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Abstract. The classical on-line learning algorithms such as the LMS (Least
Mean Square) algorithm have attracted renewed interest recently because of many
variants based on non-standard parametrisations that bias the algorithms in favour
of certain prior knowledge of the problem. Tools such as link functions and Breg-
man divergences have been used in the design and analysis of such algorithms. In
this paper we reconsider the development of such variants of classical stochastic
gradient descent (SGD) in a purely geometric setting. The Bregman divergence
is replaced by the (squared) Riemannian distance. The property of convexity of
a loss function is replaced by a more general notion of compatibility with a met-
ric. The ideas are explicated in the development and analysis of an algorithm for
online learning on spheres.

1 Introduction

Stochastic Gradient Descent (SGD) algorithms for online learning have been very widely
studied. Recently much work has focussed on different parameterisations which build
a bias into the algorithm. Examples such as exponentiated gradient déscent [1] perform
much better when their bias (sparsity of the target weight vector) is satisfied compared
to the classical LMS algorithm. A systematic theory has been developed to understand

these algorithms using the tools of link functions and Bregman divergences [2].
These variants of stochastic gradient descent seem to take account of some geome-

try, but do not fully respect it. For example, the normalised EG algorithm (in which the
parameter vector is restricted to a simplex) [3,1] does not (even approximately) follow
a geodesic in its updates (A geodesic is the shortest path between two points on the pa-
rameter manifold). Furthermore, they do not allow a clear connection with a Bayesian

interpretation and motivation of the algorithms. _ _
Mahony & Williamson [4] have shown how one can derive all of the algorithms

available in the link-function framework directly from a Bayesian prior. This works by
noting that a distribution (the prior) and a metric can both be used to assign a value to
the volume of a set. They posited that the distribution and the metric both give the same
value to the volume of an arbitrary set thus allowing a choice of metric which matches
the distribution. The algorithms utilise the natural gradient and (approximately) follow
geodesics. Whilst a nice connection, the development of performance bounds eluded
the authors.



In this paper we start from scratch and develop stochastic gradient descent with re-
spect to a general metric. Such an idea has been considered before, notably by Amari [5]
who was motivated to match an online learning algorithm to the probabilistic generative
model which generates the data. We do not assume the data is generated probabilisti-
cally, but do assume there are some constraints on the parameter vector that can be
expressed in terms of restrictions to a manifold. We develop algorithms fully respecting
the geometry imposed and do all of the analysis in terms of Riemannian distances rather

than Bregman divergences.
Given a class of functions (linear) and a parameterisation (restriction to a manifold)

it turns out that one is not completely free to choose a loss function. Perhaps more
surprisingly, the classical assumption of convexity of the loss function is not sufficient
to ensure convergence of the algorithm. Conveigtgufficient for algorithms in “flat”
metrics where the geodesics are all straight lines. In Seftion 4 we present a general
notion of compatibility of a loss function that reduces to convexity when the metric is

flat.
We illustrate the new framework by developing and analysing an algorithm on the

simplest curved manifold — the sphere. Whilst there is a classical literature on statistics
on spheres (e.g..l[€,7]), to the best of our knowledge this is the first SGD algorithm
specifically developed on the sphere. Our hope is that the new framework will lead to
improved algorithms and analyses for existing constraints (such as on a simplex or even
the space of semidefinite matrices [8]) as well as new algorithms for new problems.

2 Preliminaries and Notation

Consider the standard on-line learning setting where the learning algorithm maintains a
parametep,. In each trial the algorithm receives an instangec R", forms a predic-
tion 4, and receives a labg}. Finally the algorithm incurs a los&(j:, y:) and updates

its parameter vector based on this feedback. _ o
For the sake of concreteness we restrict ourselves to linear regression, i.e.,

gt = fp(a) == (p,x) . (1)

Now assume you know that the target parameter lies in a paramefef seR™. Two

main cases have been studidd: = R” (i.e., no restriction) andM = P"~! is the

n — 1 dimensional probability simplex iR™ (or in general any subset &" defined

by linear constraints). The work of Kivinen and Warmdith [1] and others has shown
that algorithms that exploit the knowledge that the target lies on the simplex can have

radically better performance.
So what about other subsetsiRif? Since we want to use variational techniques it is

reasonable to assume thdt is a Riemannian manifold. Arguably the simplest natural
case to study (besides the simpfék—1) is restricting the parameter spakéto then
dimensional spher8™ 1. We useM = S"~! as the main example of this paper even

though our methodology is developed for arbitrary manifolds.
So how do we best take advantage for the fact that the target lies on the sphere?

First we can do a standard gradient descent update (such as the Widrow Hoff update).
Now the updated parametg will be off the sphere. However the following heuristic
(or kludge) will again produce a parameter on the sphere: Replace the intermediate



parametemp; by the pointp;;; on the sphere that is closestb This method only

weakly respects the cg;_eometry of the parameter space. .
A second method involves Bregman divergences between pairs of parameters and

link functions (which are closely related to the derivatives of Bregman divergences) [9].
A suitable link function ha®/ as its domain an®®™ as its range and the update has the
form:

per1 = h ' (h(p) — nOpL({pe, Te),yt)-
N——
It
Sinceh~! is applied at the end, the updated parameter stajd.ifror the case of the
simplex, the method has been quite successful: One can use as the Bregman divergence
the relative entropy. In this case the lihks essentially a componentwise logarithm and
the inverseh—! the softmax function. However, the choice of the link function is still
rather at hoc and the resulting update (the EG update) does not follow a geodesic path.

Moreover, we don’t know have any natural link functions for the sphere. o
In this paper we replace the Bregman divergence by the squared Riemannian dis-

tance between parameters on the manifeld We plug this squared distance into the
usual cost functior_[1] for deriving on-line updates. Before we do this we need to dis-

cuss loss functions that are amenable to our differential geometry viewpoint.
In this section we propose a general structure for parametric on-line learning prob-

lems that incorporates the possibility of nonlinear geometry.

An on-line learning problem consists of several components as follows:

Input Space {2 typically a subset oR™.

Sampling processY’: Ateach time-step of the algorithm the sampling processy;) =
X(t) provides a data poiritc;, y¢) € 2 x R.

Parametrised model class (PMC) f,, M): The parametrised model class is the para-
metric class of function§z — f,(x):p € M}. The functionf,: 2 — R, is a
continuously differentiable real valued function for eacihe parameter s@ is
a Riemannian manifold. The predictions of the algorithmgase f,(z).

Loss function £: A continuously differentiable functiofi(p, (z,y)), £: Mx2xR —
R. GivenX', we sometimes will use thiastantaneous l0s8,(p) := L(p, (z+, y¢))-

Typically, the sampling process(t) is derived from a generative noise model

ye = flze) + e, (2

wherey; is a given noise process arfief2? — R is an unknown function. The inpuf;

may itself be a realisation of a stochastic proces€an R™ or a deterministic process
provided by the user. In this paper we will deal only with the noise free case to simplify
the treatment of the underlying geometry. The most common on-line learning problem
involves the class of linear predictors as a parametrised model[cJass (1). The parameter
p € R” lies in Euclidean space and is called thieight vectoror justweight A wide

range of general learning problems can be reformulated into the structure of a linear

predictor model. _ _ -
It is important to separate the choice of loss function from the specification of the

PMC. The most common on-line learning problem involves a Gaussian generative noise
model. The associated loss function is the squared error loss

L(pes (xe:90)) = (v = (pose))”. 3)



This is associated with the log likelihood of the probability distribution associated
with the parametep for the given measured data point. Observe that in this case
L(pe, (xe,y:)) = L(ye, §¢), which is the more traditional way of defining the loss func-

tion.
The information theoretic structure of the Gaussian generative noise model is ge-

ometrically flat [10]. Assuming for the moment that a true paramgteexists, the
squared loss function can be interpreted as a scaled degenerate squared distance mea-
sure associated with the flat structure of the generative noise model

2
2 T
£l o)) = el (p = 1240
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where||z;| is the standaré-norm inR™. Here, the projected component of the distance
px — p¢ in the directionz; is measured by the loss function. Once the flat geometric
structure associated with the generative noise model is no longer valid it is clear that

the squared error loss function loses much of its motivation. _ _
The goal of a (parametric) on-line learning algorithm is to progressively refine an

estimatef,, (z), t = 0,1,...,k — 1 to minimize the expected or cumulative value of

the lossL(p:, (z+,y:)). A key concept in the design and analysis of on-line learning
algorithms is that there is only a small change in parameter estimate made at any one
time step. Typically, there is a small positive constartt each step of the algorithm,
called thelearning rateor step-sizehat limits the change ip;. In noisy environments

the step-size is chosen small to limit the effect of noise disturbing the averaged con-
vergence properties of the algorithm. In less noisy environments the step-size can be

chosen larger.
Consider a learning problem specifiedfyY’, f,, M andL. In the online learning

algorithm data point$z;,y;) are given one at the time. The algorithm derives a new
weightp,1 based on the latest data;, y;) and the current weighs, via theupdate
rule A: M x 2 x R — M. Hence the rule of the on-line learning algorithm may be
written as

Prv1 = A(pe, (Tt Yt))-

The simplest and most widely known algorithm is ivedrow-Hoff algorithm given by
Pt+1 = Pt *Uapﬁ(pt,(xtayt))y (4)

where 8,, is the vector of partial diﬁerential%. A number of generalisations of
p

the Widrow-Hoff algorithm were proposed in the literature. Amatri [5] investigates the
natural gradientalgorithm

per1 =pe — NG OLL(pr, (me,31)), %)

whereG~! = (¢'/) is the inverse of the metrig in the parameter space. Thatural
gradientG—! 9, is the “right” intrinsic notion of a gradient in a non-Euclidean space.

It is the steepest direction of a function on a manifold. Another approach is taken by
Warmuthet al. [2/9] who introduced a concept d¢ifik functions A link function &

maps parameter spadd to R” and hence the update rulg (4) is modified to

pre1 = h7 (h(pe) — 1 0L L(pe, (24, 4r))), (6)



whereh ! is the inverse of the link functioh. Whilst allowing the use of differeriV1,
the update{(6) can be shown to not follow a geodesic in general.

3 Two Simple Examples

In this section we present two simple examples of on-line learning algorithms. First,
we review the well known stochastic gradient descent algorithm posed on Euclidean
space. Second, we propose a learning problem posed on the sphere. The non-Euclidean
problem considered has a simple geometric structure that clearly demonstrates the key
ideas in the paper. All derivations are made formally in the noise free case to simplify
the development and focus on the geometric structure.

3.1 Linear Predictor Model in R™

We assume there is a trpg and the sample proced(¢) is given by({p,, x:) ,x¢) =
X(t) € RxR™wherez; € R"is sampled as desired. The PM@jis= (p;, z:), p: €
M = R"™. The loss function is the squared error loss

Li(p) = L, (20, 90)) = (0, 20) — y2)° (7)

The Widrow-Hoff learning algorithrp|4 takes the familiar form

Per1 = Dt — 20 (P, Te) — i) T4

3.2 Scale Invariant Linear Predictor

We first motivate the choice &1 = S"~!. Suppose the sample proces§) generates
z; € S"" ! so|lz¢|| = 1 One can think of the data as scale invariant; that is, the
generative model gives that same output for any scaling of the datagpeinyf (x;) =
flazy), VYaeR z,eR™

The PMC for the scale invariant linear predictorfij§z) = (ps,z¢), pr € M =
Sm—1. Again we suppose a true parametgrexists: i.e.y; = (z¢, p), for all (z,, y;)
generated by’ (¢). Due to the scale invariance one Has, ax;) = (p,.,x:) and con-
sequently(p,, z;) = 0. This does not imply thap, = 0, simply that the data; is
always orthogonal tp,.. Clearly, anyap, for o € R is also a valid estimate of the para-
metric model. It is thus natural to constrain the parameter estimates to a constant norm
llp|] = 1. Furthermorep = 0 will generate a perfect estimate of the true output and
provide no information about the true parameter valuerhus, it is necessary to apply
a norm constraint to the paramejeto avoid the on-line learning algorithm learning

the null hypothesis. o o .
Problems of the above nature are common in identification of data dependencies.

For example in identification of an ARMA model the data received can be entered into
a Hankel matrix. An estimate of the underlying model, expressed as a weight vector,
is characterised as the zero eigenvector of the Hankel matrix. In terms of an on-line
learning problem, the columns of the Hankel mattix € R™ may be taken as data
samples. The goal of the learning algorithm is to refine the parameter estiptate
makes(h,, p) small.



The instantaneous loss function that we propose here is

Li(p) = L(p, (z2)) = (p,24)” . (8)

Note thatZ;: S"~! — R. Thus, although it appears to be a Euclidean squared error
loss, the underlying geometry of the problem will result in interesting structure. The

choice of loss function is discussed in detail in Sedfibn 4.
The algorithm update on the unit sph&®&! can be written as

v,
Per1 = pr cos (| Va]]) — o sin (|| VA]])

Al
whereV; = 2 (p;, x;) (xr — (ps, z1) p¢) and the normj|V;|| is the standard norm of the
vectorV; in R™. A detailed derivation for this algorithm is given in Sectjgn 5.

4 Parametrised Model Classes and Loss Functions

In this section we propose a definition for compatibility of a loss function and a param-
eterised model class (PMC). It is interesting to note that the concept of convexity that is
often taken for granted in the Euclidean case does not generalise to the case of non-flat
PMCs. The weaker concept of compatibility is justified by reference to the examples
introduced in Sectionl 3.

Definition 1. Consider a parameterised model clagé, M). Thesolution setis de-
fined to be

Si(0):={peM : y = fp(zs)}.

The solution set of a PMC depends explicitly on the data sample at each time in-
stant. The solution set characterises the set of parameters for which a given data sample
provides no further information on the parameter performance. An important (although
trivial) observation is that for a single output learning algorithme R solution set
is generically an(n — 1)-dimensional hyper-surface iNI. For A € R we define a
generalised solution set

Si(A)={peM : A=y, — fpla)}.

Letp € M be aregular point of the functian(p) = v, — f,(x;). The parametex € R

is aregular valueif dg:: 7,M — R is surjective at any < g7 Y(\). If Xis a regular
value of g;(p) then the preimagé&;(\) is a submanifold ofM of codimensionl, a
hyper-surface of dimensiom— 1. If \q is a regular value of;(p) then locally the sets
S(A), A = Xo| small, provide a foliation oM (cf. Figure[]). That is, there exist local
coordinateg = (&1, ...,&,-1, A) for M such that thesth coordinate characterises the

change in parameterand the firs{n — 1) coordinates parameterise the surfage
The following definition is important in understanding and choosing good loss func-

tions for non-linear PMCs.
Definition 2 (Compatibility).

Weak Compatibility A parametrised model class and loss functibare calledweakly
compatibleif the minimal level set of,(p) is the solution sef,(0).



Fig. 1. For a fixed data sample:;, y:) the solution sef;(0) is a hyper-surface d¥1 if

0 is a regular point of the functiog,(p) = y: — f,(x¢). In this case parameter space
has a local foliation into the sefs; (). A loss functionf is weakly compatible if its
level sets generate the same foliatiorMf

Output Compatibility A parametrised model class and loss functibare calledout-
put compatiblef they are weakly compatible and the level setefp) are the
generalised solution sefs ().

Compatibility A parametrised model class and loss functibare calledcompatible
if they are weakly compatible and if for any given data sample and any geodesic
~:[0,1] — M such thaty(0) is orthogonal to the level set df; passing through
~(0), then%(¢) is orthogonal to the level set df; passing throughy(¢) for all ¢.

Strong Compatibility A parametrised model class and loss functibare calledstrongly
compatiblaf they are compatible and if the level &t(p) = 0 is a totally geodesic
submanifold irVI.

Convex Compatibility A parametrised model class and loss functibare calledcon-
vexly compatiblef they are weakly compatible and if the loss functiéyip) = 0
is convex with respect to the geometrydf.

The goal of a loss function is to measure an error associated with a given parameter
for the present measured data. The minimum that should be required of a loss func-
tion is that it measures its minimum cost when the parameter estimate produces the
best output possible over parameter space. This is the concept of weak compatibility
in Definition[d. Thus, an algorithm that acts to reduce the loss at each sample time
will drive the parameter estimate closer to the best parameter estimate for the model at
the intersection of all solution sets for the observed data. In both the examples posed,

Sectior1E[]1 and 3]2, it is clear that the PMC and loss function are weakly compatible.
Output compatibility is a natural consequence of the squared error structure of clas-

sical loss functions. For a generative noise magek f,(z;) + p consider a loss of

the form L (p) = F(Jy: — fp(x¢)|), whereF : R — R is a monotonic increasing
function with F/(0) = 0. For the classical squared error loss functiéifs) = z2. Any

loss function of this form will be output compatible with the PMC. In both the examples
posed, Section 3.1 ahd 8.2, the structure of the loss function is based on a least squares

error criterion and the PMC and loss function are output compatible.
The definition of compatibility is important because it links the underlying geom-

etry of the PMC to the structure of the loss function. The concept of compatibility is
stronger than weak and output compatibility since the earlier definitions do not refer
to the underlying Riemannian geometry of the PMC in any way. Compatibility plays
an important role in the derivation of the on-line learning algorithms presented in Sec-



tion[5. Anticipating the formal details given in the following section, the update at a
point p; is made along the geodesic passing thropglvith velocity —grad L. If the

PMC and loss function are compatible then the gradient vector field of the loss is paral-
lel to the geodesic along the update step. Thus, the instantaneous decrease in loss along
the update step is maximised and the update step generates the maximal total decrease
in loss for a step of that length. In both the examples posed, S¢ciipn 3[1 &nd 3.2, the
PMC and the loss function are compatible. This is clear in the Euclidean case as both
the geodesics and the level sets of the loss function are straight lines. In the case of
the sphere, the geodesics are great circles while the level sets of the loss function are
small circles. Only the solution set, at the equator for a given data sampkeboth a
geodesic and a level set of the cost functioh Eigure{2).

It is possible to hypothesise situations where the PMC and loss are ‘output com-
patible’ but not ‘compatible’. In such a case, either the PMC itself is not well posed or
the underlying concept of a loss measuring output error is irrelevant for the particular
learning problem considered. If the geometric structure is inherited from the generative
noise model[[10] then we would expect that a problem would be both compatible and
output compatible.

One of the consequences of compatibility is that it leads naturally to a ‘best’ choice
of loss function. Consider the instantaneous loss function

L = min dist(p, py)%.
t(pt) pES:(0) (p, pt)

This loss function is a least squares distance loss based on geodesic distance to the so-
lution set. It is clear that a loss function defined in this way will be compatible with the
underlying PMC. Other loss functions that scale the squared distance using any mono-
tonic scaling function are also compatible. The authors conjecture that this characterises
the possible compatible loss functions for a given PMC.

Strong compatibility is a small increment on compatibility. In the Euclidean ex-
ample, Sectiof 3|1, the solution set is a hyper-plane and is clearly a totally geodesic
submanifold. In the case of the sphere, Sedtioh 3.2, the solution set is the equator of the
sphere with respect to the data paint(Figure 2). Thus, the PMC and loss function are
strongly compatible.

Convexity has been at the core of many of the earlier developments of on-line learn-
ing algorithms. The concept of convexity is certainly well defined on a Riemannian
manifold. It imposes some strong conditions on the structure of the underlying cost
function. For example, the solution set is a subset of a totally geodesic submanifold of
the parameter space. To see this, choose any two points in solution set and generate the
geodesic between the two points. The cost function is minimal at either end point of
the geodesic and convexity implies it is minimal at all points along the geodesic, which
must be contained in solution set. The Euclidean problem considered Secfion 3.1 is
convexly compatible as a direct consequence of the convexity of the least squares error
loss.

Proposition 3. The PMC on the sphere of Sect[on]|3.2 is not convexly compatible.

Proof omitted. For more on convex functions on the sphere sée [11].



5 Deriving an On-Line Learning Algorithm for non-Euclidean
PMC

Let £,: M — R be a non-constant smooth function.M is compact therC; has at
least one point of minimum at a critical poiptc M. Following Kivinen and Warmuth
[1], define a cost functiot;: M — R by

Ui(p) := A(p,pe) +1Le(p),

where A(p, p;) is a measure of how far the two parameters are apariconsists

of two terms: the regularisation and the optimisation. The former term introduces a
penalty ifp is far fromp,. The latter one is proportional to the instantaneous Iss

The learning ratey > 0 determines the relative importance of the two terms. In the
framework of Kivinen and Warmuth_[9}A is the Bregman divergence. Here we take
Ap,pt) = %dist(p,pt)2, wheredist(p, p;) is the Riemannian distance betweeand

g. The advantage of making depend solely on the distance is that such a measure is
independent of a parametrisationldf. Letp € M be a point of minimum ot/;, which

does not have to be unique. Because the fundiipis smoothp is the critical point,
where the differentiadU; is zero; more precisely,

dU(p)(V) = dA(p,pe)(V) + ndL(p)(V)
= (=Exp, 'p, V), +n (gradLy(p), V), =0,

for any tangent vecto?V € 7,M. Here(, >g denotes the inner product with respect
to the Riemannian metrig. The mapExp is called theexponential magand can be
described as follows. Suppose that there exists a geogldsicl] — M satisfying the
initial conditionsy(0) = p and¥(0) = V. ThenExp,, (V') := (1) is the end point of
the geodesie,. Consequently the invers]éxpljlpt denotes the velocity vector of the
geodesic fromp to p; calculated ap, cf. [12]. Here, and throughout this paperad is
thecovariant gradienbperator extended to Riemannian manifolds by

dh(w)(V) = (gradh(w), V), .
forany V. € 7,M and functionh: M — R. Such a definition of the gradient of a
function onM makes it a vector field oM, cf. [13]. Let p;; 1 be a point of minimum
of U;. Then

EXp;tilpt = ngradLli(pi+1), )

but for our algorithm we take the approximation

— Exp;tlpt_H = ngradL;(p). (20)

The two above equations define two different update rules calledrtplcit update
(since to determing;,, one needs to solve the equati¢n (9)) and éxelicit up-
date(T10). The explicit updaté (10) says that pgint , is the end point of the geodesic
starting fromp, with initial velocity vector equal to-ngradL;(p;). Note that) does
not necessarily defing 1 uniquely. On the other hand the explicit update has the prop-
erty of decreasing the value gf as the following Propositidn| 4 shows.



Recall that the manifol®/I is completeif the exponential majixp,, (V') is defined
for all p € M and all vectord” € 7,M. By the Hopf-Rinow theoreni [13] a connected
manifold is complete if and only if it is complete as a metric space. For example a
sphereS™ ! is a complete manifold but any proper open subs@&divith Euclidean
metric is not.

Proposition 4. Let M be a complete manifold and,: M — R be a continuously
differentiable function with a finite number of isolated critical points. Then there exists
& > 0 such that for any learning rateé < n < ¢

Li(pe+1) < Le(pe),

wherep, 1+ is given by explicit updat¢ (10), and equality holds if and onpyifi = p;.

Proof. Let yy:[0,¢] — M be a geodesic with initial point: = ~y(0) and initial
velocity vectorV = 4y (0) = —gradL:(p;), and letf = L, o vy. Then by the chain
rule

F(0) = (gradL¢(vv(0)), 4v (0))
= (gradLy(pe), —gradLy(p;)) = — [lgradLe(py)||” < 0,

where equality holds if and only jf; is a critical point ofL;, in which case[(J]0) gives
per1 = pe. If py is not a critical point ofZ; then, sincef’ is continuous,f is monoton-
ically decreasing in some intervil, £). Since the number of isolated critical points of
f is finite then clearly¢ > 0. Henceforth, for any) < n < ¢ there isf(n) < f(0).
By the rescaling lemmacf. [13]) and by ) it follows thatyy (7)) = v,v (1) = pi41.
Hencel:(pi+1) < Li(pe), forany0 < n < &, what was to show. a

Propositior] # shows that under weak assumption for the loss function, the explicit
update always leads towards decreasing the loss, for a sufficiently small learning rate.
Although it is impossible to tell, in general, how efficient this algorithm is, that is how
fast the sequence of derived parameters approaches the true parameter and how large the
cumulative loss is, we may say that for any finite sequence of data points such learning

rate always exists.
We conclude this section with showing that both update rules: the Widrow-Hoff

algorithm [4) of the linear predictor model ™, and the geometrical update of the
scale invariant linear predictor, described in Secton 3.1 and 3.2, are examples of the

explicit update[(ID).
5.1 Examples of the Explicit Update

Example 5.LetM = R". The covariant gradienfrad is equal to the standard gradient
0. Considering the standard Euclidean connection, we find that geodeEitsire line
segments anBixp,,'p; 11 = pr41 — pi. The explicit updatd (30) then becomes

—(Pty1 —pt) = napﬁt(pt)v

which is precisely the Widrow-Hoff learning algorithm.



Example 6.Let us now assume thafl = S”~! is then — 1-unit sphere embedded in
R™ with its standard metric induced from the Euclidean metrid®n The covariant
gradientgrad L (p) onS™~! is equal to the projection of the standard gradient onto the
tangent space at Thus, the gradient of the scale invariant linear predi¢tor (8) is given

by

gradLt(p) = 2 (p, x¢) (x1 — (P, 24) P) - (11)
The exponential mapping on the unit sphere is given by
|72
Exp, (V) = p cos[[V[| + (i VI, (12)

foranyp € S"~! andV € 7,8"~!, where the norm is taken with respect to the Eu-
clidean metric orR™. Given the exponential mappinlg {12) the the explicit updatg (10)
takes the form

pe+1 = Exp,, (—ngradLle(p:))

Vi .
= pe cos (n[|Vi]]) — sz”sm Vel
whereV, = gradl,(p;) is given by [11). To complete the calculation we give the
formula for ||V, ||

IVell = llgradLe(po)ll = 2 |{pes o) e = (prs @) pill = 2 {pes 2| /1 = {pes 1),

or in short||V;|| = |sin 2d|, whered = arccos (p;, z:) is the spherical distance between
Pt andﬂ?t.

6 Analysis

This section investigates performance of the learning algorithm on the unit sphere. To
begin with a geometrical relationship between input and output points of the algorithm
is established. Afterwards it is shown that for any learning@aten < 1 the algorithm
always progresses, in terms of spherical distances, towards a (closer) true papameter
except for the pathological case whént(p;, px) = /2. Finally cumulative mistake
bound is investigated.

6.1 Description of the Algorithm on the Sphere

In order to analyse the learning algoritim](10) we first describe its single step in terms
of spherical geometry. Observe that the three paipt®; andp, ., aways lie along a
geodesic, a great arc & ! and the order of the points depends on the sigpafr; ).

When the inner produdip,, z;) is positive theni < 7/2 and the order of;, p;, ps+1

is as illustrated on Figuig 2, while fdp,, z,) negatived > 7/2 and the order of the
points changes ta;, p;;1, p;. Consider the two spherical trianglésc;, p;11, px» and
Az, pr, px, @s in Figurg P. By the law of cosines on the unit sphere, the following
identities hold

{cosa = cos (b+d) cose +sin (b+ d) sine cos3 and

. . 13
cosc = cosd cose + sind sin e cos 3, (13)



Fig. 2. Update step on the unit sphere, where- 3.

where
c =dist(p,ps) and a = dist(psr1, D)

It is easy to check that the system of equati@ (13) still holdsifor «/2 if b is
replaced by—b. That is the situation with the explicit update since now the gradient
gradL; points in the opposite direction. Thus we have shown that the geometrical re-
lationship between the points, p;, p;+1 andp, of the learning algorithn{ (10) on the
sphere is captured bly ([13), whére- 7 sin 2d.

6.2 Measure of Progress

In Sectior{ 6.B we analyse the upper bound of the cumulative loss of the explicit algo-
rithm onS™~!, which gives a measure of how the algorithm performs. For the present

we consider step-wise progress towards the true parameter.
It is useful to analyse each step of a learning algorithm in terms of progress towards

acomparator parametep, cf. [8]. Using the notation of the previous section we denote
a = dist(ps+1,p) andc = dist(p, p), for any parametep € S™~1. It is convenient
here to measure the progress in terms of the differencec — sin? a. With a little
algebra it can be found frorfi (]L3) that

sin? ¢ —sin®a = (L4(ps) — Li(pis1)) cos® B (14)
— Li(p) (Le(pe) — Le(peg1)) (14 cos® B) (15)
+ cos(b + 2d) cos 3 sinb sin 2e. (16)

Propositior[]ﬂr asserts that the differentép;) — L:(p:+1) remains positive for suffi-
ciently smally. Therefore tern{ (114) is positive and depends on the logsaid3. The



remaining termg (15) andl (fL6) depend on biltp) and £, (p,), where [(1}) is nega-
tive and [(1§) is usually relatively small. Further analysis is restricted to the case when
L+(p) = 0. We have the following.

Lemma 7. Let p, be a parameter such that, (x;) = 0. Then the algorithm[ (10)
makes progress towards, for any 8 # 7/2 and any0 < n < 1. If 8 = 7/2 then the
algorithm makes no progress, thatdst(p;1, px) = dist(p, p«)-

Proof. By the hypothesis = 7/2 and hence the measure of progress becomes

2 2 2

sin? ¢ — sin? @ = cos? a — cos® ¢ = cos® (3 sin b sin(b + 2d).

Clearly if 3 = 7/2 thensin® ¢ = sin® a and by [(18) it follows thatos ¢ = cosa hence

¢ = a, what was to show. Assume now théatt 7/2. We will show thatsin b sin(b +
2d) > 0, where the equality holds if and onlydf= 7 /2. We assume the opposite that

sin b sin(b + 2d) < 0 and derive a contradiction. Consider the three cases separately.
If d =7/2, thenb = nsin2d = nsinw = 0 and the case is proved.
If d < /2, then sinceéh = 7 sin 2d it follows from the hypothesis thdt < b < 1

and thereforeginb > 0. Hence it must be thatn(b + 2d) < 0 thenb + 2d > = and
b =mnsin2d > 7 — 2d, hencesin 2d > 7 — 2d, butsin 2d = sin(7 — 2d) < 7 — 2d. A
contradiction.

The casel > «/2 is proven in a similar way. O

One consequence of Lemrpa 7 is that if the learning rate satisfiesny < 1
and the spherical distaneBst(p;, p,.) < 7/2 then alsodist(pi11,px) < 7/2, for
otherwise, since; . ; continuously depends o there would bé < 79 < 1 such that
dist(pi+1,p«) = m/2 which is impossible in view of Lemn{d 7. Thdsst (p¢+1, ps) <
dist(ps, P )-

6.3 Upper Bound for the Cumulative Loss

We conclude the analysis of the explicit algorithm on the sphere with derivation of
cumulative mistake upper bounds. Such bounds provide a measure of performance of
an on-line algorithm. For a given sequence’cdﬁstances{xt}f:_o1 one compares the

loss accumulated by the algorithm with the accumulated loss for a fixed comparator

parameter.
Here we choose comparator to be the true paramsgteo that the sequence of

k instances satisfyp,,z;) = 0, for all t. In other words, alk; lie on a great circle
orthogonal ta, and the loss is always,(p,) = 0. The following fact is needed.

Proposition 8. If 0 < a < ¢ < 7/3 then

COSA—COSC _ o o
—— <" —a”.

Ccos c

Letloss, (2() denote the cumulative loss of the algorithm aftéterations, defined by

k—1
loss () :== Z Li(pt)-
t=0



Lemma 9. Letdist(pg, p«) < 7/3 then for any0 < n < 1 the following upper bound
for the cumulative loss holds

. 2 2
lOSSk(Q{) S dlSt(p(hp*) dlSt(pkap*)
0 (1= 00 B 2 ) (sl )~ dist)?) )
diSt(Po,p*)Z - diSt(pkap*)Z
2n (1 —n) '

Proof. We shall use the notation of the previous section, where dist(pi+1,p+),
¢ = dist(py, p«) @ande = dist(z¢, p, ). By the hypothesis = 7/2 and hence the system
of equations[(113) yields

cosa —cosc _ sin(b+d) —sind

cosc sind

One checks that with the hypothesis of the lemma the following estimation holds

sin(b w;i)d— S04 o (1= n) Lao(pe) + %772 B=@2=mn % (Lopr))”

Thus by Propositiof]8 and the remark after Lenfjirna 7 the following inequality holds

. . 2
dist(ps, ps)? — dist(pes1,p4)? > 20 (1 —n) Li(pe) + 3 n* (3= (2—n)n) Le(pe)*.

Summing up fot =0, ...,k — 1 yields

k—1 k—1
. . 2
dist(po, ps) > —dist(pr, p)* > 20 (1=1) Y Lelp)+5 17 B—(2—=m)n) Y Le(pr)®
t=0 3 t=0

By Holder’s inequality
k—1 W= 2
2
>
;:0 Li(pe)” = k <§ 5t(Pt)> )

and hence
. . 2 1
dist(po, p.) > —dist (px, p+)* > 21 (1 — 1) lossy,()+3 n” 3—(2—n)n) Z (lossy. (2))* .

Solving the above quadratic inequality completes the proof. ad

One of the goals in machine learning is to design an on-line algorithm with the
best possible cumulative loss. Leminia 9 assures that given a sequence of examples
such that(p,, z;) = 0, for all ¢, we may choose an optimalso that cumulative loss
lossy, () < 2 (dist(po, p«)? — dist(pr, p«)?) < 2dist(po, p.)? < 272/9.



7 Conclusion

The paper reconsidered the basic ideas of stochastic gradient descent in a setting more
general than usual. We showed how to respect the underlying geometry induced by re-
strictions to the parameter space for linear predictors. We also showed that the classical
and seemingly obvious notion of convexity for loss functions does not map across to
the more general situation so simply. We developed notions of compatibility between
a loss function and a metric. We illustrated our ideas on the problem of learning linear
functions with the parameters restricted to a sphere.

We also analysed the algorithm in terms of a cumulative mistake bound. Unsur-
prisingly (given the non-flat geometry) we did not obtain results of the same structural
form as those obtained for flat metrics. Specifically it matters significantly where the
algorithm starts (how far it is from,).

It is reasonable to expect that the analysis of the algorithm presented can be consid-
erably refined. More interesting is the prospect of applying the general framework here
to a wide range of problems.
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