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Abstract

Stepwise Gradient Descent (SGD) algorithms for online optimization converge to local minima
of the relevant cost function. In this paper a globally convergent modification of SGD is proposed,
in which several solutions of SGD are run in parallel, together with online estimates of the cost
function and its gradient. As each SGD estimate reaches a local minimum of the cost, the fithess
of the member is evaluated and the member is immediately restarted unless it is the current best
estimate. A number of results concerning the convergence behaviour of the proposed algorithm are
derived using results from dynamical systems theory and probability theory.

. INTRODUCTION

Online optimisation of a cost function is widely used for learning in artificial intelligence,
system identification, and signal processing. The backpropagation algorithm for neural network
learning is one such algorithm [7], as is the CMA algorithm for blind equalisation [4] and the LMS
algorithm for adaptive signal processing [6]. All of these algorithms are Stepwise (or Stochas-
tic) Gradient Descent (SGD) methods—as information is received an estimate solution is updated
according to an instantaneous approximation to the true cost function. More recently devised
techniques for online optimisation include Genetic Algorithms (GAs)[5]. In GAs a population of
solutions is evolved according to operations based on theories of biological genetics. The key idea
in GAs is survival of the fittest, whereby the fithess of the various members is evaluated, and the
less fit are removed.

In [2], [1] a Congregational Gradient Descent (CGD) algorithm was proposed. The CGD al-
gorithm combines the technique of stepwise gradient descent with ideas from GAs. In contrast to
most GAs, our algorithm is sufficiently simple for us to be able to analyse its behaviour theoret-
ically, although as we shall see our analysis is not as complete as one would wish. The essential
idea behind the CGD algorithm is that several versions of SGD are run in parallel, and periodically
the fittest is selected and the remainder are restarted. In this paper we propose a refined version of
the CGD algorithm, called the Hasty CGD (HCGD) algorithm. In the HCGD algorithm the fitness
of each member of the congregation is tested as the member reaches a local minimum of the cost,
and the member is immediately restarted unless it is the current best estimate. This modification
allows the elimination of excess computation in the CGD algorithm, which is caused by different
members in the congregation taking different lengths of time to converge to local minima.
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It is assumed that the value of the cost function cannot readily be evaluated due to the online
nature of the problem. Therefore online estimates of the cost and its gradient are calculated as
the members evolve. These estimates are used to evaluate the fitness of members and to identify
convergence of members to local minima. The cost estimate appears in the CGD algorithm but the
gradient estimate does not. At any time, the HCGD algorithm selects one of the members of the
congregation to be the estimate solution. If the cost and gradient estimates are accurate approxi-
mations of the true cost and gradient, and the parameters of the HCGD algorithm are appropriately
chosen, then the cost of the selected member is always decreasing (except for a small amount of
jiggle due to the online nature of the problem). The HCGD algorithm is formally defined and
discussed in Section Il

A number of results concerning the convergence behaviour of the HCGD algorithm are derived
in Section IV. Itis shown that once the selected member enters a small neighbourhood of the global
minimiser it remains there. It is then said that the algorithm has converged. A lower bound on the
probability that the algorithm has converged at any particular time is calculated, and an upper
bound on the expected time until convergence of the algorithm is also calculated. This analysis
uses averaging theory to show that the individual members converge to local minima, and that the
cost and gradient estimates approximate the true cost and gradient. These results are tied together
using the probability of landing in the basin of attraction of the global minimum of the cost function
under consideration.

We also provide a comparison between the HCGD and CGD algorithm performance. This
turns out to be difficult and not as conclusive as we would like. In doing so we are lead to a result
which we prove in section VII concerning the range of possible cost functions that can arise in
guadratic cost learning problems which is perhaps of more general interest.

[I. NOTATION AND DYNAMICAL SYSTEMS THEORY

In this section the notation used in this paper is defined, a number of definitions from dynam-
ical systems theory are stated, and a result from averaging theory is given. The averaging theory
result will be used in Section IV to prove convergence of the HCGD algorithm.

For anya € R™, ||la|| denotes the Euclidean norm efand B(a, ) denotes the closed ball
with centrea and radiug- > 0. For any functionf : A x X — R, whereA C R™ andX C R",

% denotes the gradient gf with respect to the first argument. Fer: R — R", a denotes the
derivative ofa(t) with respect ta.

Definition 1: A function » : RT — R is called anorder functionif h(u) is continuous and
sign definite on(0, 110 for somey, > 0, and iflim,, o h (1) exists.

Let h(p) andi() be order functions. Then the notation (I(x:)) ando,({(x)) is defined by

h(p) = Ou(l(p)) if e, py > 0 such thath(p)| < cfl(p)] on (0, 1]

_ oo )
h(p) = 0, (I(p)) if E?&m = 0.

Let/(x) be an order function. A property is said to hold foon the time scal& ) if it is true
for all £ satisfying0 < k < Li(u), for some constant.
Definition 2: Consider the initial value problem
a=F((t) ;  a(0)=a (1)
March 27, 2005—1: 36 pm DRAFT
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t > 0; a(t) € R™. Suppose'(a*) = 0 for somea* € R™.

1. The solutioru = «* of the initial value problem (1) igniformly asymptotically stablith
basin of attractiom* C R™ if:

. itis stable

for all ¢ > 0 there existsy > 0 such that for allay € A*, |jag — a*|] < § =
la(t) —a*|| < e vt > 0.
« itis uniformly attractivein A*:

forall 6 > 0 ande > 0, there existgr > 0 such that for alky € A*
= |la(t) —a*|| < e Vit > o.

2. The solutiom: = o* of the initial value problem (1) iglobally exponentially stabl
forall ap € R™andt > 0, ||a(t) — a*|| < |Jag — a*||e

3. The ODE (1) idagrange stabléf, for all ay € R™ there exist® > 0 such that|a(t)| <
o vt > 0.

The following theorem is a deterministic averaging result that relates the solution of a differ-
ence equation depending on a sequénggof inputs to the corresponding solution of averaged

ordinary differential equation. Thus it makes possible the use of results about the critical points of
an ODE to characterise the behaviour of the solution of a difference equation

Theorem 3:Assume that
Al A CR™ X C R", X iscompact, andzy).cn, iS @ sequence of points iK;
A2 H: Ax X — Aisbounded and Lipschitz continuous in the first argument (uniformly in

the second argument) on a compact domain
A3 The function

exists uniformly for alla € R™. That s, for anyL €N, d(pn) = 0,(1), where

|

A x X — Ais bounded and Lipschitz continuous in the first
argument (uniformly in the second argument and)ion a compact domain
; :

Let a;, anda,,(t) be defined according to the following equations forkgllk € Ny andk, ¢t > ko

ko+k—1

Y (H(a,z)) — H*(a))

l=ko

d(p) :== sup sup sup p
ko€Ng acA kG[O,ﬁ)

A4 B(p) = ou(1);
A5 For eachk € Ny, h; :

a1 = ap — pH (ar, o) — pB(p)hi(ar, zx);

A, = Qo € A
Aay = _ﬂHav(aav(t))

(2)
; v (ko) = ag €))

Then there exists a constant and arv, (1) function/(;) such that for alje < po,
1. [Jax — aq(k)|| < I(p) for kon the time scale.

2. If there exists a globally exponentially stable critical point of (3) then—a..(k)|| < 1(x)
forall £ > k.
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3. If there exists a uniformly asymptotically stable critical paific interior( A) of (3), with

basin of attractiom® C A, then for any compact sét® C A° there exists a functioi () :
R — R such that ifay € B¢ then then|a, — aq, (k)| < 1(u) forall kg < k < K(u).

The proof of resultd and3 of Theorem 3 appear in [2], and the proof2tan be derived
using the same techniques. The constardnd the function$(x), K (1) depend on the particular
sequencéxy ), the distribution of the local minima, and the boundaries of the basins of attraction
of the critical point of (1). They are independentigfbecause of the uniform convergence to the
average updat&®’ that is required in AssumptioA3.

[11. THE HASTY CONGREGATIONAL GRADIENT DESCENTALGORITHM

Consider the problem of locating the global minimum of some cost functionA — R,
whereA C R™. The cost function is not known explicitly, but rather it is the average of a known
functiong : A x X — R over a known sequenge;) of points in.X. That is,

J(a zhm—Zgbaxk 4)

K—oo K

We say thatp(a, x) is the instantaneous cost at tirhgevaluated at thparametera € A and
the input pointz, € X C R™. The inputs are received sequentially, and it is desired to have
a parameter estimate which is updated as each input is received. £ ikegiven by some loss
function, such a®(a,z;) = (yr — f(a,x1))?, wherey, is a sequence of desired values of the
examplese, andf: A x X — R is a parametrized family of functions.

Stepwise gradient descent.fis achieved by updating estimate parametgraccording to

9¢

Ap+1 = A — W 8_ ; Ak, = Ag (5)
(a‘kzxk)

From Theorem 3, it can be shown that the estimate parameters generated by this recursion will
converge to a neighbourhood of the global minimiser/oprovided that the initial parameter
estimate is in a certain region of parameter spaceuAs 0, this region approaches the basin

of attraction of the global minimiser in the associated averaged ODE. However, if there are non-
global local minima of/, some choices of the initial estimate will cause the estimate parameters
to converge to a local minimiser. In general the basin of attraction of the global minimum is not
known, so SGD cannot be guaranteed to find the global minimum.

The congregationafyradient descent algorithm presented in [2] runs a number of estimates in
parallel, instead of the single estimate normally generated by SGD. At the same time, an estimate of
the cost function at each of the parameter estimates is calculated. Periodically the cost estimates are
compared and the member is restarted, unless it is the current best estimate. Members are restarted
according to some continuous probability distributibp with compact supportl® c R”. Let
A* c A° be the basin of attraction af in (9). The probability of initialising a member iA* is
o= D,(A*).

The algorithm presented below is a refinement of the CGD algorithm which utilizes an online
gradient estimate. Convergence of a parameter estimate to a local minimum is identified by a
small value of the gradient estimate, since around any critical point of the cost function there must
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HCGD Algorithm
Choose the flathess > 0;
Choose the cost step siae= (0, 1);
Choose the gradient step sige= (0, 1);
Choose the parameter step sjze> 0;
Choose the transition time > 0;
Choose the congregation si2é > 2;
forne{l,...,N}do

ay = random(A);

Of = 0;

I't :=0;
od
Ko = 0;
n:=1;
k:=0;
while (true)do

if kK, > 7then

7=min argmin ®}";
me{l,....N}
forne{l,...,N}do
if [T} <~ andn # @ then
ay := random(A),

o} =0
Iy =0,
ki = 0;

fi
od
fi
forne{l,...,N}do

n n 99
Q1= A —p 50 o (6)
(akvmk‘)
Piyy = (1 — )@ + adlag, zr); @)
n n 99
L =0-pT% +8 9 (8)
(a} @k );
od
Kgt1 := K + 1;
k=k+1;

od

be a small region where the gradient of the cost function is small. The algorithm is bakégd
congregational gradient descent because members are restarted as soon as they converge, whereas
in the CGD algorithm an “epoch length” is chosen long enough to ensuralth@embers have
converged to their respective minima before comparing the cost estimates. The heuristic motivation
for the algorithm is the hope that the use of the online gradient estimate will enable the elimination
of excessive computation due to members in the congregation taking different lengths of time to
converge.

In the HCGD algorithm randomly chosen initial parameter estimates land in the basin of at-
traction of some local minimum. It is desired to keep the estimate only if it originated in the basin
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of attraction of the global minimum. However the only way to distinguish the global basin of at-
traction from the basins of nonglobal local minima is to allow the estimates to evolve until they
reach a minima, and then compare the costs at each of the minima. Once an estimate has reached
a local minimum the cost at the estimate will not improve, so there is no reason to continue fur-
ther updating the estimate. At this stage the member can be compared with other members, even
though the other members are still evolving. If it is the current best estimate (it has the smallest
cost), it should be kept until such time as a better estimate appears; otherwise it can be discarded
and the member can be restarted, since the other members will continue improving as they continue
updating.

The online gradient estimate is denofél.. The estimate is stopped if the value|af; ;||
falls below some pre-determined flatness paramgtwhlch ideally can be chosen so that the cost
is only called flat if the estimate is close to a critical point.bf The online cost and gradient
estimates only become good estimates of the average cost and gradient aftéassitien time
7. The online estimates are not used for the firsterations after a member has been restarted.
The transition time plays a converse role to the epoch length in [2] (it is @ minimum rather than a
maximum), and thus can take on much smaller values.

Attime k, the parameter estimate defined by the HCGD algorithifi.i¢nitially this is simply
the first member in the congregation, but once the first transition time is passalects the
member in the congregation which has the lowest cost estimate. The selected member may change
at every iteration, until such time as a member in the congregation is restarted. When a member
is restarted, the transition time recommences, and for themmigattationsn is not updated, so the
same member of the congregation is selected for-titerations following any restart.

Settingn = min argmin,c(; Ny P} IS necessary in order to ensure thatis uniquely
defined, since it is possible for two members of the congregation to have the same cost estimate. In
that case, there is no need to keep both. For the purposes of analysis the possibility can be ignored,
since the event that]* = @ exactly occurs with probability zero,

If ~ is chosen too large, the cost functidnmay be deemed to be flat in regions which are
not connected to a critical point of. In this case the HCGD Algorithm will restart members as
they pass through the flat region, so that members that are initialised in the basin of attraction of
the global minimum may not be allowed to progress all the way to the global minimum. This
will have the effect of shrinking the size of the basin of attraction of the global minimum, but will
not break the algorithm (unlessis so large that/ is considered flat everywhere). In fact, the
“optimal” value of vy (in the sense of minimizing the expected computation required to find the
global minimum) may well be large enough for this to occur, since a larger valyewdf mean
more frequent random restarts.

Itis apparent from the algorithm’s structure, that HCGD, like the original CGD algorithm, can
easily exploit parallel computing hardware.

I[V. CONVERGENCEANALYSIS

In this section the convergence properties of the HCGD Algorithm will be discussed. Three
results concerning the convergence of the algorithm are stated in Theorem 4. The proof of Theorem
4 is quite complicated, so it is divided into three stages. Section V gives a heuristic analysis of the
behaviour of the algorithm, by considering an alternate, simplified, version of the algorithm. The
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extension to the actual HCGD algorithm appears in the appendix.

In order to analyse the convergence behaviour of the HCGD Algorithm the following general
assumptions are made. Assumptid@@l C3 and C4 are essentially equivalent to Assumptions
Al, A2 andA3 of Theorem 3. Assumptio@2 deals with the random initialisation of members.
AssumptionC5 concerns the shape of the average cost function. It may be possible to eliminate
the assumption of Lagrange stability@b, as discussed in [2]. Finally, Assumpti@® defines a
linkage between the small parameterg’, andu. This enables the use of split time scale averaging
in the detailed proof (omitted in this shortened version) since the online estimates of the cost and
gradient converge more quickly than the parameter estimates.

Assumptions:.
Cl A°c AcCR™ X c R", A° and X are compact, andz;)icn, iS @ sequence of points in
X.
C2 The probability distributiorD,, is continuous and the support 6f, is A°.
C3 Both¢(a,x) and g—j are bounded and Lipschitz continuous in the first parameter (uni-
formly in the second) on a compact domairiifi.
C4 The averagd defined in (4) exists, and for ary € N (independent of:),

exists and is, (1).
C5 J has a finite number of local minima, and attains its global minimum at some @oint
which is in the interior of4°, and the ODE

ko+k—1

S Jo(a,21) — J(a))

l=ko

0(p) = sup sup sup p
ko€Ng acA kE[O )

_ 9
'u(‘?a

; a(to) = ao 9

a(t)

is Lagrange stable.

C6 1 = 0a(cr) andp = 04(/9).

Let a* € A be the global minimiser of and letA* ¢ A° be the basin of attraction af in
(9). The probability of initialising a member iA* iso = D, (A*).

Because of the online nature of the SGD algorithm which underpins the HCGD algorithm, the
estimate parametes defined by the algorithm will (in general) not convergeatoor any other
point, but will always “jiggle about”. Therefore a more general notion of convergence is needed.
This more general notion will be denoteeconvergence in what follows.

In section V sets”, (a*) are defined such that.,, («*) C C,,(a*) whenevery; < v, and
Cy(a*) — {a"} asy — () These sets are used to deflne the notion-obnvergence as follows:

The parameters; v-converge ta:* if there existsi > 0 such thau} € C(1+3w (a*) forall k > j.
For the purposes of this definition, the significance of the @e;(a ) lies in the fact that the sets
converge to{a*}, rather than in the particular exact definition of the sets.

Let k be the time when the HCGD algorithtmconverges ta*. That is, let

~

k:=min{j > 0:a} € C113,),(a*) forall k > j}.
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We have the following results aboiit (Simpler versions, that are more interpretable appear in
section V.

Theorem 4:Consider the HCGD algorithm with Assumptio@4 to C6. For anyn € (0,1)
there existsy, > 0 such that for anyy < ~, there existsyy, (3, such that ifa < ag andg <
there exists, > 0 such that ifr > 7, then

R1. k < min{k: af € Cs,(a")};

R2. There exisf;, T, > 0 such that

Prik <k} > (1 [(1=n)(1 = (1-n)o)]")

_ _ o)IN-1
+ [(1_77)(1 - U)]Nl 1[(_1[_(?71)_(;)(1(1_;”))}1\2]71 X

k—T
(1~ 10-na -l =l
R3. There exist;, t'¢, i*, {'> such that: — ¢ andf’® — ' asy — 0, and

(I-n)?0 — N[1 = (1=n)(1 = 0)]
(N =Dl = (1= —0o)]?
1+ (I=n)o — (I—n)*c*
(N —1)(1-n)*0?

2
loc * 7
ty+ 1t < E(k) < (20)

7loc Ines
e+ 1)+ + 1.

Theorem 4 does not provide a practical method for choosing the parameters used by the HCGD
algorithm. However, it does prove that suitable quantities exist, and illuminates the dependencies
between the parameters. In particular, the flathess paramsteruld be chosen first, and can be
chosen as small as desired, provided it is smaller than an upper bound determined by the average
cost function. The cost and gradient step size must then be chosen smaller than an upper bound
determined by the flatness The choice ofv andg sets a lower bound on the transition timand
an upper bound on the parameter step giZEhe congregation siz& can be chosen independently
of all of the other algorithm parameters.

V. SIMPLIFIED APPROXIMATE ANALYSIS

In this section we derive results concerning the time to convergence for a simplified case,
which involves a reduction of the HCGD algorithm to the continuous time equivalent. The results
parallel resultfR1to R3of Theorem 4. This enables us to understand the heuristic behaviour of the
HCGD algorithm, without being distracted by the online and approximate aspects of the algorithm.
In order to extend the results to the HCGD algorithm itself, the arguments must be extended using
the averaging results in Theorem 3. Full details appear in the extended version of this paper.

The simplification takes the form of the following assumptions, which are not valid in the
online optimisation context of the problem, but which do not change the overall behaviour of the
algorithm significantly.

1. The parameter estimates are continuous functions of time, updated according to continuous

time gradient descent on the average cost funcfion

2. The exact value of the average error functiband its gradien% are used instead of the

estimatesb andlI for ascertaining the fitness and flatness of members in the congregation;
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3. The transition time is equal to zero;

4. The estimates are not updated if they enter a region wWHgre < ~.

Under these assumptions, the cd$t™(¢)) is non-increasing, since membgrevolves ac-
cording to gradient descent and the value:0$ changed whenever the cost of a new member is
less than the cost of the member currently chosen. In order to discuss further the behaviour of the
simplified algorithm, some definitions and assumptions must be made. These definitions will also
be used in the analysis of the HCGD algorithm in the next section.

For any value ofy, the region where the gradient of the cost functias less thany is denoted

o |
Oa =70

The regionF’, is deemed to be flat, and parameter estimates are restarted as soon as théy enter
In the limit v — 0, the setF; contains only the only the critical points df so thatvol(F,) — 0.
There exists some constantsuch that for ally < ~;, each connected component/of contains

at least one critical point of, and only contains multiple critical points of if these points are
themselves connected. Thus, for these small values 61 is confined to small regions around
the local minima and the boundaries of the basins of attraction of the local minima in (9).

F -

-

FW::{aGRm:

a

Fig. 1. An average error functioh and the corresponding flat regid®y and contour set€, (a!°¢) for a one dimen-
sional parameter spacke

For any critical pointa® of .J, the largest connected componentAn which containsz® is
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denotedV, (a®). Asy — 0, N,(a®) — {a°}. Let

Jy(a®) ;== max J(a)

a€N~(a®)

Cy(a®) :={a e R™: J(a) < J,(a)}.

Then J,(a%) is the greatest value of the cost in the part of the flat region that is connected to
the global minimum, and the boundary 6f (a) is the contour line forJ at the valueJ, (a®).
Clearly, fory > 0, N, (a®) C C,(a®). From the definition of:(¢) in the gradient equation (9), if
a(ty) € C,(a%), thena(t) € C,(a®) forall t > t;.

There existsy, < v; suchthat’, (a*)NF, = N,(a*) for all v < ~5. This implies that.* is the
only local minimum inC, (a*). Choosingy < v, ensures that estimates which hayeonverged
to a* are are not in reality converged to some non-global local minimum.

Figure 1 shows an example of an average error funcliamd the corresponding flat region
F., and contour set§', (a'*¢) for a one dimensional parameter space . Here there is a unique global
minimum ata*, and two non-global local minima! anda?. In this example each connected
component of, contains only one critical point of, andC, (a*) N F, = N,(a*).

The first time some member of the congregation entérg.*), it will become the selected
member. Since the cost for the selected member for the simplified algorithm is always decreasing,
the following holds:

Result 11f o™ entersC, (a*) at timet, thena®(t) € C,(a*) for all t > .

Note that in this section the convergence to the(sgt:*) instead of the sef’(1,3,),(a*) is
considered. This is possible because of the simplified nature of the algorithm.

Estimates initialised imA* will stay in A* until they are restarted, and witconverge ta:*
if they are allowed to evolve for a sufficiently long time. However according to assumption 4,
estimates initialised i, N A* are not updated so they do npiconverge ta:*. Let A7 be the
set of all initial points inA* such that the solution of (9) enters some other part of the flat region
before converging to*

A% = {ag € A" : a(ty) € F,\N,(a"), a(t) defined by (9) (11)
t1 =min{t : a(t) € F,}}.

ThenA? is a proper subset of*\ (F;,\ N, (a*)). Sincey < 7o, C,(a”) C Az,

Figure 2 shows a contour plot dffor an example withA c R2. In this example there are no
non-global local minima i, but there is a local maximuwi” and a saddle point’. The global
basin of attraction and the effective global basin of attraction are shown.

The probability of initialising a member i’ is 0, := Pr{as € Al} = D,(A%). All
members initialised iM* enter N, (a*) before being restarted, and no other members do, so the
probability that any given estimate-converges ta.* before being restarted ts,. In the limit
v — 0, and A} — A*, so thato, — o. In particular, for any; > 0 there existsy, such that
o, > (1 —n)oforally <~,.

In order to determine the probability that the algorithm hasonverged at a particular time,
it is necessary to know how long it takes individual solutions of (9) to be restarted. The estimates
are restarted when they reagh. Lett,(ao) be the time taken for an estimate initialiseczatto
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A

o Fy

Fig. 2. Contour plot of an average error functidrior a two dimensional parameter spatgshowing the flat region
F, and the effective basin of attractioff, C A*. The dotted lines show the contours.bf

reach this set
ty(ap) = min{t — ¢y : a(t) € F,, a(t) defined by(9)} .

Thent. (ap) — oo as eitheps — 0 ory — 0.

The basins of attraction of the local minima are open sets, and the time to convergence for
estimates initialised close to a local maximum.bis unbounded. However, for any estimate
started inA? the gradient of/ is bounded below until the estimate entétga*), so the time to
convergence is bounded. Denote this timerby

T :=max {t,(ao): ap € A%}
For estimates initialised in any compact subset of the basin of attradtiéif a local minimum
a'c, the time for convergence to a pointi) is bounded. For any € (0, 1), choose compact sets
Ble c AP, such that the probability of initialising i, = [ e, B'*is (1 —7)(1—0) and the
maximum time to convergence for estimates initialised®jns minimized. This is possible since
the probability of initialising inJ ..., Al¢is (1 — o). Let the maximum time to convergence for

estimates initialised if3, be denoted’;.
T!% := max {t,(a): ap € By} .
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Not all estimates take the maximum time to converge, so the probability thaty is greater than
the probability that at least one of the members was initialiset inThus

Prit < T} > (1—(1- a)|V) (12)

where the probability is over all restarts of the algorithm. Now consider the case that none of the
first initialisations are inA?. If they are all inB,, all but one of the members will be restarted

by time TVZ’O;, and one of the new members may be initialiseddin Thus the probability that

t < Té‘,’g + T7 is greater than probability that< 17 plus the probability that all of the members
are initialised inB, the first time, and then in the second set of initialisations one is initialised in
Az, Using (12) gives

Pr{t<T+T:} > Pr{t<T;}+(1-n)"1—-0)" (1 - (1—0)V)
Similarly, the probability that < rTé‘j; + 17 satisfies

Pr{t <rT0%+ T2} > Pr{t < (r — 1)T% + T}
(1= (L= 0V ) [ )1 — o)V

This recursive relationship gives

Pr{t <rTi% 4+ T} >
I-1=0)")+(1-(1-0)"") i[(l — )1 — o)V
=(1=0=0)") + (1= (1 =0)" ) [1=n)(1-0)"x
L[(1—m)(1 )" NV
= [=m (=)

Now at any timet, the probability that the selected member of the congregation has converged
is equal to the probability that < ¢, which is greater than or equal to the probability that

rTf{?g + 17, wherer = {%J Assumingy < ~,, we have
Result 2
Prit <t} >1—(1—(1—-n)o)"

C(1l—(1—mo)N—1
+ [(1 - 77)(1 - U)]Nll_[g_gl)(;?_)gg]N—l X

(1 - ma-oylE JW‘”) .

Taking the limit as — oo (as a consistency check) gives

~ (1—(1—me)N-1
Prii <t} — 1= (1= (1=n)o)" + [(1 - n)(1 — o))V 5l=tionol !
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Whenn (and hence) is allowed to decrease to zero, this limit increases to 1 as one would expect.
Finally, we calculate the expected time until the algorithm converges.s betthe number

of the first random initialisation such that the resulting estimatonverges ta:*. Members

initialised outsideA™ definitely won't converge ta*, and members initialised insid€ definitely

will, so Pr{s = s} = o,(1 — 0,,)* . Thus the expected value #Fatisfies

233071—07 :U—.

s=1 v

From the choice ofi,, we have, < E(3) < .
Let ¢2 be the expected evolution time for an estimate initialisedjn and let the expected

value oft. (ag) for ag notin Ax bet:

t2 = E(t,(ao)lao € Ai’;)
tlfc = E(tw(ao)|a0 ¢ Ai’;),

where the expectations are with respectta From the definition, it can be seen thiatis the
expected time taken for an estimate to emNefa*). It may be greater than the expected time taken
for an estimate to entef. (a*), sinceN, (a*) C C,(a*). Similarly ¢! is the expected time taken
for estimates outsidd’ to enterF’,, where they can be restarted.

Assumes < N. Then one of the members is initialised 4 at the outset, so the expected
time until the algorithmy-converges is9(t) = 2. If N <5 < 2N — 1, then all of the members
are firstinitialised outsidel’. They are all restarted after an expected timé;’éf and one of them
is restarted im?, so the expected time until the algorithprconverges ig0(t) = tl;’c + 7. Similar
argument shows that, for asythe expected time until the algorithaconverges is

E(|4) = ﬁv _]ﬂ oo 4 ¢
Combining with the bounds on the expected valué gives the following bound on the expected
time until the simplified algorithmy-converges.
Result 3
1—No _(1_77)0 tloc+t*.
(N —=1)o (N-1)@=n)o " 7
For the purposes of the analysis it has been assumed:tfeatd tlvoc are known, however
they would not be known in practice. Even calculating the boufgsind T’OC requires very
detailed knowledge of the cost surfa¢eFrom (9) it can be seen thar, Téog, t:, andtl"C are all
proportional toﬁ.

loc * A
toe 4 #8 <E(f) <

VI. COMPARISON WITHCGD ALGORITHM

Given that the HCGD algorithm is a modification of the CGD algorithm, an obvious problem
is to compare the two. This turns out to be very difficult. Whilst it is straight-forward to do
an empirical comparison on a few selected problems, such an exercise provides little insight. If
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instead one attempts a theoretical comparison, one encounters a number of problems which we
will discuss below. Nevertheless, a comparison is possible, although the results are not as clear cut
as one would have hoped.

In order to make a comparison tractable, we will only compare the expected computation re-
quired for the two algorithms, and will make a number of approximations. We will use the limiting
value of the expected time to convergence. If the parameterss, i of the HCGD algorithm are
sufficiently small, therky := E(f), the expected number of iterations to convergence, approxi-
mately satisfies

1—No loc * 7 l—0o loc *

(N—l)at +t Sk:NS(N_l)J(t +1)+t"+1, (13)
wheret* is the expected value of the maximummcind the time to converge for estimates starting
in A*, andt'*c is the expected value for estimates starting outsitie Sinceu is small,t* and
tioc are large, so that + 1 ~ t*. Here the time to convergence has been indexed by the number
of members in the congregation. Sindemembers are updated at every iteration, the expected
computation is proportional t&ky asN changes.

In [2] it is shown that the expected computation for the CGD algorithm with two members is
approximately

2K(1 — o+ 0?)

g

where K is the epoch length, which is the time that members are run until they are restarted. It
is shown in [2] that the expected computation for a two member congregation is no more than
twice the expected computation for an optimally sized congregation. The epoch length is chosen
as a constant throughout the CGD algorithm, and (14) is derived under the assumptién that
is sufficiently long that all members which are initialisedAn have time to converge to a small
neighbourhood around the global minimum before the end of the epoch. A'loasresponds to
the maximum tim&> defined Section IV.

If N = 2, the bounds in (13) are no more than twice their minimum value, so we consider
only two member congregations in comparing the two algorithms. We assume that the same values
of 4 and« are used for both algorithms. The parametgrs, 3 appear in the HCGD algorithm
but not the CGD algorithm, and the parameférappears in CGD algorithm but not the HCGD
algorithm. The choice of and does not greatly affect the expected computation calculations.
As ~ increases in the HCGD algorithm, the time to convergence decreases, but the definition of
convergence becomes weaker sifntga*) increases. Ag( decreases in the CGD algorithm, the
effective value otr decreases, since less and less estimates have time to converge by the end of the
epoch in the CGD algorithm.

A difficulty now arises that we have to determine what values to set the various parameters
in order to make a fair comparison between the two algorithms. One could argue that the optimal
values ofy and K should be chosen, although we shall see that this does not lead to a conclusive
result. Nevertheless, to this end, chodse- 0, and letN, = {a : |ja — a*|| < A}. Let us say
that the algorithms have converged when the best estimate sadisfie¥,. So in the expected
computation expression for the HCGD algoriththwill be replaced withl’y, the expected value
of the maximum ofr and the time taken for estimates initialisedAh to enterNV,. That leads to
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the requirement that’, (a*) C N,. The effective value of is o(K') = Pr{a, € A(K)}, where
A(K) :={ap € A: a(K) € N, wherea(t) is the solution of (9).

For each member of the congregation, the HCGD algorithm updates:t@éimensional es-
timates (the parameter and the gradient), and one scalar estimate (the cost), whereas the CGD
algorithm updates only the cost and the parameter. Therefore the number of calculations in each
iteration of the HCGD algorithm is approximately double the calculations in each iteration of the
CGD algorithm. In most situations where a congregational type of algorithm would be applied,
the size of the basin of attraction of the global minimum would be small, so th%tmens in the
expression for the expected computation are dominant. Therefore the two quantities

Ci(y) = 42 (3 — 1> + 4T (15)
Co(K) = 2K (U(K) - 1) (16)

approximately characterise the expected computation of the HCGD and CGD algorithms respec-
tively.

A quick glance at these formulae confirms that the key difference between the HCGD and
CGD algorithms is thef;’c versusK terms, and this captures the idea that the HCGD algorithm
will stop sooner sometimes. We have (unsuccessfully) attempted to construct cost functions for
which for a givenc > 0, the rather strong assertion thaing Cc(K) > cmin..c (o+)cn, Cu(7)
or conversely thatin..c. +)cn, Cr(y) < cming Ce(K) holds. The difficulty is that by allow-
ing the optimal value of the tunable parameters, we seem to neutralize any advantage that one
algorithm has over the other. Furthermore, the optimal choice is never available in practice, and
so it is a rather unrealistic comparison after all. We can easily give examples of cost functions
for which, for particular choices of parameters, HCGD outperforms CGDicerversabut that
is not very satisfying either. We have not included details of this, as little insight is gained. The
(effectively negative) result in the next section is some small consolation for our failure to provide
a more useful comparison between the algorithms. Perhaps the one positive conclusion we can
offer is that the HCGD algorithm may be preferable in the sense that there may be better grounds
for the choice ofy (in terms of the quality of the desired solution perhaps) thak’ohut of course
there is no rigorous argument for this!

In the following lemmas we give 1 dimensional examples which show.tlzain be chosen to
make the optimal values of these expected computation operators arbitrarily far apart, if favour of
either algorithm.

Lemma 5:Assume) > 0. For all ¢ > 0 there exist® > 0 and a continuous cost function
J :[0,p] — RT such that ifD, = U(0, p) then the expected computation operators for the HCGD
and CGD algorithms satisfy

in Co(K) > i Cu(7).
min Co(K) > e min = Cu(y)

Proof:
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Fig. 3. The cost function defined in (VI), with = 2.

Letp = 2nR for somen to be determined and

S J@ =B a € [0,2R)]
YVENR 2 4 (a— 2R — (2 — 1)) a€2(R+ir—r),2(R+ir)] VieN,

whereR = X\e'™,r = \e*". Thena* = R, A* = [0, 2R], and eachR+ (2i—1)r is a local minimum
of J. This cost function is depicted in Figure 3. The gradienf chtisfies

dJ _ |2(a—R) a € [0,2R)]
da  |2(a—2R— (2 —1)r) a€2(R+ir—7),2(R+ir)] VieN.

ThereforeN, = Cs,. andC, (¢! = {a : |la — 3R|| < %}. Differentiating and substituting in (9)
gives

In (“(t)—_a) — —2ut  acl0,2R)]

ag — a

For the CGD algorithmA(K) = {ag : ||ag — a*|[e"2*% < Xand|ay — a*|| < R}. SinceD, is
uniform on|0, p|,

222K 1 R
K<:In(%
a(K):{zzgR =2 n(}%)
2R K>3n(f).
Now % is decreasing untik = 1 1n (£), so

mlén Co(K)=1In (%) (n—1) =4rn —41.

For the HCGD algorithmg = 1, andt, (ay) = max {r, iln (M) } Therefore

Ae3T R
d 1 d
T;:/ T—x—f-/ —m(f)—x
0 p )\eQT A p

s (B -0
 2nR  4nR \e2r
—rIn(n) — 1+ e

=7 1n(n 4 4n6
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and similarly

62T

VAN
R R

2T

V

tloc _ 2;7}% r
T i () = 1)+ 3e) r> Ze
—27

Thg second fqrm Ozﬁfc decreases agincreases, Smin..c. (a*)cn, thOC = 7= = T5—. Substitut-
ing into (15) gives

: (14 27)e?"
C =4l -1+ -—
oSy, (1) = A7) :
Clearlyn can be chosen large enough to ensure that the result holds. |

Lemma 6:Assume) > 0. For all ¢ > 0 there existe > 0 and a continuous cost function
J :[0,p] — R* such that ifD, = U(0, p) then the expected computation operators for the HCGD
and CGD algorithms satisfy

' C > in Co(K).
i, O > € mn (k)

Proof. Letp = 4R and

Fig. 4. The cost function defined in (VI).
c(a — R)? a € [0,2R]
J(a) = 2 2
(c—1)R*+ (a — 3R) a € [2R,4R)],

whereR = 2\. Thena* = R, A* = [0,2R)], and3R is a local minimum of/. This cost function
is depicted in Figure 3. The gradient ofsatisfies

dJ _ )2c(a—R) a € [0,2R)]
da | 2(a—3R) a € [2R, 4R).

ThereforeN, = Cy\ andC, (a' = {a : |la — 3R|| < %}. Differentiating and substituting in (9)
gives

In

) = —2uct a € [0,2R]
ag — a*

) —3R
1 = -2 2R, 4R)|.
n(a0_3R> ut a € [2R,4R]

For the CGD algorithmA(K) = {aq : ||ag — a*|le”2*¥ < Xand||ag — a*|| < R}. SinceD, is
uniform on|0, p|,

2agkeK K<Llin(&
dm:{ﬁR K>Emg§
4R 2c A
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Now —* is decreasing untik’ = - In (%), so

(K)
: 1 R In(2)
K)=~In|~ .
H%HCC( ) . n()\)

For the HCGD algorithmg = % and foray € A* t,(ag) = max {r, Lln <2"“0;“ )} For large
1

(&
¢, R < A7, 50Ty = 282 — 7 Foray € A, t.(ag) = L (2lac=a’l) L 5o
’ ' A= %R — 3- 0 , ty(ap) = max n

2RT 2T
doe _ ) AR R < ge
T (o) - 1)+ ge) R>1

The second form ofvoc decreases agincreases, Smin,.c. (4+)cn, tlvoc = 7. Substituting into (15)
gives
min C = 4r.
~:Cy(a*)CNy H(’V)

The result holds since > 1. [ |

VII. DENSITY OF QUADRATIC LEARNING PROBLEMS

Whilst the arguments above indicate thaf aan always be found to give advantage to one of
the particular algorithms, it may be argued that not all possibéan arise in “natural” learning
problems. One might think that the way in whigtarises in such problems imposes constraints on
the range of/ that are possible. We now show however that there is no constraint waeses as
the average cost in a learning problem with quadratic cost.

In order to prove the main result of this section we need to be able to simultaneously approx-
imate a function/ and its derivatives by polynomials with positive coefficients. We make use of
the particular properties of Bernstein polynomials as captured in the following result:

Theorem 7:Let A = [0, 1]™. Suppose/ : A — R is continuous, nonnegative anff(a) :=
%J(a) exists and is continuous far= 1,...,m. Then for alle > 0 there exist € N and
Chy.ky > 0forall ky, ...k, €{0,...,p} such that

p p m
By(a) = By(Jia) = > -+ > Chyk | [l (1 — )"
k1=0 km=0 i=1
satisfies
|J(a) — By(a)| < e Va € A, 17)
and
|Ji(a) = By(a)] <e Ya€ A i=1,...,m, (18)

whereB; (a) = 32 B,(a).

Proof. Result (17) follows from Theorem 6.2.2 of [3] concerning Bernstein polynomials and
the fact that the coefficients are given by ;.. = [, (,Z)J(%,...,%") > 0. Result (18)
follows from lemma 8 below. [
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Lemma 8:Supposef: [0,1]™ — R is continuous and thag?l—if(a) exists and is continuous
fori =1,...,m. Let B,(f; a) be thepth multidimensional Bernstein polynomial approximant for
f.Thenfori=1,...,m,

0 0
Jim S By(fia) = 5 -f(x)
uniformly in [0, 1]™.
Proof. This follows along identical lines to the proof of theorem 6.3.2 of [3] by using the
multidimensional mean value theorem and the generalized Bernstein polynomials. |
We will also make use of a standakd orthonormal approximation result [3, page 265]:
Theorem 9:Let X = [0,1]" and lety; : X — R, i € N, be a set of orthonormal polynomials,

ie.
[ wiays(onis - {‘1’ ‘7
X i=7.

Forally : X — R,y € Lo, and alle > 0, there exists € N andcy,...,c, € R such that

/X [y(m) - Zcﬂ/%(m)] de <e

Our main result in this section is:

Theorem 10:Let X € R", A C R™ be compact. Foralj : X — RandJ : A — R such
thaty € L? andJ is continuous, nonnegative ani(a) exists and is continuous, and alt> 0,
there exists a parametrisatign A x X — R such that for all sequencés,,) that coverX,

K-1
) 1
J(a) = Jim — ; [fa,zx) — y(zp)]?| <& Va e A. (19)
andfori =1,...,m,
7@ - 2 tim L3 (70,00 — y(a)F| < Vae 4 (20)
i(a Ba, Kgnoo e 2 a, Ty YTk e Va .
Proof: Assume w.l.0.g.c < max,eca|J(a)] =8 m ande < 1. Choose a functioB,(a)

according to Theorem 7 to approximatewith error 5. There are(p + 1)™ monomial terms in
B,. Choose an orthonormal polynomial approximato}i_, ¢;4(x) to approximatey with error

62 [
Tom S 3

Letd = max{s, (p+1)"}. LetA\(a) € R? be the vector with elements equal to the square roots
of monomials inB,(a). Thatisforj = Y7 ki(p+1)""%, letA(a); = (... ko [ Ly @l (1 — a;)P7) 2,
andfor(p+1)" < j <d, let\(a); = 0.

Lety)(x) € R? be the vector with elements equal to the orthonormal polynomgigis) for i <
s and zero ifs < i < d. Letc € R? be a vector with elements equal to the coefficienidefined
by the orthonormal approximation fofor i < s and zero ifs < i < d. Thusc = [, ¥(z)y(x)dz.
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Define the parametrizatiof{a, ) = [A(a) + ¢ ¥(z). Then for any sequende;,) of points
which coverX, and for anyu € A,

K-1 ‘

Ta) = Jim = 5™ [f(a,2) — ylan)f

k=0

[(Ma) + ) T(x) — y(2)]” de

=~
G
|
—_—

< ]J<a> [ Ma) (@) A (@)dz

X

Ma)"d(@)(c Y (z) — y(z))de

+ /X [CTw(x) - y(x)fdm

using the Schwarz inequality on the second term and Theorem 9 on the third term

<17t X@ @] +2 (N [ vt @ )(72m)+§

and we have thus shown (19). In order to show (20), firstly observe thatBjieg¢ = A(a) " A(a),

we haveB)(a) = 2)j(a)" A(a) where)j(a) = 8%/\((1). Now foranyi = 1,...,m and anya € A
consider
1 K-1
! i 2
i) = g dm gz 310 = ()

= |Ji(a) —2/X(A(a)+C)Tw(w)¢(x)TA2(a)+y(x)¢(af)TX( )dx

— | 7(a) - 20(a) Nl (a) — 2 [ [ tayste)an - } X(a)
= |J{(a) — Bi(a)| <e.
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Since both versions of CGD studied in this paper have behaviour governgd ognd the gradient
of J(a), we have shown that “all7s are possible.

VIII. CONCLUSIONS

An algorithm for online learning of an average cost function has been proposed. The algorithm
is based on the use of a population of stepwise gradient descent algorithms which are periodically
tested for fithess and restarted when deemed to be unfit. We have shown that the algorithm is
globally convergent, by showing that the probability that the nominated estimate is in a small
region of the global minimum increases with time, and the limiting value of the bound can be
made arbitrarily close to 1. Moreover, we have found bounds on the expected number of iterations
until the algorithm converges. Although not “practical”, more can be said theoretically about our
algorithm than about GAs applied to similar problems. The algorithm is naturally parallelizable.

The HCGD algorithm was devised as an alternative to a simpler congregational gradient de-
scent algorithm presented in [2], with a view to reducing the expected computation necessary for
global minimization. The CGD algorithm updates all members for a fixed time, and thus updates
some members after they have converged, whereas the HCGD algorithm restarts members once
they have converged to local minima. Thus the HCGD algorithm should converge with fewer
iterations. However in order to determine when the estimates have converged, the HCGD algo-
rithm updates an extra online estimate, so the computation at each iteration is increased. Further
investigations will be required in order to determine whether the increased sophistication of this
algorithm is warranted, since the comparison between the two algorithms is less than clear. The
considerably more complex analysis (relative to [2]) certainly recommends against further compli-
cations/refinements to the algorithm!
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APPENDIX
|. COMPLETE ANALYSIS

In order to adapt the above analysis for the HCGD algorithm, the effect of each of the simpli-
fications must be considered.

Following the analysis of the simpler algorithm, for anyc (0,1), it is choose a constant
70 such that each connected component#Qf contains exactly one critical point of (or one
connected set of critical points of); C.,(a*) N F,, = N,,(a*); ando,, > (1 — n)o. These
relationships will hold for ally < ~,.

Since SGD is used instead of continuous time gradient descent of the average cost function,
parameter estimates do not move perpendicular to the contour linkdmparticular an estimate
cannot be guaranteed to stay in the contour(gt.*) once it enters the set. In the following
lemma it is shown that, if the parameter step size is sufficiently small, a SGD parameter estimate
stays inC, (a*) if it ever enters some smaller contour set.

Lemma 11:With assumption€1to C6, let a;, be defined by (5) and choosg as above. For
all v, < 1 < v, there existgy, such that ifu < 1o andag € C,,(a*) thena, € C,, (a*) for all
k > k.

Proof: Consider the derivative of the cost functidralong trajectories of (9)

g
aa’v(t) aa

Assumey < . Forallay € C.,(a¥), a(t) € C,,(a*) C C,,(a*) C
of Jin AZ isa*, and the gradient of is greater than in A\ N, (a

c > 0 such that for alb € A%
a7 \"
(5:.) @2

J(aao(t)) < —cp (J(aa(t)) = J(a®)) 5 alto) = ao. (23)
Solving (23) gives

. aJ

-
J(ag(t)) = —p %0 ()) ; a(ty) = ap. (22)

Az . The only critical point
*), so there exists a constant

Ja) = Ja) <Y

_C%

Then for allay € C.,(a*) C A,,,

S (aqu(t)) — J(a”)

Now lettq = ky. For anyk > k,
J(ar) = J(a”) < J(aa(k)) = J(a*) + |[J(ar) — J(aqu(k))|.

The cost functiony is Lipschitz continuous by Assumptid®B. Thus resulil of Theorem 3 shows
that there exists some,(1) functioni(;:) and a constant > 0 such that

J(ar) — J(a*) < (J,(a*) = J(a")) e #E) 4 q(p)
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for k < EJ In particular, if u is sufficiently small,a, € C,,(a*) for k < EJ anda L) €
C.,(a*). The argument can now be repeated, with the initial condition for (9) replaceg by
FJ ,a(ty) = aL|- The result follows. [

W

The online estimates of the cost and gradient are not exactly equal to the true values of the cost
and gradient. Therefore the algorithm may decide that an estimate is in the flat region when in fact
it isn’t, and it may restart the current best estimate and keep an estimate with greater cost instead.
In the following lemma it is shown that the algorithm parameters can be chosen in order to ensure
that the cost and gradient estimates are arbitrarily accurate.

Lemma 12:With AssumptiongC1to C6. leta;, be defined according to (5), and tet, I'} be
defined according to (7) and (8) respectively, with initial conditidjs= 0, I';, = 0. There exists
constants,, B, andBj, such that for any positive < ¢, there existsy. such that ifo < o, and
k > ko — +ln 1=, then

¢
|[@% — J(ap)| <e.

Similarly, there exist$. such that ifg < 5. andk > kg — %ln @, then
oJ

i - o

n
ay,

Proof: The iterative definition ofo7 in equation 7 can be rewritten in summation form as

k—1
op=a) (1—a)" 7 ¢(ay, ;).
j=ko
The parameter estimatg originates in the compact sef’, and remains bounded since 9 is La-

grange stable. The input, is also bounded, so the value of the instantaneous cost is always
bounded, by some constaB},. Thus

k—1
DF < (1—a)* 7 g(a;,z)]
Jj=ko
k—1
< aBy Z(l — )kt
Jj=ko
k—ko—1
<aB, Y (1-ay
=0
1— (1 — )kt
_aB, (1-«a)
1—(1—-a)
< B,

Similarly, the value of the gradient of the instantaneous cost is always bounded by some constant,
denotedB;,, and||T?|| < Bygs. Thus the cost and gradient estimates are bounded.
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Letey = min{ By, Bye}. Then for all positives < ¢, In 75~
j > ko— tln & B, and define), = j + [1In E}. Thenk, < ko <jJ for aII e < €.
Equatlon 7 can also be rewritten as

Qp ., =P —a (CIDZ — ¢(af, xk)) -« ((b(a?, Ty) — Qﬁ(az,ajk)) ) (24)

This has the form of equation 2, where the small parameteplaces:, anda, in Theorem 3 is
identified with®}; here. IdentifyH (®, z) with ® — ¢(a}, ), hi (P, z) with %((a}, z) — ¢(ay, ),
andg(a) with £, and consider the initial timg). Then ifky < k < j,

Q n n
(@, 2)] < 2 Asllaf — i

o .
< p/\qﬁuBaqﬁ(J — k),

sincea] = aj —py 5 50 o) Using the fact that > & gives

g
|hk(q), J]>| S — 111 —)\¢Ba¢,
4B,

where the definition of; has been used, and then the fact that k,. Thereforeh, = O,(1), and
B(a) = 0,(1) by the AssumptiorCeé.
The averaged ODE associated with (24) is

(I).(w = _a((I)av - J<an))7 (25)

with initial condition @, (k) = LR The ODE (25) has solution

oy (t) — J(af) = (P — J(a]))e *H0) (26)

J J

Using the definition ok, and the fact thaft@"al, |J(a})| < B, gives

|Pav (k) — J(af)] < (27)

MI(T)

]

Equation 26 shows thak(a}) is the globally exponentially stable solution of (25), and result
2 of Theorem 3 applies. Therefore the solutions of (24) and (25) satisfy

[ @) — Py ()| < 0a(1)
for all k£ > k. Combining with (27) shows that there existssufficiently small that
@7 — J(a})| < e
The proof of the accuracy of the gradient estimate follows similarly. |

March 27, 2005—1: 36 pm DRAFT



HASTY CONGREGATIONAL GRADIENT DESCENT 25

Let the value of the cost at the smallest non-global local minimum be denéted
J"¢ .= min{J(a) : J(a) is a non-global local minimum of }

If there are no non-global local minima of, any value ofJ'* > J, (a*) can be used. Let

v € (0,1). To prove convergence of the HCGD algorithm, we choo&e‘](+”( so that
the cost estimate of € C(;1,), is always smaller than the cost estimate dorz A*. We also
choose sufficiently small to ensure thate F(,..), whenever the gradient estimate less than

From Lemma 12 it can be seen that the transition tinethe HCGD algorithm is needed in
order to allow the cost and gradient estimates approach the true cost and gradient. In particular,
the estimates are initialised at 0, so the algorithm would immediately restart every member if
the transition time was removed. Because the transition time is nonzero, the evolution times of
the members used in the calculation of results 1 and 2 must be increased, so that the maximum
convergence timeg.% andT” must be replaced withax{r, T/} + 1 andmax{7, T} + 1. The
+1 term allows for the d|screte index on the SGD estlmates as distinct from the continuous time
index for true gradient descent estimates. Similarly the expected times must be replaced with the
times

E (max{t,(ao), 7} givenag ~ Dy, a9 € A%) + 1
E (max{t,(ao), 7} givenag ~ Dy, ap & A;) + 1.

Finally, in the HCGD algorithm, estimates are updated even when they are in the flat region.
This means that parameter estimates will continue to improve once they¥eaeh instead of
stopping at its boundary. It also means that estimates initialised close to the edges of a basin
of attraction, near a local maximum or a saddle point, may leave the componéhtnefar the
boundary and converge to a local minimum before being restarted. This effectively increases the
probability that a newly initialised estimate will converge d6—for continuous time gradient
descent the probability would be betweenando.

The probability that a member initialised in the flat region near the boundary of a basin of
attraction is allowed to leave that region and converge to a local minimum decreases as the algo-
rithm runs. This is because the current best estimate continues to increase (on average), SO as soon
as the transition time is up, if the estimate is still in the flat region, the estimate will be restarted.
However it will never become zero as some estimates will always escape the flat region by the end
of the transition time.

For the purposes of estimating the probability that the algorithm has converged at any time, it
is not necessary to know whether estimates converge to local minima or stay near the boundaries of
the basins of attraction before being restarted. It is sufficient to know whether estiyraiagerge
to a* or always stay larger thas,.3,),(a*). SinceCris,),(a*) N Flitay)yy = Natsyy(a*), we
haveJ13,),(a*) < J for all v < 4.

Let p(u) be the probability that a newly initialised parameter estimate defined by the HCGD
algorithm~-converges ta* before being restarted, and Igj:) be the probability that the cost of
a newly initialised parameter estimate remains greater faruntil it is restarted. The function
q(p) is greater than the probability that a corresponding SGD estimate converges to some nonglobal
local minimum. In the following lemma it is shown thatand~ can be chosen in order to make
arbitrarily close tar andq arbitrarily close tol — o.
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Lemma 13:Consider the HCGD algorithm with Assumptio@4 to C6. For ally < ~,, there
existsyy such that ifu < pug then

(1—-n)o

(1-n)(1-0)

pp) <1—(1—n)(1-o0)
g(n) <1-(1-n)0

Proof: of Lemma 13 To find the lower bound op(.), recall the argument in the proof of
Lemma 11. From equation 22 it is clear that there exists a constauich that for alk, € A*,
aau(t) € Clipy)y(a*) forall ¢ > ¢,. By resultl of Theorem 3,[|aq,(k) — ax|| < I(p) for k <
[t,]. Choose any compact subsz’é;t“r?w)7 C A7 (1437) ., such that the probability of initialising in

B(1 130y, 18 (1 =1)0(1434),- If 1 is sufficiently small the parameter estimate ent&s..), (a*) D
C44)y(a*). By Lemma 11, the parameter estimate remainsins, ), (a*) forall & > [t ].

To see that the parameter estimate is not restarted before ertigring,, note thatdy, ., C
All+2,),- The averaged estimate remainsdf ;. for all time so if x is sufficiently smaII then
aj remains mA*1+2 for all time. By Lemma 12, if7 is sufficiently small.T';, > (1 + )~ for

a € Af 1+2W\N (1+27)y(@*). Thus the algorithm will not decide that the member is flat before the
parameter estimate entefs, , ».),, for all estimates initialised nBE‘H3 . The probability of ini-
tialising in this setig1 — 7)o(113,), > (1 —n)?*c. As discussed in the Iast section, the probability
of convergence maybe higher than this, since estimates stateq 4f, , , , may also be allowed
to converge.
Similarly, the lower bound og(1) is derived by taking a union of set$!c in the interior of
the basins of attraction on the non-global local minima, such that the probability of initialising in
the union is equal td1 — 7)(1 — o). Result3 of Theorem 3 shows that, if is sufficiently small,
all estimates that originate in this set remain there, so the cost of the estimates must remain greater
than.Jie.
The upper bounds follow from the fact th&g . ;.),(a*) < J'¢, so that the evenisandq are
mutually exclusive. [ |
Updating members while they are in the flat region also increases the evolution time, since
members can only be guaranteed to stay in the flat region until a better estimate appears so they
can be restarted if they are [Ualoc ,(a'*¢). This set is the union of the flat neighbourhoods
surrounding all of the local minima df(lncludinga*). Therefore the time, (a) must be replaced
with

t.(ap) = min {t —to:a U N, (a'), a(t) defined by(9)}

aloc

Now %, (a) is not defined fowr, in the basin of attraction of a saddle point or a local maximum,
but the probability of choosing an initial value for whit{a,) is not defined is zero becaugg is
continuous. For each, € |J, .. A'?UA*, there exists/(ao) such that for ally < v(ay), (t),(ag) =
t,(ag). Therefore for any seB C A, max{t,(ag) givena, € B} — max{t,(ao) givena, € B}
andE{%, (ao) givena, € B} — E{t,(ay) givena, € B} asy — 0.

Asvy — 0,1, (ag) — t,(ap).

Proof: of Theorem 4
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R1Assumen) € C(142),(a*) for somej. Letn = n at timej. Assumey < . By Lemma
11, memben of the congregation remains 3., (a*) until it is restarted. The assumption in
Lemma 11 thaj: < o can be replaced with < «y, sincey = o,(«). It remains only to show
that if membenm is restarted, the new member is contained'in, »,),(a*).

Now assume that} € C(i43,), Is restarted, sd; < ~. Lemma 12 applies, with <
min{eg, 37}, soI'} < v impliesa} € Fi1.),. Now

ag €C13y)y(a") N Flagy)y
= (C(H?w)v(a*) N F(1+3v)v) O F14)y,
=N(1437)7(a") N Flaq)y
=N iq)y(a).

Thus, by the choice of, a} € C144),(a*). Since the algorithm decides to restart membehen
there must be another membersuch that®]’ < 7. By Lemma 12,

J(a') —e < J(a}) +e.

ThusJ(a’) < Jugyy(a®) + 26 < Jayoy)y(a®) if € is sufficiently small. Now the retained best
estimate isi)' € C(142),, @S required.

R2This result can be derived as for result 2 in the Section V, with a few minor corrections. The
probability of initialising in A is replaced by the probability of initialising iB?1+3w)v because the
averaging result cannot guarantee that estimates originated arbitrarily close to the bountiary of
will converge. The convergence timﬂ%ﬁg andT7? are replaced with

Ti = max{K, max{t(1_),,(ao) givenag ¢ A*}} + 1
Ty = max{ K, max{t(_,),,(ao) givenay € A*}} + 1.

The times are changed to ensure that the gradient estimates become smaltemititiain the
convergence time and stay i,_,), after the convergence time. The terms allow for the
transition time and the-1 terms allow for the discrete index on the SGD estimates, as distinct
from the continuous time index for true gradient descent estimates.

R3Following the analysis for the simple case, ddie the number of the first initialisation for
which the estimate-converges. From the definitions pfandq, Pr{s = s} = p¢*~!, so Lemma
13 implies

L=n)?ll-nl-o) " <Pr{s=s} <[1-(1-n)1-0)]1-(1-n?)"
Therefore the expected value ©$atisfies

(1—n)c L _n+{d=no
T mi—of = &< 0 i

To complete the proof, upper and lower bounds on the expected time to convergence for esti-
mates must be determined. For the lower bound, the convergence time is essentially the same as
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for the simple algorithm, except that the time to convergé|tq.,), is used because the gradient
estimate may become less thaif the true gradient is less thdt + ~)~. For the upper bound the
time to converge to sets around the local minima must be used. Let

tj; =FE (maX{t(1+7)7(a0), K} givenao ~ Da, ag € A*)
tfyoc =K (maX{t(l_‘_V)W(Clo), K} givenao ~ Da7 Qo ¢ A*)

t=E (max{t(l,v)ﬂ,(ao), K} givenag ~ D,,ag € A*)
flfc =E (max{t(l,v)ﬂ,(ao), K} givenag ~ D, ag & A*) .

One problem remains—estimates originating in the regig)\n(A; U B“’C) are not guaranteed

to follow the continuous time parameter estimate, so the time until they converge is unrelated to
t,(ap). Maybe it is bounded anyway? The probability of landing in this region goes to zeyo as
goes to zero and you would expect that either the estimate would leave this region in a finite time

or the gradient estimate would become zero in that finite time, so that either way the estimate gets
restarted... |
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