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Coverage and Throughput Analysis with a
Non-Uniform Small Cell Deployment
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Abstract—Small cell network (SCN) offers, for the first time,
a low-cost and scalable mechanism to meet the forecast datatraffic demand. In this paper, we propose a non-uniform SCN
deployment scheme. The small cell base stations (BSs) in this
scheme will not be utilized in the region within a prescribed
distance away from any macrocell BSs, defined as the inner
region. Based upon the analytical framework provided in this
work, the downlink coverage and single user throughput are
precisely characterized. Provided that the inner region size is
appropriately chosen, we find that the proposed non-uniform
SCN deployment scheme can maintain the same level of cellular coverage performance even with 50% less small cell BSs
used than the uniform SCN deployment, which is commonly
considered in the literature. Furthermore, both the coverage
and the single user throughput performance will significantly
benefit from the proposed scheme, if its average small cell density
is kept identical to the uniform SCN deployment. This work
demonstrates the benefits obtained from a simple non-uniform
SCN deployment, thus highlighting the importance of deploying
small cells selectively.
Index Terms—Small cell networks, non-uniform deployment,
coverage, throughput, stochastic geometry.

I. I NTRODUCTION

I

N recent years, the cellular communications industry has
experienced an unprecedented growth in the numbers of
subscribers and data traffic. This significant trend challenges
cellular service providers’ traditional macro-only network: A
much more advanced and flexible network topology is desired.
To meet this demand, the concept of heterogeneous network is
proposed to most efficiently use the dimensions of space and
frequency. Its network topology is composed of a diverse set
of wireless technologies, traditional macrocells and low-power
small cells [2]. By off-loading wireless traffic from macro to
small cells and decreasing the distance from users to base
stations (BSs), small cell network (SCN) bring a multitude
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of benefits, including improved user experiences and more
efficient spatial reuse of spectrum [3].
The cellular coverage performance of a SCN strongly
depends on the locations of small cell BSs. With a constant
pre-configurable transmit power, which is a mode commonly
implemented in current solutions [4], [5], the small cell
coverage range is significantly reduced when it is close to
a macrocell BS site [6], resulting in poor off-loading effects.
More interestingly, when the small cell BSs are uniformly
deployed at random, increasing the density of small cell BSs
does not give any noticeable improvement in the coverage
probability [6]–[8]. The main cause of this phenomenon is
the increased network interference from having more small
cell BSs in satisfactory macrocell areas. Hence, one interesting question raised from the above-mentioned discussion is
whether or not we can improve both coverage and throughput
performances by not utilizing the small cell BSs at undesirable
locations, in other words, deploying small cells non-uniformly.
In our analysis, the union of locations within a prescribed
distance from any macrocell BSs is defined as the inner region,
shown as the shadow areas in Fig. 1, whereas the union
of locations outside the inner region is defined as the outer
region. Here, we consider an intuitive and interesting idea:
We simply avoid using small cell BSs within the inner region,
illustrated in Fig. 1. It is expected that the small cell locations
are known to the cellular operator which uses provisioning
processes to avoid small cells deployment in certain regions.
This actually occurs today with the operators only assigning
femtocell access points to particular sites based on system
constraints, where our non-uniform SCN deployment scheme
can be regarded as one way to achieve that.
A. Approach and Contributions
In this work, we aim to show the impact of employing
the proposed non-uniform SCN deployment on the downlink
coverage and throughput performance of the two-tier cellular
network. Specifically, our goal is to derive the coverage
probability, or equivalently the distribution of signal-to-noise
ratio (SINR), based on which the throughput achievable at a
randomly chosen user can further be derived.
Fortunately, modeling BSs to be randomly placed points
in a plane and utilizing stochastic geometry [9], [10] to
study cellular networks has been used extensively as an
analytical tool with improved tractability [11]–[13]. Recent
works [6], [7], [14]–[19] have shown: Compared with the
practical network deployment, modeling the cellular network
with BS locations drawn from a homogeneous Poisson Point
Process (PPP) is as accurate as the traditional grid models.
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cies between different cellular tiers [20]. The superposed tiers
in Haenggi’s model are deployed on the edges and at the
vertices of the Voronoi cells formed by the macrocell BSs,
that is, the poorest macrocell coverage locations. In contrast,
our scheme regards the previously defined outer region as the
poor macrocell coverage area, in which small cell BSs can be
deployed. Additionally, our study provides not only the new
model, but also the analysis on both coverage and throughput
performance.
The remainder of the paper is organized as follows: In
Section II, the system model and the analysis on the uniform
SCN deployment used in this work are introduced. Section III
provides the tractable result for the downlink coverage and the
achievable single user throughput of the proposed non-uniform
SCN deployment scheme. Section IV presents numerical results and we conclude the paper in Section V.
Fig. 1. Illustration of cell association regions for the proposed non-uniform
SCN deployment scheme. Macrocell BSs (denoted by triangles) are randomly
scattered in the whole plane. Small cell BSs (also randomly scattered and
denoted by squares) are only utilized in the outer region, and not used in the
inner region (denoted by shadow areas).

Moreover, the stochastic geometry model can provide the
randomness introduced by the small cell deployment, and
also more tractable analytical results on both the coverage
and throughput performances. Based on these reasons, this
stochastic geometry tool is adopted to model the locations of
BSs in this work.
The main contributions of this paper are as follows:
1) We propose the above-mentioned non-uniform SCN
deployment scheme. In this scheme, small cell BSs are
not utilized in the region within a certain distance away
from any macrocell BSs. Through this scheme, we can
guarantee that most of the active small cell BSs are
located in the relatively poor macrocell coverage areas.
2) By employing the PPP-based stochastic-geometry BS
model in the analysis, we provide the probabilistic characterization of the downlink coverage and single user
throughput achievable by a randomly located mobile
user in this new scheme. To our knowledge, it is the
first study to derive analytical results on a non-uniform
SCN deployment.
3) Compared with the uniform SCN deployment, we
demonstrate that the same cellular coverage performance
can be maintained if the size of the inner region for the
proposed scheme is appropriately chosen. Our numerical
result demonstrates that the number of utilized small
cell BSs can be reduced by more than 50%, without
compromising the coverage performance.
4) By maintaining the average small cell density in the
proposed scheme, we show that both coverage and single
user throughput can be significantly improved over the
uniform SCN deployment, namely 72% improvement
for the throughput achievable by the worst 10% users.
This finding emphasizes the importance of deploying the
small cells selectively by taking their relative locations
with macrocell BSs into account.
It should be noticed that Haenggi introduced a non-uniform
multi-tier deployment model that also incorporates dependen-

II. S YSTEM M ODEL AND U NIFORM SCN D EPLOYMENT
A. Two-Tier Cellular Network Model
We consider the downlink environment of a heterogeneous
cellular network (HetNet), which employs an orthogonal multiple access technique, like the orthogonal frequency-division
multiple access (OFDMA) in Long Term Evolution (LTE). In
this analysis, the HetNet consists of two tiers, the macro and
small cell tiers (otherwise called as the first and second tiers),
which are spatially distributed as two-dimensional processes
Φ1 and Φ2 , with different transmit powers Ptx,1 and Ptx,2
respectively. The same transmit power holds across each tier.
The macrocell tier process Φ1 is modeled as a homogeneous
PPP with the density λ1 . Furthermore, the collection of mobile
users, located according to an independent homogeneous PPP
ΦMS of the density λMS , is assumed in this work. We
consider the process ΦMS ∪ {0} obtained by adding a user at
the origin of the coordinate system, which is the typical user
under consideration. This is allowed by Slivnyak’s Theorem
[9], which states that the properties observed by a typical point
of the PPP ΦMS , are identical to those observed by the origin
in the process ΦMS ∪ {0}.
Here we use the standard power loss propagation model
with path loss exponent α > 2 and path loss constant L0
at the reference distance r0 = 1 m. We assume that the
typical mobile user experiences Rayleigh fading from the
serving and interfering BSs. The impact of fading on the
signal power follows the exponential distribution with the
unitary mean value. This Rayleigh fading model has been
proven to be representative for all kinds of shadowing/fading,
because PPP-based networks with arbitrary distributions of
shadowing/fading have identical distributed signals perceived
at a given location as long as the shadowing/fading values have
the same value of the 2/α-moment [21]. The noise power is
assumed to be additive and constant with value σ 2 .
B. Cell Association, Traffic and Resource Allocation Model
As we described earlier, all macrocell and small cell BSs are
open access, and there is no limitation on the number of users
served by each BS. Moreover, we assume that mobile users are
connected to the BS providing maximum long-term received
power, which can be regarded as a widely used special case
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of the general cell association model [6], [14]. Specifically,
the selected tier index κ is


κ = arg max Ptx,i L0 (Ri )−α ,
(1)
i∈{1,2}

in which Ri is the minimum distance from the i-th tier
BSs to the typical mobile user at the origin, that is, Ri =
minx∈Φi x. For simplicity, we use Pi to replace the product
of Ptx,i and L0 , i.e., Pi = Ptx,i L0 , i ∈ {1, 2}, from now on.
We utilize the full buffer traffic model for all the active users
[19], [22], in which the buffers of the users’ data flows always
have unlimited amount of data to transmit. Best effort traffic
is assumed, and there is no quality and latency requirements
for the traffic model. The available resources at each BS are
assumed to be allocated evenly among all its mobile users to
simulate the Round-Robin scheduling with the most fairness.
C. Received SINR for Data Channels
In this work, we specifically focus on the data channels,
an important additional feature which is different from other
previous works in the field. This better characterizes practical
scenarios: When a BS has no user to serve, all the frequencytime resource blocks for data channels will be left blank, while
the other BSs with at least one user associated will occupy
all the resource blocks for data transmissions [23]. Therefore,
there is the likelihood that there is no user for a BS to serve
and thus no data-channel interference is generated from this
BS in our analysis. We use {Φi }i∈{1,2} to denote the process
constructed by the remaining i-th tier BSs (i.e., the loaded
BSs in the i-th tier) excluding the ones not associated with
users (i.e., unloaded BSs).
By employing the cell association model described in Subsection II-B to choose the serving cell, the downlink received
SINR at the typical user can be expressed as
Pκ h(Rκ )−α
,
I + σ2



SINR =


(2)

where I = i∈{1,2} Ii = i∈{1,2} x∈Φ \{xo } Pi hx x−α
i
is the cumulative interference from all the loaded BSs (except
the BS at xo from the κ-th tier serving for the mobile user
at o), and Ii is defined as the interference component from
the i-th tier. Here, h is employed to denote the channel
fading gain from the serving BS, and hx is the value for the
interfering BS at the location of x. Based upon the Rayleigh
fading assumption, all these channel fading gains, h and
{hx : x ∈ Φi \ {xo }} follow the exponential distribution with
the unitary mean value. In our study, no intracell interference
is incorporated since we assume that the orthogonal multiple
access is employed among intracell users.
D. Uniform SCN Deployment
Before proposing the non-uniform SCN deployment
scheme, we firstly focus on the uniform SCN deployment,
where the small cell BSs in Φ2 are located as a homogeneous
PPP with the density λ2 in the whole plane. Following
the analysis in [6], [19], the results for this uniform SCN
deployment are briefly presented here for the purpose of
comparison.
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1) Mobile User Resource Sharing: Firstly, the per-tier
association probabilities for the uniform SCN deployment,
that is, the probabilities for the typical user to associate with
macrocell and small cell tiers, denoted by Q1,u and Q2,u , were
derived in [6], i.e.,
Q1,u =

λ1
 P2 2/α and Q2,u =

λ1 + λ2

P1

λ1

λ2
 P1 2/α
P2

+ λ2

.
(3)

As proved in [19], the area of the i-th tier cells, denoted by
Ci,u , can be well approximated by the Voronoi cell area formed
by a homogeneous PPP with the density value λi /Qi,u ,
i.e., Ci,u ≈ C0 (λi /Qi,u ), in which C0 (y) is the area of a
typical Voronoi cell of a homogeneous PPP with the density
y. For the distribution of Voronoi cell area formed by a
homogeneous PPP, there is no known closed form expression
for its distribution [24]; however, some precise estimates can
be conducted [25], [26]: the approximated probability density
function (PDF) of Ci,u can be expressed as
fCi,u (x) ≈ (bλi,eq,u )q xq−1 exp(−bλi,eq,u x)/Γ(q),

(4)

where q = 3.61, b = 3.61, λ1,eq,u = λ1 +
λ2 (P2 /P1 )2/α ,
∞
2/α
λ2,eq,u = λ1 (P1 /P2 )
+ λ2 and Γ(x) = 0 tx−1 e−t dt is
the standard gamma function.
Based on this approximation, the probability mass function
(PMF) of the number of users in a randomly chosen i-th tier
cell can be derived as
P[Ni,c,u = n] ≈

(λMS )n (λi,eq,u )q
bq Γ(n + q)
·
·
,
n!
Γ(q)
(λMS + bλi,eq,u )n+q
for n ∈ Z0 and i ∈ {1, 2}. (5)

Provided that the typical user is enclosed in the cell, the
PDF of the i-th tier cell area Ci,u was derived in [18], [19],
that is, fCi,u |o∈Ci,u (x) = xfCi,u (x)/E[Ci,u ] which helps to
obtain the distribution of the number of in-cell users sharing
the resource with the typical user
P[Ni,u = n] ≈

MS
( λλi,eq,u
)n
bq Γ(n + q + 1)
·
·
,
MS
n!
Γ(q)
(b + λλi,eq,u
)(n+q+1)

for n ∈ Z0 , i ∈ {1, 2}. (6)
As the cell coverage regions are mutually disjoint and PPP
ΦMS has the property of complete independence [9], the
numbers of users in different cells are independent. For a
randomly chosen i-th tier cell, its probability to be an unloaded
cell is P[Ni,c,u = 0]. Hence, the process Φi , (i.e., the i-th
tier loaded BSs excluding the BSs without users associated,)
can be approximated by a homogeneous PPP with the density
λi,u = λi · (1 − P[Ni,c,u = 0]).
2) Coverage Probability: We use SINRi,u to denote the
received SINR at the typical user served by the i-th tier for
this uniform SCN deployment. Then the coverage probability
at the typical user is pc (T ) = P[SINRi,u > T ] for the i-th tier,
i.e., the probability of a target SINR T (or SINR threshold)
achievable at the typical user. This coverage probability is also
exactly the complementary cumulative distribution function
(CCDF) of the received SINR.
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If the typical user is served by the i-th tier, its coverage
probability has been derived in [6]:
pc,i,u (T ) = P[SINRi,u > T ]

T xα σ 2
= 2πλi,eq,u
x exp(−
)
Pi
x>0
· exp − πx2 λi,eq,u + ρ(T, α)λi,eq,u
for i ∈ {1, 2},

(7)

W
log2 (1 + SINRi,u ) > ρ
> ρ] = P
Ni,u + 1
∞


P[Ni,u = n] · pc,i,u 2(n+1)ρ/W − 1 ,
≈
n=0

for i ∈ {1, 2},

(8)

where the BS’s bandwidth W are evenly allocated among all
its associated users, namely, the typical user and the other
Ni,u in-cell users, as stated in the resource allocation model
mentioned earlier. It should be noted that the approximation
is achieved by assuming the independence between the distribution of SINRi,u and Ni,u , and this assumption was proved
to be accurate [19].
III. N ON -U NIFORM SCN D EPLOYMENT
In this section, we analyze the proposed non-uniform SCN
deployment scheme, which aims to make all the small cell BSs
utilized in the areas with unsatisfactory macrocell coverage.
Based on our analysis using the tool of the stochastic geometry
cellular network model, the main results are the probabilistic
characterizations of the downlink coverage and the achievable single user throughput presented in Subsections III-C
and III-D, respectively. Before introducing the main results,
Subsection III-A provides the definition of the inner and outer
regions, and Subsection III-B provides the analysis on the
process of loaded BSs.
A. Inner and Outer Regions
By implementing the non-uniform SCN deployment
scheme, the small cell BSs will be only utilized in the inner
region. Specifically, the inner region Ainner are defined as
the union of locations in which the distance to the nearest
macrocell BS site is no larger than D, and the outer region
Aouter are defined as the union of locations whose distances
to any macrocell BSs are larger than D, that is,

B(x, D) and Aouter = R2 \ Ainner , (9)
Ainner =
x∈Φ1

P[o ∈ Ainner ] = 1 − exp(−πλ1 D2 ),

(10)

P[o ∈ Aouter ] = exp(−πλ1 D2 ).

(11)

and
dx,

where the function ρ(x, α) is defined as ρ(x, α) =
∞
x2/α x−2/α 1/(1 + uα/2 ) du, and {λi,eq,u }i∈{1,2} can be
defined as λ1,eq,u = λ1,u + λ2,u (P2 /P1 )2/α and λ2,eq,u =
λ1,u (P1 /P2 )2/α + λ2,u .
3) Single User Throughput: Following the analysis in [19],
the throughput achievable at the typical user served by the i-th
tier, denoted by Ri,u , can be derived as
P[Ri,u

where D is called the radius of inner region in this paper.
Following PPP’s void probability [9], the typical user’s probabilities to be located in the inner region Ainner and the outer
region Aouter are

Therefore, the small cell BSs are distributed according to
the homogeneous PPP with the density λ2 in the outer region
only, and don’t be utilized in the inner region, thus making
the small-cell-tier process Φ2 become a Poisson hole process
[27], and the average density for the small cell BSs over the
whole plane become E[λ2 (x)] = λ2 · P[o ∈ Aouter ].
B. The Density of Loaded BSs
As stated in Section II, we assume that the interference
signal at the data channel is only generated from the loaded
BSs (i.e., the BSs having at least one user associated). We
use the process Φi to denote the i-th tier loaded BSs for
the non-uniform SCN deployment scheme, excluding the
unloaded ones without users associated. Like the method
used in Subsection II-D, we assume that the process Φi can
be approximated by a homogeneous PPP with the density
λi = λi · (1 − P[Ni,c = 0]), where Ni,c is the number of
users in a randomly chosen i-th tier cell. We are interested in
the density of Φi over its deployment region, i.e., λi , which
will be used to estimate the interference process later on.
Lemma 1. The density of Φi over the corresponding macroand small-cell-tier deployment regions can respectively be
approximated by
q

λ1 b
λ1 ≈ λ1 1 −
λMS Q1 + bλ1
q

λ2 b
and λ2 ≈ λ2 1 −
,
(12)
λMS Q2,outer + bλ2
where Q1 = P[κ = 1] is the probability of the typical user
served by the macrocell tier, which can be approximated by
Q1 ≈ 1 − exp(−πλ1 D2 )+

 P2  α2 2 
λ1
· exp − π[λ1 + λ2
]D , (13)
2/α
P1
λ1 + λ2 (P2 /P1 )
and Q2,outer = P[κ = 2 | o ∈ Aouter ] is the probability of the
outer region typical user associated with the small cell tier,
which can be estimated by

 P2  α2 2 
λ1
Q2,outer ≈ 1 −
− πλ2
D .
2 exp
P1
λ1 + λ2 (P2 /P1 ) α
(14)
Proof: See Appendix A
It should be noticed that λ1 is the density of Φ1 over
the whole plane, and λ2 is the density of Φ2 in the outer
region only. This difference comes from the non-uniform
SCN deployment scheme. As mentioned above, we use the
homogenous PPP with density λ1 over the entire plane and
the PPP with density λ2 on the outer region, respectively, to
analyze the interference signal.
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C. Coverage Probability

D. Single User Throughput

Now we present the result on the coverage probability
pc (T ), that is, the probability that the instantaneous received
SINR at the typical user’s data channel is above a target SINR
threshold T . The coverage probabilities provided that the
typical user is located in the inner region and the outer region,
are presented in Theorem 1 and Theorem 2, respectively. Note
that ρ(·, ·) is defined below the equation (7).

In this section, we derive another and the most important
analytical result of this paper, the probabilistic characteristics
of the achievable single user throughput (denoted by R) for
the proposed non-uniform SCN deployment. Similar to the
coverage probability analysis in Subsection III-C, we will
first focus on the throughput in the inner and outer regions
separately.

Theorem 1. The coverage probability for the typical user in
the inner region Ainner is approximated by
 D
2πλ1
pc,Ainner (T ) ≈
[1 − exp(−πλ1 D2 )] 0


 T σ 2 xα 
 
exp − π λ1 + λ1 ρ(T, α) x2
exp −
P1

 P2 T xα 
, α xdx. (15)
exp − πλ2 D2 ρ
P1 Dα
Proof: See Appendix B.

Theorem 3. The CCDF of the throughput achieved at the
typical user in the inner region Ainner is provided by

Theorem 2. The coverage probability for the typical user in
the outer region Aouter is provided by
pc,i,Aouter (T ) · Qi,outer ,

pc,Aouter (T ) =

P[R > ρ | o ∈ Ainner ]
∞

≈
n=0

where N1 is the number of in-cell users sharing the resource
with the macrocell typical user, and its PMF P[N1 = n] is
approximated by
P[N1 = n] ≈

(16)

i∈{1,2}

where Q1,outer = 1 − Q2,outer , Q2,outer is provided in
Lemma 1, and
pc,1,Aouter (T ) ≈

2π[λ1 + λ2

 P 2/α
2

P1

]


 2 2/α

exp − π[λ1 + λ2 P
]D2
P1
 ∞


 P2  2 

 P2  2  2 
α
α
exp − π λ1 + λ2
+ ρ(T, α) λ1 + λ2
x
P1
P1
D
2
α
 Tσ x 
xdx, (17)
exp −
P1

and


P

1

( P2 ) α D



P[N1 = n] · pc,Ainner 2(n+1)ρ/W − 1 , (20)

bq Γ(n + q + 1)  λMS n
·
n!
Γ(q)
λ1 /Q1

λMS −(n+q+1)
· b+
, for n ∈ Z0 , (21)
λ1 /Q1

in which Q1 is provided in Lemma 1.
Proof: See Appendix D.
Theorem 4. The CCDF of the throughput achieved at the
typical user in the outer region Aouter is provided by
P[R > ρ | o ∈ Aouter ]
∞

≈



P[Ni = n]pc,i,Aouter 2(n+1)ρ/W −1 Qi,outer ,

i∈{1,2} n=0

(22)

 Tσ x
1
pc,2,Aouter (T ) = 2πλ2 M ·
x exp −
P2
0

 P1 T xα 

 

2

exp − πλ1 D ρ
, α − π λ2 + λ2 ρ(T, α) x2 dx
α
P2 D
 ∞
 T σ 2 xα 
2πλ2 M
+
x
exp
−
exp(−πλ1 D2 ) ( PP2 ) α1 D
P2
1


  P1 2/α
· exp − π λ1
+ λ2
P2
  P1 2/α
 
+ ρ(T, α) λ1
+ λ2 x2 dx. (18)
P2
Proof: See Appendix C.
The following Corollary 1 provides the coverage probability
for a randomly chosen typical user, which can be obtained
easily by expanding the coverage probability into inner and
outer regions.
2 α

Corollary 1. For a typical user, the coverage probability is

where Q1,outer = 1 − Q2,outer , Q2,outer is provided in
Lemma 1, P[N1 = n] is provided in (21), and P[N2 = n]
is the distribution of the number of in-cell user sharing the
resource with the small cell typical user, i.e.,
n
bq Γ(n + q + 1) 
λMS
·
·
n!
Γ(q)
λ2 /Q2,outer

−(n+q+1)
λMS
, for n ∈ Z0 . (23)
b+
λ2 /Q2,outer

P[N2 = n] ≈

Proof: See Appendix E.
The following Corollary 2 provides the distribution of the
throughput achieved for a typical user, which can be obtained
easily by expanding the distribution expression into inner and
outer regions.
Corollary 2. Considering resource sharing, the CCDF of the
throughput achieved at the typical user can be expressed as

+ pc,Aouter (T ) · P[o ∈ Aouter ], (19)

P[R > ρ] = P[R > ρ | o ∈ Ainner ] · P[o ∈ Ainner ]
+ P[R > ρ | o ∈ Aouter ] · P[o ∈ Aouter ], (24)

where P[o ∈ Ainner ] and P[o ∈ Aouter ] are provided in (10)
and (11).

where P[o ∈ Ainner ] and P[o ∈ Aouter ] are provided in (10)
and (11).

pc (T ) = pc,Ainner (T ) · P[o ∈ Ainner ]
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Non−Uniform SCN Deployment, Scneario−I

IV. N UMERICAL R ESULTS
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Fig. 2 demonstrates the results of coverage probability
(or equivalently, the CCDF of received SINR) for ScenarioI of the proposed non-uniform SCN deployment, given the
condition of D = 500 m and λ2 /λ1 = 10. Firstly, the
tractable analytical results, that is, the approximations derived
for inner and outer regions in this study, are reasonably
accurate. Through combining the results of outer and inner
regions by using (19), the coverage probability curve for
randomly chosen users is also illustrated therein.
In Fig. 3, the coverage probability curves for different
schemes are compared, by which we can conclude that the
analysis on both Scenario-I and II of the non-uniform SCN
deployment precisely matches the simulation result. Furthermore, we can observe two phenomena, i.e., Scenario-I (even
with reduced number of active small cell BSs) would not
hurt the coverage performance, and Scenario-II outperforms
both macrocell-only deployment and the uniform SCN deployment.
Furthermore, by presenting the achievable coverage probability versus the inner region radius D in Fig. 4, we can see
the importance of properly dividing inner and outer regions
on the coverage performance. For an appropriated chosen
D value, the proposed non-uniform SCN deployment in
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Fig. 2. Coverage probability (or equivalently, the CCDF of received SINR)
for Scenario-I of the proposed non-uniform SCN deployment, D = 500 m
and λ2 /λ1 = 10.
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In this section, we present numerical results on the coverage
and single user throughput for the proposed non-uniform SCN
deployment scheme. Here we assume the transmit powers
of macro and small cell BSs as Ptx,1 = 46 dBm and
Ptx,2 = 20 dBm respectively. The macrocell-tier density is
λ1 = 1 per square km, and the mobile user density is λMS =
10 per square km for all numerical results. The path loss
constant and exponent are assumed to be L0 = −34 dB and
α = 4. The thermal noise power is σ 2 = −104 dBm. Monte
Carlo simulations are also conducted to compare with our
analysis for the purpose of model validation. The single user
throughput demonstrated in our results are the rates achievable
over the BS’s bandwidth of 1 Hz, that is, W = 1 Hz.
To conduct a reasonable comparison with the uniform SCN
deployment with the small cell density λ2 , we provide the
numerical results for two topology scenarios in which the nonuniform SCN deployment is implemented.
• In Scenario-I, all small cell BSs are uniformly deployed
over the entire plane with the density λ2 ; however, only
the ones located in the outer region are active, while the
ones in the inner region are not used. Compared with the
uniform SCN deployment, the de facto density of active
small cell BSs is reduced by 100×P[o ∈ Ainner ] percent.
Under this assumption, the network designer or operator
can adjust the radius of the inner region to control how
many small cell BSs to be used for a given network
condition.
• In Scenario-II, we deploy all small cell BSs in the
outer region, in which the small cell density is set to be
λ2 /P[o ∈ Aouter ]. Scenario-II guarantees that the average
density over the whole plane becomes λ2 , identical to the
uniform SCN deployment for a fair comparison.
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Fig. 3. Coverage probability (or equivalently, the CCDF of received SINR)
for different schemes, D = 500 m and λ2 /λ1 = 10.

Scenario-I can achieve nearly the same coverage performance
as the uniform case, even with a significantly lower de facto
small cell density. For instance, non-uniform Scenario-I with
D = 500 m, which means that 54.4% of active small cell
BSs are reduced, is as good as the uniform SCN deployment
on the coverage probability for SINR threshold T = −5 dB.
This result is surprising since more than half of the smallcell operating expense can be saved with the same level of
coverage performance.
By setting the small cell density in the outer region to
be λ2 /P[o ∈ Aouter ], the non-uniform SCN deployment in
Scenario-II can obtain significant coverage improvement over
the uniform case with the identical average small cell density.
To take the case of λ2 /λ1 = 10 and T = −5 dB as an
example, the achievable coverage probability is around 85%
at D = 600 m for the non-uniform Scenario-II, compared
with 79% for uniform SCN deployment, and 73% for single
macrocell tier. Similar enhancements can be observed with
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Fig. 5. Single user throughput distribution (CCDF curves) for inner and
outer regions, D = 500 m and λ2 /λ1 = 10.
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Fig. 6. Single user throughput distribution (CCDF curves) for different
schemes, D = 500 m and λ2 /λ1 = 10.

a different SINR threshold (i.e., T = 10 dB) or a different
small cell density (i.e., λ2 /λ1 = 5). This benefit comes from
selectively deploying SCN in the right places. It should be
noticed that the slight mismatches between simulation and
tractable results in Fig. 4 come from the approximation used in
the analysis, but the performance trend can be well captured by
the analytical results. More importantly, both Scenario-I and II
of the non-uniform SCN deployment do not incur any further
network resources: The number of active small cell BSs is
reduced in Scenario-I, and the average number of deployed
small cell BSs is kept the same in Scenario-II.
B. Throughput Performance
To validate the analytical single user throughput performances for the proposed schemes, the CCDF curves for the
inner and outer regions gotten from Theorem 3 and Theorem 4
are compared with the simulation counterparts in Fig. 5. It can
be shown that the throughput distributions are well captured by
the analytical results. By combining the inner and outer region
results in Corollary 2, we compare the single user throughput

performances for different deployment schemes in Fig. 6. The
analytical results for both Scenario-I and II of the non-uniform
SCN deployment are reasonably accurate. For Scenario-I,
basically it only reduces high-rate users’ performance at the
same time not hurting low-rate users, compared with the
uniform SCN case. As low-rate users are usually much more
of a concern to the cellular service providers [28], this scheme
has the desirable property of being able to significantly reduce
the resource while taking care of the low-rate users. For
Scenario-II, it increases all users performance, especially the
low-rate ones. Taking the worst 10% users for instance, the
highest achievable rate among these users is increased from
0.025 bps in the uniform SCN case to 0.043 bps for the
proposed non-uniform SCN deployment in Scenario-II, which
is a 72% improvement.
From the single user throughput performances versus the
inner region radius D demonstrated in Fig. 7, we can see
the impact of the inner region radius D on the single user
throughput performance. For Scenario-I of the proposed non-
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Pr[R > ρ] over D, λ2 /λ1 = 10

important message: By carefully choosing the parameters for
the proposed non-uniform SCN deployment scheme, the active
number of small cell BSs can be reduced by more than 50%
to save operating expense, while achieving the same level of
coverage performance as deploying small cells uniformly. By
maintaining the average small cell density in the proposed nonuniform SCN deployment, we achieve noticeable improvement
in the coverage and the data throughput (72% increase for the
throughput achievable by worst 10% users), compared with
uniform deployment, with no extra cost. This interesting finding demonstrates the performance improvements achievable
by implementing a simple non-uniform SCN deployment, and
emphasizes the importance of deploying the small cell BSs
selectively by taking their relative locations with macrocell
BSs into account.
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From its definition, Q1 = P[ω = 1] can be expanded as
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P[ω = 1, o ∈ Ainner ] + P[ω = 1, o ∈ Aouter ]
(25)
P[o ∈ Ainner ] + P[ω = 1, o ∈ Aouter ],

in which the approximation is based upon the fact that the
inner region typical user is associated with the small cell
tier with a small probability. The latter part of (25), i.e., the
probability of accessing the macrocell tier and locating in
Aouter , is provided by

0.3
0.2

=
≈

0.8

P[ω = 1, o ∈ Aouter ]
= P[ω = 1 | o ∈ Aouter ] · P[o ∈ Aouter ]
 ∞
P[ω = 1 | R1 = x, o ∈ Aouter ]
=
D

Fig. 7. P[R > ρ] over D for different schemes, with the tier density
ratios λ2 /λ1 = 10 (upper figure) and λ2 /λ1 = 5 (lower figure). The rate
thresholds are set to be ρ = 0.02 bps and ρ = 1 bps.

uniform SCN deployment, optimally choosing D can significantly reduce the resource at the same time not hurting the
low-rate users’ performance: for example, D can get up to
400 m in both figures for ρ = 0.02 bps. For Scenario-II
of the non-uniform SCN deployment: optimally choosing D
results in noticeable improvement for both low-rate and highrate users. Our analytical results provide tools to design the
value of D to maximize the benefits to a target group of users
of the operator’s choice. To take λ2 /λ1 = 10 as an example,
D = 400 m and D = 500 m can achieve near-optimal values
of P[R > ρ] for high- and low-rate thresholds, respectively.
V. C ONCLUSION
In this study, we have studied the downlink coverage
and throughput performance of the cellular networks with
the newly proposed non-uniform SCN deployment scheme.
Using the tools from stochastic geometry, we provided the
probabilistic characterization of the downlink coverage and
single user throughput at a randomly located mobile user in
this new scheme. The numerical results validated the analytical
expressions and approximations, and provided the following

· fR1 |o∈Aouter (x)dx · P[o ∈ Aouter ]
 P2 1/α
=
P[R2 >
x | o ∈ Aouter ]
P1
D
· fR1 |R1 >D (x)dx · P[o ∈ Aouter ]
 ∞
 P2 2/α 2 2πλ1 r exp(−πλ1 r2 )
(a)
dx
≈
exp(−πλ2
x )·
P1
exp(−πλ1 D2 )
D
· exp(−πλ1 D2 )

 P2  α2 2 
λ1
=
]D , (26)
 P2 2/α · exp − π[λ1 + λ2 P
1
λ1 + λ2


∞

P1

where we approximate the density of small cell BSs in the
vicinity of the outer region typical user as λ2 in step (a). By
substituting (26) and the expression of P[o ∈ Ainner ] in (10)
into (25), we reach the result in (13).
This result Q2,outer = P[ω = 2 | o ∈ Aouter ] can be obtained by Q2,outer = 1−P[ω = 1, o ∈ Aouter ]/P[o ∈ Aouter ],
in which P[ω = 1, o ∈ Aouter ] and P[o ∈ Aouter ] are provided
in (26) and (11).
Similar to the method used in [19], we use the Voronoi
cell area formed by a homogeneous PPP with certain density
values to approximate the area of the macro and small cells.
The area of the macrocell tier cells can be approximated by
 λ1 
.
(27)
C1 ≈ C0
Q1
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On the other hand, the SCN-deployed region Aouter is the
area where small cell BSs are deployed with the density λ2 .
Hence, the area of cells formed by the small cell tier can be
similarly approximated by
C2 ≈ C0



λ2
Q2,outer


.

(28)

(λMS )n (λ1 /Q1 )q
bq Γ(n + q)
·
·
, (29)
n!
Γ(q)
(λMS + bλ1 /Q1 )n+q

and
P[N2,c = n] ≈

(λMS )n (λ2 /Q2,outer )q
bq Γ(n + q)
·
·
.
n!
Γ(q)
(λMS + bλ2 /Q2,outer )n+q
(30)

Then the average density can be obtained by λi = λi · (1 −
P[Ni,c = 0]), which completes the proof.
B. Proof of Theorem 1

pc,Ainner (T ) ≈ P[SINR1 > T | o ∈ Ainner ]
 D
=
P[SINR1 > T | X1 = x, o ∈ Ainner ]

(a)



=

0

· fX1 |o∈Ainner (x)dx
D

2
2 α

 Tσ x
exp −
P1

LIi |X1 =x,o∈Ainner

i=1

 T xα 
P1

· fX1 |o∈Ainner (x)dx,

(33)

where step (a) comes from the Rayleigh fading assumption,
and LIi |X1 =x,o∈Ainner (·) is the Laplace transform of random
variable Ii given the condition that the typical user x away
from the macrocell serving BS is located in the inner region
Ainner . Here we assume the small cell interference comes
from the whole region out of the area B(o, D), which is an
optimistic estimation (proved to be accurate by the numerical
results). Then, we can have
2


LIi |X1 =x,o∈Ainner

 T xα 

P1




P2 T xα
≈ exp − πλ1 ρ(T, α)x2 exp − πλ2 D2 ρ(
, α) .
P1 Dα
(34)
i=1

We define the random variable Xi as the distance between
the typical user and its serving BS, given the condition that
the user is served by the i-th tier. Ri is defined as the typical
user’s distance from the nearest BS in the i-th tier. It should
be noted that Ri does not request the serving BS is served by
the i-tier, which is different from Xi . The relationship between
Xi and Ri is P[Xi  x] = P[Ri  x | κ = i]. Firstly, we will
derive the PDFs of X1 for the typical user in Ainner .
Since the event of X1  x is the event of R1  x based on
the condition that the user is associated with macrocell, the
cumulative distribution function (CDF) of X1 for the inner
region typical user can be expressed as
FX1 |o∈Ainner (x) = P[X1  x | o ∈ Ainner ]
= P[R1  x | κ = 1, o ∈ Ainner ]
(a)

≈ P[R1  x | R1  D]
1 − exp(−πλ1 x2 )
,
=
1 − exp(−πλ1 D2 )

By assuming that the typical user located in the inner region
Ainner always gets service from macrocell BSs, its coverage
probability can be derived as

0

Similar to the analysis in Section II, the probabilities of
the i-th tier cells with no user associated are P[Ni,c = 0], in
which Ni,c is the number of users in a randomly chosen i-th
tier cell,
P[N1,c = n] ≈

2055

for x  D,
(31)

where the approximation in step (a) is conducted by assuming
that the inner region typical user always gets service from
the macrocell tier. This assumption is reasonable from the
practical implementation viewpoint: The transmit powers of
macrocell BSs should be much larger than small cell BSs, that
is, P1  P2 , which makes the fact that the inner region typical
user is served by a small cell BS with a small probability.
Subsequently, the PDF of X1 can be found by differentiating the CDF, i.e.,
dFX1 |o∈Ainner (x)
fX1 |o∈Ainner (x) =
dx
2πλ1 x
exp(−πλ1 x2 ), for x  D. (32)
≈
[1 − exp(−πλ1 D2 )]

By substituting (34) and (32) into (33), we can obtain (15)
and complete the proof.
C. Proof of Theorem 2
Because the event of X1  x is the event of R1  x
provided that the user is associated with macrocell, the CDF
of X1 for the outer region typical user is
FX1 |o∈Aouter (x)
= P[X1  x | o ∈ Aouter ]
= P[R1  x | κ = 1, o ∈ Aouter ]
 P1 1/α
R2 , R1 > D]
= P[R1  x | R1 <
P2
 P1 1/α
R2 | R1 > D] · P[R1 > D]
(a) P[R1  x, R1 < P2
=
,
 P 1/α
P[R1 < P12
R2 , R1 > D]
for x > D,

(35)

in which step (a) follows Bayes’ theorem. The denominator
of (35) can be derived as
 P1 1/α
P[R1 <
R2 , R1 > D]
P
 ∞ 2
 P1 1/α
=
P[D < R1 <
r]fR2 (r)dr
P2 1/α
P2
D( P )
1
 ∞

 P1 2/α 2 
(b)
≈
r )
exp(−πλ1 D2 ) − exp(−πλ1
P
P2
D( P2 )1/α
1

=

· 2πλ2 r exp(−πλ2 r2 )dr
 P2 2/α 2 

λ1
]D ,
 P2 2/α · exp − π[λ1 + λ2 P

λ1 + λ2

P1

1

(36)
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where we approximate the density of small cell BSs in the
vicinity of the outer region typical user as λ2 , and follow
the PPP’s void probability in step (b). This approximation is
accurate as long as the typical user is not located close to the
boundary between the inner and outer regions. Based upon
the same approximation, the former part of (35)’s numerator
is derived as
 P1 1/α
R2 | R1 > D]
P[R1  x, R1 <
P2
 x
 P2 1/α
=
P[R2 >
r]fR1 |R1 >D (r)dr
P1
Dx
 P2 2/α 2 2πλ1 r exp(−πλ1 r2 )
dr
exp(−πλ2
r )·
≈
P1
exp(−πλ1 D2 )
D
λ1
1
=
 P2 2/α · exp(−πλ D2 )
1
λ1 + λ2
P1

 P2 2/α 2 

]D
· exp − π[λ1 + λ2
P1

 P2 2/α 2 
− exp − π[λ1 + λ2
]x , (37)
P1
in which similar techniques are applied as we derive (36).
By substituting (36) and (37) into (35) and differentiating
the resultant CDF, we can reach X1 ’s PDF, that is,
fX1 |o∈Aouter (x) ≈
 2  α2
 2  α2 2 

] · x exp − π[λ1 + λ2 P
]x
2π[λ1 + λ2 P
P1
P1
,

 P  α2

exp − π[λ1 + λ2 P21 ]D2
for x > D. (38)

Because the event of X2  x is the event of R2  x based
on the condition that the user is associated with the small cell
tier, the CDF of X2 for the outer region typical user can be
derived as
FX2 |o∈Aouter (x)
= P[X2  x | o ∈ Aouter ]
= P[R2  x | κ = 2, o ∈ Aouter ]
 P2 1/α
R1 , R1 > D]
= P[R2  x | R2 <
P1
 P2 1/α
R1 | R1 > D] · P[R1 > D]
(a) P[R2  x, R2 < P1
,
=
 P2 1/α
P[R2 < P1
R1 , R1 > D]
for x > D,

(39)

where step (a) follows Bayes’ theorem. The former part of
(39)’s numerator is expressed as
 P2 1/α
P[R2  x, R2 <
R1 | R1 > D]
P1
⎧
 1/α
2
⎪
for x  P
D
⎪
2  x]
⎨P[R
P1
∞
 P2 1/α
=
P[R2  x, R2 < P1
r]fR1 |R1 >D (r)dr
D
⎪
 1/α
⎪
⎩
2
for x > P
D,
P1
(40)
in which the integration under the condition of x >
(P2 /P1 )1/α D can be derived as
 ∞
 P2 1/α
P[R2  x, R2 <
r]fR1 |R1 >D (r)dr
P1
D

=

∞
P

x( P1 )1/α



P[R2 < x] ·

2
P

x( P1 )1/α

2πλ1 r exp(−πλ1 r2 )
dr
exp(−πλ1 D2 )

 P2 1/α

2πλ1 r exp(−πλ1 r2 )
dr
P1
exp(−πλ1 D2 )
 D∞

 2πλ1 r exp(−πλ1 r2 )
(b)
dr
1 − exp(−πλ2 x2 ) ·
≈
P
exp(−πλ1 D2 )
x( P1 )1/α
2
 x( PP1 )1/α

 P2 2/α 2 
2
+
1 − exp(−πλ2
r )
P1
D
2πλ1 r exp(−πλ1 r2 )
dr
·
exp(−πλ1 D2 )
λ1
1
·
=1−
exp(−πλ1 D2 ) λ1 + λ2  P2 2/α
+

2

P[R2 <

r] ·

P1

 P2 2/α 2 
· exp − π[λ1 + λ2
]D
P1
 2 2/α
λ2 P
1
P1
·
−
exp(−πλ1 D2 ) λ1 + λ2  P2 2/α
P1
 P1 2/α


· exp − π[λ1
+ λ2 ]x2 , (41)
P2


in which step (b) is approximated by assuming that the density
of small cell BSs in the vicinity of the outer region typical
user is λ2 . The same approximation will help us to derive the
denominator of (39), i.e.,
 P2 1/α
R1 , R1 > D]
P[R2 <
P
 ∞ 1
 P2 1/α
=
P[R2 <
r] · 2πλ1 r exp(−πλ1 r2 )dr
P1
D
 ∞

 P2  α2 2 
≈
r ) 2πλ1 r exp(−πλ1 r2 )dr
1 − exp(−πλ2
P1
D
λ1
= exp(−πλ1 D2 ) −
 2/α
2
λ1 + λ2 P
P1
 P2 2/α 2 

· exp − π[λ1 + λ2
]D . (42)
P1
By substituting (42), (40) and (41) into (39) and differentiating
the resultant CDF, X2 ’s PDF can be obtained as below,
fX2 |o∈Aouter (x)
⎧
 2 1/α
2
⎪
for x  P
D
⎪
P1
⎨M · 2πλ2 x exp(−πλ2 x ),
 P 2/α

2πxλ2
2
1
≈ M · exp(−πλ1 D2 ) · exp − π[λ1 P2
+ λ2 ]x ,
⎪
⎪
 2 1/α
⎩
D,
for x > P
P1
(43)
where the constant M is
M = exp(−πλ1 D2 )/ exp(−πλ1 D2 )−


P2
P2
λ1 exp − π[λ1 + λ2 ( )2/α ]D2 /(λ1 + λ2 ( )2/α ) .
P1
P1
(44)
For the outer region typical user served by the macrocell
tier, its coverage probability can be expressed as
pc,1,Aouter (T ) = P[SINR1 > T | o ∈ Aouter ]
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∞

=
D
(a)



P[SINR1 > T | X1 = x, o ∈ Aouter ]

∞

=

D

·

2


2 α

 Tσ x
exp −
P1

LIi |X1 =x,o∈Aouter

i=1

fX1 |o∈Aouter (x)dx

 T xα 
fX1 |o∈Aouter (x)dx,
P1

(45)

where step (a) still follows from the Rayleigh fading assumption, and LIi |Xj =x,o∈Aouter (·) is the Laplace transform of
random variable Ii given the condition that the typical user
x away from the macrocell serving BS is located in the outer
region Aouter . Assuming the interference from the small cell
tier comes from the whole plane, we can approximate this
Laplace transform as
 T xα 
P1

 Pi 2/α 
≈ exp − πx2 ρ(T, α)λi
. (46)
P1

LIi |X1 =x,o∈Aouter

It is a pessimistic assumption since the original small cell
interference from inner area is eliminated due to this nonuniform SCN deployment scheme, and the numerical results
in Section IV show that it is still a reasonably accurate
approximation.
By substituting the PDF of X1 conditioned on that the
typical user is in the outer region and provided in (38), and
the result in (46) into (45), we can have
pc,1,Aouter (T )
 ∞

 P2  α2 2 
 T σ 2 xα 
≈
exp − π[λ1 + λ2
2π exp −
]x
P1
P1
D

 P2 2/α 
 P2 2/α
exp − πx2 ρ(T, α)[λ1 + λ2
] [λ1 + λ2
]
P1
P1

 P2 2/α 2 
· x/ exp − π[λ1 + λ2
]D dx
P1
 2 2/α
 ∞
]
2π[λ1 + λ2 P
 T σ 2 xα 
P1
exp −
=
 P2 2/α


P1
exp − π[λ1 + λ2 P1
]D2 D

 P2 2/α 

+
· exp − π λ1 + λ2
P1

 P2 2/α  2 
ρ(T, α) λ1 + λ2
x xdx. (47)
P1
which completes the proof for the result in (17).
If the outer region typical user is served by the small cell
tier, its coverage probability can be expressed as
pc,2,Aouter (T ) = P[SINR2 > T | o ∈ Aouter ]
 ∞
P[SINR2 > T | X2 = x, o ∈ Aouter ]
=
0

(a)



∞

=

0
2




exp −

2 α

· fX2 |o∈Aouter (x)dx

Tσ x
P2

 T xα 
·
LIi |X2 =x,o∈Aouter
fX2 |o∈Aouter (x)dx,
P2
i=1
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where step (a) follows from the Rayleigh fading assumption.
The Laplace transform of random variable I2 given the condition that the typical user x away from the serving small cell
BS is located in the outer region Aouter is
 T xα 


≈ exp − πλ2 ρ(T, α)x2 , (49)
LI2 |X2 =x,o∈Aouter
P2
and the Laplace transform of random variable I1 given that
condition can be derived as
 T xα 
LI1 |X2 =x,o∈Aouter
P2

⎧

∞

1

⎪exp − 2πλ1
1
−
ydy
⎪
P
D
⎪
1+xα ( P1 )T y −α
⎪
2
⎪
 2 1/α
⎪
⎨
D
for x  P

=

P1 
∞
1

⎪
exp − 2πλ1 x( P1 ) α1 1 −
ydy
⎪
P
⎪
1+xα ( P1 )T y −α
⎪
P2
2
⎪
1/α

⎪
⎩
2
D
for x > P
P1
⎧




α
1/α
2
⎨exp − πλ1 D2 ρ( P1 T xα , α)
for x  P
D
P2 D
P1


=


1/α
P
P
⎩exp − πλ ( 1 )2/α ρ(T, α)x2
for x > P21
D,
1 P2
(50)
Subsequently, we can substitute (49), (50) and the PDF of X2 ,
conditioned on that the typical user is in the outer region and
provided in (43), into (48). Consequentially, we can obtain the
expression of the coverage probability in (18).
By combining the results in (17) and (18), we can reach
the coverage performance for a randomly chosen outer region
typical user, provided by (16). Till here, we complete the
proof.
D. Proof of Theorem 3
The CCDF of the throughput achieved at the inner region
typical user, P[R > ρ | o ∈ Ainner ], can be obtained
by assuming that all inner region users are served by the
macrocell tier, that is,
P[R > ρ | o ∈ Ainner ]
≈ P[R > ρ | ω = 1, o ∈ Ainner ]
W
log2 (1 + SINR1 ) > ρ | o ∈ Ainner
=P
N1 + 1


= P SINR1 > 2(N1 +1)ρ/W − 1 | o ∈ Ainner



(a)
≈ EN1 pc,Ainner 2(N1 +1)ρ/W − 1
∞


=
P[N1 = n] · pc,Ainner 2(n+1)ρ/W − 1 ,
(51)
n=0

where N1 is the number of in-cell macrocell MSs sharing the
resource with the typical user, and step (a) is approximated by
assuming the total independence between the distribution of
SINR1 and N1 . As indicated in Appendix A, the area
 of the
macrocells can be approximated by C1 ≈ C0 λ1 /Q1 , which
helps us to reach the PMF of N1 in (21).
E. Proof of Theorem 4

(48)

The CCDF of the throughput achieved at the outer region
typical user, P[R > ρ | o ∈ Aouter ], can be provided by
P[R > ρ | o ∈ Aouter ]
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P[R > ρ | ω = i, o ∈ Aouter ] · Qi,outer

=
i∈{1,2}
(a)

≈




ENi pc,i,Aouter 2(Ni +1)ρ/W − 1 · Qi,outer

i∈{1,2}
∞

=



P[Ni = n]pc,i,Aouter 2(n+1)ρ/W − 1 Qi,outer ,

i∈{1,2} n=0

(52)
where Ni is the number of in-cell MSs sharing the resource
with the typical user served by the i-th tier, and step (a) is
approximated by assuming the total independence between the
distribution of SINRi and Ni . As indicated in Appendix A,
the area of the small cells can be approximated by C2 ≈
C0 λ2 /Q2,outer , which helps us to reach the PMF of N2
in (23).
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