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Abstract—The presence of a non-line-of-sight (NLOS) link between a base station (BS) and a mobile station (MS) in a cellular
network is a major issue that limits the performance of the majority of time-of-arrival (TOA) localization methods. Due to blocking
obstacles, a signal has to travel a longer distance to reach the
other end of the communication link. Thus, the additional distance
introduced by the presence of an NLOS link is usually modeled by
a positive measurement bias. In contrast to most of relevant works
that are either search based or iterative, in this paper, we propose
a two-stage closed-form estimator to localize an MS by three BSs
in cellular networks. We use a distance-dependent bias model to
derive a range estimator as a first step. We then use trilateration
to find an estimate of the MS position. To assess the performance
of our technique, we derive the mean square error (MSE) of
the estimator and numerically evaluate the Cramer–Rao lower
bound (CRLB) as a benchmark. We investigate the performance
of the proposed method under mixed line-of-sight/NLOS scenarios
in four environments, ranging from a bad urban environment
to a rural environment. The provided Monte Carlo simulations
show that our technique performs, on average, closely with the
CRLB and provides localization capability with an average error
of approximately 21 m in the worst environment among the four
environments.
Index Terms—Cellular networks, mobile location estimation,
non-line-of-sight (NLOS) bias, time-of-arrival (TOA).

I. I NTRODUCTION

O

VER the past two decades, the estimation of a mobile
user location has attracted considerable research focus
due to its vital role in different wireless network applications,
such as cellular networks, wireless local area networks, and
wireless sensor networks. Location-aware services are on a
growing demand in the cellular network field, particularly with
the introduction of E-911 [1], which allows the authorities to locate the caller and provide emergency services efficiently. This
would require a very accurate location estimation capability.
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Mobile station (MS) localization has been extensively studied under line-of-sight (LOS) conditions, over the last few
decades (see, for example, [2]–[5]). However, one major issue
that limits the performance of many available methods is the
presence of a non-line-of-sight (NLOS) link between the MS
and the base station (BS), i.e., when an obstacle or more
interrupt the direct path between an MS and a BS. One of
the most popular localization methods is estimating the range
between the two ends by multiplying the signal speed by
the time-of-arrival (TOA) [6]. In the LOS case, the measured
location is contaminated by only Gaussian measurement noise,
whereas in the NLOS case, a measurement bias is added on the
measured range and its corresponding noise. Since the presence
of obstacles between the MS and the BS will force the signal
from one end to be reflected on these obstacles before finding
its way to the other end, the measured range will always be
greater than the actual distance. Therefore, the distance bias
under NLOS is always positive.
Researchers in this field considered the problem in different
approaches. These approaches can be broadly classified into
five categories.
1) Identify-and-localize [7]–[11]: In this category, the link
status is identified as being LOS or NLOS. Based on
this identification, localization is performed by either
incorporating the NLOS links or discarding them.
2) Mathematical programming: The idea is to formulate
the MS localization problem as a constraint optimization problem and solve it by techniques such as linear
programming [12], linear quadratic programming [13],
the interior-point method [3], and sequential quadratic
programming [14].
3) Least squares (LS) solution: These include LS [15] and
weighted LS (WLS) [16], [17] search-based techniques.
4) Robust estimation techniques: These methods try to suppress the effect of NLOS outliers on the measured ranges.
To do this, they use estimators, such as the Huber estimator [18], [19] and least median of squares [20]. On
the other hand, in [21] and [22], robust methods are
implemented to mitigate the NLOS effect by estimating
the measurement bias probability distributions and the
position, iteratively.
5) Hybrid methods: Techniques in this category mix TOA
with other localization methods, such as angle-of-arrival
[23] and received signal strength [24].
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Fig. 1. Proposed localization technique block diagram. BS1 is the hosting BS, whereas BS2 and BS3 are the neighboring BSs. Note that every cell is divided into
three diamond-shaped areas called sectors. R is the cell radius.

Most of the relevant previous TOA-based works are either
search based or iterative. On the contrary, in this paper, we
contribute to the first category by proposing a closed-form,
two-step localization technique for cellular networks. This
technique first estimates the range between the MS and three
BSs, i.e., the hosting BS and two neighboring cell BSs, by an
asymptotically unbiased estimator. Subsequently, it estimates
the user location using trilateration. In most of the identifyand-localize work, the measurement bias is considered either
constant or a random process of a Gaussian [25], exponential
[7], or uniform distribution [12] with given parameters. On
the contrary, we consider the bias model proposed in [26] and
adopted in the European standard COST 259 (TD) [27]. This
model is more realistic in that it suggests that the bias follows
a conditionally exponential distribution whose parameter is a
function of the distance between the BS and the MS, the median
root mean square (rms) delay spread, and shadowing. Although
the model in [26] is used to generate simulation data in [17],
[18], and [28], it was not incorporated in the respective localization algorithm. In our work herein, we use this bias model
knowledge to derive an asymptotically unbiased estimator that
finds approximate values of the range between the MS and all
the three BSs. To achieve this, a processing center first collects
TOA measurements and uses them to obtain range estimates
and identify the link status, as shown in Fig. 1. Once all the
three ranges are estimated, they are used to define three circles.
The closest three intersection points of these circles are used
to define a triangle whose centroid is taken as the user location
estimate. In the case where two circles do not overlap, the center
of the gap between them is taken as a triangle vertex. To assess
the performance of our localization method, we investigate
its performance in the four environments classified in [26] as
follows: bad urban, urban, suburban, and rural.
The contributions and merits of this paper can be summarized
as follows.
• In contrast to [17], [18], and [28], we use a rangedependent bias model [26] to derive a TOA-based closedform range estimator that is asymptotically unbiased.
Subsequently, we use trilateration to obtain an estimator
of the MS location in closed form.
• The mean square error (MSE) of the range estimator
is derived and compared with the Cramer–Rao lower

bound (CRLB), which we evaluate numerically.1 The
range probability distribution function (pdf) for the three
BSs is derived in this paper and is used to determine the
average CRLB.
• Finally, extensive Monte Carlo simulations are carried out
to assess the performance of the proposed localization
technique in the four environments previously mentioned,
using the performance measures defined in Section V.
The results show that the proposed localization technique performs, on average, closely with the CRLB and
provides localization capability with an average error of
approximately 21 m in the worst environment.
The rest of this paper is organized as follows: Section II
presents the problem formulation and sets the assumptions of
this work. Subsequently, Section III describes in detail the range
estimator and shows its unbiased behavior, whereas Section IV
explains the trilateration procedure of estimating the user location. Section V discusses the CRLB and the difficulties of
obtaining it analytically. It also lists the pdf of the range and defines the performance measure we use for our technique assessment. The numerical results of the Monte Carlo simulation are
given in Section VI. A thorough discussion of the results is also
included in that section. Finally, the conclusions are presented
in Section VII, and the detailed derivation of the range pdf is
given in the Appendix.
II. P ROBLEM F ORMULATION
Here, we formulate the problem under consideration. First,
we present the assumptions that our work is based on. Subsequently, the signal model is thoroughly discussed.
A. Assumptions
This work is based on the following assumptions.
• TOA measurements are readily available at the processing
center and were obtained by the TOA method used by the
air interface, i.e., wireless standard. The th TOA measurement, i.e., t , is used to calculate the th range, i.e., r =
t c, where c = 0 × 108 m/s is the speed of the signal.
1 We resorted to numerical computation due to the difficulties in evaluating it
analytically. These difficulties are discussed in Section V.
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Fig. 2. BS selection is based on the sector of the host BS where the mobile is.
Three scenarios are possible as illustrated: white, light gray, and dark gray.

• As shown in Fig. 2, we consider cellular networks with
regular hexagonal cells. Each cell is divided into three
sectors.2 The user position is uniformly distributed in the
cell, and the sector in which the user exists is assumed
to be known. This can be identified using handover information available at the processing center, as used in [18].
The sector boundaries are used to select the three BSs to
perform localization. In other words, considering the host
cell in Fig. 2, when the MS is in a particular sector, the
BSs in the cells shaded with the corresponding color are
selected to perform the localization. As a result from the
hexagonal pattern, BS locations are also assumed to be
given. The backhaul link between BSs and the processing
center is assumed to be error free.
• Similar to [17] and [18], the measurement bias due to
NLOS is modeled as an exponential random process
conditional to a zero-mean lognormal random process.
These distributions are described by the nature of the environment, as detailed in [26]. Consecutive bias samples are
considered independent and identically distributed (i.i.d.).
On the other hand, the measurement noise is assumed to
be an i.i.d. zero-mean Gaussian process and independent
of the measurement bias.
• The parameters specifying the environment surrounding
the MS are considered known and fixed during the measurement acquisition phase. The status of each MS–BS
link whether LOS or NLOS is assumed to stay unchanged
during the measurement acquisition phase.
B. Signal Model
Based on the given assumptions, the ith range measurement
at the mth BS can be written as
rm,i = dm + nm,i + bm,i , i = 1, 2, . . . , N, m = 1, 2, 3 (1)
where N is the sample size. The actual distance between the MS
and the mth BS, positioned at x = (x, y) and xm = (xm , ym ),
respectively, is given by

(2)
dm = (x − xm )2 + (y − ym )2 .
2 A sector is a partial area of a cell that is served by a directional antenna,
usually with a beamwidth of 60◦ or 120◦ [29].
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Here, dm is an unknown variable that is considered constant
over the N measurements. nm,i denotes the measurement noise
and is modeled as a zero-mean Gaussian random variable,
i.e., nm,i ∼ N (0, σn2 ). The measurement bias, which is always
nonnegative, is denoted by bm,i . In fact, bm,i = 0 in the case
of a LOS link between the MS and the BS. On the other hand,
bm,i is a positive random variable under NLOS conditions. This
is due to the fact that a signal reflected by obstacles will travel a
longer distance compared with a LOS signal. According to [26],
the stochastic distribution of bm,i is given by

0,
LOS
fBm (bm,i ) =  ∞
0+ fBm |Zm (bm,i |zm )fZm (zm )dzm , NLOS
(3)
where
fZm (zm ) =

1
√

2

zm σz 2π

e

zm )
− (ln2σ
2
z

(4)

is the pdf of Zm , the lognormal random variable representing
the shadowing that affects the signal from the MS to the mth
BS, σz is measured in nepers (σz = σz (20/ ln 10) dB), and
fBm |Z, (bm,i |zm ) =

1 − bβm,i
e m .
βm

(5)

The parameter βm is given by
βm = cτrms = cT dm zm = cT


dm zm

(6)

where τrms is the rms delay spread within the MS environment,
T is the median value of τrms obtained at a distance of 1 km
from the BS, and  = 1/2.
Depending on the severity of T , we focus on four environments: bad urban, urban, suburban, and rural [26]. Furthermore,
we investigate mixed LOS/NLOS scenarios, where the status of
a link is detected at the processing center.
Given the previously discussed assumptions and system
model, our objective is to estimate the MS position x in the
vicinity of three BSs located at xm ∈ 2 and covering three
hexagonal cells of radius R.
III. P ROPOSED C LOSED -F ORM N ON -L IGHT- OF -S IGHT
R ANGE E STIMATION
Here, we propose a two-stage location estimator to address
the problem described in Section II. First, we present an asymptotically unbiased range estimator to estimate dˆm . Second, we
use these range estimates to find an estimate position of the MS,
using trilateration.
A. Proposed Range Estimator
We aim at using the first-order statistics of rm in the range
estimation. The classical approach to compute the pdf of Rm
would be to obtain the fBm (bm,i ) in (3) in closed form and
convolve it with fNm (nm,i ). However, evaluating fBm (bm,i ) is
extremely intractable when considering the integration of the
product of (4) and (5). In addition, as far as the derivation of
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our estimator is concerned, we need to know the mean of Rm ,
whereas there is no need to know the complete distribution of
Rm . Thus, we resort to computing ERm [rm,i ], relying on the
law of total expectation and the independence between Nm and
Bm . Steps (7)–(10) are used to obtain the expectation of Rm
under NLOS conditions, which then can be estimated by the
sample mean in (12).
Taking the conditional expectation of (1) w.r.t. Bm |Zm ,
we have
EBm |Zm [rm,i ] = dm + nm,i + EBm |Zm [bm,i |zm ]

= dm + nm,i + cT dm zm

(7)

where (7) follows from the exponential pdf in (5). Taking the
expectation of (7) w.r.t. Zm and applying the law of total
expectation [30], we have


EZm EBm |Zm [rm,i ] = EBm [rm,i ]

= dm + nm,i + cT dm μz
(8)

Subsequently

√
1
D2 − D D2 + 4r̄m + r̄m , NLOS
2
ˆ
dm =
r̄m ,
LOS

where D = cT μz . Note that when D = 0, the NLOS estimator
reduces to the LOS estimator. Moreover, note that
√ since dm and
bm,i are positive, r̄m is positive. As a result, D2 + 4r̄m is
always real.
Proposition 1: The proposed range estimator under NLOS in
(15) is asymptotically unbiased.
Proof: Using the assumption of zero-mean noise and
substituting (12) in (15), we have

dˆm − dm

⎛
⎞

N


1⎝ 2
4
D − DD2 + 4dm +
=
bm,i ⎠
2
N i=1
+

2

where μz = eσz /2 is the mean of the lognormal distribution
given in (4).
Taking the expectation of (8) w.r.t. Nm , we have
ENm [EBm [rm,i ]] = EBm ,Nm [rm,i ]


= ERm [rm,i ] = dm + cT dm μz .

(9)
(10)

Note that (9) follows from the assumption that the measurement
noise and the bias are independent, whereas (10) uses the
assumption that the noise is of zero mean. It should be remarked
that (10) represents the theoretical mean of the collected measurement, which requires an infinite number of samples to be
computed. Thus, we use the sample mean, instead, as a suitable
estimate to the mean in (10).
Assuming ergodicity, the theoretical mean in (10) can be
estimated by the sample mean as
ÊRm [rm,i ] = r̄m
=

1
N

(11)
N


rm,i

N
1 
bm,i .
N i=1

(12)

The sample mean in (12) represents the estimate of the
recorded measurement mean in (10) using N samples. Note that
this estimator is the best mean estimator, as shown in [31].
Based on the sample mean of Rm , we now proceed to derive
the closed-form range estimator. Using (10) and (11), we can
write

(13)
dˆm + cT muz dˆm − r̄m = 0.
Taking u =


dˆm ≥ 0 and solving for u, we have

−cT μz + (cT μz )2 + 4r̄m
u=
.
2

N
1 
bm,i . (16)
N i=1

Taking the expectation3 of (16), we obtain

E[dˆm ] − dm

⎡
⎤

N


1 ⎣ 2
4
= E D − DD2 + 4dm +
bm,i ⎦
2
N i=1
+

N
1 
E[bm,i ]. (17)
N i=1

If N is large enough, then
N

1 
bm,i → E[bm,i ] = Ez [βm ] = D dm
N i=1

(18)

which implies that


 

1 2
2
ˆ
E[dm ]−dm→ D −D D +4dm +4D dm + D dm .
2
(19)
By completing the square, we get

i=1

= dm +

(15)

(14)

E[dˆm ] − dm → 0

(20)

which leads to the conclusion that the proposed range estimator
is asymptotically unbiased.

It should be stressed that the notions of measurement bias
with the estimator bias are completely distinct from each other.
The measurement bias is inherent to the environment and is
caused by the signal traveling a further distance in the case of
NLOS. However, the estimator bias is the difference between
the average of the estimated parameter and the actual value of
this parameter. This is an estimator property and is not related
to the environment. For an unbiased estimator, this difference is
zero [31].
3 Dropping the subscript from the expectation operator means that the expectation is taken with respect to the random variable between brackets.
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B. MSE of the Range Estimator
Since the proposed range estimator in (15) was shown in
Section III-A to be asymptotically unbiased, the estimator error
variance, i.e., σd2m , and the MSE, i.e., ρ2dm , are equal [31]. In
other words
σd2m = E[(dˆm − dm )2 ]
 
= E dˆ2m − d2m = ρ2dm .

(21)

Substituting (15) in (21) and simplifying the result, we obtain
ρ2dm =

D4
2
+ 2D2 E[r̄m ] + E[r̄m
]
2



D
− E (D2 + 2r̄) D2 + 4r̄m − d2m . (22)
2

From (12) and (18), we have

(23)
2D2 E[r̄m ] = 2dm D2 + 2D3 dm
⎤
⎡

2
N
N
 2
1 
1 
= E⎣ dm +
E r̄m
nm,i +
bm,i ⎦ (24)
N i=1
N i=1
⎡
2 ⎤
N

1
= d2m + 2 E⎣
nm,i ⎦
N
i=1
⎡
2 ⎤
N
N
1 ⎣ 
2dm 
+ 2E
bm,i ⎦ +
E[bm,i ] (25)
N
N i=1
i=1
N


1
1
2
2
= dm + 2 E
nm,i + 2 E
N
N
i=1
⎡
⎤
N
N 
N



×⎣
b2m,i +2
bm,i bm,j⎦+2dm D dm
i=1

i=1 j=i+1



E b2m,i
(N − 1)E2 [bm,i ]
2
+
+
= dm +
N
N
N

+ 2dm D dm

σ 2 + σb2
+ E2 [bm,i ]
= d2m + 2dm D dm + n
N

σ 2 + σb2
.
(26)
= d2m + D2 dm + 2dm D dm + n
N

N
2
Note that the terms (2dm /N ) N
i=1 E[nm,i ] and (1/N )
i=1
N
E[nm,i ] i=1 E[bm,i ] vanish in (25) since the noise is of zero
mean. Here, σb2 is the measurement bias variance calculated by


σb2 = E b2m,i − E2 [bm,i ]





= EZ EB|Z b2m,i |zm − E2z EB|Z [bm,i |zm ]




2
= EZ σB
+ E2B|Z [bm,i |zm ] − E2z EB|Z [bm,i |zm ]
m |Zm



2
2
= EZ c2 T 2 dm zm
+ c2 T 2 dm zm
− (cT dm μz )2
σn2

= D2 dm 2μ2z − 1 .

(27)
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Using (12) and (18), we can write


D 
− E (D2 + 2r̄) D2 + 4r̄m
2
⎡


N
D ⎢
1 
2
= − E⎣ D + 2dm + 2
bm,i
2
N i=1

⎤

N


1
⎥
bm,i ⎦
× D2 + 4dm + 4
N i=1
 "

D! 2
=−
D + 2dm + 2D dm
D2 + 4dm + 4D dm
2
 "
 "!
D! 2
D + 2dm + 2D dm D + 2 dm
=−
2


D4
=−
− 2D3 dm − 3D2 dm − 2Ddm dm .
(28)
2
Substituting (23), (26), and (28) into (22) gives
1
ρ2dm =
σ 2 + σn2
N b
1
1
= D2 2μ2z − 1 dm + σn2 , N
1
(29)
N
N

2
2
2
D (2μz −1)dm +σn
, N
1, NLOS
N
ρ2dm = σ2
(30)
n
LOS.
N ,

Note that in the case of LOS, i.e., D = 0, ρ2dm reduces to the
well-known CRLB of measurements contaminated by additive
white Gaussian noise, i.e., σn2 /N [31].
IV. L OCATION E STIMATION BASED
ON E STIMATED R ANGES
After estimating the range between every BS and the MS, we
proceed to estimate the MS location by, first, drawing circles
with the estimated ranges, i.e., dˆm , as radii. Then, we find the
number of intersecting circles, which is denoted by C ≥ 0, and
the points of intersection of these circles. Two circles i, j are
overlapping if
(31)
dˆi + dˆj > xi − xj
where · denotes the l2 norm. Subsequently, we define a
triangle and estimate the MS location as the centroid of this triangle. However, since our distance estimator is asymptotically
unbiased, i.e., E[dˆm ] → dm , for some measurements, the distance will be underestimated dˆm < dm , whereas for the other
measurements, it will be overestimated, i.e., dˆm > dm . However, in the long run, the average estimated distance, i.e., E[dˆm ],
approaches the actual distance, i.e., dm . These two cases are
addressed in Fig. 3, depending on which the triangle is defined.
1) C = 3: In this case, the triangle vertices are defined
by the three intersection points bounding the intersection area
of the three circles’ overlap, as shown in Fig. 3(a). The three
triangle vertices are given by
y1 = arg

# min
$
(1) (2)
u∈ c12 ,c12

u − x3

(32)

y2 = arg

# min
$
(1) (2)
u∈ c23 ,c23

u − x1

(33)

y3 = arg

# min
$
(1) (2)
u∈ c31 ,c31

u − x2

(34)
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and [22], none of these works addressed the problem formulated
in Section II. Therefore, here, we focus on NLOS CRLB for that
problem.
To start, we need the joint probability distribution f (rm ; dm ).
However, since rm,1 , rm,2 , . . . , rm,N are i.i.d., we can write

f (rm ; dm ) =

N
%

f (rm,i ; dm ) = f N (rm,1 ; dm )

(38)

i=1

Fig. 3. Effect of range estimation error on location estimation (a) C = 3 and
(b) C = 2.

(1)

(2)

where cij , cij ∈ 2 are the two intersection points of the
circles i and j.
2) C < 3: In this case, there are less than three circles
overlapping, and hence, three intersection points are partially
available. To decide on triangle vertices, the circles are investigated in pairs. Since any two intersecting circles will have
two intersection points, we define a triangle vertex by the
intersection point closer to the third circle (nonintersecting),
similar to (32)–(34). For the nonoverlapping circles, we define
the triangle vertex as the point in the gap center between the two
circles. For the example shown in Fig. 3(b), two circles overlap,
but a third point is needed for trilateration. Thus, we select the
midgap point as a reasonable heuristic approach, i.e.,
y3 = x1 + (dˆ1 + 0.5g)

x3 − x1
x3 − x1

y1 + y2 + y3
.
3

(36)

V. C RAMER –R AO L OWER B OUND
One of the most important performance benchmark for an
estimator is the CRLB. In our problem, the CRLB of dm in (1)
is defined by [31]
2
(dm ) =
σCRLB

E



−1
∂ 2 ln f (rm ;dm )
∂ 2 dm



• rm,1 = (dm + nm,1 ) + bm,1 ; hence, to evaluate f (rm,1 ;
dm ), we would require the joint probability fB,N +Dm (b,
n + dm ).
• From (1), bm,1 and dm + nm,1 are not independent since
bm,1 is a function of dm . Therefore, their joint distribution
cannot be simply obtained by the convolution of the
marginal distribution, fB (b) and dm -shifted fN (n).
• Even if they were independent, the integral in (3) is very
hard to evaluate from (4) and (5).
For these reasons, we proceed to evaluate the CRLB numerically as listed in Algorithm 1.

(35)

where g = (dˆ1 + dˆ3 ) − x3 − x1 is the gap between the two
circles. To see why this approach is taken, consider Fig. 3(b).
Circle 1 and circle 3 do not overlap. This means that dˆ1 , dˆ3 ,
or both of them are underestimated. However, we have no
additional information to weigh among the three possibilities.
For this reason, we choose the midgap point as a trilateration
point.
After obtaining the triangle vertices, i.e., y1 , y2 , and y3 , the
MS location is estimated by
x̂ = (x̂, ŷ) =

where the first equality follows from the independence assumption, and the second equality follows from the identical
distribution assumption. In other words, since rm,i are i.i.d.,
&N
i=1 f (rm,i ; dm ) can be written in terms of the pdf of a single
sample, raised to the power of N . We choose this sample to the
first sample, i.e., rm,1 .
Note that we have the following observations.

(37)

where rm = [rm,1 , rm,2 , . . . , rm,N ]T . Note that in the case of
LOS, this bound is given by σn2 /N [31]. Although there has
been some works on CRLB for NLOS localization, e.g., [15]

Algorithm 1 Numerical Evaluation of CRLB in (37), using
MATLAB
Input N, σn , σz , R, T, c, Nb, Ir , Icrlb .
2
(dm ) = 0, ∀dm
initialize σCRLB
for k = 1 : Icrlb do
for dm = 1 : 2R do
initialize fˆ(r; dm ) = 0
Generate zm
for i = 1 : Ir do
Generate Nb instances of bm,i , and nm,i ,
Calculate the corresponding Nb instances of rm,i =
dm + bm,i + nm,i ,
Obtain the Kernel Density Estimate,fˆ(ri ; dm ), using
a normal kernel function ([32]).
fˆ(r; dm ) = fˆ(r; dm ) + fˆ(ri ; dm )
end for
fˆ(r; dm ) = fˆ(r; dm )/Ir
end for
for j = 1 : Nb do
g(j, dm ) = (∂ 2 /∂d2m) ln fˆ(j; dm), where the second derivative is obtained by the MATLAB function diff(.,2)
end for

2
2
(dm) = σCRLB
(dm)+(−1/N j g(j, dm )fˆ(j; dm ))
σCRLB
end for
2
2
(dm ) = σCRLB
(dm )/Icrlb .
σCRLB
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TABLE I
M EDIAN RMS D ELAY S PREAD FOR THE
C ONSIDERED E NVIRONMENTS [26]

• Average range estimation MSE:
When the link status is perfectly known at the processing center, the average range estimation MSE is
denoted by
+


2
2
2 +
+
ρ
+
ρ
ρ
+
d
d
d
1
2
3
ρ̃2de|k =
+ link status known . (42)
+
3
Fig. 4. PDF of the MS range from the mth BS, m = 1, 2 and 3. R = 500 m.

The CRLB procedure in Algorithm 1 gives a performance
measure for individual range estimators, i.e., cells. However,
to evaluate the overall localization performance, we need to
define some performance measures that take into account the
average performance over the three cells. Before that, we need
to evaluate the pdf of the range, fDm (dm ), for m = 1, 2, 3.
As derived in the Appendix, for the hosting cell (m = 1), this
distribution is given by
⎧
√
⎨ 4πd
√ m ,
0 ≤ dm < 3R
2
3 3R2
! √ "
√
fD (dm ) =
⎩ √8dm2 π6 − cos−1 2d3R , 23 R ≤ dm < R.
3R
m
(39)

On the other hand, when the link status is estimated by
a decision rule, the average range estimation MSE is
denoted by
+


2
2
2 +
+
ρ
+
ρ
ρ
+
d1
d2
d3
ρ̃2de|i =
+ link status identified . (43)
+
3
• Location estimation MSE:
Depending on the link status knowledge, this MSE is
denoted by
+


ρ̃2xe|k =E x − x̂ 2 + link status known
+


ρ̃2xe|i =E x − x̂ 2 + link status identified .
VI. N UMERICAL R ESULTS AND D ISCUSSION

For the two neighboring cells (m = 2, 3), this distribution is
given by
⎧
!√ "
√
3R
3R
⎪
√4dm cos−1
,
⎪
2
⎪
2d
2 ≤ dm < R
3R
m
⎨
!√ "
√
2d
3R
−1
m
fD (dm ) = √3R
<
3R
,
R
≤
d
m
2 sin
2d
⎪

!√ m "
 √
⎪
⎪ √2dm
−1
3R
π
⎩
sin
−3 ,
3R ≤ dm < 2R.
dm
3R2
(40)

To investigate the performance of the proposed algorithm, we
perform extensive Monte Carlo simulations. We also present
the results for the numerical computation of the CRLB in this
section, but before that, we start by describing the simulation
setup.

The full derivation of (39) and (40) is provided in the
Appendix, whereas Fig. 4 shows their plots.
To measure the performance averaged over the three cells,
we define the following measures.

The measured range samples were generated according to the
model discussed in Section II. The model parameters we used
here were chosen to match the recommended values in [26]. In
this regard, the measurement noise is generated as a zero-mean
Gaussian process with σn = 60 m. Moreover, the lognormal
shadowing, i.e., Zm , conditioning the measurement bias parameters is specified by σz = 4 dB, whereas the values of T for
the four environments under interest are given in Table I.
In our simulations, we consider seven regular
hexagonal
√
3/2R),
(1.5R,
cells
served
by
BSs
located
at
(0,
0),
(1.5R,
√
√
√
3/2)R),
(0,
−
3R),
(−1.5R,
−(
3/2)R),
(−1.5R,
−(
√
√
( 3/2)R), and (0, 3R), where R = 500 m, as shown in
Fig. 2. The user, which is located in the first cell, is localized by
three BSs that are defined by the sector boundaries, as described
in Section II-A. The model in [33] was used to generate user
locations that are uniformly distributed over a regular hexagon.

• Average CRLB over three cells:
2
2
2
= σ̃CRLB|LOS
Pr(LOS)+ σ̃CRLB|NLOS
Pr(NLOS)
σ̃CRLB
(41)

where Pr(LOS) and Pr(NLOS) are the probabilities
of the link being LOS or NLOS, respectively, and are
assumed to be given a priori. The exact values of
these two probabilities depend on several factors, such
as the environment, the location, and being indoor or
2
2
= σn2 /N , whereas σ̃CRLB|NLOS
=
outdoor. σ̃CRLB|LOS

3
2
(1/3) m=1 [ dm σCRLB (dm )fD (dm )ddm ].

A. Simulation Setup
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Fig. 5. CRLB of the range estimator performance in terms of (dm ) compared
with the range estimation error variance ρ2dm , for N = 100, R = 500 m. Solid
2
lines represent σCRLB
(dm ), whereas dash-dotted lines represent ρ2dm . 0 ≤
√
d1 < R, and ( 3/2)R ≤ d2 , d3 < 2R.

For the link status identification, we use the single-BS
decision-theoretic method proposed in [25]. By recalling that
σr̄2 = σn2 + σb2 = σn2 + D2 dm (2μ2z − 1), a decision rule that
can be used to identify the link status is
NLOS

σr̄2 ≷ ησn2

(44)

LOS

where σr̄2 is the recorded sample variance, and η > 1 is a
decision threshold that depends on the environment and the
cell being either an MS host or a neighboring cell. In our
simulations, a link status is modeled as an equally probable
Bernoulli random variable.
For location estimation performance comparison, we use a
WLS technique similar to [16]
x̂LS,i = arg min
x̂

where
αm

3

(rm,i − x̂ − xm )2
αm
m=1


σn2 ,
=
σn2 + D2 2μ2z − 1

LOS
x̂ − xm , NLOS.

(45)

(46)

Subsequently, the location estimates are taken as: x̂ =
Mean(x̂LS,i ), i = 1, 2, . . . , N , where N is the sample size.
B. Range Estimation
Considering the range estimation stage only, the CRLB of
the NLOS range estimator is given in Fig. 5. Since the CRLB
increases with dm , we can see that the farther the MS is from
the BS the harder it is to get a lower error estimate. Moreover,
we can infer that the CRLB is a function of the environment,
in that it becomes worse for environments√with higher delay
spread. Recall that 0 ≤ d1 ≤ R, whereas 3R/2 ≤ d2 , d3 ≤

Fig. 6. Average range RMSE as a function of N when link statuses are known,
obtained by averaging over 1000 user locations.

2R, which means that d1 is generally better estimated than
d2 and d3 . Finally, note that the four CRLB curves approach
σn2 /N = 36 m2 when dm → 0. This is because the bias term in
(1) vanishes and only noise is present, which leads the bound to
become similar to that of the LOS case. Moreover, Fig. 5 shows
that ρ2dm of the proposed distance estimator performs closely
to the CRLB for lower dm values but diverges as the distance
between the MS and the BS increases.
We now present the results for the range estimation under
mixed LOS/NLOS conditions with the status of the links assumed to be known. Fig. 6 shows how the selection of the data
size N affects the range root mean square error (RMSE), which
is measured by ρ̃de|k , for the four user environments. The range
RMSE decays as N increases, which is sensible because the
range estimator requires averaging the recorded range sample,
and this average is better approximated with larger history.
We can also infer from this figure that the range estimation
accuracy is generally inversely proportional to the value of
T that specifies the environment. Note that, from (6), larger
T implies higher delay spread, measurement bias mean, and
measurement bias variance.
Fig. 7 shows the identification error effect on the range
estimation. The identification error is the error made in the link
status identification block. An identification error occurs when
the actual link is LOS, whereas it was identified as NLOS,
or vice versa, i.e., when the link is actually NLOS but was
identified as LOS. The effect of this error is quantified by the
difference between ρ̃de |k when the link statuses are perfectly
known and ρ̃de |i when they are identified by using the decision
rule in (44). In this figure, we can see that the identification error
has a minor effect on the three environments with higher T ,
when N ≥ 100. However, the identification error is substantial
in rural areas. For example, at N = 200, the identification
error is around 4.8 m. To see why, recall that the identification
approach we are using from [25] and defined in (44) relies on
the gap between the sample variance, i.e., σr̄2 = D2 dm (2μ2z −
1) + σn2 , and the noise variance, i.e., σn2 . Consequently, the
larger this gap is, the more accurate the decision. Hence, we
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Fig. 7. Identification error effect on range estimation as a function of N obtained
by averaging over 1000 user locations.

TABLE II
S AMPLE VARIANCE C OMPARED TO N OISE
VARIANCE FOR D IFFERENT E NVIRONMENTS

compute σr̄2 for the four environments and compare it with σn2 ,
as shown in Table II. It is evident that σr̄2 in the rural case is
relatively close to the value of σn2 , in contrast to the other three
environments, where σr̄2 is more pronounced and comparable
to the noise variance. This means that the decision rule from
[25] can easily identify link status for the bad urban, urban,
and suburban environments, while making larger identification
errors in the case of rural environment. With this said, it should
be stressed that we did not address the identification problem in
this paper, but used this method from [25] as is.
Although higher N can reduce the distance error (see Figs. 6
and 7), this would require more calculations and storage capability at the processing center, i.e., higher complexity. For
this reason, we select N = 100 as a suitable trade-off for the
subsequent results in this paper.
For a deeper look, we now compare the range estimation
using different setups in Fig. 8. In the legend, ρ̃LOS indicates
that the results were obtained by the averaging estimator that
assumes that all the links are LOS [31], i.e., ignoring the
existence of NLOS paths. On the contrary, ρ̃NLOS is obtained by
the estimator in (15) that assumes that all the paths are NLOS,
i.e., assumes measurement bias exists in all paths. ρ̃de|i , ρ̃de|k ,
and σ̃CRLB are the square roots of the quantities defined in (43),
(42), and (41), respectively.
It can be concluded from Fig. 8 that when link identification is implemented, the proposed estimator performs close to
σ̃CRLB with differences of 3.1, 1.9, 3.2, and 6.5 m in the bad
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Fig. 8. Average RMSE of range error in different setups compared with
average CRLB, obtained by averaging over 1000 user locations with N = 100.

TABLE III
P ERCENTAGE OF THE N UMBER OF OVERLAPS C W ITH N = 100

urban, urban, suburban, and rural environments, respectively.
Smaller gaps occur when the link status is perfectly known at
the processing center, with the performance of the proposed
technique approaching that of the CRLB for the suburban and
rural areas. Moreover, notice that the error upper bound is well
above the proposed estimator error. On an absolute measure, the
proposed estimator provides range estimates with ρ̃de|i of 21.4,
10.9, 10.1, and 13.0 m in the four environments, respectively.
C. Location Estimation
After discussing the range estimation accuracy in
Section VI-B as a first step, we now discuss the results of the
second step: location estimation using the trilateration detailed
in Section IV.
First, we present the frequency of the number of overlaps
used for trilateration4 in Table III. These values were obtained
during the simulations campaign by counting the number of
overlaps in each simulation iteration and dividing the total
number of occurrences by the number of iterations, i.e., 105 .
As can be noticed, in the great majority of experiments, three
overlaps are used to obtain a triangle centroid. On the other
hand, two overlaps occur with lower probability, whereas one
overlap occurs with a negligible percentage. These results were
obtained for 105 experiments. Note that this table is obtained
when the link statuses are unknown but identified.

4 Measured

as a percentage of the total number of experiments.
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Fig. 9. Average RMSE of location estimation error as a function of N ,
obtained by averaging over 1000 user locations, with link status known.

Fig. 11. PDF of the location error with N = 100, obtained by averaging over
1000 user locations, with link status identified.

TABLE IV
L OCALIZATION E RROR C ENTRAL T ENDENCY M EASURES N = 100

Fig. 10. Average RMSE of location error in different setups obtained by
averaging over 1000 user locations with N = 100.

Fig. 9 shows the location estimation accuracy in terms of
ρ̃xe |k for the four environments. Observations similar to Fig. 6
can be seen in Fig. 9. Particularly, notice that any increase
in recorded data size beyond N = 200 offers a minor enhancement relative to the additional required complexity. For
example, we would get 50% RMSE enhancement when the data
size is five times larger.
We now benchmark the location estimation error, when the
status is either known or identified at the processing center, with
the cases when all the links are assumed to be either LOS or
NLOS. This comparison is shown in Fig. 10, for N = 100.
Remarkably, the proposed method—isolated from identification error—performs well below the NLOS and LOS estimation
cases with RMSE values of 25.1, 14.6, 13.0, and 10.3 m,
in the four environments, respectively. Furthermore, when the
case of ρ̃x|i is considered, we get RMSE values of 25.4, 15.7,
14.6, and 18.7 m, respectively. Since the error of a stage

propagates to the subsequent stage, it should be highlighted
that the ρ̃x|i effect in Fig. 10 comprises three error components,
namely, identification error, range estimation error, and location
estimation error.
Finally, note that the proposed approach outperforms the
WLS approach, which is denoted by ρ̃WLS and outlined in (45)
and (46), by a large margin. This is because our approach takes
into account the bias distribution function, in contrast to that in
[16]. Moreover, note that due to the bias being non-Gaussian,
the numerator of (45) is non-Gaussian. Moreover, WLS requires
a higher number of BSs for an accurate estimate. These two
reasons cause WLS to have a greater estimation error than the
other considered approaches in Fig. 10.
To gain better insight into the nature of the location error,
Fig. 11 shows the approximate error distributions for the four
environments obtained during the simulations with identification. Again, note that this is the resultant of the identification
error, ranging error, and localization error. It can be seen that
most of the error is concentrated at very low values. Table IV
describes this quantitatively. Since the bad-urban environment
has the highest median rms delay spread, T , among all the
investigated environments, it exhibits the worst performance in
the considered scenarios.

VII. C ONCLUSION
In this paper, we have presented a two-stage closedform NLOS mobile localization technique that is based on
TOA estimation at the closest three BSs. We have used a
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√
Fig. 12. m = 1: 0 ≤ dm < ( 3/2)R.

√
Fig. 13. m = 1: ( 3/2)R ≤ dm < R.

distance-dependent bias model to derive an asymptotically unbiased estimator to estimate the distance between each of the
BS and the MS, at the first stage. Subsequently, the intersection
points of the circles, which are defined by radii equal to the
estimated distances, are used to define a triangle whose centroid
is taken as the user location estimate. In addition, we have
derived the MSE of the proposed range estimator. Moreover,
we have obtained the CRLB numerically to benchmark the
performance of the distance estimators. Furthermore, we have
also derived the pdf of the distance between the three BSs and
the MS. The simulations presented herein have demonstrated
that with a cell radius of 500 m, our localization method is
accurate with an average position error of 20.79 m, in the worst
environment, i.e., the bad-urban environment. A key feature
in our work is that it solves NLOS MS localization in closed
form, in contrast to most works that are either search based or
iterative. It is worth mentioning that in a rural environment,
a more efficient identification rule is needed. The focus of
this paper has been on localization using three BSs. We did
not address the identification issue, neither did we address the
case where more BSs are involved in the localization. We will
consider these two issues in our future work.
A PPENDIX
D ERIVATION OF THE P ROBABILITY D ISTRIBUTION
F UNCTION OF U SER R ANGE
Assuming that the MS occupies an infinitesimal area that can
be approximated by a point, the pdf in this case is given by the
length of the arc, i.e., L, of radius dm and angle θ, divided by
the area
√ of the sector, i.e., A, of radius R, where L = dm θ, and
A = ( 3/2)R2 .
A. Hosting Cell (m = 1)
√
1) 0 ≤ dm < ( 3/2)R: In Fig. 12, θ = 2π/3, and
√
4πdm
3
L
= √
R.
, 0 ≤ dm <
fD (dm ) =
2
A
2
3 3R
√
2) ( 3/2)R ≤ dm < R: In Fig. 13
π
θ1 = − cos−1
6
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√

3R
2dm


.

√
Fig. 14. m = 2, 3: ( 3/2)R ≤ dm < R.

From the symmetry
fD (dm ) =

4θ1 dm
A


 √  √
8dm π
3R
3
−1
=√
,
−cos
R ≤ dm < R.
2dm
2
3R2 6

B. Neighboring Cells (m = 2, 3)
√
1) ( 3/2)R ≤ dm < R: In Fig. 14, the arc angle can be
computed from
θ
= cos−1
2

√ 
3R
.
2dm

Consequently
4dm
fD (dm ) = √
cos−1
3R2
2) R ≤ dm <

√

√ 
3R
,
2dm

√

3
R ≤ dm < R.
2

3R: In Fig. 15, using the law of sine

sin θ sin 2π
3
=
R
dm
√ 
3R
−1
θ = sin
2dm
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√

√
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leading to
2dm
fD (dm ) = √
sin−1
2
3R
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√
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2dm
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To sum up, for m = 1, this distribution is given by
⎧
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2
2

! √ "
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