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Abstract

Mixability of a loss governs the best possible performance when aggregating expert
predictions with respect to that loss. The determination of the mixability constant for
binary losses is straightforward but opaque. In the binary case we make this transparent
and simpler by characterising mixability in terms of the second derivative of the Bayes
risk of proper losses. We then extend this result to multiclass proper losses where
there are few existing results. We show that mixability is governed by the Hessian of
the Bayes risk, relative to the Hessian of the Bayes risk for log loss. We conclude by
comparing our result to other work that bounds prediction performance in terms of the
geometry of the Bayes risk.

1 Introduction

Mixability is a property of a loss function that governs the performance of an aggregating fore-
caster in the prediction with of experts setting. The notion is due to Vovk (1990, 1995). Exten-
sions to mixability were presented by Kalnishkan and Vyugin (2002b). The motivation for study-
ing mixability is summarised below (this summary is based on the presentation of Kalnishkan
and Vyugin (2008). !

Let n € Nand Y = {1,...,n} be the outcome space. We will consider a prediction game
where the loss of the learner making predictions v, vs,... € V is measured by a loss function
:Y xV — Ry cumulatively: for T € N, Loss(T) := Zthl L(ye,vt), where y1,y9,... € Y are
outcomes. The learner has access to predictions v}, t = 1,2,..., i € {1,..., N} generated by
N experts €1,...,EN that attempt to predict the same sequence. The goal of the learner is to
predict nearly as well as the best expert. A merging strategy M: ;=; (Y* x (VV)!) — V takes
the outcomes y1, ..., y:—1 and predictions v%, i = 1,..., N for times s = 1,...,¢ and outputs an

aggregated prediction v, incurring loss £(y;, v)') when ¥, is revealed. After T rounds, the loss of

M is Lossy(T) = ZtT:1 £(y¢, v]Y). The loss of expert &; is Losse,(T) = ZiT:1 £(yg,vi). When M
is the aggregating algorithm (Vovk, 1995), 8-mixability (see Section 3 for the definition) implies
forallt e Nyalli € {1,...,N},
In N
Lossy(t) < Lossg, (t) + HT (1)
Conversely, if £ is not 3-mixable for any 3 € R, then it is not possible to predict as well as the
best expert up to an additive constant using any merging strategy.

'Kalnishkan and Vyugin (2008) denote mixability by 8 € (0,1); we use 3 = —log 8 € (0, 0).



Thus determining /3, (the largest 3 such that ¢ is S-mixable) is equivalent to precisely bound-
ing the prediction error of the aggregating algorithm. The mixability of several binary losses and
the Brier score in the multiclass case (Vovk and Zhdanov, 2009) is known. However a general
characterisation of §; in terms of other key properties of the loss has been missing. The present
paper shows how 3y depends upon the curvature of the conditional Bayes risk for ¢ when / is a
strictly proper continuously differentiable multiclass loss (see Theorem 10).

We use the following notation throughout. Let [n] := {1,...,n} and R the non-negative
reals. The transpose of a vector = is «’. If x is a n-vector, A = diag(x) is the n x n matrix with
entries A; ; = x; , ¢ € [n] and A, ; = 0 for ¢ # j. We also write diag(x;)l, := diag(z1,...,2,) :=
diag((x1,...,zyn)"). The inner product of two n-vectors z and y is denoted by matrix product
2'y. We sometimes write A - B for the matrix product AB for clarity when required. The n-
simplex A™ := {z = (21,...,2,) € R": x; >0, i € [n], Y i~ x; = 1}. Other notation is defined
in Appendix A which also includes several matrix calculus results we use.

2 Proper Multiclass Losses

We consider multiclass losses for class probability estimation. A loss function £ : A" — R
assigns a loss vector £(q) = (¢1(q),- .., ¢n(q)) to each distribution ¢ € A™ where ¢;(¢q) (= £(i,q)
traditionally) is the penalty for predicting ¢ when outcome i € [n] occurs. 2 If the outcomes
are distributed with probability p € A™ then the risk for predicting ¢ is just the expected loss
L(p,q) := p'(q) = >, pili(q). The Bayes risk for p is the minimal achievable risk for that
outcome distribution, L(p) := inf,ean L(p, ¢). We say that a loss is proper whenever the minimal
risk is always achieved by predicting the true outcome distribution, that is, L(p) = L(p, p) for all
p € A™. We say a proper loss is strictly proper if there exists no ¢ # p such that L(p,q) = L(p).
Proper losses are defined only on A™ which is a (n — 1)-

dimensional submanifold of R’} . In order to define the deriva- Ar L A Bs o
tives we will need, it is necessary to project down onto n — 1

dimensions. Let IIn : A" — A" denote the projection of [HA {HA {Hq)
the n-simplex A™ onto its “bottom”, denoted A™. That is, ; 5

OA(p) := (p1,...,Pn_1) =: p € A" is the projection of p onto An —t A Dy
its first n — 1 coordinates. Similarly, we will project ¢’s im-

age A := L(A™) using ITA(A) := (A1, ..., Ap—1) for A € A with \T_ﬁ/

range denoted A. Since p,, = p,(p) :=1 —Z?:_ll p; we see that
TIA is invertible. Specifically, HZI P = P1,--sPn-1,0n(D))-
Thus, any function of p can be expressed as a function of p. In particular, given a loss £ : A™ — R"
we can write £(p) = £(II1(p)) for p € A™ and use £(p) := II5(¢(p)) to denote its projection onto
its first n — 1 coordinates (see Figure 1).

As it is central to our results, we assume all losses are proper and suitably continuously
differentiable for the remainder of the paper. We will additionally assume strict properness

whenever we require the Hessian of the Bayes risk to be invertible (see Lemma 5).

Figure 1: Mappings and spaces.

Lemma 1 A continuously differentiable (strictly) proper loss £ has (strictly) concave Bayes risk
L and a risk L that satisfies the stationarity condition: for each p in the relative interior of A™
we have p'Dl(p) = 0. Furthermore, £ and II5 are invertible and for all p € A™, the vector p is
normal to the surface A = ((A™) at {(p).

Proof: The Bayes risk L(p) is the infimum of a set of linear functions p — p'¢(¢) and thus
concave. Each linear function is tangent to £(A™) at a single point when ¢ is strictly proper and
so L is strictly concave. Properness guarantees that for all p,q € A™ we have p’l(p) < p'l(q) so
the function L, : ¢ — p'¢(¢) has a minima at p = ¢ and so DL,(q) = p'D{¢(q) = 0 when ¢ = p,
giving stationarity. Since for every p € A" p'Dl(p) = 0 we see p is orthogonal to the tangent

2Technically, we should allow £(p) = oo to allow for log loss. However, we are only concerned with
the behaviour of ¢ in the relative interior of A™ and use A" in that sense.



space of A at ¢(p) and thus normal to A at £(p). Now suppose there exist p,q € A™ such that
£(p) = £(q). Since we have just shown that p and ¢ must both be normal to A at ¢(p) = £(q) and
as £ is assumed to be continuously differentiable, it must be the case the normals are co-linear,
that is, p = aq for some o € R. However, sincep € A", 1=3%".p; =), ¢ = c and thus p = g,
showing ¢ is invertible.

In order to establish that II, is invertible we proceed by contradiction and assume /£ is proper
and there exist p,q € A™ s.t. £;(p) = £;i(q) for i € [n — 1] but £,(p) # n(g). Without loss
of generality assume /,(p) < £,(¢q) (otherwise just swap p and ¢). This means that ¢'¢(p) =

S aili(p) = Z?:_ll q:li(p) + qnln(p) < ¢'4(q). However, this contradicts properness of ¢ and
therefore the assumption that £, (p) # £,(q). |

3 Mixability

We use the following characterisation of mixability (as discussed by Vovk and Zhdanov (2009))
and motivate our main result by looking at the binary case. To define mixability we need the
notions of a superprediction set and a parametrised exponential operator. The superprediction
set Sy for a loss £ : A™ — R™ is the set of points in R™ that point-wise dominate some point on
the loss surface. That is,

Sp:={N€R": Ig € A", Vi € [n], i(q) < \;).

The B-exponential operator is defined for all A € R by Eg(\) := (e=#M ... e P ). Tt is clearly
invertible, with inverse Eﬁ_l(gﬁ) = —B7YIngy,...,In¢,). A loss £ is B-mizable when the set

&3 := Ep(Sy) is convex. The mizability constant By of a loss ¢ is the largest § such that ¢ is
[-mixable:

B¢ :=sup{f > 0: {is S-mixable}.
Now
Eﬁ(S@) = {EB()‘) PN Rn, dq € An, Vi € [n], &(q) < )\z}
={2z€R": 3ge A", Vi€ [n], e PL(D > 2},

since  — e A% is decreasing for 3 > 0. Hence in order for ®5 to be convex the function f such
that graph(f) = {(e=#4(@) ... e Fn(@): g € A"} needs to be concave.

3.1 The Binary Case
For twice differentiable binary losses £ it is known (Haussler et al., 1998) that

o BOBG) - EG)REG)
pelo1) 7 (5)3 () (B (5) — 44(5))

When a proper binary loss £ is differentiable, the stationarity condition implies

" (A
w(p) = we(p) = L = - 3
(P) = we(P) = 1= ; ; (3)
where the weight function wg(p) = —L//(ﬁ) > 0 (see Reid and Williamson (2009)). Equation

3 implies % (p) = (5 — Dw(p), £,(p) = pw(p) and hence 5(5) = w(p) + (5 — 1)w'(p) and
27 (p) = w(p) + pw'(p). Substituting these expressions into (2) gives
pw(P)[wp) + (7 — Dw'(p)] - [w(p) + pw'(P)](P — Dw(p) 1

b= min, 5w(E) B — Vw@)(p - V() — pw)] = o B0 - P )




Observing that Ly,,(p) = —p1logps — p2logps we have Llog(ﬁ) = —plogp — (1 — p)log(1l — p)

~1 _ -
and thus Ly, (p) = 13(17_15) and o Wieg(P) = 15(11—;3)‘ Thus
~ L// ~
B¢ = min Llog(}?) = min 771(,);(})). (4)
pel0.1] we(p)  pefon] L”(p)

That is, the mixability constant of binary proper losses is the minimal ratio of the weight functions
for log loss relative and the loss in question. The rest of this paper is devoted to the generalisation
of (4) to the multiclass case. That there is a relationship between Bayes risk and mixability was
also pointed out (in a less explicit form) by Kalnishkan et al. (2004).

3.2 Mixability and the Concavity of the function f3

Our aim is to understand mixability in terms of other intrinsic properties of the loss function. In
particular, we will relate mixability of a loss to the curvature of its Bayes risk surface. In order
to do so, we need to be able to compute the curvature of the G-exponentiated superprediction set
in order to determine when it is convex. This is done by first defining a function fz: R"~! — R

with hypograph hyp(fs) := {(¢,y) C R": y < f3(#)} equal to Es(S¢) and then computing the
curvature of fz. Before we can define fg we require certain properties of Eg and a mapping

75 : A" — R"! defined by

70(5) = Bp(l(p) = (70D, @)
This takes a point p to a point ¢ which is the projection of ¢ = Eg(¢(p)) onto its first n — 1
coordinates. The range of 75 is denoted ®4 (see Figure 1).3
Lemma 2 Let A € A and ¢ := Eg()\). Then E[;l(qﬁ) = -3 'In¢y,...,In¢,) and for all
a#0, Eup <E§1(¢)> = (¢F,...,0%). The derivatives of Eg and its inverse satisfy DEg(X) =
—pBdiag (Eg(\)) and DEg1(¢) = —f~![diag(¢)]"". The Hessian of Egl is

diag(¢;%,0,...,0)
: (5)

| =

diag(0,...,0,7?)
When B=1and l = b = p— —(lnpy,...,Inp,) the map 11 is the identity map—that is,
¢=71(p)=p—and E;'(p) = liog (D) is the (projected) log loss.

Proof: The results concerning inverses and derivatives follow immediately from the definitions.
By (21) the Hessian HE;'(¢) = D (DE51(¢)) and so

5

Let h(¢) = diag(¢; 1)7_, and write h(¢) = F(g(¢)) where F': R" — R™*" F(¢) = diag(¢) and
g: R S R™ g(¢) = (¢7°,...,6,")". Wehave f(vec¢) = vec F(¢) = (¢1,0,...,0;...;0,...,0,¢,)
which is a vector in R"". Now

HE;'(6) =D ((—; [diagw)]l) ) — LD ding( .

diag(e})
Df(veco) = :
diag(ey)

3We overload Egl using it as both a map A — ®4 and from A— <i>,g. This should not cause confusion
because the latter is simply a codimension 1 restriction of the former. Lemma 2 holds for n and n — 1.



Furthermore Dg(¢) = diag(¢; ?)1,. Thus by the chain rule
diag(er) - diag(—¢; *)i; diag(—¢;>,0,...,0)
Dh(¢) = Df(g(¢)) - Dg(¢) = : = :
dla’g(en) : dlag(_(ﬁrz)?:l dlag(07 s 707 _¢;2)

The result for 3 = 1 and £, follows from 71 (5) = E1(£(p)) = (e~ H~nP1 e b-Pn-1) W

Lemma 3 The map { : A — A is invertible. Also, for all 3 > 0, the mapping T3 Ay — ég is

tnvertible with inverse 7'51 =/("1o Egl.

Proof: By “diagram chasing” in Figure 1 we see that /=1 =TIy o (o Hgl and 7'51 e N-Y e
Eﬁ_1 o H;l provided all the functions on the right hand sides exist. IIn and ¢ exist by definition,
H;l exists since p;(p) = p; for i € [n — 1] and p,(p) = 1 — >, p;. The inverse £~ exists by
Lemma 1 and Eﬁ_1 by Lemma 2. Lastly, Ils is invertible since we see Il = Ego Hxl o Eﬂ_1 and

E[;I clearly exists due to its form and HXI because of Lemma 1. |

We can now define . (i)g . 5) i e_ﬂZn(Tﬁ—l(é)) € [0, 00). (©)
This can been thought of as the inverse of the projection of the [-exponentiated superpre-
diction set ®4 onto its first n — 1 coordinates. That is, if ¢ € Bz and ¢ = g, (¢) then
¢ = ((;317 .. .,én,hflg((;g)). This function plays a central role in the remainder of this paper
because it coincides with the boundary of the $-exponentiated superprediction set.

Lemma 4 Let 8 > 0 and fg be defined as in (6). Then hyp fg = ®g.

Proof: We have ¢ = (¢1,...,0,) = (e Pa® = BF®))  We express ¢, as a function
of ¢ = (g1, 0n1) = 75(p) using ¢, = ¢ 0P = PO Hence graph(fs) =
{(e=Pa) .  e=PtP)): p € A™}. Since for § > 0, 3 is monotone decreasing in each ar-
gument, \; > ¢;(p) for all i € [n] implies Eg(A\) < E(¢(p)) (coordinatewise). |

3.3 Relating Concavity of f3 to Hessian of L

The aim of this subsection is to express the Hessian of fg in terms of the Bayes risk of the
loss function defining f3. We first note that a twice differentiable function f : X — R defined
on X C R™ is concave if and only if its Hessian at =, Hf(z), is negative semi-definite for all
xz € X (Hiriart-Urruty and Lemaréchal, 1993). The argument that follows consists of repeated
applications of the chain and inverse rules for Hessians to compute Hf3.

We rely on some consequences of the strict properness of ¢ that allow us to derive simple
expressions for the Jacobian and Hessian of the projected Bayes risk L := Lo Hgl A" > Ry

Lemma 5 Let y(5) == ~ [pa(A) 5. Then Y(p) = ~pu(p)Dy(p) = (Tu-r + 51, ) is in-
vertible for all p, and - e
Den(p) = y(p)" - DED). (7)
The projected Bayes risk function defined by L(p) = LTI, (p)) satisfies
DL(p) = {(p) — tn(P)1}, 4 (8)
HL(p) = Y (p)' - DL(P). 9)

Furthermore, for strictly proper £ the matriz HL(ﬁ) is negative definite and invertible for all p
and when B =1 and £ = lio4 is the log loss,

HL,,, (5) = —Y (p)' [diag(p)] " (10)



Proof: The stationarity condition (Lemma 1) guarantees that p'Dl(p) = 0 for all p € A™.

However, since p = (5, pn(p)) and £(p) = (£1(D); - - -, bn—1(B), €n(P)) we have ' DL(p) +p, DLy (5) =
0 which can be rearranged to obtain the required result.
By the product rule,

Dy(p) = —pD[pn(P) '] — [pn ()~ "1Dp
:15[ n(ﬁ)iz]Dpn(ﬁ) - [ n(ﬁ)7 ]In—l
= —plpa(®) 15,1 = [pn(P) s
1

1
=——— L1+ ——=pl/_
@ " pa(p)t !

since pn(P) = 1=, ¢(,,—1) Pi implies Dpy, (p) = —1;,_;. This establishes that Y (p) = —p,(p)Dy(p).
That this matrix is invertible can be easily checked since (I,, 1 —p1’, {)(In_1+p'p1l!, ) =TI,
by expanding and noting pl/,_,p1),_; = (1 — p,)pl, _;.

The Bayes risk L(p) = §'4(p) + pn(5)ln(p). Taking the derivative and using the product rule
(Da’b = (Da’)b + o' (Db)) gives

(05)] + D [pu ()0 (5)]
DE(B) + [Dpn(5)] € (B) + pn(5) DLy (P)
= () — p(B)DE (D) + Lnplly_y + pn(P)DE, ()

by (7). Thus, DL(p) = £(p)’ — £, ()1, _,, establishing (8).

Equation 9 is obtained by taking derivatives once more and using (7) again, yielding

n

HE() = (D)) = DI9) - 1as DL () = (1o + - 10msi’ ) DI

as required. Now L(p) = L((p1, - pn-1,Pn(5) = L(p1,-- - Pa-1,1 — Y12y pi) = L(C(p))
where C is affine. Since p — L(p) is strictly concave (Lemma 1) it follows (Hiriart-Urruty

and Lemaréchal, 1993) that L is also strictly concave and thus HL(p) is negative definite. It
is invertible since we have shown Y (p) is invertible and D/ is invertible by the inverse function
theorem and the invertibility of ¢ (Lemma 3).

Finally, equation 10 holds since Lemma 2 gives us Fy ' = f1o4 50 (9) specialises to HLlog (») =
Y(p) - Dglog(ﬁ) =Y(p) -DE;Y(p) = -Y(p) - [diag(ﬁ)]_l , also by Lemma 2. |

3.4 Completion of the Argument

Recall that our aim is to compute the Hessian of the boundary of the §-exponentiated super-
prediction set and determine when it is negative semidefinite. The boundary is described by
the function fz which can be written as the composition hg o gz where hg : R — [0,00) and

gs : @5 — Ry are defined by hg(z) := e #% and gg(¢) := £, (7'5_1(@5)) The Hessian of f3 can

be expanded in terms of gz using the chain rule for the Hessian (Theorem 13) as follows.
Lemma 6 For all ¢ € ®, the Hessian of fs at b is

Hfs(d) = Be P9 5(4), (11)

where I'g(¢) := BDgp(¢) -Dgp(p) —Hg($). Furthermore, for 3 > 0 the negative semi-definiteness
of Hfg(@) (and thus the concavity of fz) is equivalent to the negative semi-definiteness of T'z(¢).



Proof: Using f := fg and g := gg temporarily and letting z = g(q@), the chain rule for H gives
H(@) = (11 ©Dg(d)') - (Hh(2)) - Dg(6) + (Dha(2) @ In-1) - Hy(@)
= (%77*Dg(9)' - Dg(¢) — Be’*Hg(9)
= 8% | BDg(d) - Dy(6) — Hg(@)
since @ @ A = aA for scalar o and matrix A and Dh(z) = Dlexp(—p32)] = —Be=P% so Hh(z) =

B%eP%. Whether Hf < depends only on I's since Be=P9(®) g positive for all 3>0and ¢. M

Lemma 7 For strictly proper £ and \ := Eﬁ_l(qg) and p = 071(N),

Dg(é) = y(7) As(®) (12)
Ho() =~ — 5 As(@)' - [pdios) + Y- [WLG)] V@Y | 4@, (9

where Ag(¢) :== DE5"(9).

Proof: By definition, g(¢) := Zn(Tﬂ_l(qZﬁ)) Since 75" = =/1o Ey ! we have g = £, 0 /1o E_
Thus, by Lemma 5 equation (7), the inverse functlon theorem, and chain rule we have

- [PE'@)] = () 40(9)

Dg($) = Du(p) - DI™'(\) - DE'(9) = y(3)DI(7) - [DI(p)]
vielding (12). Since f = 75 ($) and Hg = D((Dg)') (see (21)), the chain and product rules give
Ha(@) =0 | (05;%(@) 0 (75"®))]
= (w7 @y @ In_l) D (DE (9 ) T (h @ (DE;(@)) D (y(7'(®))

— (W) ©1,-1) - HE;' (@) + (DE;"(9)) - Dy(h) - D7 (9)
pf@Aﬁ(@.diag(ﬁ)-Ag( )+ Ag(9) - Dy(5) - D5 (). (14)

The first summand above is due to (5) and the fact that
diag(472,0,...,0)
(y®In—1)'HE§1(¢~5) = %[yl-[nflw”vynfl[nfl] : |: : ]
diag(0, ...,0,¢6.2))

n—1

ﬂZyz o1 - diag(0,...,0,¢72,0,...,0)

= L diag(yipr 2y

B
—p . -
—_Ag(¢) - diag(p) - Aa().
pn () 5( ) g(p) 5( )
The last equality holds because Aﬁ((ﬁ) Ag((ﬁ) 82 d1ag(¢> ) "' by Lemma 2, the definition
of y(p) = —[pn(p)] 1P, and because all the matrices are diagonal and thus commute.

7



The second summand in (14) reduces by Dy(p) = —p%(ﬁ)Y(ﬁ) from Lemma 5 and 75 = Ego/:

D;(é) = [DEs(\) - DI(5)] = [DEs(N) - (¥ (7))~ - HL()|
Substituting these into (14) gives

= [HL®)] vy DB ).

D= — P A3 dias(B) - As(d) — — ALY V) - [HEG] Y (5) - A
Hy(9) = — 5 49(9) - diag(h) - A3(0) = -~ As(6) - Y(2) - [HL(D)| Y () 45(9).
which can be factored into the required result. |

We can now use the last two lemmata to express the function I'g in terms of the Hessian of
the Bayes risk functions for the specified loss ¢ and the log loss.

Lemma 8 The matriz-valued function I'g satisfies, for all gg € and p= Tﬁ_l(qz),

Uo(@) = - An(@) Y G) |[HED] -8 [MLw®@)] | YO 40D, )

- . -1 . -1
and, for each ¢, is negative semi-definite if and only if R(3,¢,p) := [HL(ﬁ)] -5 [HLlog(ﬁ)]

is negative semi-definite.

Proof: Substituting the values of Dg and Hg from Lemma 7 into the definition of I's from
Lemma 6 and then using Lemma 2 and the definition of y(p), we obtain

A5(6)" [ﬂ diag(p) +Y (5)- [HL(P)| _1-Y(z5)’] As(9)

T(d) = BAN(G) () 3() - Ap(6) + —=
= A0 |0+ Beline) + VG- [HLG)] Y G| - s (16)
Using Lemma 5 we then see that
Y (@) [HLig®)] Y0 = Y (B)- [~¥ () ding(p) ] Y ()
=Y (p) - diag(p) - (Y (3)) " Y (B

1 o
= (In-1 + —1,,1§') - diag(p)

n

~/

e 1
= diag(p) + —p -9

Pn
Substituting this for the appropriate terms in (16) gives
- 1 - - -1 N -1 -
Pa(@) = - Ap(@) V) [HED] Y G) = Y- (ML) Y| 450

which equals (15).

Since I'g = [p,] "' BRB’ where B = Ag(¢)'Y (p) and R = R(3,¢, p) the definition of negative
semi-definiteness and the positivity of p, means we need to show that Va : 2'Tgz < 0 <=
Yy : y'Ry < 0. It suffices to show that B is invertible, since we can let y = Bz to establish

the equivalence. The matrix Ag(¢) is invertible since, by definition, Ag(¢) = DElgl(gb) =

— 3~ [diag(¢)] " by Lemma 2 and so has matrix inverse —3 diag(¢). The matrix Y () is invertible
by Lemma 7 Thus, B is invertible as it is the product of two invertible matrices. |

The above arguments result in a characterisation of the concavity of the function fg (via its
Hessian)—and hence the convexity of the S-exponentiated superprediction set—in terms of the
Hessian of the Bayes risk function of the loss £ and the log loss f1g. As in the binary case (cf. (4)),
this means we are now able to specify the mixability constant 3¢ in terms of the curvature HL
of the Bayes risk for ¢ relative to the curvature HLlog of the Bayes risk for log loss.



Lemma 9 The mizability constant By of a twice differentiable strictly proper loss £ is
B, = sup {5 >0:Vpe A", BHL() = HLlog([))} , (17)
where L(p) := L(p) is the Bayes risk of ¢ and Llog is the Bayes risk for the log loss.

Proof: By Lemma 6 and Lemma 8 we know Hfg(p) < 0 < R(5,¢,p) < 0. By Lemma 5,
HL(p) < 0 and HLlog(ﬁ) < 0 for all p and so we can use the fact that for positive definite
matrices A and B we have A = B <= B~! = A~! (Horn and Johnson, 1985, Corollary 7.7.4).
This means R(B,(,7) < 0 <= HL(p)™* < BHL,(p)"} < B 'HL,,(h) < HL(H)
BHL(p) = HLlog (p). Therefore fg is concave at p if and only if BL(p) = HLlog(ﬁ). The mixability
constant ¢ is defined in Section 3 to be the largest § > 0 such that the (-exponentiated
superprediction set Eg(S¢) is convex. This is equivalent to the function fg being concave at all
p. Thus, we have shown 8, = sup{ > 0: Vp € A" |, BL(p) = HLlog(ﬁ)} as required. |

The mixability constant can also be expressed in terms of the maximal eigenvalue of the
“ratio” of the Hessian matrices for the Bayes risk for log loss and the loss in question. In the
following, A;(A) will denote the ith largest (possibly repeated) eigenvalue of the n x n symmetric
matrix A. That is, Apin(4) : = M (A4) < A2(4) < -+ < Ay =! Aax(A) where each \;(A) satisfies
|[A =X\ (A)I|=0.

Theorem 10 The mizability constant By for the strictly proper loss £ satisfies

Be = ﬁfiﬁ A max ((HL(ﬁ))_l : HLlog(ﬁ)) ' -

Proof: We define C3(p) := BHL(p) — HLlog(ﬁ) and p(p) := HL(p)~* - HLlog (p) and for any fixed
P, we first show that zero is an eigenvalue of Cz(p) if and only if 3 is an eigenvalue of p(p). This
can be seen since HL(p) is invertible (Lemma 5) so

ICs(P) — 0] =0 <= |BHL(P) — HLyox ()| = 0 <= |[HL(p) '||BHL(p) — HLyog (P)] =0
= |HL()™" - [BHL(P) — HLios(B)] | = 0 <= |81 — HL(P) ™" - HLiog ()| = 0.

Since a symmetric matrix is p.s.d. if and only if all its eigenvalues are non-negative it must be
the case that if Ayin(Cg(p)) > 0 then Cs(p) = 0 since every other eigenvalue is bigger than the
minimum one. Conversely, if Cg(p) %# 0 then at least one eigenvalue must be negative, thus the
smallest eigenvalue must be negative. Thus, Anin(Cg(p)) > 0 <= C3(p) = 0. Now define
B(p) :=sup{B > 0: Cs(p) = 0} = sup{B > 0 : Anin(Cs(p)) > 0}. We show that for each p the
function G +— Amin(Cs(p)) is continuous and only has a single root. First, continuity is because
the entries of C(p) are continuous in 3 for each p and eigenvalues are continuous functions of
their matrix’s entries (Horn and Johnson, 1985, Appendix D). Second, as a function of its matrix
arguments, the minimum eigenvalue A\, is known to be concave (Magnus and Neudecker, 1999,
§11.6). Thus, for any fixed p, its restriction to the convex set of matrices {Cg(p) : 8 > 0} is
also concave in its entries and so in 3. Since Cy(p) = *HLog(ﬁ) is positive definite for every
p (Lemma 5) we have Ayin(Co(p)) > 0 and so, by the concavity of the map 5 — Anin(C3(D)),
there can be only one § > 0 for which Anin(Cg(p)) = 0 and by continuity it must be largest
non-negative one, that is, 5(p).

Thus B(p) = sup{f > 0 : Amin(C3(p)) = 0} = sup{f > 0 : G is an eigenvalue of p(p)} =
Amax(P(P)). Now let f* := min; 5(p) = mins Amax(p(p)) and let p* be a minimiser so that
B* = B(p*). We now claim that Cg«(p) = 0 for all p since if there was some p’ such that
Cp-(p') # 0 we would have B(p') < B* since 8 — Amin(Cs(p’)) only has a single root—a
contradiction. Thus, since we have shown * is the largest 5 such that Cg«(p) = 0 it must be
B¢, by Lemma 9, as required.

Equation 18 reduces to (4) when n = 2 since the maximum eigenvalue of a 1 x 1 matrix is
simply its single entry.



4 Discussion

In combination with the existing results on mixability, our result bounds the performance of
certain predictors in terms of the Hessian of the Bayes risk HL which depends on the choice of
loss function. This implies a generalisation of the main result of Kalnishkan and Vyugin (2002a)
which shows there can be no “predictive complexity” when the curvature of fs vanishes (in the
binary case). This means there can not exist a mixability constant G, of the form (1) in such
a situation. This is apparent from (18) since §; is not defined when HL(p) is singular (which
occurs when Hfg vanishes).

One can use (18) to confirm that the mixability constant for the Brier score is one, in accord
with the calculation of Vovk and Zhdanov (2009). (The calculation is relegated to the additional
material due to lack of space.)

We briefly relate this combination with recent work by Abernethy et al. (2009). They for-
mulate the problem slightly differently. They do not restrict themselves to proper losses and
so the predictions are not restricted to the simplex. This means it is not necessary to go to
a submanifold in order for derivatives to be well defined. (It may well be that one can avoid
the explicit projection down to A™ using the intrinsic methods of differential geometry (Thorpe,
1979); we have been unable as yet to prove our result using that machinery.)

Abernethy et al. (2009) have developed their own bounds on cumulative loss in terms of the
a-flatness (defined below) of L. They show that a-flatness is implied by strong convexity of the
loss £. The duality between the loss surface and Bayes risk that they established through the
use of support functions can also been seen in Lemma 5 in the relationship between the Hessian
of L and the derivative of /. Although it is obscured somewhat due to our use of functions of
P, this relationship is due to the properness of ¢ guaranteeing that £=! is the (homogeneously
extended) Gauss map for the surface L. Below we point out the relationship between a-flatness
and the positive definiteness of HL (we stress that in our work we used HL). The connection
below suggests that the a-flatness condition is weak. We conjecture it will be possible to get a
result like Theorem 10 in situations more general than the strictly proper losses we have worked
with.

A function f: X — R is said to be a-flat if for all z,xq € X,

f(x) = f(zo) < Df(wo) - (x — o) + af|z — 0. (19)
Theorem 11 For o > 0, f is a-flat if and only if f — «|| - ||? is concave.
Proof: Hiriart-Urruty and Lemaréchal (1993, page 183) show a function h is convex if and only
! h(z) > h(zo) + Dh(xo) - (z — z0), Ve, 0.
A function A is concave if and only if —A is convex. Thus h is concave if and only
h(z) < h(zg) + Dh(zg) - (& — zg), Yz, xp.
Let h(z) = f(x) — a||z||*. The concavity of h is equivalent to

f(x) = allz]” < f(zo) — allzo]|* + (Df (o) — 200) - (& — w0), Y,z
& fla) —allz||* < f(zo) — allzol|* + Df (x0) - (& — o) — 200 - (x — @), Va0
& f(z) < f(xo) — allzoll® + Df(xo) - (x — o) + allz||* — 20w - x + 2a|zo|*, Va, z0
& f(z) < f(xo) + Df(zo) - (x — o) + |z — x0]|?, Va, 20
< (19).

|

Thus f is a-flat if and only if H(f — «f| - ||?) is negative semidefinite, which is equivalent to

Hf —2al x 0 <= Hf < 2al. Hence requiring L is a-flat is a constraint on the curvature

of L relative to a flat surface; our main result shows that the mixability constant (which is the

best possible constant one can have in a bound such as (1)) is governed by the curvature of

L normalised by the curvature of Llog The necessity of comparison with log loss is not that
surprising in light of the observations regarding mixability by Griinwald (2007, §17.9).
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5 Conclusion

We have characterised the mixability constant for strictly proper multiclass losses. We relied on
technical tricks that work for strictly proper losses, but the final result seems so intrinsic it is
hard to believe it does not hold more generally. The result shows in a precise and intuitive way
the effect of the choice of loss function on the performance of an aggregating forecaster.
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A Matrix Calculus

We adopt notation from Magnus and Neudecker (1999): I, is the n x n identity matrix, A’ is the
transpose of A, the n-vector 1,, := (1,...,1)’, and 0, x., denotes the zero matrix with n rows
and m columns. The unit n-vector e := (0,...,0,1,0,...,0) has a 1 in the ith coordinate and
zeroes elsewhere. If A = [a,;] is an n X m matrix, vec A is the vector of columns of A stacked on
top of each other. The Kronecker product of an m X n matrix A with a p x ¢ matrix B is the
mp X ng matrix

AiB - A,B

A® B := : .
Apn1B - AnnB

We use the following properties of Kronecker products (see Chapter 2 of Magnus and Neudecker
(1999)): (A® B)(C ® D) = (AC @ BD) for all appropriately sized A, B,C,D and (A® B)~! =
(A=t ® B~1) for invertible A and B.

If f:R™ — R™ is differentiable at ¢ then the partial derivative of f; w.r.t. the jth coordinate
at ¢ is denoted D; fi(c) and is often® also written as [0f;/0x;] __ . The m x n matrix of partial
derivatives of f is the Jacobian of f and denoted

(DF(0),; =Dy file) fori € [ml,j € .

The inverse function theorem relates the Jacobians of a function and its inverse (cf. Fleming
(1977, §4.5)):

Theorem 12 Let S C R™ be an open set and g : S — R™ be a C? function with ¢ > 1 (i.e.,
continuous with at least one continuous derivative). If Dg(s) # 0 then: there exists an open set
So such that s € Sy and the restriction of g to Sy is invertible; g(So) is open; f, the inverse of

the restriction of g to Sy, is C%; and Df(t) = [Dg(s)] " for t = g(s) and s € Sp.

If F is a matrix valued function DF(X) := D f(vec X) where f(X) = vec FI(X).
We will require the product rule for matrix valued functions (Fackler, 2005): Suppose f: R" —
R™*P g: R™® — RP*7 g0 that (f x g): R® — R™*4. Then

D(f x g)(x) = (9(x) ® In) - Df(z) + (I; @ f(x)) - Dy(). (20)
The Hessian at x € X C R"™ of a real-valued function f : R®™ — R is the n x n real, symmetric
matrix of second derivatives at x
o f

- 8xk8xj '

(Hf(x))j,k = Dyj f(x)

“See Chapter 9 of Magnus and Neudecker (1999) for why the 8/dx notation is a poor one for multi-
variate differential calculus despite its popularity.
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Note that the derivative Dy, ; is in row j, column k. It is easy to establish that the Jacobian of
the transpose of the Jacobian of f is the Hessian of f. That is,

Hf(z) = D((Df(x))) (21)
(cf. Chapter 10 of (Magnus and Neudecker, 1999)). If f : X — R™ for X C R" is a vector valued
function then the Hessian of f at x € X is the mn X n matrix that consists of the Hessians of
the functions f; stacked vertically:

Hf1(2)
Hf(z) := :
Hfm ()

The following theorem regarding the chain rule for Hessian matrices can be found in (Magnus
and Neudecker, 1999, pg. 110).

Theorem 13 Let S be a subset of R™, and f : S — R™ be twice differentiable at a point ¢ in the
interior of S. Let T be a subset of R™ containing f(S), and g : T — RP be twice differentiable
at the interior point b = f(c). Then the function h(x) := g(f(x)) is twice differentiable at ¢ and

Hh(c) = (I, @ Df(c))" - (Hg(b)) - Df(c) + (Dg(b) ® In) - Hf (c).
Applying the chain rule to functions that are inverses of each other gives the following corollary.
Corollary 14 Suppose f : R"™ — R" is invertible with inverse g := f~1. If b= f(c) then
Hf7H(b) = = (Ge G)Hf(0)G
where G := [Df(c)] " = Dg(b).

Proof: Since f o g =id and H[id] = 0,2, Theorem 13 implies that for ¢ in the interior of the
domain of f and b= f(c)

H(go f)(c) = (In ® Df(c))" - Hg(b) - Df(c) + (Dg(b) ® I,) - Hf(€) = Op2 5.
Solving this for Hg(b) gives
) =

Hy(b) = = [(1, ® Df(c))]" (Dg(h) ® 1) - Hf(¢) - [Df ()] !
Since (A® B)™! = (A~'®@ B7!) and (4)"! = (A1) we have [ ® B)']"' = [I ® B)"!] =
(I"'@B~') = (I©B~') so the first term in the above product simplifies to — [(I,, ® Df(c)™1)]".
The inverse function theorem implies Dg(b) = [Df(c)]~! =: G and so

Hg(b) = —(I, ® Q)" - (G® I,) -Hf(c)- G
=—(LL,®G) (G®I,) -Hf(c) G
—(G®G")-Hf(c)-G

as required, since (A ® B)(C ® D) = (AC ® BD). |

We need to determine positive (semi)-definiteness (pd, psd) of certain matrices. Sylvester’s
criterion makes this easier (see Horn and Johnson, 1985, Theorem 7.2.5).

Theorem 15 Suppose the n x n matriz A = [a;;]};_, is symmetric. For k € [n] denote by
A = [aij]§j=1 the leading principal submatriz. Then A is positive definite if and only if the
leading principal minors |A1], ..., |A,| are all positive.

We also use the rank one update formula for determinant
|A4uw| = (140 A7 ) - |A. (22)

If A— B is positive definite (resp. semidefinite), then we write A > B (resp. A = B). Horn
and Johnson (1985, Corollary 7.7.4) show that if A and B are positive definite, then

AxB & B'xzA. (23)
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Additional Material

B Mixability of the Brier Score

The n-class Brier score is®

n

gBricr(yaﬁ) = Z([[yl = 1]] 7131')27

i=1
where y € {0,1}™ and p € A™. Thus

n
LBrler(pa ) EYNP’EBI‘IQF Y p Z EYNP [[Y - 1]] pz = Zpl - 2p1ﬁ1 + ﬁ?
i=1 i=1
Hence Lyyier (p) = Lisier(p.p) = 2imypi — 2pipi +pf = 1= 355 pf since 35 p; = 1. Thus
Ly (P) =1— Yo 11 p? + (1 — Z?;ll pi> . One can easily check that
HLBrier(ﬁ) = 72(171—1 + 1,1 IL;’L 1) (24)
We need to find the largest 8 such that

~ 1= = ~
Kﬁ(p) = BHLlog(p) - HLBrier(p)
is negative definite for all 5 € A”. Now substituting we have

1

K°(p) = (6 diag(1/pi)i=) — p*]l 11%1) +2(In—1 + Lner - 15, 9)
n

1\"! 1
= diag (2 — ) + (2 — ) T,_1-1,_,.
5}91‘ i=1 ﬁpn !

k
1 1
KP(p :diag<2— ) + (2—) 1y - 1).
k( ) Bpi i=1 Brn k
Hence for k € [n — 1], using (22) we have
k
1
diag (2 — )
Bps i=1

k
1+ 2—>]l§€'diag<l> g
2 —
Bri / j=1
b Bpy Bp £ ( B 1>
( (2 ﬁpn> {25191—1""’2619;@—1]%)1.11 > B
IS SRR (- )
<1+<2 ﬁpn>;25pi—1>g 2" )

We will show that if 3 = 1 then —K?(p) is positive semi-definite for all p € A

We can show —K?(p) is positive definite by showing | — K (5)| = (—=1)¥|K[ (p)| is positive.
Since log loss and the Brier score are symmetric with respect to permutation of arguments, and

Thus

K} ()]

®This is the definition used by Vovk and Zhdanov (2009). Cesa-Bianchi and Lugosi (2006) use a
different definition (for the binary case) which differs by a constant. Their definition results in L(p) =
p(1 — p) and thus LH( ) = —2. If n = 2, then L
HLp;e,(5) = —2(1 +1) = —4.

Lp.ior as defined above leads via (24) to LB”er( p) =
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since there can be at most one i € [n] such that p; > %7 we assume without loss of generality that
pi < § for i € [n— 1] and consider the two possibilities that p, < 1/2 or p, > 1/2. First though
observe that if there exists i* € [n] such that p;« = 1/2 then | — K} (p)| = 0 because 2 — -1 = 0.

Dix -
Observe that 0 < Z?;ll p; <1—p, =:7.

If p, < § then p; < § for all i € [n] and thus 2 — L < 0 for all i € [n] and thus

sgn (Hle (2 — p%)) = (71;’“. Thus
o (2_p1n> f 2pipil> —

o
=
o
=
)]
o
=)
Q
@
]
t+
o
2]
=
@]
=
+
=
I
+
~
~—
Sl
I
)
aQ
=
—
+
/N /[:3\ /N
[
~—
gk
s
~—
I
+
=
z
=

k
1 i
9_ b
1—7 2‘:12pi—1

k
bi
) Sy

i=1

(
t(p) = sgn <1+

since sgn(1 —v) = +1. Now sgn (2;’7‘_1) = sgn (2 — pi) =sgn(p;— %) =—1forallie[n—1].

Thus sgn (Zle 2p?:1) = —1. Now p,, < 1/2 implies v > 1/2 and so sgn(1—2v) = —1. Therefore

k

P Pi

segn | (1 —2v) ) = sgn(l — 2v) - sgn < ) =(-1)-(-1) = +1.
( i Pl 2

Since 1 — v > 0 we conclude that ¢(p) = +1.
If instead p,, > %, then v < % Let p, = % +¢€,e> 0. For i € [n— 1], the largest value p; can

take is 4 — €. As before we conclude sgn (Zle 2p?:1> = —1, but now sgn(1 — 2y) = +1. Thus

. - . k v k
in order to ensure ¢(p) = +1 we need to consider the worst case for } ;_; 25 =37, -
i ~%

That occurs when it is maximally negative which occurs when p;« = % — € for some i* € [n — 1]
and p; =0 for i € [n — 1]\ {¢*}. In this case we have

S, 14+(2 L !
n _
& %—l—e 2 —
E—E
€ 3

14 2 —€ 1 %fe 2€ 41
Sgn = S&n — =son | — = .
s %+e—2e 8 %Jre 8 %+e

Since | — K} (p)| = 0 for some p (when there is a component equal to 1/2), if we increased
to be larger than 1 we would not have | — K,f(ﬁ)| > 0 for all p € A™. Thus Bgier = 1.

t(p)
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