this result by showing that all the assumptions of Min Com-
mon/Max Crossing Theorem II are satisfied. By assumption, w is finite. It
follows from part (b) that the set M is convex. Therefore, we only need to show
that the set

D= {(elw—dl,...,emx—dm) \ xGX}

contains the origin in its relative interior. The set D can equivalently be written
as
D=F- X —d,

where F is a matrix, whose rows are the vectors e;, ¢ = 1,...,m, and d is a
vector with entries equal to d;, i = 1,...,m. By Prop. 1.4.4 and Prop. 1.4.5(b),
it follows that

ri(D) = E -ri(X) — d.

Hence the assumption that there exists a vector T € ri(X) such that EZ —d =0
implies that 0 belongs to the relative interior of D, thus showing that ¢ = w
and that the max crossing problem has an optimal solution.

2.24 (Saddle Points in Two Dimensions)

We consider a function ¢ of two real variables z and z taking values in compact
intervals X and Z, respectively. We assume that for each z € Z, the function
@(+, z) is minimized over X at a unique point denoted Z(z), and for each x € X,
the function ¢(z,-) is maximized over Z at a unique point denoted 2(z),

Z(z) = arg mi}l} oz, 2), z(x) = arg max o(x, z).
Consider the composite function f : X +— X given by
f(a) = &(2()),
which is a continuous function in view of the assumption that the functions #(z)
and 2(z) are continuous over Z and X, respectively. Assume that the compact
interval X is given by [a,b]. We now show that the function f has a fixed point,
i.e., there exists some z € [a, b] such that

flz )=z .
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Define the function g : X — X by

g() = f(z) - .

Assume that f(a) > a and f(b) < b, since otherwise we are done. We have
g9(a) = f(a) —a >0,

g(b) = f(b) ~b < 0.

Since g is a continuous function, the preceding relations imply that there exists
some z € (a,b) such that g(z ) =0, i.e., f(z ) =z . Hence, we have

Denoting 2(z ) by z , we get
z =x(z ), z =z2(z ). (2.24)
By definition, a pair (Z,Z) is a saddle point if and only if
max 6(%, 2) = 6(F.7) = min o(a, 3

or equivalently, if = (Z) and Z = 2(Z). Therefore, from Eq. (2.24), we see that
(z ,z ) is a saddle point of ¢.

We now consider the function ¢(z,z) = 22 4+ 2% over X = [0,1] and Z =
[0,1]. For each z € [0, 1], the function ¢(-, z) is minimized over [0, 1] at a unique
point Z(z) = 0, and for each z € [0, 1], the function ¢(z,-) is maximized over
[0,1] at a unique point 2(z) = 1. These two curves intersect at (z ,z ) = (0, 1),
which is the unique saddle point of ¢.

2.25 (Saddle Points of Quadratic Functions)

Let X and Z be closed and convex sets. Then, for each z € Z, the function
t.: R" — (—00, 00| defined by

t(z) = {¢(x,z) ifx e X,

o0 otherwise,

is closed and convex in view of the assumption that @ is a positive semidefinite
symmetric matrix. Similarly, for each € X, the function 7 : R — (—o00, c0]
defined by
[ =¢(z,2) ifzeZ,
ra(2) = {oo otherwise,

is closed and convex in view of the assumption that R is a positive semidefinite
symmetric matrix. Hence, Assumption 2.6.1 is satisfied. Let also Assumptions

2.6.2 and 2.6.3 hold, i.e,

inf sup ¢(z, z) < oo,
z X, g
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and
—oo < sup inf ¢(z, z).
2 zx X
By the positive semidefiniteness of @, it can be seen that, for each z € Z, the
recession cone of the function ¢, is given by

Ry, =RxNN(Q)N{y|y Dz <0},

where Rx is the recession cone of the convex set X and N(Q) is the null space
of the matrix ). Similarly, for each z € Z, the constancy space of the function
t. is given by

L, = Lx NN(Q)N{y | y Dz = 0},

where Lx is the lineality space of the set X. By the positive semidefiniteness of
R, for each x € X, it can be seen that the recession cone of the function r, is
given by

Ry, = Rz N N(R) N {y | = Dy > 0},

where Rz is the recession cone of the convex set Z and N(R) is the null space of
the matrix R. Similarly, for each x € X, the constancy space of the function r5
is given by

where Lz is the lineality space of the set Z.
If
() Be. ={0}, and () R., = {0}, (2.25)
z Z z X

then it follows from the Saddle Point Theorem part (a), that the set of saddle
points of ¢ is nonempty and compact. [In particular, the condition given in Eq.
(2.25) holds when @ and R are positive definite matrices, or if X and Z are
compact.]

Similarly, if

(YR = ()L, and () Reo= () Lras
z Z z Z

z X z X

then it follows from the Saddle Point Theorem part (b), that the set of saddle
points of ¢ is nonempty.
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LAST UPDATE April 3, 2004

CHAPTER 3: SOLUTION MANUAL

3.1 (Cone Decomposition Theorem)

(a) Let & be the projection of z on C', which exists and is unique since C'is closed
and convex. By the Projection Theorem (Prop. 2.2.1), we have

(x—2)(y—2)<0, VyeCl.

Since C' is a cone, we have (1/2)Z € C and 23 € C, and by taking y = (1/2)z
and y = 22 in the preceding relation, it follows that

(x—2)z=0.
By combining the preceding two relations, we obtain
(x—2)y<0, Vyedl,

implying that z —z € C .
Conversely, if £ € C, (x — %) £ =0, and z — & € C , then it follows that

(x—2)(y-2)<0, Vyed,
and by the Projection Theorem, Z is the projection of z on C.

(b) Suppose that property (i) holds, i.e., 1 and z2 are the projections of x on C'
and C |, respectively. Then, by part (a), we have

r1 € C, (x—z1) 21 =0, z—x21€C .
Let y = x — x1, so that the preceding relation can equivalently be written as
r—yeC=(C), y (x—y) =0, yeC .

By using part (a), we conclude that y is the projection of x on C' . Since by the
Projection Theorem, the projection of a vector on a closed convex set is unique,
it follows that y = x2. Thus, we have x = 1 + z2 and in view of the preceding
two relations, we also have 1 € C, z2 € C' , and z,22 = 0. Hence, property (ii)
holds.

Conversely, suppose that property (ii) holds, i.e., z = 1 + z2 with z1 € C,
z9 € C , and 122 = 0. Then, evidently the relations

z1 € C, (x —z1) 21 =0, r—x1€C,

z2€C (x —x2) 22 =0, r—x2€C

are satisfied, so that by part (a), 1 and z2 are the projections of z on C' and
C , respectively. Hence, property (i) holds.



3.2
IfaeC +{z||z| <~/B}, then

+a with ae€C and || <~v/8.

Q>

a =

Since C is a closed convex cone, by the Polar Cone Theorem (Prop. 3.1.1), we
have (C' ) = C, implying that for all « in C with ||z|| < 3,

ar<0  and  aw<|al- |l <.

\
Hence,
az=(a+a)z <, Vel with ||z|| <8,

thus implying that
a; <.
ezpw o=
Conversely, assume that a z < « for all x € C with ||z|| < 8. Let @ and @
be the projections of a on C' and C, respectively. By the Cone Decomposition
Theorem (cf. Exercise 3.1), we have a=a+a witha € C ,a€ C, and aa = 0.
Since a « < 7y for all z € C with ||z|| < 8 and @ € C, we obtain

a a
— 3= 1(a a) —0 = |la <
0 B =G s =g <o,

implying that ||a|| < +/8, and showing that a € C' + {m | |z < ’y/ﬁ}

3.3

Note that aff(C') is a subspace of R™ because C' is a cone in R". We first show
that
Le = (aff(0))

Let y € Lo . Then, by the definition of the lineality space (see Chapter 1), both
vectors y and —y belong to the recession cone Rc . Since 0 € C , it follows that
0+ y and 0 — y belong to C' . Therefore,

ywSO, (_y)$§07 VIEC7

implying that
yx =0, Vzedl. (3.1)

Let the dimension of the subspace aff (C') be m. By Prop. 1.4.1, there exist vectors
Z0,Z1,...,Tm in ri(C) such that 1 — zo, ..., Tm — xo span aff (C'). Thus, for any
z € aff(C), there exist scalars 31, ..., Bm such that

= Zﬁz(mz - 3?0).
i=1
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By using this relation and Eq. (3.1), for any z € aff(C'), we obtain
yz=> By (zi— ) =0,
i=1

implying that y € (afT(C’)) . Hence, Lc C (aff(C’))
Conversely, let y € (aff(C’)) , so that in particular, we have

yx =0, (—y) z=0, Vel

Therefore, 0+ay € C and 0+ a(—y) € C for all & > 0, and since C' is a closed
convex set, by the Recession Cone Theorem(b) [Prop. 1.5.1(b)], it follows that y
and —y belong to the recession cone Rc . Hence, y belongs to the lineality space

of C', showing that (aff(C)) C Lc  and completing the proof of the equality
Le = (aff (C))

By definition, we have dim(C') = dim (aff(C)) and since Lo = (aff(C)) ,
we have dim(L¢ ) = dim((aff(C)) ) This implies that

dim(C) + dim(L¢c ) = n.

By replacing C with C' in the preceding relation, and by using the Polar
Cone Theorem (Prop. 3.1.1), we obtain

dim(C ) +dim(Lc ) ) = dim(C ) + dim(Leiconv(c))) = n-

Furthermore, since
Lconv(C) - Lcl(conv(C))7

it follows that

dim(C' ) + dim (Leonv(cy) < dim(C' ) + dim (Ley(eonv(cy)) = 7

3.4 (Polar Cone Operations)

(a) It suffices to consider the case where m = 2. Let (y1,y2) € (C1 x C2) . Then,
we have (y1,y2) (z1,22) <0 for all (z1,22) € C1 X Ca, or equivalently

Y121 + yax2 < 0, Vi, €C1, Vaze(Cs.

Since C2 is a cone, 0 belongs to its closure, so by letting x2 — 0 in the preceding
relation, we obtain y;z1 < 0 for all z; € C4, showing that y; € C;. Similarly, we
obtain y2 € Cy, and therefore (y1,y2) € C; x Cs, implying that (C1 x C2) C
C, x Cy.



Conversely, let y1 € C; and y2 € Cy. Then, we have
(y1,92) (w1,m2) = Y121 + Yoz <0, Va,eC, Vae (o,

implying that (y1,y2) € (C1 x C2) , and showing that C; x Cy C (C1 X C2) .

(b) A vector y belongs to the polar cone of U; ;C; if and only if y z < 0 for all
x € C; and all ¢ € I, which is equivalent to having y € C; for every i € I. Hence,
y belongs to (Ui IC’Z') if and only if y belongs to N; 1C; .

(c) Let y € (C1 4 C2) , so that
Yy (:Ii’l =+ 1’2) <0, Vx € Ch, Y xo € Cs. (32)

Since the zero vector is in the closures of C; and Cb2, by letting xo — 0 with
z2 € Co in Eq. (3.2), we obtain

yaclg(), V:cleCh
and similarly, by letting 1 — 0 with z1 € C; in Eq. (3.2), we obtain
yx2 <0, YV z2 € Ca.

Thus, y € C, N Cy, showing that (C1 + C2) C C; NCy.
Conversely, let y € C; N Cy. Then, we have

yr1 <0, V€ Ch,

yx2 <0, V2 € Oy,

implying that
y($1+$2)§0, Vx,€Cy, Ve (s

Hence y € (C1 + C2) , showing that C; N Cy C (Ch + C2) .

(d) Since C; and C are closed convex cones, by the Polar Cone Theorem (Prop.
3.1.1) and by part (b), it follows that

CinNCy=(Cy) N(Cy) =(C1 +Cy) .
By taking the polars and by using the Polar Cone Theorem, we obtain
(CiNC2) =((C1+Ca) ) =cl(conv(Cy + Cy)).
The cone C; 4+ C, is convex, so that
(CinC2) =cl(Cy +Cy).
Suppose now that ri(Cy) Nri(C2) # &. We will show that C; + Cy is

closed by using Exercise 1.43. According to this exercise, if for any nonempty
closed convex sets C; and Cs in 1", the equality y1 +y2 = 0 with y1 € R51 and
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Y2 € R52 implies that 71 and y2 belong to the lineality spaces of C; and Co,
respectively, then the vector sum Cy + Cy is closed.

Let y1 + y2 = 0 with y1 € RC1 and y2 € Rcz' Because C; and C5 are
closed convex cones, we have Rcl = () and R02 = (Cy, so that y1 € C; and

y2 € Cy. The lineality space of a cone is the set of vectors y such that y and
—y belong to the cone, so that in view of the preceding discussion, to show that
C, + C, is closed, it suffices to prove that —y; € C; and —y2 € Cs.

Since y1 = —y2 and y1 € (1, it follows that

yox > 0, VaxeC, (3.3)
and because y2 € Cy, we have
yox < 0, Ve Oy,
which combined with the preceding relation yields
Yor =0, VaoelCndCs. (3.4)

In view of the fact ri(C1) Nri(C2) # @, and Egs. (3.3) and (3.4), it follows that
the linear function y,x attains its minimum over the convex set C at a point in
the relative interior of C4, implying that y,x = 0 for all z € Cy (cf. Prop. 1.4.2).
Therefore, y2 € C; and since y2 = —y1, we have —y; € C;. By exchanging the
roles of y1 and y2 in the preceding analysis, we similarly show that —y2 € Cj,
completing the proof.

(e) By drawing the cones C71 and Cs, it can be seen that ri(C1) Nri(C2) = @ and

CinCsy = {(Il,.’rz,l’g,) ‘ r1 =0, x2o = —x3, v3 < 0}7

Cr = {1, y2,53) | i + 45 <3, ys >0},

Cg = {(Zl,ZQ,Zg) | zZ1 = 07 Z9 = Zg}‘

Clearly, 1 +z2 + 23 = 0 for all x € C1 N Cy, implying that (1,1,1) € (C1NC2) .
Suppose that (1,1,1) € C; 4+ Cy, so that (1,1,1) = (y1,y2,y3) + (21, 22, 23) for
some (y1,y2,y3) € C1 and (z1, 22,23) € Cy, implying that y1 = 1, y2 = 1 — 22,
ys = 1 — zo for some zo € R. However, this point does not belong to C,,
which is a contradiction. Therefore, (1,1,1) is not in C; + C,. Hence, when
ri(C1) Nri(C2) = @, the relation

(01 ﬂC’g) :Ol +02

may fail.



3.5 (Linear Transformations and Polar Cones)

We have y € (AC) if and only if y Az < 0 for all x € C, which is equivalent
to (Ay)z <0 for all x € C. This is in turn equivalent to Ay € C . Hence,
y € (AC) if and only if y € (A)™!-C , showing that

(AC) =) .C . (3.5)
We next show that for a closed convex cone K C ™, we have
(ATHK) =c(AK ).

Let y € (A_1 . K) and to arrive at a contradiction, assume that y & cl(A K ).
By the Strict Separation Theorem (Prop. 2.4.3), the closed convex cone cl(A K )
and the vector y can be strictly separated, i.e., there exist a vector a € R" and
a scalar b such that

ar<b<ay, VazecAK).

If az > 0 for some z € cl(A K ), then since cl(A K ) is a cone, we would
have Az € cl(A K ) for all A > 0, implying that a (Ax) — oo when A — oo,
which contradicts the preceding relation. Thus, we must have a z < 0 for all
xz € cl(A K ), and since 0 € cl(A K ), it follows that

sup ax=0<b<ay. (3.6)
z cl(A K )

Therefore, a € (cl(A K )) , and since (CI(A K )) C (AK ) , it follows that
a € (AK ) .Inview of Eq. (3.5) and the Polar Cone Theorem (Prop. 3.1.1), we
have

(AK) =A(K ) =47" K,

implying that a € A~ - K. Because y € (A_l -K) , it follows that y a < 0,
contradicting Eq. (3.6). Hence, we must have y € cl(A K ), showing that

(ATHK) Ca(AK ).

To show the reverse inclusion, let y € A K and assume, to arrive at a con-
tradiction, that y ¢ (A™" - K) . By the Strict Separation Theorem (Prop. 2.4.3),
the closed convex cone (A7 - K) and the vector y can be strictly separated, i.e.,
there exist a vector @ € R™ and a scalar b such that

ar<b<ay, Vzec(AT - K).

Similar to the preceding analysis, since (A™* - K) is a cone, it can be seen that

sup az=0<b<ay, (3.7)
z (A71.K)



implying that @ € ((A_1 ‘K) ) . Since K is a closed convex cone and A is a linear
(and therefore continuous) transformation, the set A7 K is a closed convex cone.
Furthermore, by the Polar Cone Theorem, we have that ((A™'-K) ) =A""K.
Therefore, @ € A~'- K, implying that A € K. Sincey € AK ,wehavey = A v
for some v € K | and it follows that

ya=(Av)a=v Aa <0,
contradicting Eq. (3.7). Hence, we must have y € (A™! - K) , implying that
AK Cc(A™"K) .
Taking the closure of both sides of this relation, we obtain
d(AK )C (A" K),
completing the proof.

Suppose that ri(K ) N R(A) # . We will show that the cone A K is
closed by using Exercise 1.42. According to this exercise, if Rx N N(A) is a
subspace of the lineality space L of K , then

c(AK )=AK .
Thus, it suffices to verify that Rx N N(A) is a subspace of Lx . Indeed, we
will show that Rx NN(A)=Lxg NN(A).

Let y € K NN(A). Because y € K , we obtain

(—y) x>0, VoeK. (3.8)

For y € N(A ), we have —y € N(A ) and since N(A ) = R(A) , it follows that
(—y) z=0, YV z € R(A). (3.9)
In view of the relation ri(K) N R(A) # &, and Egs. (3.8) and (3.9), the linear
function (—y) z attains its minimum over the convex set K at a point in the
relative interior of K, implying that (—y) x = 0 for all z € K (cf. Prop. 1.4.2).
Hence (—y) € K , so that y € L and because y € N(A ), we see that y €

Lx NN(A). The reverse inclusion follows directly from the relation Ly C Rk
thus completing the proof.

3.6 (Pointed Cones and Bases)
(a) = (b) Since C' is a pointed cone, C' N (—C) = {0}, so that
(Cn(-0)) =xr"
On the other hand, by Exercise 3.4, it follows that
(Cn(-0)) =d(C —C),
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which when combined with the preceding relation yields cl(C — C ) = R".
(b) = (c) Since C'is a closed convex cone, by the polar cone operations of Exercise
3.4, it follows that

(Cn(-0)) =d(C —C)=R"

By taking the polars and using the Polar Cone Theorem (Prop. 3.1.1), we obtain

((Cm(fc)) ) — N (=C) = {0}. (3.10)

Now, to arrive at a contradiction assume that there is a vector & € R" such that
2 ¢ C —C . Then, by the Separating Hyperplane Theorem (Prop. 2.4.2), there
exists a nonzero vector a € R™ such that

ai>ax, VeeC —C.

If a x > 0 for some x € C —C' , then since C —C' is a cone, the right hand-side
of the preceding relation can be arbitrarily large, a contradiction. Thus, we have
azx <0foralzeC —C ,implying that a € (C — C ) . By the polar cone
operations of Exercise 3.4(b) and the Polar Cone Theorem, it follows that

(C —C) =(C) N(=C) =CN(-C).

Thus, a € C N (—C) with a # 0, contradicting Eq. (3.10). Hence, we must have
C —-C ="

(¢) = (d) Because C C aff(C' ) and —C C aff(C ), we have C —C C aff(C )
and since C — C = R", it follows that aff(C' ) = R", showing that C' has

nonempty interior.

(d) = (e) Let v be a vector in the interior of C' . Then, there exists a positive
scalar § such that the vector v 46—/ isin C' for all y € R" with y # 0, i.e.,

(wﬁﬁ) £<0, VYzeC, VyeR", y#0.

By taking y = z, it follows that

(U—F(S”:ET”)ng, VeeC, v+#0,

implying that
va+ ozl <0, Vzel, z#0.

Clearly, this relation holds for = 0, so that
v < =iz, Vzel.
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Multiplying the preceding relation with —1 and letting & = —v, we obtain

z x>0z, Vzel.

(e) = (f) Let
D:{y€C|§cy:1}.

Then, D is a closed convex set since it is the intersection of the closed convex
cone C and the closed convex set {y | # y = 1}. Obviously, 0 ¢ D. Thus, to show
that D is a base for C, it remains to prove that C' = cone(D). Take any x € C.
If = 0, then z € cone(D) and we are done, so assume that x # 0. We have by
hypothesis

z x> d|z|| >0, VeeC, z#0,

so we may define § = ;*=. Clearly, § € D and z = (& )y with £z > 0,
showing that z € cone(D) and that C' C cone(D). Since D C C, the inclusion
cone(D) C C is obvious. Thus, C' = cone(D) and D is a base for C'. Furthermore,
for every y in D, since y is also in C, we have

L=2y >0yl

showing that D is bounded and completing the proof.

(f) = (a) Since C has a bounded base, C' = cone(D) for some bounded convex
set D with 0 & cl(D). To arrive at a contradiction, we assume that the cone C' is
not pointed, so that there exists a nonzero vector d € C' N (—C), implying that d
and —d are in C. Let {\x} be a sequence of positive scalars. Since A\xd € C' for
all k and D is a base for C, there exist a sequence {py} of positive scalars and a
sequence {yx} of vectors in D such that

Ard = pryr, v k.

Therefore, yr = :—:d € D for all k and because D is bounded, the sequence {yk}
has a subsequence converging to some y € cl(D). Without loss of generality, we
may assume that yx — ¥y, which in view of yx = i—:d for all k, implies that y = ad
and ad € cl(D) for some a > 0. Furthermore, by the definition of base, we have
0 & cl(D), so that @ > 0. Similar to the preceding, by replacing d with —d, we
can show that &(—d) € cl(D) for some positive scalar &. Therefore, ad € cl(D)
and &(—d) € cl(D) with a > 0 and & > 0. Since D is convex, its closure cl(D)
is also convex, implying that 0 € cl(D), contradicting the definition of a base.
Hence, the cone C must be pointed.

3.7
Let the closed convex cone C' be polyhedral, and of the form
C:{x\ajmgm jzl,..,,r},
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for some vectors a; in R". By Farkas’ Lemma [Prop. 3.2.1(b)], we have
C = cone({al, e aT}),

so the polar cone of a polyhedral cone is finitely generated. Conversely, using the
Polar Cone Theorem, we have

cone({al,.447a7'}) = {x |a;z <0, j= 17...,1"}7

so the polar of a finitely generated cone is polyhedral. Thus, a closed convex cone
is polyhedral if and only if its polar cone is finitely generated. By the Minkowski-
Weyl Theorem [Prop. 3.2.1(c)], a cone is finitely generated if and only if it is
polyhedral. Therefore, a closed convex cone is polyhedral if and only if its polar
cone is polyhedral.

3.8

(a) We first show that C' is a subset of Rp, the recession cone of P. Let § € C,
and choose any o > 0 and x € P of the form z = )" | p;v;. Since C is a cone,
ay € C, so that t+ay € P for all « > 0. It follows that y € Rp. Hence C' C Rp.
Conversely, to show that Rp C C, let y € Rp and take any x € P. Then
x4+ ky € P for all kK > 1. Since P =V + C, where V = conv({vl,...,vm}), it
follows that
x+l@:vk+yk, Vk2>1,

with v* € V and y* € C for all ¥ > 1. Because V is compact, the sequence

{v*} has a limit point v € V, and without loss of generality, we may assume that
v® — v. Then

lim [|k7—y*| = lim " — 2| = [jv — =],
k — oo k — oo

implying that
klijgoHy - (1/k)y"|| =o.

Therefore, the sequence {(l/k)yk} converges to j. Since y* € C for all k > 1,

the sequence {(l/k)yk} is in C, and by the closedness of C, it follows that 5 € C.
Hence, Rp C C.

(b) Any point in P has the form v + y with v € conv({vl7 e ,vm}) and y € C,
or equivalently
1 1
vty =gut §(v+2y),

with v and v + 2y being two distinct points in P if y # 0. Therefore, none of the
points v + y, with v € conv({vl, e ,vm}) and y € C, is an extreme point of P
if y # 0. Hence, an extreme point of P must be in the set {v1,...,vm}. Since
by definition, an extreme point of P is not a convex combination of points in P,
an extreme point of P must be equal to some v; that cannot be expressed as a
convex combination of the remaining vectors vj, j # i.
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3.9 (Polyhedral Cones and Sets under Linear Transformations)

(a) Let A be an m x n matrix and let C' be a polyhedral cone in R". By the
Minkowski-Weyl Theorem [Prop. 3.2.1(c)], C is finitely generated, so that

T
C = {J; ‘ Jc:Zujaj, ni >0, j:l,...,r},
j=1
for some vectors ai,...,a, in R". The image of C under A is given by
T
AC={y|y=Az, z€C} = {y ‘ y=_ mAas p; >0, j=1,..-,r},
j=1
showing that AC' is a finitely generated cone in R™. By the Minkowski-Weyl

Theorem, the cone AC' is polyhedral.
Let now K be a polyhedral cone in R™ given by

K= {y|d]y§07 j:17"'7r}7
for some vectors di,...,d, in ®™. Then, the inverse image of K under A is

A" K ={z| Az € K}
={a|dAz <0, j=1,...,r}
={z|(Ad)z<0,j=1,....7},

showing that A™! - K is a polyhedral cone in R".
(b) Let P be a polyhedral set in R" with Minkowski-Weyl Representation

P—{x‘x—Zujijry, dDomi=1op 20 j=1,...m, yeC},
j=1 j=1

where v1, ..., vn, are some vectors in ™ and C is a finitely generated cone in R"
(cf. Prop. 3.2.2). The image of P under A is given by

AP ={z|z= Az, z € P}

:{z Z:ZﬂjAUj+Ay, ijzl, wi >0, 5=1,...,m, AyGAC}.
j=1

j=1

By setting Av; = w; and Ay = u, we obtain

AP—{Z

= conv({wl, e ;wm}) + AC,

Z:ijw]-+u, Z,ujzl, ni >0, j=1,...,m, ueAC}
j=1 i=1
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where w1, ..., wn € ™. By part (a), the cone AC is polyhedral, implying by the
Minkowski-Weyl Theorem [Prop. 3.2.1(c)] that AC is finitely generated. Hence,
the set AP has a Minkowski-Weyl representation and therefore, it is polyhedral
(cf. Prop. 3.2.2).

Let also @Q be a polyhedral set in ®™ given by

Q:{y|d]y§b]a jzla"'7T}a

for some vectors di,...,d, in ®™. Then, the inverse image of @Q under A is

AT Q={r| Az e @}
={a|djAz<b;, j=1,...,r}
={z|(Adj)z<b;, j=1,...,r},

showing that A™' - Q is a polyhedral set in R".

3.10

It suffices to show the assertions for m = 2.

(a) Let C1 and C> be polyhedral cones in "1 and R"2, respectively, given by
Cy={ € R |21 <0, j=1,...,m},

Co= {2 €R" | a2, <0, j=1,...,m2},

where @1, ...,Gr; and as,...,ar, are some vectors in "1 and N"2, respectively.
Define
a]:(a]70)7 V-]:17"'7r17

aj:(O’a’j)? Vj:r1+1,...,r1+r2.
We have (z1,z2) € C1 x C2 if and only if

aj$1§07 Vj:l,...,?“l,

dijSO, Vj:’l"1+1,...,7"1—|—7"2,

or equivalently
a;(z1,22) <0, Vi=1,...,m +ra.

Therefore,
C1 Xsz{xE%nﬁ'nz [aja <0, j=1,...,m +r2},

showing that C; x Cs is a polyhedral cone in R™1772,

(b) Let C1 and C2 be polyhedral cones in ™. Then, straightforwardly from the
definition of a polyhedral cone, it follows that the cone C; N C2 is polyhedral.
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By part (a), the Cartesian product C; x Cs is a polyhedral cone in R"*™.

Under the linear transformation A that maps (z1,z2) € R""™ into z; + 22 €
R™, the image A - (C1 x C2) is the set C1 + C2, which is a polyhedral cone by
Exercise 3.9(a).

(c) Let P and P» be polyhedral sets in ®"! and R"2, respectively, given by
Pr={z € R" |Gm1 <bj, j=1,...,m},

PQZ{.’L'Q € R"2 |(~lj:172 Si)j, jZl,...,T’Q},

where @1, ..., and @i, ...,ar, are some vectors in $"1 and RN"2, respectively,
and b; and b; are some scalars. By defining

a’j:(aj70)7 bJ:Z_)J7 vjzl,“‘arh
:5j7 Vi=ri+1,...,r1 + 12,

aj = (07 aj)v

b,
similar to the proof of part (a), we see that
Pix Pp={z e R |ax <b;, j=1,...,r1 + 12},

showing that P; x P> is a polyhedral set in Rritne,

(d) Let P1 and P» be polyhedral sets in ®". Then, using the definition of a
polyhedral set, it follows that the set P; N P is polyhedral.

By part (c), the set P1 x P» is polyhedral. Furthermore, under the linear
transformation A that maps (z1,22) € R into 1 + 2 € R, the image
A - (Py X P») is the set Py + P», which is polyhedral by Exercise 3.9(b).

3.11

We give two proofs. The first is based on the Minkowski-Weyl Representation of
a polyhedral set P (cf. Prop. 3.2.2), while the second is based on a representation
of P by a system of linear inequalities.

Let P be a polyhedral set with Minkowski-Weyl representation

P={x’w=2ww+y, Zuj:l, pu; 20, j=1,...,m, yGC},
j=1 j=1

where v1, ..., v, are some vectors in " and C is a finitely generated cone in R".
Let C be given by

C:{y‘yzz)\iai, Ai >0, 1'21,...,7’}7

=1

where a1, ..., a, are some vectors in R", so that

PZ{.’E ‘ x:Zujvj+Z)\iai7 ZujIL wi >0, Vi, A >0, V’L}
j=1 i=1 j=1
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We claim that
cone(P) = cone({vl, e Um, A, ..., ar}).
Since P C cone({vl, e Uy Ay ey ar}), it follows that
cone(P) C cone({vl, ey U,y G, e ar}).

Conversely, let y € cone({vl, ey Uy Gy ey aT}). Then, we have

m
y=) T+
Jj=1 2

r
)\iaiy
1

with7i; > 0 and X; > 0 for all i and j. If 7i; = O for all j, theny = >.7_| Xia; € C,
and since C' = Rp (cf. Exercise 3.8), it follows that y € Rp. Because the origin
belongs to P and y € Rp, we have 0 + y € P, implying that y € P, and

m

consequently y € cone(P). If z; > 0 for some j, then by setting 1z = Zj:l ;,
pj = p;/p for all j, and \; = i /T for all i, we obtain

y="n (Z,ujvj + Z/\iai) ;
j=1 i=1
where 7 > 0, p; > 0 with Z;n:l/.l,j =1, and \; > 0. Therefore y = 1 T with
T € P and 1 > 0, implying that y € cone(P) and showing that
cone({vl, R S S DI ar}) C cone(P).

We now give an alternative proof using the representation of P by a system
of linear inequalities. Let P be given by

P:{a:\ajmﬁbj, j:1,---,7’},

where a1,...,a, are vectors in R™ and by,...,b, are scalars. Since P contains
the origin, it follows that b; > 0 for all j. Define the index set J as follows

J={j1b; =0}

We consider separately the two cases where J # Jand J = @. If J # O,
then we will show that

cone(P) = {ac |a;z <0, j€ J},
To see this, note that since P C {x |a;z <0, j€ J}, we have
cone(P) C {w |a;z <0, j€ J}.
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Conversely, let T € {x |a;z <0, j€ J}. We will show that T € cone(P).
If £ € P, then T € cone(P) and we are done, so assume that T ¢ P, implying
that the set

J={j & J|a;x>b;} (3.11)

is nonempty. By the definition of J, we have b; > 0 for all j & J, so let

. b
p= min ——,
i J ajx

and note that 0 < p < 1. We have

aj(l’bf)gbjﬁ V]Ej

For j ¢ JU J and a;T < 0 < by, since p > 0, we still have a,;(uT) < 0 < b;. For
j € JUJand 0 < a;T < by, since p < 1, we have 0 < a;(uZ) < b;. Therefore,
uZ € P, implying that T = i(,uf) € cone(P). It follows that

{z |a;z <0, j€ J} C cone(P),
and hence, cone(P) = {x |ajz <0, j€ J}.
If J = @, then we will show that cone(P) = R". To see this, take any
T € R". If T € P, then clearly T € cone(P), so assume that T ¢ P, implying that
the set J as defined in Eq. (3.11) is nonempty. Note that b; > 0 for all j, since
J is empty. The rest of the proof is similar to the preceding case.

As an example, where cone(P) is not polyhedral when P does not contain
the origin, consider the polyhedral set P C R? given by

P = {(ml,mz) |1 >0, 22 = 1}.
Then, we have
cone(P) = {(ml,xg) | 1 >0, 22 > 0} U {(wl,mg) | x1 = 0,22 > O},

which is not closed and therefore not polyhedral.

3.12 (Properties of Polyhedral Functions)

(a) Let f1 and f2 be polyhedral functions such that dom(f1) Ndom(f2) # &. By
Prop. 3.2.3, dom(f1) and dom(f2) are polyhedral sets in ", and

f1(x)zmax{a1x+b1,...,amm+bm}, YV z € dom(f1),
fa(x) :max{alx—l—gh...,ﬁmx—i—l_)m}, Y z € dom(f2),
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where a; and @; are vectors in R", and b; and b; are scalars. The domain of

f1+ f2 coincides with dom( f1)Ndom( f2), which is polyhedral by Exercise 3.10(d).

Furthermore, we have for all € dom(f1 + f2),

fi(z) + fo(z) = max{alx +b1,..., QT + bm} + max{ala: +b1,..., @m0 + Em}
= max {aiw+b¢+6jx+l_)j}

1ism, 1=j<m

— 1S¢57Ir?,alxsjsm{ (a; +a;) = + (b; + BJ)}
Therefore, by Prop. 3.2.3, the function f; + f2 is polyhedral.
(b) Since g : R™ — (—o00, 00] is a polyhedral function, by Prop. 3.2.3, dom(g) is
a polyhedral set in R™ and g is given by
g(y):max{a1y+b1,...,amy+bm}, vV y € dom(g),
for some vectors a; in ™ and scalars b;. The domain of f can be expressed as

dom(f) = {x | f(z) < oo} = {x | g(Az) < oo} = {a: | Az € dom(g)}.

Thus, dom(f) is the inverse image of the polyhedral set dom(g) under the linear
transformation A. By the assumption that dom(g) contains a point in the range
of A, it follows that dom(f) is nonempty, while by Exercise 3.9(b), the set dom(f)
is polyhedral. Furthermore, for all x € dom(f), we have

f(z) = g(Ax)

= max{ale +b1,...,a,AT + bm}
max{(A a)z+b,...,(Aan) z+ bm}.
Thus, by Prop. 3.2.3, it follows that the function f is polyhedral.

3.13 (Partial Minimization of Polyhedral Functions)
As shown at the end of Section 2.3, we have

P(epi(F)) C epi(f) C cl(P(epi(F))).
Since the function F' is polyhedral, its epigraph
epi(F) = {(m,z,w) | F(z,2) <w, (z,w) € dom(F)}

is a polyhedral set in R %!, The set P(epi(F)) is the image of the polyhedral
set epi(F') under the linear transformation P, and therefore, by Exercise 3.9(b),
the set P(epi(F )) is polyhedral. Furthermore, a polyhedral set is always closed,
and hence

P(epi(F)) = cl(P(epi(F))).
The preceding two relations yield
epi(f) = P(epi(F)),

implying that the function f is polyhedral.
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3.14 (Existence of Minima of Polyhedral Functions)

If the set of minima of f over P is nonempty, then evidently inf, p f(z) must
be finite.

Conversely, suppose that inf; p f(x) is finite. Since f is a polyhedral
function, by Prop. 3.2.3, we have

f(x):max{a1x+b1,...,amx+bm}, V z € dom(f),
where dom(f) is a polyhedral set. Therefore,

inf = inf = inf b1, ... bm |-
Ill’le(ZE) x Prlwrdlom(f) (iC) T Prl\rdlom(f) max{alir b » @+ }

Let P = PN dom(f) and note that P is nonempty by assumption. Since P is the
intersection of the polyhedral sets P and dom(f), the set P is polyhedral. The
problem

minimize max{alm +b1,..., 0T + bm}

subject to z € P
is equivalent to the following linear program
minimize y
subject to a;x +b; <y, j=1,...,m, z€EP, yeR

By introducing the variable z = (z,y) € R™™', the vector ¢ = (0,...,0,1) €
R+ and the set

P= {(:my) lajz+b; <y, j=1,...,m, x € P, ye%},
we see that the original problem is equivalent to

minimize c¢ z

subject to z € P,

where P is polyhedral (P # @ since P # ). Furthermore, because inf, p f(z)
is finite, it follows that inf, pc z is also finite. Thus, by Prop. 2.3.4 of Chapter
2, the set Z of minimizers of ¢ z over P is nonempty, and the nonempty set
{x | z=(z,y), 2€ Z } is the set of minimizers of f over P.

3.15 (Existence of Solutions of Quadratic Nonconvex Programs
[FrW56])

We use induction on the dimension of the set X. Suppose that the dimension

of X is 0. Then, X consists of a single point, which is the global minimum of f
over X.
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Assume that, for some [ < n, f attains its minimum over every set X of
dimension less than or equal to [ that is specified by linear inequality constraints,
and is such that f is bounded over X. Let X be of the form

X:{x|a‘jm§bj7j:17"'7r}7

have dimension [ 4+ 1, and be such that f is bounded over X. We will show that
f attains its minimum over X.

If X is a bounded polyhedral set, f attains a minimum over X by Weier-
strass’ Theorem. We thus assume that X is unbounded. Using the the Minkowski-
Weyl representation, we can write X as

X={z|z=v+ay, veV,yeC, a>0},

where V' is the convex hull of finitely many vectors and C' is the intersection of a
finitely generated cone with the surface of the unit sphere {z | ||z| = 1}. Then,
for any x € X and y € C, the vector x + ay belongs to X for every positive scalar
a and

flz+ay) = f(z)+alc +zQ)y+a’y Qy.

In view of the assumption that f is bounded over X, this implies that y Qy > 0
for all y € C.

If yQy > 0 for all y € C, then, since C and V are compact, there exist
some § > 0 and v > 0 such that y Qy > d for all y € C, and (¢ +v Q)y > —~ for
allv e Vand y € C. It follows that for allv € V, y € C, and o > /6, we have

fw+ay)=f)+alc +vQ)y+a’y Qy

> f(v) + a(—y + ad)
> f(v),
which implies that
zlnﬁf f(x) - x (\l/n-{ozc) f(fl‘)
0=a=7

Since the minimization in the right hand side is over a compact set, it follows
from Weierstrass’ Theorem and the preceding relation that the minimum of f
over X is attained.

Next, assume that there exists some y € C such that ¥y Qy = 0. From
Exercise 3.8, it follows that y belongs to the recession cone of X, denoted by Rx.
If 7 is in the lineality space of X, denoted by Lx, the vector x + ay belongs to
X for every x € X and every scalar «, and we have

flx+ay)=f(z) +alc +zQ)y.
This relation together with the boundedness of f over X implies that
(c +zQ)y=0, VaoelX. (3.12)
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Let S = {7 | v € R} be the subspace generated by 7 and consider the following
decomposition of X:
X=5S4+XnS ),

(cf. Prop. 1.5.4). Then, we can write any € X as ¢ = z+ay for some z € XNS
and some scalar «, and it follows from Eq. (3.12) that f(x) = f(z), which implies
that

zini flx)y= inf f(x).

z XnS

It can be seen that the dimension of set X NS is smaller than the dimension
of set X. To see this, note that S contains the subspace parallel to the affine
hull of X NS . Therefore, § does not belong to the subspace parallel to the
affine hull of X NS . On the other hand, 3 belongs to the subspace parallel to
the affine hull of X, hence showing that the dimension of set X NS is smaller
than the dimension of set X. Since X NS C X, f is bounded over X N S |,
so by using the induction hypothesis, it follows that f attains its minimum over
X NS , which, in view of the preceding relation, is also the minimum of f over
X.

Finally, assume that ¥ is not in Lx, i.e., § € Rx, but —y ¢ Rx. The
recession cone of X is of the form

RX:{y|a’]y§0a j:]_,...,’f'}.
Since ¥ € Rx, we have

aj§<0, Vj:l,..‘,r,

and since —y ¢ Rx, the index set
J={jla;y <0}

is nonempty.
Let {zr} be a minimizing sequence, i.e.,

flxe) = f

where f = infg ;nx f(z). Suppose that for each k, we start at x; and move
along —7y as far as possible without leaving the set X, up to the point where we
encounter the vector

Tr =z — BrY,
where (i is the nonnegative scalar given by
ajmk — bj
min ————.
JJ a;y

Since ¥ € Rx and f is bounded over X, we have (¢ +z Q)y > 0 for all z € X,
which implies that
f(@x) < f(zw), vk (3.13)
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By construction of the sequence {Z }, it follows that there exists some jo € J such
that a; @i = by, for all k in an infinite index set K C {0,1,...}. By reordering
the linear inequalities if necessary, we can assume that jo = 1, i.e.,

a1 Tk = by, VEkelk.
To apply the induction hypothesis, consider the set
X={z|axz=0b1, ajz<bj, j=2,...,7},

and note that {Tk}k C X. The dimension of X is smaller than the dimension
of X. To see this, note that the set {z | a;x = b1} contains X, so that a; is
orthogonal to the subspace Sy that is parallel to aff (X). Since a;7 < 0, it follows
that 7 ¢ Ss. On the other hand, ¥ belongs to Sx, the subspace that is parallel
to aff(X), since for all k, we have z;, € X and zp — Bry € X.

Since X C X, f is also bounded over X, so it follows from the induction
hypothesis that f attains its minimum over X at some = . Because {ZTr}x C X,

and using also Eq. (3.13), we have
f@) < f@) < fa), VYheK
Since f(zr) — f , we obtain

fle)< lim flay) =f,

k—-oo, k K

and since *+ € X C X, this implies that f attains the minimum over X at z ,
concluding the proof.

3.16
Assume that P has an extreme point, say v. Then, by Prop. 3.3.3(a), the set

sz{aj|ajv:bj, jE{l,...,r}}

contains n linearly independent vectors, so the set of vectors {a; | j =1,...,r}
contains a subset of n linearly independent vectors.
Assume now that the set {a; | j =1,...,r} contains a subset of n linearly

independent vectors. Suppose, to obtain a contradiction, that P does not have
any extreme points. Then, by Prop. 3.3.1, P contains a line

L={z+\]|XeR},
where z € P and d € R" is a nonzero vector. Since L C P, it follows that a;d =0

for all j = 1,...,r. Since d # 0, this implies that the set {a1,...,ar} cannot
contain a subset of n linearly independent vectors, a contradiction.
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3.17

Suppose that z is not an extreme point of C. Then z = az1 + (1 — @)z for
some z1,x2 € C with 1 # z and z2 # z, and a scalar a € (0,1), so that
Az = aAz1 + (1 — a)Azxs. Since the columns of A are linearly independent, we
have Ay; = Ays if and only if y1 = y2. Therefore, Ax1 # Az and Azxs # Az,
implying that Ax is a convex combination of two distinct points in AC, i.e., Az
is not an extreme point of AC.

Suppose now that Az is not an extreme point of AC, so that Ax = aAx1 +
(1 — o)Az for some z1,z2 € C with Az1 # Az and Azs # Az, and a scalar
a € (0,1). Then, A(:c —ax; — (1 — a)xz) = 0 and since the columns of A are
linearly independent, it follows that © = ax1 — (1 — a)z2. Furthermore, because
Axq1 # Ax and Azy # Az, we must have x1 # x and z2 # z, implying that x is
not an extreme point of C.

As an example showing that if the columns of A are linearly dependent,
then Az can be an extreme point of AC, for some non-extreme point = of C,
consider the 1 x 2 matrix A = [1 0], whose columns are linearly dependent. The
polyhedral set C' given by

C={(z1,22) |21 20, 0 < <1}
has two extreme points, (0,0) and (0,1). Its image AC C R is given by
AC: {CEl | X1 2 0},

whose unique extreme point is 1 = 0. The point = (0,1/2) € C is not an
extreme point of C, while its image Az = 0 is an extreme point of AC. Actually,
all the points in C' on the line segment connecting (0,0) and (0,1), except for
(0,0) and (0,1), are non-extreme points of C' that are mapped under A into the
extreme point 0 of AC.

3.18

For the sets C1 and C> as given in this exercise, the set C1 U C5 is compact, and
its convex hull is also compact by Prop. 1.3.2 of Chapter 1. The set of extreme
points of conv(C1 UC?) is not closed, since it consists of the two end points of the
line segment C4, namely (0,0, —1) and (0,0, 1), and all the points x = (21, 22, z3)
such that

x #0, (w1—1)2+x§: , z3 = 0.

3.19

By Prop. 3.3.2, a polyhedral set has a finite number of extreme points. Con-
versely, let P be a compact convex set having a finite number of extreme points
{v1,...,vm}. By the Krein-Milman Theorem (Prop. 3.3.1), a compact convex set
is equal to the convex hull of its extreme points, so that P = conv({vl, .. ,vm}),
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which is a polyhedral set by the Minkowski-Weyl Representation Theorem (Prop.
3.2.2).

As an example showing that the assertion fails if compactness of the set
is replaced by a weaker assumption that the set is closed and contains no lines,
consider the set D C R® given by

D = {(5617.1‘2,.’1‘3) | 22+ 22 < 1, 3 = 1}.

Let C' = cone(D). It can seen that C is not a polyhedral set. On the other hand,
C is closed, convex, does not contain a line, and has a unique extreme point at
the origin.

[For a more formal argument, note that if C' were polyhedral, then the set

D =Cn{(z1,22,235) | 23 =1}

would also be polyhedral by Exercise 3.10(d), since both C' and {(:rl,xz,xg) |

T3 = 1} are polyhedral sets. Thus, by Prop. 3.2.2, it would follow that D has a
finite number of extreme points. But this is a contradiction because the set of
extreme points of D coincides with {(:m,xz,xg) | 23+ 23 =1, x3 = 1}, which
contains an infinite number of points. Thus, C' is not a polyhedral cone, and
therefore not a polyhedral set, while C' is closed, convex, does not contain a line,
and has a unique extreme point at the origin.]

3.20 (Faces)

(a) Let P be a polyhedral set in ", and let F' = P N H be a face of P, where
H is a hyperplane passing through some boundary point T of P and containing
P in one of its halfspaces. Then H is given by H = {z | a x = a T} for some
nonzero vector a € R". By replacing a z = a T with two inequalities a ¢ < a T
and —a ¢ < —a T, we see that H is a polyhedral set in ®". Since the intersection
of two nondisjoint polyhedral sets is a polyhedral set [cf. Exercise 3.10(d)], the
set ' = P N H is polyhedral.

(b) Let P be given by

P= {x | a;z < by, jzl,...,r},
for some vectors a; € R and scalars b;. Let v be an extreme point of P, and
without loss of generality assume that the first n inequalities define v, i.e., the
first n of the vectors a; are linearly independent and such that

a;v = by, Vi=1,...,n

[cf. Prop. 3.3.3(a)]. Define the vector a € ", the scalar b, and the hyperplane
H as follows

a:%Zaj’ b:%zbj, H:{IE‘G/CC:Z)}
j=1



Then, we have
av =",

so that H passes through v. Moreover, for every x € P, we have a;x < b; for
all 7, implying that a x < b for all x € P. Thus, H contains P in one of its
halfspaces.

We will next prove that P N H = {v}. We start by showing that for every
v € PN H, we must have

a;v = by, Vi=1,...,n. (3.14)

To arrive at a contradiction, assume that a;v < b; for some v € PN H and j €
{1,...,n}. Without loss of generality, we can assume that the strict inequality
holds for 7 = 1, so that

a1v < by, a;v < by, Vji=2,...,n.

By multiplying each of the above inequalities with 1/n and by summing the
obtained inequalities, we obtain

n n
- > o< - > b
j=1 j=1

implying that @ T < b, which contradicts the fact that v € H. Hence, Eq. (3.14)
holds, and since the vectors ai,...,a, are linearly independent, it follows that
v = 7, showing that PN H = {v}.

As discussed in Section 3.3, every extreme point of P is a relative boundary
point of P. Since every relative boundary point of P is also a boundary point of
P, it follows that every extreme point of P is a boundary point of P. Thus, v is
a boundary point of P, and as shown earlier, H passes through v and contains P
in one of its halfspaces. By definition, it follows that PN H = {v} is a face of P.

(c) Since P is not an affine set, it cannot consist of a single point, so we must
have dim(P) > 0. Let P be given by

P:{x\a]-:rgbj, j:1,...7r},

for some vectors a; € " and scalars b;. Also, let A be the matrix with rows a;
and b be the vector with components b;, so that

P={z| Az <b}.

An inequality a;z < b; of the system Az < b is redundant if it is implied by the
remaining inequalities in the system. If the system Az < b has no redundant
inequalities, we say that the system is nonredundant. An inequality a;z < b; of
the system Az < b is an implicit equality if a;x = b; for all = satisfying Az < b.
By removing the redundant inequalities if necessary, we may assume that
the system Ax < b defining P is nonredundant. Since P is not an affine set,
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there exists an inequality a;,z < bj, that is not an implicit equality of the
system Ax < b. Consider the set

F:{m€P|aj0m:bj0}.

Note that F # (J, since otherwise aj,x < bj, would be a redundant inequality
of the system Ax < b, contradicting our earlier assumption that the system is
nonredundant. Note also that every point of F' is a boundary point of P. Thus, F'
is the intersection of P and the hyperplane {m | ajoT = bjo} that passes through
a boundary point of P and contains P in one of its halfspaces, i.e., I is a face
of P. Since aj,z < bj, is not an implicit equality of the system Az < b, the
dimension of F'is dim(P) — 1.

(d) Let P be a polyhedral set given by
P= {m | ajz < by, j:l,“wr},
with a; € R" and b; € R, or equivalently
P={z| Az <},

where A is an 7 X n matrix and b € R". We will show that F is a face of P if and
only if F' is nonempty and

F:{J;EP|ajx:bj,jeJ},

where J C {1,...,r}. From this it will follow that the number of distinct faces
of P is finite.

By removing the redundant inequalities if necessary, we may assume that
the system Ax < b defining P is nonredundant. Let F' be a face of P, so that
F = PN H, where H is a hyperplane that passes through a boundary point of P
and contains P in one of its halfspaces. Let H = {x | cz= cf} for a nonzero
vector ¢ € R™ and a boundary point T of P, so that

F:{x€P|cx:cf}

and
cx < T, VaeP.

These relations imply that the set of points x such that Ax < b and cx < cT
coincides with P, and since the system Ax < b is nonredundant, it follows that
¢ x < cx is a redundant inequality of the system Ax < b and ¢ x < ¢x. Therefore,
the inequality ¢ x < ¢¥ is implied by the inequalities of Az < b, so that there
exists some pu € R with p > 0 such that

T T
Z#]’aj =g, Zﬂjbj =cT.
j=1 j=1
Let J ={j|p; >0}. Then, for every z € P, we have

CT=cT <= Zujajmzz,ujbj = a;x=0b; jEJ, (3.15)
i iJ
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implying that
F:{xEP\ajm:bj,jEJ}.

Conversely, let F' be a nonempty set given by
F:{xeP\ajmzbj,jeJ},
for some J C {1,...,r}. Define
c= Z aj, 8= ij.
jJ jJ
Then, we have

{x€P|ajx:bj,j€J}:{x€P|c:r:ﬂ},

[cf. Eq. (3.15) where p; = 1 for all j € J]. Let H = {x | cz = B}, so that in
view of the preceding relation, we have that F' = P N H. Since every point of F'
is a boundary point of P, it follows that H passes through a boundary point of
P. Furthermore, for every x € P, we have a;xz < b; for all j € J, implying that
cx < 3 for every x € P. Thus, H contains P in one of its halfspaces. Hence, F’
is a face.

3.21 (Isomorphic Polyhedral Sets)

(a) Let P and @ be isomorhic polyhedral sets, and let f : P+— Q and g: Q — P
be affine functions such that

z=g(f(x)), VzeP y="r(9(v), Yyea.

Assume that = is an extreme point of P and let y = f(z ). We will show that
y is an extreme point of (). Since z is an extreme point of P, by Exercise
3.20(b), it is also a face of P, and therefore, there exists a vector ¢ € R" such
that

cxr<cx , VeeP x#zx .

For any y € Q with y # y , we have

flow) =v#y =f(x),

implying that
9(y) #9ly ) ==, with g(y) € P.

Hence,
cg(y) <cgly ), VyeQ, y#vy .

Let the affine function g be given by g(y) = By + d for some n x m matrix B
and vector d € R™. Then, we have

c(By+d)<c(By +d), VyeQ, y#y,
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implying that

(Boy<(Beoy, VyeQ, y#vy.
If y were not an extreme point of @, then we would have y = ayi1 + (1 — a)y2
for some distinct points y1,y2 € Q, y1 #y , y2 #y , and a € (0,1), so that

(Bo)y =a(Bo)y1+(1—a)(Be)y2<(Bo)y

which is a contradiction. Hence, y is an extreme point of Q.
Conversely, if y is an extreme point of @), then by using a symmetrical
argument, we can show that x is an extreme point of P.

(b) For the sets
P={zeR"| Az <b, z > 0},

Q= {(z,z) ER | Az +2=0b, £ >0, 220},
let f and g be given by
f(x) = (z,b— Azx), VaxeP,

9(@,z) =z,  V(z,2)€Q.

Evidently, f and g are affine functions. Furthermore, clearly
f@) e, g(f@)) =2, VzeP

g(z,2) € P, f(g(:r,z)) =z, vV (z,2) € Q.

Hence, P and @ are isomorphic.

3.22 (Unimodularity I)

Suppose that the system Az = b has integer components for every vector b € R"
with integer components. Since A is invertible, it follows that the vector A~ b has
integer components for every b € R" with integer components. For i = 1,...,n,
let e; be the vector with ith component equal to 1 and all other components equal
to 0. Then, for b = e;, the vectors A 'e;, i = 1,...,n, have integer components,
implying that the columns of A™! are vectors with integer components, so that
A7! has integer entries. Therefore, det(A™!) is integer, and since det(A) is
also integer and det(A) - det(A™') = 1, it follows that either det(A) = 1 or
det(A) = —1, showing that A is unimodular.

Suppose now that A is unimodular. Take any vector b € R" with integer
components, and for each i € {1,...,n}, let A; be the matrix obtained from A
by replacing the ith column of A with b. Then, according to Cramer’s rule, the
components of the solution Z of the system Az = b are given by

P det(Al)

Zl—m, ’L:].,...,’I’L.

Since each matrix A; has integer entries, it follows that det(A;) is integer for all
i =1,...,n. Furthermore, because A is invertible and unimodular, we have either
det(A) =1 or det(A) = —1, implying that the vector & has integer components.
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3.23 (Unimodularity IT)

(a) The proof is straightforward from the definition of the totally unimodular
matrix and the fact that B is a submatrix of A if and only if B is a submatrix
of A.

(b) Suppose that A is totally unimodular. Let J be a subset of {1,...,n}. Define
z by z; =1if j € J, and z; = 0 otherwise. Also let w = Az, ¢; = d; = %wi if
w; is even, and ¢; = %(wl — 1) and d; = %(wZ + 1) if w; is odd. Counsider the
polyhedral set
P={z|c<Azx <d, 0<z <z},

and note that P # () because 3z € P. Since A is totally unimodular, the
polyhedron P has integer extreme points. Let & € P be one of them. Because
0 < 2 < z and 2 has integer components, it follows that ; = 0 for j ¢ J and
#; € {0,1} for j € J. Therefore, z; — 23; = +1 for j € J. Define J; = {j € J |
zj —2&; =1} and Jo = {j € J | z; — 2&; = —1}. We have

Z aij — Z ai; = Zaij(zj — 2&;)

i J1 Jj J2 JjJ

3

=) ai(z; — 22;)

-

= w; — Q[ACAE]Z‘,

where [Az]; denotes the ith component of the vector Az. If w; is even, then since
¢ <[AZ]; <d; and ¢; =d; = %wi, it follows that [AZ]; = w;, so that

w; — 2[A%]; =0, when w; is even.

If w; is odd, then since ¢; < [Ai‘]z <d; ¢ = %(wl — 1), and d; = %(wl =+ 1), it

follows that 1 1
i(wi —1) <[AZ]; < §(w1 +1),

implying that
—1 S w; — Z[Ai'}z S 1.

Because w; — 2[AZ]; is integer, we conclude that
w; — 2[Az]; € {-1,0,1}, when w; is odd.

Therefore,
Sy S e <1 victm 16
J J1 Jj J2

Suppose now that the matrix A is such that any J C {1,...,n} can be
partitioned into two subsets so that Eq. (3.16) holds. We prove that A is totally
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unimodular, by showing that each of its square submatrices is unimodular, i.e.,
the determinant of every square submatrix of A is -1, 0, or 1. We use induction
on the size of the square submatrices of A.

To start the induction, note that for J C {1,...,n} with J consisting of a
single element, from Eq. (3.16) we obtain a;; € {—1,0,1} for all ¢ and j. Assume
now that the determinant of every (k — 1) x (k — 1) submatrix of A is -1, 0, or
1. Let B be a k x k submatrix of A. If det(B) = 0, then we are done, so assume
that B is invertible. Our objective is to prove that |det B| = 1. By Cramer’s
rule and the induction hypothesis, we have B~! = ﬁ(ﬁ’)’ where b;; € {—1,0,1}.
By the definition of B , we have Bb; = det(B)e1, where b, is the first column of
B and e; =(1,0,...0) .

Let J = {j | b;1 # 0} and note that J # ¢ since B is invertible. Let
Ji={jeJ] bjy =1} and Jo={je€J|j¢&JT1}. Then, since [Bb;]; = 0 for
i=2,...,k, we have

k
[Bbl]izzbijbjlzZbij_ZbijIO, Vi=2,...,k.
j=1

i i T2

Thus, the cardinality of the set J is even, so that for any partition (Ji,Jz2) of J,
it follows that Zj b3 bij — Zj Iy b;; is even for all i = 2, ..., k. By assumption,
there is a partition (J1, J2) of J such that

bij— Y bl <1 Vi=1,...,k (3.17)
PLZEDD

J J1 Jj Ja2

implying that

D b= biy=0, Vi=2.. .k (3.18)

i J1 Jj J2

Consider now the value a = ‘ZJ 5 b1 — Zj Iz b1,

, for which in view

of Eq. (3.17), we have either « = 0 or @ = 1. Define y € ®* by y; = 1 for
i € J1, y; = —1 for i € Ja, and y; = 0 otherwise. Then, we have ![By}1| =«
and by Eq. (3.18), [By]; = 0 for all ¢ = 2,...,k. If a = 0, then By = 0 and
since B is invertible, it follows that y = 0, implying that J = ¢, which is a
contradiction. Hence, we must have o = 1 so that By = +e;. Without loss of
generality assume that By = e; (if By = —e1, we can replace y by —y). Then,
since Bb; = det(B)e1, we see that B(bl fdet(B)y) = 0 and since B is invertible,
we must have b; = det(B)y. Because y and b, are vectors with components -1,
0, or 1, it follows that b; = +y and |det(B)| = 1, completing the induction and
showing that A is totally unimodular.

3.24 (Unimodularity III)

(a) We show that the determinant of any square submatrix of A is -1, 0, or 1. We
prove this by induction on the size of the square submatrices of A. In particular,
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the 1 x 1 submatrices of A are the entries of A, which are -1, 0, or 1. Suppose
that the determinant of each (k — 1) x (k — 1) submatrix of A is -1, 0, or 1, and
consider a k x k submatrix B of A. If B has a zero column, then det(B) = 0
and we are done. If B has a column with a single nonzero component (1 or -1),
then by expanding its determinant along that column and by using the induction
hypothesis, we see that det(B) = 1 or det(B) = —1. Finally, if each column of
B has exactly two nonzero components (one 1 and one -1), the sum of its rows
is zero, so that B is singular and det(B) = 0, completing the proof and showing
that A is totally unimodular.

(b) The proof is based on induction as in part (a). The 1 X 1 submatrices of A
are the entries of A, which are 0 or 1. Suppose now that the determinant of each
(k—1)x(k—1) submatrix of A is-1, 0, or 1, and consider a k x k submatrix B of A.
Since in each column of A, the entries that are equal to 1 appear consecutively, the
same is true for the matrix B. Take the first column b1 of B. If by = 0, then B is
singular and det(B) = 0. If b; has a single nonzero component, then by expanding
the determinant of B along b1 and by using the induction hypothesis, we see
that det(B) = 1 or det(B) = —1. Finally, let b1 have more than one nonzero
component (its nonzero entries are 1 and appear consecutively). Let [ and p be
rows of B such that b;; =0 for all i <l and i > p, and b;; =1 for all I < i < p.
By multiplying the lth row of B with (-1) and by adding it to the [ + 1st, [+ 2nd,
..., kth row of B, we obtain a matrix B such that det(B) = det(B) and the first
column b; of B has a single nonzero component. Furthermore, the determinant
of every square submatrix of B is -1, 0, or 1 (this follows from the fact that the
determinant of a square matrix is unaffected by adding a scalar multiple of a
row of the matrix to some of its other rows, and from the induction hypothesis).
Since b, has a single nonzero component, by expanding the determinant of B
along b1, it follows that det(B) = 1 or det(B) = —1, implying that det(B) =1 or
det(B) = —1, completing the induction and showing that A is totally unimodular.

3.25 (Unimodularity IV)

If A is totally unimodular, then by Exercise 3.23(a), its transpose A is also totally
unimodular and by Exercise 3.23(b), the set I = {1,...,m} can be partitioned
into two subsets I; and Is such that

i I i Iy
Since a;; € {—1,0,1} and exactly two of aij,...,am; are nonzero for each j, it
follows that

ZaijfZaij:O, ijl,...,n.

i I i Iy

Take any j € {1,...,n}, and let [ and p be such that a;; = 0 for all ¢ # [ and
i # p, so that in view of the preceding relation and the fact a;; € {—1,0,1}, we
see that: if a;; = —ap;, then both [ and p are in the same subset (I1 or I2); if
aij = apj, then [ and p are not in the same subset.
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Suppose now that the rows of A can be divided into two subsets such
that for each column the following property holds: if the two nonzero entries in
the column have the same sign, they are in different subsets, and if they have
the opposite sign, they are in the same subset. By multiplying all the rows in
one of the subsets by —1, we obtain the matrix A with entries @;; € {—1,0,1},
and exactly one 1 and exactly one -1 in each of its columns. Therefore, by
Exercise 3.24(a), A is totally unimodular, so that every square submatrix of A
has determinant -1, 0, or 1. Since the determinant of a square submatrix of A
and the determinant of the corresponding submatrix of A differ only in sign, it
follows that every square submatrix of A has determinant -1, 0, or 1, showing
that A is totally unimodular.

3.26 (Gordan’s Theorem of the Alternative [Gor73])

(a) Assume that there exist 2 € R™ and p € R" such that both conditions (i) and
(ii) hold, i.e.,

;@ <0, Vi=1,...,m (3.19)
pAO,  p=0, > pa;=0. (3.20)
j=1

By premultiplying Eq. (3.19) with x; > 0 and summing the obtained inequalities
over j, we have

Z pia; & < 0.

j=1

On the other hand, from Eq. (3.20), we obtain

Z/Ljajﬁ =0,
j=1

which is a contradiction. Hence, both conditions (i) and (ii) cannot hold simul-
taneously.

The proof will be complete if we show that the conditions (i) and (ii) cannot
fail to hold simultaneously. Assume that condition (i) fails to hold, and consider
the sets given by

C1:{w€§Rr|ajx§wj, j=1,...,7, me?ﬁ"},

Co={£eR & <0, j=1,...,r}

It can be seen that both C; and C3 are convex. Furthermore, because the condi-
tion (i) does not hold, C1 and C> are disjoint sets. Therefore, by the Separating
Hyperplane Theorem (Prop. 2.4.2), C1 and C5 can be separated, i.e., there exists
a nonzero vector u € R” such that

pw >k, Y wedy, V€ e Oy,
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implying that
inéuwzuf, V& e s
w Cq

Since each component £; of £ € C> can be any negative scalar, for the preceding
relation to hold, p; must be nonnegative for all j. Furthermore, by letting £ — 0,
in the preceding relation, it follows that

inf >0,
wlncl pw=
implying that
prwy + - - -+ prwe >0, Vwe C.

By setting w; = a;x for all j, we obtain
(mar + -+ + prar) >0, VzeR",
and because this relation holds for all x € R", we must have
piar + -+ prar = 0.

Hence, the condition (ii) holds, showing that the conditions (i) and (ii) cannot
fail to hold simultaneously.

Alternative proof: We will show the equivalent statement of part (b), i.e., that
a polyhedral cone contains an interior point if and only if the polar C' does not
contain a line. This is a special case of Exercise 3.2 (the dimension of C plus the
dimension of the lineality space of C' is n), as well as Exercise 3.6(d), but we
will give an independent proof.
Let
C= {x|aj1’§0,j:1,...,r},

where a; # 0 for all j. Assume that C' contains an interior point, and to arrive
at a contradiction, assume that C' contains a line. Then there exists a d # 0
such that d and —d belong to C' , ie., dx < 0 and —dx < 0 for all z € C, so
that d x = 0 for all z € C. Thus for the interior point T € C, we have d * = 0,
and since d € C and d = Z;:l wjia; for some p; > 0, we have

T
Z pia; T = 0.
j=1

This is a contradiction, since Z is an interior point of C, and we have a;z < 0 for
all 7.

Conversely, assume that C' does not contain a line. Then by Prop. 3.3.1(b),
C' has an extreme point, and since the origin is the only possible extreme point
of a cone, it follows that the origin is an extreme point of C' |, which is the cone
generated by {ai,...,a,}. Therefore 0 ¢ conv({al, .. .,a,«})7 and there exists
a hyperplane that strictly separates the origin from conv({al, cee ar}). Thus,

there exists a vector x such that y x < 0 for all y € conv({al7 .. .,ar})7 S0 in
particular,
a;r <0, Vi=1,...,m



and z is an interior point of C.

(b) Let C be a polyhedral cone given by
C= {x|ajx§0,j:1,...,r},
where a; # 0 for all j. The interior of C' is given by
int(C) = {x | ajz <0, j= 1,...,7"},

so that C has nonempty interior if and only if the condition (i) of part (a) holds.
By Farkas’ Lemma [Prop. 3.2.1(b)], the polar cone of C is given by

c —{w’x—Zw%ujZO, j—l,...,r}.

j=1

We now show that C' contains a line if and only if there is a u € R" such that
uw#0, >0, and Z;Zl pja; = 0 [condition (ii) of part (a) holds]. Suppose that
C contains a line, i.e., a set of the form {z + az | « € R}, where z € C and
z is a nonzero vector. Since C' is a closed convex cone, by the Recession Cone
Theorem (Prop. 1.5.1), it follows that z and —z belong to Rc . This, implies
that 0+ 2 = 2z € C and 0 — z = —z € C , and therefore z and —z can be
represented as

2= maj, ¥ j, p; >0, #0 for some j,
j=1

T
—Z:Zﬁj“ﬁ Y j, ; >0, @; # 0 for some j.
=1

Thus, Z;zl(uj +%;)a; =0, where (u; +72;) > 0 for all j and (p; + ;) # 0 for
at least one j, showing that the condition (ii) of part (a) holds.

Conversely, suppose that 22:1 wija; = 0 with p; > 0 for all j and p; # 0
for some j. Assume without loss of generality that p; > 0, so that

Ky

—ar = E —ayj,
1
=

with p;/p1 > 0 for all j, which implies that —a; € C . Since a1 € C , —a1 € C'
and a1 # 0, it follows that C' contains a line, completing the proof.
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3.27 (Linear System Alternatives)

Assume that there exist £ € R" and p € R" such that both conditions (i) and
(ii) hold, i.e.,

aji <bj, Yi=1,..r (3.21)
p=>0, Z,Ltjaj =0, Zujbj <0. (3:22)
j=1 =1

By premultiplying Eq. (3.21) with px; > 0 and summing the obtained inequalities

over j, we have
s T
Z pia; < Z psbj -
j=1 Jj=1

On the other hand, by using Eq. (3.22), we obtain

Zua‘aﬂ =0> Zﬂjbj,
=1 j=1

which is a contradiction. Hence, both conditions (i) and (ii) cannot hold simul-
taneously.

The proof will be complete if we show that conditions (i) and (ii) cannot
fail to hold simultaneously. Assume that condition (i) fails to hold, and consider
the sets given by

P={¢eR & <0, j=1,....r}

Pg:{weéﬁr|ajz—bj:wj, j=1,...,m 1:6?]%”}.

Clearly, P; is a polyhedral set. For the set P>, we have
P={weR |Az—b=w, € R"} = R(A) — b,

where A is the matrix with rows a; and b is the vector with components b;.
Thus, P» is an affine set and is therefore polyhedral. Furthermore, because the
condition (i) does not hold, P; and P» are disjoint polyhedral sets, and they
can be strictly separated [Prop. 2.4.3 under condition (5)]. Hence, there exists a
vector u € R" such that

sup p € < inf pw.

& P w Py
Since each component §; of £ € Py can be any negative scalar, for the preceding
relation to hold, p; must be nonnegative for all j. Furthermore, since 0 € P, it
follows that

0 < inf
< w1np2 nw,
implying that
0 < ppwy + -+ prwsr, Ywe Ps.

By setting w; = a;x — b; for all j, we obtain
piby + -+ pebe < (101 + - -+ prar) VazeR"
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Since this relation holds for all z € R", we must have
Nlal+"'+ﬂrar:0>

implying that
fi1b1 + - + purby < 0.

Hence, the condition (ii) holds, showing that the conditions (i) and (ii) cannot
fail to hold simultaneously.

3.28 (Convex System Alternatives [FGH57])

Assume that there exist £ € C' and p € R such that both conditions (i) and (ii)
hold, i.e.,
fi(@) <0,  Yji=1,...,r (3.23)

pAO w20 pf(E) 2 0. (3.24)
j=1

By premultiplying Eq. (3.23) with x; > 0 and summing the obtained inequalities
over j, we obtain, using the fact u # 0,

D mifi(@) <o,

contradicting the last relation in Eq. (3.24). Hence, both conditions (i) and (ii)
cannot hold simultaneously.

The proof will be complete if we show that conditions (i) and (ii) cannot
fail to hold simultaneously. Assume that condition (i) fails to hold, and consider
the sets given by

P={¢e® [&<0,j=1,...r},

Cr={weR" | fj(z) <wj;, j=1,...,r, z€C}.

The set P is polyhedral, while C; is convex by the convexity of C' and f; for all j.
Furthermore, since condition (i) does not hold, P and C; are disjoint, implying
that ri(C1) N P = @. By the Polyhedral Proper Separation Theorem (cf. Prop.
3.5.1), the polyhedral set P and convex set C can be properly separated by a
hyperplane that does not contain C1, i.e., there exists a vector u € R" such that

supp € < inf pw, inf pw< sup pw.
€ P w O w O w Cp

Since each component &; of £ € P can be any negative scalar, the first relation

implies that p; > 0 for all j, while the second relation implies that p # 0.
Furthermore, since p & <0 for all £ € P and 0 € P, it follows that

suppu & =0< inf pw,
¢ P w Cq
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implying that
0 < pwr + - + prwnr, Vwe (.

By letting w; — f;(z) for all j, we obtain
0<pifi(z)+ -+ purfr(x), V 2z e CnNndom(fi)N---Ndom(f).
Thus, the convex function
f=mfi+- - +ufr
is finite and nonnegative over the convex set
C = C ndom(fi)N---Ndom(fr).

By Exercise 1.27, the function f is nonnegative over cl(C’). Given that ri(C) C
dom(f;) for all i, we have ri(C)) C C, and therefore

CcC cl(ri(C’)) C CI(C’).

Hence, f is nonnegative over C' and condition (ii) holds, showing that the condi-
tions (i) and (ii) cannot fail to hold simultaneously.

3.29 (Convex-Affine System Alternatives)

Assume that there exist & € C' and p € R such that both conditions (i) and (ii)
hold, i.e.,

fi@@) <0, Vji=1,...,7, fi(@) <0, Vji=7+1,...,m (3.25)
j=1

By premultiplying Eq. (3.25) with p; > 0 and by summing the obtained inequal-
ities over j, since not all u1,..., u7 are zero, we obtain

D uifi@) <0,
j=1

contradicting the last relation in Eq. (3.26). Hence, both conditions (i) and (ii)
cannot hold simultaneously.

The proof will be complete if we show that conditions (i) and (ii) cannot
fail to hold simultaneously. Assume that condition (i) fails to hold, and consider
the sets given by

P={¢c® [&<0,j=1,...,r},

Clz{weﬂ?r|fj(:c)<wj, ji=1...,7, filx)=w;, j=T+1,...,m7 xGC}.
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The set P is polyhedral, and it can be seen that C; is convex, since C' and
fi,..., fr are convex, and f7;1,..., fr are affine. Furthermore, since the con-
dition (i) does not hold, P and C} are disjoint, implying that ri(C1) N P = (.
Therefore, by the Polyhedral Proper Separation Theorem (cf. Prop. 3.5.1), the
polyhedral set P and convex set C'y can be properly separated by a hyperplane
that does not contain C1, i.e., there exists a vector u € " such that

supp & < inf pw, inf pw< sup pw. (3.27)
¢ P w O w O w O

Since each component &; of £ € P can be any negative scalar, the first relation
implies that p; > 0 for all j. Therefore, u & <0 for all £ € P and since 0 € P, it
follows that

suppu & =0< inf pw.

¢ P w O
This implies that

0 < ppwi + -+ prwy, Ywe Ch,
and by letting w; — f;(z) for j = 1,...,7, we have
0<pifi(z)+--+ prfr(z), V€ CNndom(fi)N---Ndom(f).
Thus, the convex function
f:,uflf1+“‘+,uﬂrf'r

is finite and nonnegative over the convex set

C = Cndom(fi)N---Ndom(fx).

By Exercise 1.27, f is nonnegative over cl (5) Given that ri(C) C dom(f;) for
alli=1,...,7, we have ri(C) C C, and therefore

C c d(ri(0)) cel(C).
Hence, f is nonnegative over C.

We now show that not all ui, ..., ur are zero. To arrive at a contradiction,
suppose that all u1, ..., ur are zero, so that

OSu?+1f?+1(m)+"'+ﬂrfr(1‘)7 Vxel.

Since the system
f?+l(‘r) <0,... 7f7‘(:c) <0,

has a solution T € ri(C), it follows that
prs1frn (@) + -+ pe fr(Z) =0,
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so that
;cing{“?+1fF+1(m) +eee Tt Mrfr(“’)} = pr1fr1 (@) + o+ e fr(T) =0,

with T € ri(C). Thus, the affine function pziqfryr + -+ + prfr attains its
minimum value over C' at a point in the relative interior of C. Hence, by Prop.
1.4.2 of Chapter 1, the function pzy1 fry1 + -+ + pr fr is constant over C, i.e.,

e frpa () + -+ pr fr(z) = 0, Vaoed.

Furthermore, we have p; = 0 for all j = 1,...,7, while by the definition of C1, we
have fj(z) = w; for j =7+ 1,...,r, which combined with the preceding relation
yields

prwy + -+ prwr =0, Vwe Ch,

implying that
inf pw= sup pw.
w Cqp w Cq
This contradicts the second relation in (3.27). Hence, not all pa, ..., u7 are zero,
showing that the condition (ii) holds, and proving that the conditions (i) and (ii)
cannot fail to hold simultaneously.

3.30 (Elementary Vectors [Roc69])

(a) If two elementary vectors z and Zz had the same support, the vector z — 7z
would be nonzero and have smaller support than z and Zz for a suitable scalar
~. If z and Z are not scalar multiples of each other, then z — vz # 0, which
contradicts the definition of an elementary vector.

(b) We note that either y is elementary or else there exists a nonzero vector z
with support strictly contained in the support of y. Repeating this argument for
at most n — 1 times, we must obtain an elementary vector.

(c) We first show that every nonzero vector y € S has the property that there
exists an elementary vector of S that is in harmony with y and has support that
is contained in the support of y.

We show this by induction on the number of nonzero components of y. Let
Vi be the subset of nonzero vectors in S that have k or less nonzero components,
and let k be the smallest k for which V4 is nonempty. Then, by part (b), every
vector y € V- must be elementary, so it has the desired property. Assume that all
vectors in Vi have the desired property for some k > k. We let y be a vector in
Vi+1 and we show that it also has the desired property. Let z be an elementary
vector whose support is contained in the support of y. By using the negative of
z if necessary, we can assume that y;z; > 0 for at least one index j. Then there
exists a largest value of ~, call it 7, such that

Yi — 25 = 0, vV j with y; >0,
y; — vz <0, vV j with y; < 0.
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The vector y — 7%z is in harmony with y and has support that is strictly contained
in the support of y. Thus either y — Jz = 0, in which case the elementary
vector z is in harmony with y and has support equal to the support of y, or else
Yy — ¥z is nonzero. In the latter case, we have y — 5z € Vi, and by the induction
hypothesis, there exists an elementary vector z that is in harmony with y — 7z
and has support that is contained in the support of y —7z. The vector Z is also
in harmony with y and has support that is contained in the support of y. The
induction is complete.

Consider now the given nonzero vector = € S, and choose any elementary
vector Z! of S that is in harmony with = and has support that is contained in
the support of  (such a vector exists by the property just shown). By using the
negative of Z' if necessary, we can assume that ij; > 0 for at least one index j.
Let 7 be the largest value of + such that

xj—’yE}ZO, Y j with x; > 0,

z;—~Z; <0, VYV jwitha; <0.

The vector « — z', where

1_ =1
z =7z,

is in harmony with = and has support that is strictly contained in the support of
x. There are two cases: (1) = z', in which case we are done, or (2) = # 2!, in
which case we replace by « — 2! and we repeat the process. Eventually, after m
steps where m < n (since each step reduces the number of nonzero components
by at least one), we will end up with the desired decomposition = = 2l 4™

3.31 (Combinatorial Separation Theorem [Cam68], [Roc69])

For simplicity, assume that B is the Cartesian product of bounded open intervals,
so that B has the form

B:{t|l_)J <t] <B]7j:17"'7n}7
where b; and I_)j are some scalars. The proof is easily modified for the case where
B has a different form.
Since BNS = (J, there exists a hyperplane that separates B and S . The
normal of this hyperplane is a nonero vector d € S such that
td <0, ViteB.
Since B is open, this inequality implies that actually

td<0, VteB.

Equivalently, we have

S Gi-adi+ > (b +ed; <0, (3.28)

Lld; >0} {ld; <0}

39



for all € > 0 such that b, + € < b; — e Let

d=z" 4+ +2™,

be a decomposition of d, where z',...,2™ are elementary vectors of S that are
in harmony with z, and have supports that are contained in the support of d [cf.

part (c) of the Exercise 3.30]. Then the condition (3.28) is equivalently written

0> Y GBi-adi+ Y. (b +ed;

Lild; >0} Ljld; <0}
-y 6o (z) S 40 (z)
Lild; >0} i=1 {ild; <0} i=1

= Z (b; —€)zi + Z b, +e)z |,

=1\ Gleh>0r U=t <0}

where the last equality holds because the vectors z* are in harmony with d and
their supports are contained in the support of d. From the preceding relation,
we see that for at least one elementary vector z*, we must have

0> Y Bi-a95+ > (b +97,

{j|z;'.>0} {j|z;l<0}

for all ¢ > 0 that are sufficiently small and are such that b, +e<bj—¢ or
equivalently .
0>tz VteB.

3.32 (Tucker’s Complementarity Theorem)

(a) Fix an index k and consider the following two assertions:
(1) There exists a vector x € S with x; > 0 for all ¢, and xx > 0.
(2) There exists a vector y € S with y; > 0 for all ¢, and yx > 0.

We claim that one and only one of the two assertions holds. Clearly, assertions
(1) and (2) cannot hold simultaneously, since then we would have z y > 0, while
ze€SandyeS . We will show that they cannot fail simultaneously. Indeed, if
(1) does not hold, the Cartesian product B = I}, B; of the intervals

5 (000) ifi=F
"7 1 0,00) ifi#k,

does not intersect the subspace S, so by the result of Exercise 3.31, there exists
a vector z of S such that x z < 0 for all x € B. For this to hold, we must have
z € B or equivalently z < 0, while by choosing = = (0,...,0,1,0,...,0) € B,
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with the 1 in the kth position, the inequality x 2z < 0 yields zr < 0. Thus
assertion (2) holds with y = —z. Similarly, we show that if (2) does not hold,
then (1) must hold.

Let now I be the set of indices k such that (1) holds, and for each k € I,
let z(k) be a vector in S such that (k) > 0 and zx(k) > 0 (note that we do not
exclude the possibility that one of the sets I and T is empty). Let I be the set of
indices such that (2) holds, and for each k € T, let y(k) be a vector in S such
that y(k) > 0 and yx(k) > 0. From what has already been shown, I and T are
disjoint, T UT = {1,...,n}, and the vectors

z=> ak), y=Y y(k)

kI e T
satisfy 3
x>0, Viel, z; =0, Viel,
yi=0, Viel, y >0, Viel.

The uniqueness of I and T follows from their construction and the preceding
arguments. In particular, if for some k € I, there existed a vector z € S with
z > 0 and zr > 0, then since for the vector y(k) of S we have y(k) > 0
and yi(k) > 0, assertions (a) and (b) must hold simultaneously, which is a
contradiction.

The last assertion follows from the fact that for each k, exactly one of the
assertions (1) and (2) holds.

(b) Consider the subspace
Sz{(m,w)|Am—bw:0,x€§Rn,w€§R}.

Its orthogonal complement is the range of the transpose of the matrix [A — b],
so it has the form

S = {(A z,—bz)|z€ §Rm}.

By applying the result of part (a) to the subspace S, we obtain a partition of the
index set {1,...,n + 1} into two subsets. There are two possible cases:

(1) The index n + 1 belongs to the first subset.
(2) The index n + 1 belongs to the second subset.

In case (2), the two subsets are of the form I and TU{n+1} with TUT = {1,...,n},
and by the last assertion of part (a), we have w = 0 for all (z,w) such that
x>0, w >0 and Az — bw = 0. This, however, contradicts the fact that the
set F' = {x | Az = b, x > 0} is nonempty. Therefore, case (1) holds, i.e., the
index n + 1 belongs to the first index subset. In particular, we have that there
exist disjoint index sets I and T with TUT = {1,...,n}, and vectors (z,w) with
Az —bw =0, and z € ™ such that

w > 0, bz=0,
z; >0, Viel, z; =0, Viel,
yi=0, Viel, yi >0, Viel,

where y = A z. By dividing (z, w) with w if needed, we may assume that w =1
so that Ax — b = 0, and the result follows.
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CHAPTER 4: SOLUTION MANUAL

4.1 (Directional Derivative of Extended Real-Valued Functions)

(a) Since f'(z;0) = 0, the relation f'(x;\y) = Af'(z;y) clearly holds for A = 0
and all y € R". Choose A > 0 and y € R". By the definition of directional
derivative, we have

o) — g JEFAOD) ZT@) S+ @N) - f@)

a>0 «@ a>0 al

By setting § = A« in the preceding relation, we obtain

P =3 juf TEEIN =IO iy,

(b) Let (y1,w1) and (y2,w2) be two points in epi(f’(:c; )), and let v be a scalar
with v € (0,1). Consider a point (y.,w~) given by

Yy =+ 1=y, wy =qwi+ (1 —7)we.
Since for all y € R™, the ratio

flz+ay) - f(=)

(%

is monotonically nonincreasing as « | 0, we have

flztay) = flx) _ flz+ay) - flz)

< , YV a,a1, with 0 < a < ay,
e a1

flz+ agﬁ) — /@) < flz+ anQ) — f(:r)7 Y a,as, with 0 < a < as.
2

Multiplying the first relation by v and the second relation by 1 — v, and adding,
we have for all @ with 0 < a < a3 and 0 < a < aa,

Wetay)+ A =Nftay) = flo) o fl@+owyy) = f(2)

@ aq

W)f(x +a2y2) — fa)

(€3]

+1-

From the convexity of f and the definition of y, it follows that
[z +ayy) <yf(e+ayy) + (1 =) f(z + ays).

2



Combining the preceding two relations, we see that for all « < a1 and a < aq,

flotoy) — f(x) Sl tom) —f@) g f o) ~ f@),

« - a1 o)

By taking the infimum over «, and then over a1 and a2, we obtain
Fasyy) S of (@syn) + (=) f (25y2) < ywi + (1= Yw2 = ws,
where in the last inequality we use the fact (y1,w1), (y2, w2) € epi(f’(:c; )) Hence
the point (y~,w~) belongs to epi(f'(x;~)), implying that f’(z;-) is a convex
function.
(c) Since f'(z;0) = 0 and (1/2)y + (1/2)(—y) = 0, it follows that
f'(z;(1/2)y + (1/2)(—y)) =0,  VyeR"
By part (b), the function f'(x;-) is convex, so that
0 < (1/2)f"(z39) + (1/2) f' (2 ~y),
and

—f'(z;—y) < f(zy).

(d) Let a vector g be in the level set {y | f(z;y) < O}, and let A > 0. By part
(a),
f' (@ Xg) = Af(2:7) <0,

so that Ay also belongs to this level set, which is therefore a cone. By part (b),
the function f’(x;-) is convex, implying that the level set {y | f(x;y) < O} is
convex.

Since dom(f) = R", f'(z;-) is a real-valued function, and since it is convex,
by Prop. 1.4.6, it is also continuous over R". Therefore the level set {y | f(z;y) <

0} is closed.
‘We now show that

({v 17w <0}) = ct(cone(27(@)) ).

By Prop. 4.2.2, we have
! /
T;y) = max yd,
[z y) LAy

implying that f'(z;y) < 0 if and only if maxgecof(s)y'd < 0. Equivalently,
f'(z;y) <0 if and only if

y'd <0, Vdeadf(x).
Since
y'd <0, Vdedf(x) — y'd <0, V d € cone(df(x)),
it follows from Prop. 3.1.1(a) that f'(z;y) < 0 if and only if
y'd <0, Vde cone(@f(m)).

Therefore N

{y| f(zy) <0} = (cone(af(w))) :
and the desired relation follows by the Polar Cone Theorem [Prop. 3.1.1(b)].



4.2 (Chain Rule for Directional Derivatives)

For any d € R™, by using the directional differentiability of f at x, we have

9(f(z+ ad)) — g(f(x))
=g(f(@) + af' (z;d) + o(a)) — g(f(x)).

Let zo = f'(z;d) + o(a)/a and note that zo — f'(x;d) as « | 0. By using this
and the assumed property of g, we obtain

Iy F(z + ai) ~ F(x) _ - 9(f(@) + oczg) -9(f(®) _ J (@) £ (@),

showing that F is directionally differentiable at = and that the given chain rule
holds.

4.3
By definition, a vector d € R" is a subgradient of f at z if and only if

fy) > fle)+d(y—=z), VyeR",

or equivalently

de—f(z) >dy—f(y), VyeR"

Therefore, d € R" is a subgradient of f at x if and only if

dz— f(z) = mgX{d'y -}

4.4
(a) For z # 0, the function f(x) = ||z|| is differentiable with V f(z) = z/||z||, so
that of(z) = {Vf(ac)} = {w/||x||} Consider now the case z = 0. If a vector d
is a subgradient of f at z = 0, then f(z) > f(0) + d'z for all z, implying that
ol > ds ¥ eRn

By letting z = d in this relation, we obtain ||d|| < 1, showing that 9f(0) C {d |
|| <1}

On the other hand, for any d € R™ with ||d|| < 1, we have

dz < |dll-llz] < llzll,  VzeR,

which is equivalent to f(0)+d'z < f(2) for all z, so that d € 9f(0), and therefore
{d|ld] <1} caf(0).



Note that an alternative proof is obtained by writing

|lz|| = max x'z,
lIzl1<1

and by using Danskin’s Theorem (Prop. 4.5.1).
(b) By convention df(z) = & when x ¢ dom(f), and since here dom(f) = C, we
see that f(x) = @ when x ¢ C. Let now x € C. A vector d is a subgradient of
f at z if and only if

d'(z — ) < f(2), VzeR"
Because f(z) = oo for all z & C, the preceding relation always holds when z ¢ C,
so the points z ¢ C can be ignored. Thus, d € df(z) if and only if

d'(z—x) <0, VzeCl.

Since C' is convex, by Prop. 4.6.3, the preceding relation is equivalent to d &€
Nc¢(zx), implying that df(z) = N¢(x) for all z € C.

4.5

When f is defined on the real line, by Prop. 4.2.1, f(z) is a compact interval of
the form

of(x) = [a, 8.
By Prop. 4.2.2, we have

! ! n
y) = d VyeR
Iz y) L yd, y e RN,

from which we see that

f(z;1) =, f(z;—1) = 8.

Since
fa) =@,  fa=1)=f (2)
we have
of (@) = [f (x), [T (2)]
4.6

We can view the function

o(t)=f(te+(1—t)y), teR
as the composition of the form

e(t)=f(9(t), teWR
where g(t) : R — R" is an affine function given by
gt) =y +itlx—y), teRn.

By using the Chain Rule [Prop. 4.2.5(a)], where A = (z — y), we obtain

dp(t) = A'9f(9(1)), ViteR,
or equivalently

dp(t) ={(z—y)d|dedf(te+(1—1t)y)}, VteR



4.7

Let 2 and y be any two points in the set X. Since df(x) is nonempty, by using
the subgradient inequality, it follows that

fl@)+d(x—y) < fly), Vdedf(z),

implying that

f@) = f) <ldll-llz—yl,  Vdedf(z).

According to Prop. 4.2.3, the set Uzexdf(x) is bounded, so that for some con-
stant L > 0, we have

ld| <L, ~Vdedfz), VaeX, (4.1)

and therefore,

f@) = fly) <Lz —yl.

By exchanging the roles of x and y, we similarly obtain
fy) = f@) <L Jlz—yl,

and by combining the preceding two relations, we see that
1£(2) = F@)] < L 12—y,

showing that f is Lipschitz continuous over X.

Also, by using Prop. 4.2.2(b) and the subgradient boundedness [Eq. (4.1)],
we obtain

"(z;y) = dy < d|| - <L |y, VeeX, VyeR"
Floy) = max dy< max ||d]-[lyll <L |ly| x y
4.8 (Nonemptiness of Subdifferential)

Suppose that df(z) is nonempty, and let z € dom(f). By the definition of
subgradient, for any d € 9f(z), we have

f(x—i—a(z — :c)) — f(=)

(%

>d(z—x), YV a>0,
implying that

Flar—a) = g JETEEZD) @)

>d'(z —x) > —c0.
a>0 [
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Furthermore, for all a € (0, 1), and x, z € dom(f), the vector x4 a(z—x) belongs
to dom(f). Therefore, for all a € (0, 1),

f(z+alz—2)) - f(2)

(0%

< 00,

implying that
f(z;2 — ) < oo

Hence, f'(z;z — z) is finite.
Converseley, suppose that f'(z;z — x) is finite for all 2 € dom(f). Fix a
vector T in the relative interior of dom(f). Consider the set

C = {(2,0) | = € dom(f), f(x) + f'(w; 2 — ) < v},
and the halfline

P={(u,Q)|u=z+pF-1), (= f(z) +Bf (&;7 —x), B> 0}.

By Exercise 4.1(b), the directional derivative function f’(x;-) is convex, implying
that f’(z;z — z) is convex in z. Therefore, the set C is convex. Furthermore,
being a halfline, the set P is polyhedral.

Suppose that C' and P have a point (z,7) in common, so that we have

cedom(f),  fla)+f(xz—a) <, (4.2)

z=z+pBE—-2), v=[f(z)+8f(;7—a),

for some scalar 3 > 0. Because Bf'(x;y) = f'(z;By) for all 3> 0 and y € R"
[see Exercise 4.1(a)], it follows that

v=f@)+ [ (28 —x)) = () + (252 — 2),

contradicting Eq. (4.2), and thus showing that C' and P do not have any common
point. Hence, ri(C') and P do not have any common point, so by the Polyhedral
Proper Separation Theorem (Prop. 3.5.1), the polyhedral set P and the convex
set C can be properly separated by a hyperplane that does not contain C| i.e.,
there exists a vector (a,7) € R"** such that

az+yv>d(x+BE-12)) +v(f(2) +Bf (z;T—1x)), V(2v)€C, VB>0,

(4.3)

inf {a'z+wl < su a'z+ , 4.4

(ZaV)GC{ 7 } (z,u)IéC{ 7 } ( )

We cannot have v < 0 since then the left-hand side of Eq. (4.3) could be made

arbitrarily small by choosing v sufficiently large. Also if v = 0, then for § = 1,
from Eq. (4.3) we obtain

a'(z—7) >0, YV z € dom(f).



Since T € ri(dom(f))7 we have that the linear function a'z attains its minimum
over dom(f) at a point in the relative interior of dom(f). By Prop. 1.4.2, it
follows that a'z is constant over dom(f), i.e., a’z = a'Z for all z € dom(f),
contradicting Eq. (4.4). Hence, we must have v > 0 and by dividing with v in
Eq. (4.3), we obtain

dz+v>d(z+B@—2)+ fl2)+8f (T —x), V(xv)el, VB0,

where @ = a/v. By letting 3 =0 and v | f(z)+ f'(z; 2 — ) in this relation, and
by rearranging terms, we have

f(x;2 —x) > (—a)'(z — 2), V z € dom(f).
Because

r+Az—2)) — flx
FO - 1(0) = £z G—)) — ) 2 g LEFAED IOy

T A>0

it follows that
f(z) = fx) > (=)' (2 —x), V¥ z € dom(f).
Finally, by using the fact f(z) = oo for all z & dom(f), we see that
f2) = fl@) 2 () (z—x), VzeR",

showing that —a is a subgradient of f at x and that df(x) is nonempty.

4.9 (Subdifferential of Sum of Extended Real-Valued Functions)

It will suffice to prove the result for the case where f = fi + fo. If di1 € 9f1(x)
and dz € 0f2(z), then by the subgradient inequality, it follows that

fi(z) > filz) + (2 — :c)'dl7 Y z,

fo(z) > fa(z) + (2 — :v)'dg7 Y z,

so by adding these inequalities, we obtain

f(z) > f(x)JF(Z*CC)I(dl + da), Y z.

Hence, di + d2 € 9f(z), implying that df1(z) + df2(z) C df(x).
Assuming that ri (dom(fl)) and ri (dom(fl)) have a point in common, we
will prove the reverse inclusion. Let d € df(x), and define the functions

a(y) = filz+y) — filz) —dy, vy,
g2(y) = fa(z +y) — fao(z), vy
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Then, for the function g = g1 + g2, we have g(0) = 0 and by using d € 9f(z), we
obtain

g(y)=flz+y) - fla)—dy>0, Vuy. (4.5)

Consider the convex sets

Ci={(y,n) e X" |y € dom(g1), 1> g1(v) },

Co = {(u,v) € R"™ | u € dom(gs), v < —g2(y) },

and note that
ri(Ch) = {(y,n) € R | y e ri(dom(g1)), p > q1(y)},

ri(Cs) = {(u, vy eR"Mue ri(dom(gg)), v < fgg(y)}.

Suppose that there exists a vector (g, 1) € ri(C1) Nri(Cz). Then,
91(9) < i < —g2(9),

yielding
9(7) = q1(9) + 92() <0,

which contradicts Eq. (4.5). Therefore, the sets ri(C1) and ri(C2) are disjoint,
and by the Proper Separation (Prop. 2.4.6), the two convex sets Cy and C3 can
be properly separated, i.e., there exists a vector (w,~) € R such that

inf {w'y+p}> sup {wu+v}, (4.6)
(y,n)€C (u,v)€CH

sup {w'y+yu}> inf {wu+qvl.
(y,m)€C (u,1)€C
We cannot have v < 0, because by letting u — oo in Eq. (4.6), we will obtain a
contradiction. Thus, we must have v > 0. If v = 0, then the preceding relations
reduce to
inf wy> sup wu,

y€dom(gy) uedom(gy)
! . !
sup wy> inf whu,
y€dom(gq) uedom(gg)

which in view of the fact

dom(g1) = dom(f1) — =z, dom(g2) = dom(f2) — z,
imply that dom(f;) and dom(f2) are properly separated. But this is impossible
since ri(dom(fl)) and ri(dom(fl)) have a point in common. Hence v > 0, and

by dividing in Eq. (4.6) with v and by setting b = w/~y, we obtain

wiite, Wutnt = s {Futv).



Since g1(0) = 0 and ¢2(0) = 0, we have (0,0) € C1 N Cy, implying that
by4+p>0>butw, YV (y,p) € Ch, V (u,v) € Cs.
Therefore, for 4 = g1(y) and v = —g2(u), we obtain
giy) = =b'y, ¥y € dom(g),

g2(u) > b'v, YV u € dom(gz),

and by using the definitions of g1 and g2, we see that
filz +y) > fi(z) + (d—0b)'y, for all y with z + y € dom(f1),

fa(z +u) > fa(z) + b'u, for all u with = 4+ u € dom(f2).

Hence,
fl(z)zfl(x)“}'(d*b),(zfx)v VZ7

f(2) = fa(@) + V(2 —2), V2,

so that d — b € 9f1(z) and b € df2(x), showing that d € df1(z) + df2(x) and
Of(z) C 0f1(x) + D fa(x).

When some of the functions are polyhedral, we use a different separation
argument for C1 and Cz. In particular, since the sum of polyhedral functions is
a polyhedral function (see Exercise 3.12), it will still suffice to consider the case
m = 2. Thus, let f; be a convex function, and let f2 be a polyhedral function
such that

ri(dom(fl)) Ndom(f2) # O.

Then, in the preceding proof, g2 is a polyhedral function and C is a polyhedral
set. Furthermore, ri(C1) and C2 are disjoint, for otherwise we would have for
some (§, ) € ri(C1) N Ca,

g1(f) < i < —g2(9),

implying that g(§) = g1(%) + g2(9) < 0 and contradicting Eq. (4.5). Therefore,
by the Polyhedral Proper Separation Theorem (Prop. 3.5.1), the convex set C1
and the polyhedral set C'> can be properly separated by a hyperplane that does
not contain C1, i.e., there exists a vector (w,v) € R such that

. ’ /
wiite oy ran = e {ulu v},

inf {w'y+yut < sup {wy+yul.
(y’“)ecl{ } (y,u)EC1{ }
We cannot have v < 0, because by letting  — oo in the first of the preceding
relations, we will obtain a contradiction. Thus, we must have v > 0. If v = 0,
then the preceding relations reduce to

inf  wy> sup wuy,

yedom(gy) uedom(gy)

10



. ! ’
inf wy< sup wy.
yedom(gy) yedom(gq)

In view of the fact
dom(g1) = dom(f1) — «x, dom(gz2) = dom(f2) — x,

it follows that dom(f1) and dom(f2) are properly separated by a hyperplane that
does not contain dom(f1), while dom(f2) is polyhedral since f> is polyhedral [see
Prop. 3.2.3). Therefore, by the Polyhedral Proper Separation Theorem (Prop.
3.5.1), we have that ri (dom(fl)) Ndom(f2) = @, which is a contradiction. Hence
v > 0, and the remainder of the proof is similar to the preceding one.

4.10 (Chain Rule for Extended Real-Valued Functions)

We note that dom(F’) is nonempty since in contains the inverse image under A
of the common point of the range of A and the relative interior of dom(f). In
particular, F' is proper. We fix an z in dom(F). If d € A’0f(Ax), there exists a
g € Of (Az) such that d = A’g. We have for all z € R™,

F(z) = F() — (z —a)'d = f(Az) - f(Az) — (z —2)' A'g
— f(Az) - f(Az) — (A2 — Ax)'g
>0,

where the inequality follows from the fact g € df(Az). Hence, d € OF(z), and
we have A’0f(Az) C OF (z).

We next show the reverse inclusion. By using a translation argument if
necessary, we may assume that z = 0 and F(0) = 0. Let d € dF(0). Then we
have

F(z)—2'd>0, VzeR",

or
f(Az) —2'd >0, VzeR",
or
f(y)_zld207 VZG?R”,y:AZ7
or

H(y,z) >0, VzeR", y= Az,
where the function H : ™ x R" — (—o0, o0] has the form
H(y,z) = f(y) — 2'd.

Since the range of A contains a point in ri (dom(f)), and dom(H) = dom(f) xR",
we see that the set {(y7 z) €dom(H) |y = Az} contains a point in the relative
interior of dom(H). Hence, we can apply the Nonlinear Farkas’ Lemma [part (b)]
with the following identification:

z = (y,2), C = dom(H), g91(y,2) = Az -y, g2(y,2) =y — Az

11



In this case, we have
{:U e€C|gi(z) <0, ga(z) < O} = {(y,z) €dom(H) | Az —y = 0}.

As asserted earlier, this set contains a relative interior point of C', thus implying
that the set

Q" ={n>0|H(y,2) + phg1(y, 2) + paga(y, 2) > 0, ¥ (y, 2) € dom(H) }

is nonempty. Hence, there exists (u1, pu2) such that
fly) = Z'd+ (m — p2) (Az —y) >0, ¥ (y,2) € dom(H).
Since dom(H) = R™ x R", by letting A = p1 — p2, we obtain
fly) = 2'd+ N (Az —y) >0, VyeR", e R",
or equivalently
Ffly) > Ny+2'(d— AN, VyeR™, zeR".
Because this relation holds for all z, we have d = A’X implying that
fly) >Ny, VyeR™,

which shows that A € 9f(0). Hence d € A’9f(0), thus completing the proof.

4.11

Suppose that the set Uzex de f(z) is unbounded for some € > 0. Then, there exist
a sequence {zx} C X, and a sequence {dx} such that d € O f(zx) for all k and
|ldk]] — oco. Without loss of generality, we may assume that dr # 0 for all k,
and we denote yi = di/||dk||. Since both {z} and {yx} are bounded, they must
contain convergent subsequences, and without loss of generality, we may assume
that xp converges to some z and yi converges to some y with ||y|| = 1. Since
di € O f(zk) for all k, it follows that
Flxr+ye) > flaw) + diyr — € = fz) + [[del| —e.

By letting £ — oo and by using the continuity of f, we obtain f(z + y) = oo, a
contradiction. Hence, the set Uzex 0. f(z) must be bounded for all € > 0.

4.12

Let d € 9f(z). Then, by the definitions of subgradient and e-subgradient, it
follows that for any € > 0,

f) > f@)+d(y—a2) > fle)+d(y—z)—¢,  VyeR",
implying that d € 9. f(x) for all € > 0. Therefore d € Nes00. f(z), showing that

Af(x) C Nesole f ().
Conversely, let d € O, f(z) for all € > 0, so that

fy) > f@)+dy—z)—e VyeR", Ve>O0.
By letting € | 0, we obtain
fy) = f@)+dy—z), VyeR",
implying that d € df(z), and showing that Nes00. f(z) C df ().

12



4.13 (Continuity Properties of e-Subdifferential [Nur77])

(a) By the e-subgradient definition, we have for all k,
) = fl@) +di(ly—2)—e,  VyeR"

Since the sequence {z} is bounded, by Exercise 4.11, the sequence {d} is also
bounded and therefore, it has a limit point d. Taking the limit in the preceding
relation along a subsequence of {di} converging to d, we obtain

) > f@)+dy—z)—e  YyeR,
showing that d € 0. f(z).
(b) First we show that

d(Uo<s<cs f(x)) = O f(x). (4.7)

Let d € 95 f(z) for some scalar ¢ satisfying 0 < 6 < e. Then, by the definition of
e-subgradient, we have

f@) > f@)—dy—2)-6> fla) —d(y—z)—¢, VyeR",
showing that d € O, f(z). Therefore,
Osf(x) COcf(x), V€06, (4.8)

implying that
Uo<s<e0s f(x) C O f().

Since O.f(x) is closed, by taking the closures of both sides in the preceding
relation, we obtain

d(Uocs<cds f(x)) C O f(a).

Conversely, assume to arrive at a contradiction that there is a vector d €
O f(x) with d & cl(Up<s<c0sf(x)). Note that the set Uy<s<csf(x) is bounded
since it is contained in the compact set Ocf(z). Furthermore, we claim that
Uo<s<e0s f(x) is convex. Indeed if d1 and d2 belong to this set, then di € 05, f(x)
and do € 05, f(x) for some positive scalars §; and d2. Without loss of generality,
let 61 < d2. Then, by Eq. (4.8), it follows that di1,d2 € 0s, f(x), which is a convex
set by Prop. 4.3.1(a). Hence, Ad1 + (1 —\)dz2 € 05, f () for all X € [0, 1], implying
that Ady + (1 — N)d2 € Up<s<c0s f(x) for all X € [0, 1], and showing that the set
Uo<s<eOs f(x) is convex.

The vector d and the convex and compact set cl(uo<5<€85f(m)> can be
strongly separated (see Exercise 2.17), i.e., there exists a vector b € R" such that

b'd > max bg.
gEcl(U0<5<586f(z))

This relation implies that for some positive scalar f3,

b'd > max )b'ng 20, Vv § € (0,€).

g€ds f(x
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By Prop. 4.3.1(a), we have

flz+ab)— f(z)+46

inf = max by,
a>0 a g€0s f ()
so that . 5
b'd>inf0f(x+a);f(x)+ 1928, V6 0<i<e
>

Let {0x} be a positive scalar sequence converging to e. In view of the preceding
relation, for each d, there exists a small enough ax > 0 such that

apb'd > f(z + agb) — f(z) + 6k + 5. (4.9)
Without loss of generality, we may assume that {aj} is bounded, so that it

has a limit point @ > 0. By taking the limit in Eq. (4.9) along an appropriate
subsequence, and by using Jr — €, we obtain

ab'd > f(x +ab) — f(x) +e+ 6.

If @ = 0, we would have 0 > e + (3, which is a contradiction. If @ > 0, we would
have
ab'd+ f(x) — e > f(x +ab),

which cannot hold since d € dc f(z). Hence, we must have

O f(z) C cl(Uo<6<535f($))>

thus completing the proof of Eq. (4.7).

We now prove the statement of the exercise. Let {1} be a sequence con-
verging to . By Prop. 4.3.1(a), the e-subdifferential 0. f(x) is bounded, so that
there exists a constant L > 0 such that

llgll < L, V g € Of(x).

Let
Y = |f(zx) = f@)| + L lzx — 2,  VEk (4.10)

Since xr — x, by continuity of f, it follows that yx — 0 as k — o0, so that
€r = € — y, converges to e. Let {k;} C {0,1,...} be an index sequence such that
{er;} is positive and monotonically increasing to ¢, i.e.,
€k, Te with €k, = €— Yk, >0, €k, <€kt Y 1.
In view of relation (4.7), we have
cl(Uizo aekif(x)) = 0.f(x), (4.11)
implying that for a given vector d € O.f(x), there exists a sequence {d,} such

that
dg, — d with dg, € O¢, f(z), Vi. (4.12)

14



There remains to show that di;, € O f(xx,) for all i. Since di; € O, f(x),
it follows that for all ¢ and y € R",
fy) = f@) + dy, (y — 2) — ex,
= f(xkz) + (f(x) - f(xkl)) + d;cl (y - :Ckz) + d;cz (xkl - 1’) — €k;

> flaon) + diyy = 2n) = (| F(2) = flan) [ +]dh o, — )] + e, )-
(4.13)
Because di; € O.f(x) [cf. Egs. (4.11) and (4.12)] and O f(x) is bounded, there
holds
|d;gl(:rkl — :c)’ <L ||zg, — x|

Using this relation, the definition of v [cf. Eq. (4.10)], and the fact ex = € — &
for all k, from Eq. (4.13) we obtain for all ¢ and y € R",

f(y) > f(sz) + d;cl(y - xkz) - (’Yki + eki) = f(l'kl) + d;itz(y - xkz) — €
Hence di, € Ocf(xk,;) for all i, thus completing the proof.
4.14 (Subgradient Mean Value Theorem)

(a) Scalar Case: Define the scalar function g : ® — R by

and note that g is convex and g(a) = g(b) = 0. We first show that g attains its
minimum over ® at some point t* € [a,b]. For ¢ < a, we have

b—a a—t b—a
—_— b) = t
=90 = —9),

implying that g(¢t) > 0 for ¢t < a. Similarly, for ¢ > b, we have

_bfat+tfb
Ct—a t—a

b

a,

and by using convexity of g and g(a) = g(b) = 0, we obtain

b—a t—2> t—>b
+ =

0=g(b) < g(a) g9(t),

t—a t—a
implying that g(¢t) > 0 for ¢ > b. Therefore g(¢t) > 0 for t ¢ (a,b), while
g(a) = g(b) = 0. Hence

ing(t) = min g(t). 4.14
rtrélgg() tg[lglg)]g() (4.14)
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Because g is convex over R, it is also continuous over R, and since [a, b] is compact,
the set of minimizers of g over [a,b] is nonempty. Thus, in view of Eq. (4.14),
there exists a scalar t* € [a, b] such that g(¢*) = min;e g(t). If t* € (a,b), then
we are done. If t* = a or t* = b, then since g(a) = g(b) = 0, it follows that
every t € [a, b] attains the minimum of g over ®, so that we can replace t* by a
point in the interval (a,b). Thus, in any case, there exists t* € (a,b) such that
g(t") = minsex g(t).
We next show that

=20 )

The function g is the sum of the convex function ¢ and the linear (and therefore
smooth) function —w (t—a). Thus the subdifferential of dg(¢*) is the sum

of the sudifferential of dp(t*) and the gradient —w (see Prop. 4.2.4),

p(0) —p(a)

Ag(t") = Op(t") = = —

Since t* minimizes g over R, by the optimality condition, we have 0 € 9g(t*).
This and the preceding relation imply that

©(b) — p(a)

A € dp(t").

(b) Vector Case: Let z and y be any two vectors in R". If z = y, then
f(y) = f(z) + d'(y — =) trivially holds for any d € 8f(x), and we are done. So
assume that « # y, and consider the scalar function ¢ given by

ot) = f(z), awi=te+(1—ty, teR
By part (a), where a = 0 and b = 1, there exists « € (0, 1) such that
@(1) = ¢(0) € dp(a),
while by Exercise 4.6, we have
dp(a) = {d'(x—y) |d € df(za)}.
Since ¢(1) = f(x) and (0) = f(y), we see that
f@) = fy) € {d'(x —y) | d € If (wa) }.

Therefore, there exists d € 8 f(za) such that f(y) — f(z) =d'(y — z).
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4.15 (Steepest Descent Direction of a Convex Function)

Note that the problem statement in the book contains a typo: d/||d|| should be
replaced by —d/||d||.

The sets {d [l < 1} and df(x) are compact, and the function ¢(d, g) =
d'g is linear in each variable when the other variable is fixed, so that ¢(-,g) is
convex and closed for all g, while the function —¢(d, -) is convex and closed for
all d. Thus, by Prop. 2.6.9, the order of min and max can be interchanged,

min max dg= max min d
[l[dll<1 gedf () gedf(z) lldll<1

and there exist associated saddle points.
By Prop. 4.2.2, we have f'(z;d) = maxgeaf(z) d'g, 0

min max d'g= min f'(z:d). 4.15
lldlI<1 gedf (=) g Il <1 f{@;d) ( )
We also have for all g,
min d'g = —|g|,
lldll<1
and the minimum is attained for d = —g/||g||. Thus
max min d'g= max (— = — min . 4.16
g€af(z) |ld[|<1 g 9€9f(1)( Hg”) geof(z) Il ( )

From the generic characterization of a saddle point (cf. Prop. 2.6.1), it follows
that the set of saddle points of d’'g is D* x G*, where D* is the set of minima
of f'(x;d) subject to ||d|| < 1 [cf. Eq. (4.15)], and G* is the set of minima of
llg|| subject to g € Of(x) [cf. Eq. (4.16)], i.e., G* consists of the unique vector g*
of minimum norm on Jf(z). Furthermore, again by Prop. 2.6.1, every d* € D*
must minimize d’g* subject to ||d|| < 1, so it must satisfy d* = —g*/|lg*||.

4.16 (Generating Descent Directions of Convex Functions)

Suppose that the process does not terminate in a finite number of steps, and let
{(wk, gk)} be the sequence generated by the algorithm. Since wy, is the projection
of the origin on the set conv{gi,...,grk—1}, by the Projection Theorem (Prop.
2.2.1), we have

(g — wi) wg >0, Vg €conv{gi,...,gk-1},
implying that
giwr > lwel> > 971> >0, Vi=1,....k—1, Vk>1, (4.17)
where g* € 9f(x) is the vector with minimum norm in df(z). Note that ||g*|| > 0
because = does not minimize f. The sequences {wy} and {gx} are contained in

df(x), and since df(x) is compact, {wi} and {gr} have limit points in Jf(x).
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Without loss of generality, we may assume that these sequences converge, so that
for some W, g € df(z), we have

i _ I _ s
kir{:o Wk = W, kLHOIOQk 9,
which in view of Eq. (4.17) implies that '@ > 0. On the other hand, because
none of the vectors (—wy) is a descent direction of f at x, we have f'(z; —ws) > 0,
so that

gr(—wr) = max g¢'(—wk) = f'(2; —wy) > 0.
gEIf ()

Al A

By letting & — 0o, we obtain ¢’ < 0, thus contradicting §’@w > 0. Therefore,
the process must terminate in a finite number of steps with a descent direction.

4.17 (Generating e-Descent Directions of Convex Functions [Lem74])

Suppose that the process does not terminate in a finite number of steps, and let
{(wk, gk)} be the sequence generated by the algorithm. Since wy, is the projection
of the origin on the set conv{gi,...,gr—1}, by the Projection Theorem (Prop.
2.2.1), we have

(9 —wi) wi, >0, Vg €conv{gi,...,gk-1},
implying that
giwg > |lwe))®> > lg*II> >0, Vi=1,....,k—1, Vk>1, (4.18)

where ¢g* € Of(z) is the vector with minimum norm in O f(z). Note that
llg*|l > 0 because x is not an e-optimal solution, i.e., f(z) > inf,cpn f(2) + € [see
Prop. 4.3.1(b)]. The sequences {wy } and {gx} are contained in O, f(x), and since
O f(x) is compact [Prop. 4.3.1(a)], {wi} and {gr} have limit points in 9. f(z).
Without loss of generality, we may assume that these sequences converge, so that
for some W, § € O f(x), we have

i _ I _
| Lngo Wi w, kl_{Tolo 9k g,
which in view of Eq. (4.18) implies that §’@ > 0. On the other hand, because

none of the vectors (—wy) is an e-descent direction of f at x, by Prop. 4.3.1(a),
we have

gu(—wi) = max g'(—wy) = inf &) @) Fe

> 0.
gedf(x) a>0 o -

By letting k — oo, we obtain §’i < 0, thus contradicting §’w > 0. Hence, the
process must terminate in a finite number of steps with an e-descent direction.
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4.18
(a) For z € int(C), we clearly have Fo(x) = R", implying that
Tc(z) =R".
Since C' is convex, by Prop. 4.6.3, we have
Ne(z) = Te(z)" = {0}.

For z € C with = € int(C), we have ||z|| = 1. By the definition of the set
Fc(z) of feasible directions at x, we have y € Fo(x) if and only if z 4+ ay € C
for all sufficiently small positive scalars . Thus, y € F¢(z) if and only if there
exists @ > 0 such that ||z + ay||> < 1 for all « with 0 < o < @, or equivalently

lz))® + 202’y + o®|y||* < 1, Vo, 0<a<a.
Since ||z|| = 1, the preceding relation reduces to
22"y + ally||® < 0. Va, 0<a<a.

This relation holds if and only if y = 0, or 2’y < 0 and « < —2z'y/||y||* (i-e.,
@ = —22'y/|ly||*). Therefore,

Feo(x) = {y | z'y < 0} U {0}.

Because C' is convex, by Prop. 4.6.2(c), we have Tc(z) = cl(Fc(ac))7 implying
that
Te(x {y | z'y < 0}

Furthermore, by Prop. 4.6.3, we have N¢(z) = Tc(x)*, while by the Farkas’
Lemma [Prop. 3.2.1(b)], Tc(x)* = cone({x ), implying that

= cone({x})

(b) If C is a subspace, then clearly Fc(z) = C for all x € C. Because C' is convex,
by Props. 4.6.2(a) and 4.6.3, we have

Tc(z) =cl(Fe(z)) =C,  No(z)=Te(z)"=CH, VaeCl.
(c) Let C be a closed halfspace given by C' = {1: | a'z < b} with a nonzero vector
a € R" and a scalar b. For z € int(C), i.e., a’z < b, we have Fc(z) = R" and
since C' is convex, by Props. 4.6.2(a) and 4.6.3, we have
Te(x) = cl(Fc(x)) =R", Ne(z) =Te(z)" = {0}.

For z € C with z ¢ int(C), we have a’z = b, so that = + ay € C for some
y € R" and a > 0 if and only if a’y < 0, implying that

Fo(z) = {y |a'y < O}.
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By Prop. 4.6.2(a), it follows that
To(z) = cl(Fo(z)) = {y | a'y <0},
while by Prop. 4.6.3 and the Farkas’ Lemma [Prop. 3.2.1(b)], it follows that

Ne(z) =To(z)" = cone({a}).

(d) For z € C with z € int(C), i.e., z; > 0 for all 4 € I, we have Fc(z) = R".
Then, by using Props. 4.6.2(a) and 4.6.3, we obtain

Te(z) = cl(Fc(m)) =R", Ne(z) = Te(z)" = {0}.

For z € C with z ¢ int(C), the set A, = {¢ € I | ; = 0} is nonempty.
Then, x + ay € C for some y € " and a > 0 if and only if y; <0 for all i € A,,
implying that

Fo(z)={y|y: <0, Vi€ A.}.

Because C' is convex, by Prop. 4.6.2(a), we have that
Te(x) = cl(Fo(z)) = {y |v: <0, Vie A},

or equivalently
Te(x) = {y |y'e; <0, Vig AI},

where e; € R" is the vector whose ith component is 1 and all other components
are 0. By Prop. 4.6.3, we further have N¢(x) = Tc(x)*, while by the Farkas’
Lemma [Prop. propforea(b)], we see that Te(z)* = cone({ei | i€ Al.}), implying
that

Ne(z) = cone({ei | i€ AI})

4.19

(a) = (b) Let = € ri(C) and let S be the subspace that is parallel to aff(C).
Then, for every y € S, x + ay € 1ri(C) for all sufficiently small positive scalars
a, implying that y € Fe(z) and showing that S C Fo(x). Furthermore, by the
definition of the set of feasible directions, it follows that if y € Fo(x), then there
exists @ > 0 such that z + ay € C for all « € (0,a]. Hence y € S, implying that
Fc(z) C S. This and the relation S C Fe(x) show that Fo(x) = S. Since C is
convex, by Prop. 4.6.2(a), it follows that

To(z) = cl(Fe(z)) = S,

thus proving that Tc(z) is a subspace.

(b) = (c) Let Tc(x) be a subspace. Then, because C' is convex, from Prop. 4.6.3
it follows that
Ne(z) = Te(x)" = To(x)*,
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showing that N¢(z) is a subspace.

(c) = (a) Let Nco(z) be a subspace, and to arrive at a contradiction suppose that
x is not a point in the relative interior of C. Then, by the Proper Separation
Theorem (Prop. 2.4.5), the point = and the relative interior of C' can be properly
separated, i.e., there exists a vector a € R" such that

supa'y < a'z, (4.19)
yecl
inf @'y < sup a'y. (4.20)
vee yeC
The relation (4.19) implies that
(—a)(x—y) <0, Vyel. (4.21)

Since C' is convex, by Prop. 4.6.3, the preceding relation is equivalent to —a €
Tc(x)*. By the same proposition, there holds N¢(x) = Te(z)*, implying that
—a € N¢(z). Because N¢(z) is a subspace, we must also have a € N¢(z), and
by using

Ne(z) =To(x)" = {z | (z—y) <0, VyeC}

(cf. Prop. 4.6.3), we see that

a'(z—y) <0, VyeC.
This relation and Eq. (4.21) yield

a'(z—1y) =0, Vyed,

contradicting Eq. (4.20). Hence, z must be in the relative interior of C.

4.20 (Tangent and Normal Cones of Affine Sets)
Let C = {z | Az = b} and let = € C be arbitrary. We then have
Fo(z) = {y | Ay = 0} = N(A),
and by using Prop. 4.6.2(a), we obtain
To(z) = cl(Fo(z)) = N(A).
Since C' is convex, by Prop. 4.6.3, it follows that

Ne(x) = To(x)" = N(A)*" = R(A').
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4.21 (Tangent and Normal Cones of Level Sets)

Let
C={z|f(=) < f(x)}.
We first show that
c(Fe(x) = {y | f'(z;y) <0}.

Let § € Fc(x) be arbitrary. Then, by the definition of Fo(z), there exists a
scalar @ such that z + oy € C for all « € (0,a]. By the definition of C, it follows
that f(z + ay) < f(z) for all a € (0,@], implying that

Plar) = g L0+ 0D = 16)

<0.

Therefore 3 € {y | f(z;y) < O}7 thus showin