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We derive new bounds for the generalization error of kernel machines, such as
support vector machines and related regularization networks by obtaining new
bounds on their covering numbers. The proofs make use of a viewpoint that is
apparently novel in the eld of statistical learning theory. The hypothesis class is
described in terms of a linear operator mapping from a possibly in nite dimensional
unit ball in feature space into a nite dimensional space. The covering numbers
of the class are then determined via the entropy numbers of the operator. These
numbers, which characterize the degree of compactness of the operator, can be
bounded in terms of the eigenvalues of an integral operator induced by the kernel
function used by the machine. As a consequence we are able to theoretically explain
the e ect of the choice of kernel function on the generalization performance of
support vector machines.

9.1 Introduction
In this chapter we give new bounds on the covering numbers for kernel machines.
This leads to improved bounds on their generalization performance. Kernel machines perform a mapping from input space into a feature space (see e.g. Aizerman
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et al. (1964) Nilsson (1965)), construct regression functions or decision boundaries
based on this mapping, and use constraints in feature space for capacity control.
Support Vector machines are a well known example of this class. We will use SV
machines as our model of choice to show how bounds on the covering numbers can
be obtained. We outline the relatively standard methods one can then use to hence
bound their generalization performance. Our reasoning also applies to similar algorithms such as regularization networks (Girosi et al., 1993) or certain unsupervised
learning algorithms (chapter 20, and Scholkopf et al. (1998e)).
It has been noticed that in SV machines di erent kernels can be characterized by
their regularization properties (Smola et al., 1998c): SV machines are regularization
networks minimizing the regularized risk Rreg f ] = Remp f ] + 2 kPf k2, (note
the similarity to (1.42)) with a regularization parameter = C1
0, and a
regularization operator P , over the set of functions of the form (1.49), provided
that k and P are interrelated by k(xs xt ) = h(Pk)(xs ) (Pk)(xt )i. To this end,
k is chosen as Green's function of P P , where P is the adjoint of P .
This provides insight into the regularization properties of SV kernels. However,
it does not completely settle the issue of how to select a kernel for a given learning
problem, and how using a speci c kernel might in"uence the performance of a SV
machine.

Outline of the Chapter.
In the present work, we show that properties of the spectrum of the kernel can be
used to make statements about the generalization error of the associated class
of learning machines. Unlike in previous SV learning studies, the kernel is no
longer merely a means of broadening the class of functions used, e.g. by making
a nonseparable dataset separable in a feature space nonlinearly related to input
space. Rather, we now view it as a constructive handle by which we can control the
generalization error.
Direct Bounds on
A key feature is the manner in which we directly bound the covering numbers
Covering Number of interest rather than making use of a Combinatorial dimension (such as the
VC dimension or the fat-shattering dimension) and subsequent application of a
general result relating such dimensions to covering numbers. We bound covering
numbers directly by viewing the relevant class of functions as the image of a unit
ball under a particular compact operator. A general overview of the method is given
in section 9.3.
The remainder of the chapter is organized as follows. We start by introducing
notation and de nitions (section 9.2). Section 9.4 formulates generalization error
bounds in terms of covering numbers. Section 9.5 contains the main result bounding
entropy numbers in terms of the spectrum of a given kernel. The results in this
chapter rest on a connection between covering numbers of function classes and
entropy numbers of suitably de ned operators. In particular, we derive an upper
bound on the entropy numbers in terms of the size of the weight vector in feature
space and the eigenvalues of the kernel used. Section 9.6 shows how to make use
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of kernels such as k(x) = e;x2 which do not have a discrete spectrum. Section 9.7
presents some results on the entropy numbers obtained for given rates of decay
of eigenvalues. The concluding section 9.8 indicates how the various results in the
chapter can be glued together in order to obtain overall bounds on the generalization
error. Lengthy proofs have been omitted wherever they were not crucial for the
understanding of the basic idea | we refer the reader to Williamson et al. (1998a)
for the missing details.
We do not present a single master generalization error theorem for three key
reasons: 1) the only novelty in the chapter lies in the computation of covering
numbers themselves 2) the particular statistical result one needs to use depends on
the speci c problem situation 3) many of the results obtained are in a form which,
whilst quite amenable to ready computation on a computer, do not provide much
direct insight by merely looking at them, except perhaps in the asymptotic sense,
and nally, 4) some applications (such as classi cation) where further quantities like
margins are estimated in a data dependent fashion, need an additional luckiness
argument (Shawe-Taylor et al., 1998) to apply the bounds (see also chapter 4).
Thus although our goal has been theorems, we are ultimately forced to resort to
a computer to make use of our results. This is not necessarily a disadvantage | it is
a both a strength and a weakness of Structural Risk Minimization (SRM) (Vapnik,
1979) that a good generalization error bound is both necessary and su#cient to
make the method work well. It is our expectation that the re ned (and signi cantly
tighter) covering number bounds obtainable by our methods will be exploitable in
SRM algorithms | they could be used for example for model selection. If one is
running a computer program anyway, there is little point in expending a large e ort
to make the generalization error bounds directly consumable in a pencil and paper
sense.

9.2 Denitions and Notation
Norms in Rd
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We de ne spaces `dp as follows: as vector spaces, they are identical to Rd , in addition,
P
1=p
they are endowed with p-norms: for 0 < p < 1, kxk`dp := kxkp = dj=1 jxj jp 
for p = 1, kxk`d1 := kxk1 = maxj=1:::d jxj j. Note that a di erent normalization
of the `dp norm is used in some papers in learning theory (e.g. Talagrand (1996)).
Given ` points x1 : : : x` 2 `dp, we use the shorthand X` = (x>1 : : : x>` ).
Suppose F is a class of functions de ned on Rd . The `d1 norm with respect to X`
of f 2 F is de ned as kf k`X1` := maxi=1:::` jf (xi )j.
Given some set C , a measure
 on C ,some 1  p < 1 and a function f : C ! K
;R
we de ne kf kLp(CK) := jf (x)jp d(x) 1=p if the integral exists and kf kL1(CK) :=
ess supx2C jf (x)j. For 1  p  1, we let Lp (C K ) := ff : C ! K : kf kLp (CK) < 1g.
We let Lp (C ) := Lp (C R).
Let L(E F ) be the set of all bounded linear operators T between the normed
spaces (E k  kE ) and (F k  kF ), i.e. operators such that the image of the (closed)

130

Entropy Numbers, Operators and Support Vector Kernels

Operator Norms

unit ball
UE := fx 2 E : kxkE  1g
is bounded. The smallest such bound is called the operator norm,
kT k := sup kTxkF :
x2UE

(9.1)

(9.2)

Entropy Numbers The nth entropy number of a set M E , for n 2 N , is
n (M ) := inf f > 0: there is an -cover for M in E with n or fewer pointsg (9.3)
The entropy numbers of an operator T 2 L(E F ) are de ned as
n (T ) := n (T (UE )):
(9.4)
Note that 1 (T ) = kT k, and that n (T ) certainly is well de ned for all n 2 N if T
is a compact operator, i.e. if T (UE ) is compact. The dyadic entropy numbers of an
Dyadic Entropy operator are de ned by
Numbers
en(T ) := 2n;1 (T ) n 2 N 
(9.5)
similarly, the dyadic entropy numbers of a set are de ned from its entropy numbers.
A very nice introduction to entropy numbers of operators is the book of Carl and
Stephani (1990). The -covering number of F with respect to the metric d denoted
Covering
N ( F d) is the size of the smallest -cover for F using the metric d.
Numbers
In this chapter, E and F will always be Banach spaces, i.e. complete normed
spaces (for instance `dp spaces). In some cases, they will be Hilbert spaces H ,
i.e. Banach
p spaces endowed with a dot product h iH giving rise to its norm via
kxkH = hx xiH . We will map the input data into a feature space via a mapping
 and let x~ := (x).

9.3 Operator Theory Methods for Entropy Numbers
In this section we brie"y explain the new viewpoint implicit in the present chapter.
With reference to gure 9.1, consider the traditional viewpoint in statistical learning
theory.
One is given a class of functions F , and the generalization performance attainable
using F is determined via the covering numbers of F . More precisely, for some set
C , and xi 2 C for i = 1 : : : m, de ne the -Growth function of the function class
F on C as
N ` ( F ) := sup N ( F `X1` )
(9.6)
x1 :::x`2C
where N ( F `X1` ) is the -covering number of

F with respect to `X1` . Many
generalization error bounds can be expressed in terms of N ` ( F ). An example
is given in the following section.
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RBF-Networks
With In nite
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Schematic picture of the new viewpoint.

The key novelty in the present work solely concerns the manner in which the
covering numbers are computed. Traditionally, appeal has been made to a result
such as the so-called Sauer's lemma (originally due to Vapnik and Chervonenkis
(1968)). In the case of function learning, a generalization due to Pollard (called
the pseudo-dimension), or Vapnik and Chervonenkis (called the VC dimension
of real valued functions), or a scale-sensitive generalization of that (called the
fat-shattering dimension) is used to bound the covering numbers. These results
reduce the computation of N ` ( F ) to the computation of a single \dimension-like"
quantity. An overview of these various dimensions, some details of their history, and
some examples of their computation can be found in (Anthony, 1997).
Note that the 'plain' VC dimension is not appropriate in SV regression at all,
as can be seen in the following: Denote r an arbitrary positive number and C 2 Rn
a compact set. Consider the class of functions

8
9
<
=
X
X
F := :f : f = i k(xi ) with xi 2 C i j k(xi xj )  r
i
ij

(9.7)

We show that F has in nite VC dimension by showing that any arbitrary set X =
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fx1 : : : x` g C of size ` can be shattered. Micchelli (1986) showed that the matrix
(k(xi xj ))ij has full rank for GaussianPrbf-kernels. For arbitrary fy1 : : : y` g 2
f;1 1g there exists a function f () = i i k(xi ) with f (xi ) = yi . Rescaling
f nally yields some f~ 2 F which proves the statement.
In the present work, we view the class F as being induced by an operator Tk
depending on some kernel function k. Thus F is the image of a \base class" G
under Tk . The analogy implicit in the picture is that the quantity that matters is the
number of -distinguishable messages obtainable at the information sink. (Recall
the equivalence up to a constant factor of packing and covering numbers.) In a
typical communications problem, one tries to maximize the number of distinguisable
messages (per unit time), in order to maximize the information transmission rate.
But from the point of view of the receiver, the job is made easier the smaller the
number of distinct messages that one needs to be concerned with decoding. The
signi cance of the picture is that the kernel in question is exactly the kernel that is
used, for example, in support vector machines. As a consequence, the determination
of N ` ( F ) can be done in terms of properties of the operator Tk . The latter thus
plays a constructive role in controlling the complexity of F and hence the di#culty
of the learning task. We believe that the new viewpoint in itself is potentially
very valuable, perhaps more so than the speci c results in the chapter. A further
exploitation of the new viewpoint can be found in (Williamson et al., 1998b). There
are in fact a variety of ways to de ne exactly what is meant by Tk , and we have
deliberately not been explicit in the picture. We make use of one particular Tk in
this chapter.

9.4 Generalization Bounds via Uniform Convergence
The generalization performance of learning machines can be bounded via uniform
convergence results as in (Vapnik and Chervonenkis, 1981 Vapnik, 1979). A recent
review can be found in (Anthony, 1997). The key thing about these results is the
role of the covering numbers of the hypothesis class | the focus of the present
chapter. Results for both classi cation and regression are now known. For the sake
of concreteness, we quote below a result suitable for regression which was proved
by Alon et al. (1997). See alsoPchapter 4 for results on classi cation and pattern
recognition. Let Pm (f ) := 1` `i=1 f (xi ) denote the empirical mean of f on the
sample x1 : : : x` .
Uniform Convergence Bounds

Lemma 9.1 (Alon, Ben-David, Cesa-Bianchi, and Haussler, 1997)
Let F be a class of functions from C into 0 1] and let P be a distribution over C .
then, for all  > 0 and all m

(

)

2

2

,

h 

Pr sup jP` (f ) ; P (f )j >   12`  E N
f 2F
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where Pr denotes the probability w.r.t. the sample x1 : : : x` drawn i.i.d. from
P , and E the expectation w.r.t. a second sample X ` = (x>1 : : : x >2` ) also drawn
i.i.d. from P .
In order to use this lemma one usually makes use of the fact that for any P ,
h
i
E N ( F `X1 ` )  N `( F ):
(9.9)
The above result can be used to give a generalization error result by applying it to
the loss-function induced class. The following Lemma, which is an improved version
of (Bartlett et al., 1996, Lemma 17), is useful in this regard:
Loss Functions

Lemma 9.2
Denote F a set of functions from C to a b] with a < b, a b 2 R1 and l : R ! R+0

a loss function satisfying a Lipschitz-condition
l( ) ; l( 0 )  C j ;  0 j for all   0 2 a ; b b ; a]:
(9.10)
Moreover let z := (xi yi )`j=1 , lf jzj := l(f (xj ) ; yj ), lf jz := (lf jzj )`j=1 , lF jz :=
flf jz : f 2 Fg and N ( ljz ) := N ( lF jz `z1 ). Then the following equation holds:

 
N
(

l
j
)

max
N
z
C Fjx
z2(C ab])`
x2C`
max

(9.11)

Applying the result above to polynomial loss leads to the following corollary:

Polynomial Loss

Corollary 9.1

Let the assumptions be as above in lemma 9.2. Then for loss functions of type
(9.12)
l() = 1 p with p > 1

p

we have C = (b ; a)(p;1) , in particular C = (b ; a) for p = 2 and therefore

max ` N ( ljz )  max` N (b ; a)p;1 Fjx
z2(C ab])
x2C



(9.13)

One can readily combine the uniform convergence results with the above results to
get overall bounds on generalization performance. We do not explicitly state such a
result here since the particular uniform convergence result needed depends on the
exact set-up of the learning problem. A typical uniform convergence result takes
the form
P ` fsup jRemp (f ) ; R(f )j > g  c1 (`)N ` ( F )e;  `=c2 :
(9.14)
f

Even the exponent in (9.14) depends on the setting: In regression  can be set to
1, however in agnostic learning (Kearns et al., 1994) show that in general  = 2,
except if the class is convex in which case it can be set to 1 (Lee et al., 1998). Since
our primary interest is in determining N ` ( F ) we will not try to summarize the
large body of work now done on uniform convergence results and generalization
error.
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These generalization bounds are typically used by setting the right hand side
equal to and solving for ` = `( ) (which is called the sample complexity).
Another way to use these results is as a learning curve bound ( `) where
P `fsup jRemp (f ) ; R(f )j > ( `)g  :
(9.15)
f

We note here that the determination of ( `) is quite convenient in terms of en,
the dyadic entropy number associated with the covering number N ` ( F ) in (9.14).
Setting the right hand side of (9.14) equal to , we have
`
;  `=c2
=
c
1 (`)N ( F )e
 
) log2 c1(`) + c2 ln` 2 = log2 N ` ( F )
) elog2  +  ` +1 = :
(9.16)
c1 (`)

c2 ln 2

Thus ( `) = f: (9:16) holdsg. Thus the use of n or en (which will arise naturally
from our techniques) is in fact a convenient thing to do for nding learning curves.

9.5 Entropy Numbers for Kernel Machines
In the following we will mainly consider machines where the mapping into feature
space is de ned by Mercer kernels k(x y) as they are easier to deal with using
functional analytic methods. Such machines have become very popular due to the
success of SV machines.

9.5.1 Mercer's Theorem, Feature Spaces and Scaling
Our goal is to make statements about the shape of the image of the input space
C under the feature map (). We will make use of Mercer's theorem. For various
reasons we need a somewhat stronger statement than theorem 1.1, thus we repeat
it as a whole for the sake of completeness. The version stated below is a special
case of the theorem proven in (Konig, 1986, p. 145). In the following we will assume
(C ) to be a nite measure space, i.e. (C ) < 1. As usual, by \almost all" we
mean for all elements of C n except a set of n -measure zero.

Theorem 9.1 (Mercer)
Suppose k 2 L1 (C 2 ) to be symmetric, i.e. k(x x0 ) = k(x0 x), such that the integral
operator Tk : L2 (C ) ! L2 (C ),
Z
Tk f () := k( y)f (y)d(y)
(9.17)
Bounded and
Uniformly
Convergent
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2. j 2 L1 (C ) and supj k j kL1 < 1.
P (x) (y) holds for almost all (x y), where the series converges
3. k(x y) =
j j
j
j 2N
absolutely and uniformly for almost all (x y).
We will call a kernel satisfying the conditions of this theorem a Mercer kernel. From
statement 2 of Mercer's theorem there exists some constant Ck 2 R+ depending on
k( ) such that
j j (x)j  Ck for all j 2 N and x 2 C :
(9.18)
(Actually (9.18) holds only for almost all x 2 C , but from here on we gloss over
these measure-theoretic niceties in the exposition.) Moreover from statement 3 it
follows that k(x y) corresponds to a dot product in `2 i.e. k(x y) = h(x) (y)i`2
with
 : C ! `2
(9.19)
p
x
7! (j (x))j := ( j j (x))j
for almost all x 2 C . In the following we will (without loss of generality) assume
the sequence of ( j )j be sorted in nonincreasing order. From the argument above
one can see that
(C ) lives not only in `2 but in an axis parallel parallelepiped with
p
lengths 2Ck j .
It will be useful to consider maps that map (C ) into balls of some radius R
centered at the origin. The following proposition shows that the class of all these
maps is determined by elements of `2 and the sequence of eigenvalues ( j )j .
Proposition 9.1 (Mapping (x) into `2 )
Let S be the diagonal map
S : RN ! RN
(9.20)
S : (xj )j 7! S (xj )j = (sj xj )j :
ThenpS maps (C ) into a ball of nite radius RS centered at the origin if and only
if (sj j )j 2 `2 .
p
p
Proof (() Suppose (sj j )j 2 `2 and let RS2 := Ck2 k(sj j )j k2`2 < 1. For any
x 2 C,
X
X
kS (x)k2`2 = s2j j j j (x)j2  s2j j Ck2 = RS2 :
(9.21)
j 2N

j 2N

Hence S (C )  `2 .
p
Pn
()) Suppose (sj j )j is not in `2 . Hence the sequence (An )n with An := s2j j
j =1
is unbounded. Now de ne

an (x) :=

n
X
j =1

s2j j j j (x)j2 :

(9.22)

Then kan ()kL1 (C) = An due to the normalization condition on j . However, as
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(C ) < 1, there exists a set C~ of nonzero measure such that
an (x) A(Cn) for all x 2 C~:
(9.23)
Combining the left side of (9.21) with (9.22) we obtain kS (x)k2`2 an (x) for all
n 2 N and almost all x. Since an (x) is unbounded for a set C~ with nonzero measure
in C , we can see that S (C ) 6 `2 .
The consequence of this result is that there exists no axis parallel ellipsoid E
not completely
containing the (also) axis parallel parallelepiped B of sidelength
p
(2Ck j )j , such that E would contain (C ). More formally
B E if and only if (C ) E :
(9.24)
Hence (C ) contains a set of nonzero measure of elements near the corners of the
parallelepiped.
Once we know that (C ) \ lls" the parallelepiped described above we can use
this result to construct an inverse mapping A from the unit ball in `2 to an ellipsoid
E such that (C ) E as in the following diagram.

C
Shrinkage
Operator



/

(C )
T

E

p p p
xp p p

A;1

p p p
Ap p p p p
p

/ U`2

(9.25)

The operator A will be useful for computing the entropy numbers of concatenations
of operators. (Knowing the inverse will allow us to compute the forward operator,
and that can be used to bound the covering numbers of the class of functions, as
shown in the next subsection.) We thus seek an operator A : `2 ! `2 such that
A(U`2 )  E :
(9.26)
We can ensure this by constructing A such that
A: (xj )j 7! (RA aj xj )j
(9.27)
p
with RA := Ck k( j =aj )j k`2 . From Proposition 9.1 it follows that all those
operators A for which RA < 1 will satisfy (9.26). We call such scaling (inverse)
operators admissible.

9.5.2 Entropy Numbers
The next step is to compute the entropy numbers of the operator A and use this to
obtain bounds on the entropy numbers for kernel machines like SV machines. We
will make use of the following theorem due to Gordon et al. (1987), p. 226, stated
in the present form in (Carl and Stephani, 1990, p. 17).
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Theorem 9.2

Diagonal
Operator

Let 1 2    j    0 be a non-increasing sequence of non-negative
numbers and let
Dx = (1 x1 2 x2 : : : j xj : : :)
(9.28)
for x = (x1 x2 : : : xj : : :) 2 `p be the diagonal operator from `p into itself,
generated by the sequence (j )j , where 1  p  1. Then for all n 2 N ,
1
1
1
1
(9.29)
sup n; j (1 2    j ) j  n(D)  6 sup n; j (1 2    j ) j :
j 2N

Application to
(C )

SV Classes

j 2N

We can exploit the freedom in choosing A to minimize an entropy number as the
following corollary shows. This will be a key ingredient of our calculation of the
covering numbers for SV classes, as shown below.
Corollary 9.2 (Entropy numbers for (C ))
Let k: C  C ! R be a Mercer kernel and let A be de ned by (9.27). Then

n (A: `2 ! `2 ) 

pinf

p

sup 6Ck 

 

s =as s  n; j (a1 a2    aj ) j :(9.30)
`2
1

1

( s =as )s 2`2 j2N
This result follows immediately by identifying D and A and exploiting the freedom
that we still have in choosing a particular operator A among the class of admissible
ones.
As already described in section 9.1 the hypotheses that a SV machine generates
can be expressed as hw x~ i + b where both w and x~ are de ned in the feature space
S = span((C )) and b 2 R. The kernel trick as introduced by Aizerman et al. (1964)
was then successfully employed by Boser et al. (1992) and Cortes and Vapnik (1995)
to extend the Optimal Margin Hyperplane classi er to what is now known as the
SV machine. We deal with the \+b" term in section 9.8 for now we consider the
class
FRw := fhw x~ i: x~ 2 S kwk  Rw g  RS :
(9.31)
Note that FRw depends implicitly on k since S does.
What we seek are the `m
1 covering numbers for the class FRw induced by the
kernel in terms of the parameter Rw which is the inverse of the size of the margin
in feature space, or equivalently, the size of the weight vector in feature space as
de ned by the dot product in S (see Vapnik and Chervonenkis (1974) Vapnik
(1995) for details). In the following we will call such hypothesis classes with length
constraint on the weight vectors in feature space SV classes. Let T be the operator
T = SX~ ` Rw where Rw 2 R and the operator SX~ ` is de ned by
(as )s :

SX~ ` : `2 ! ``1
(9.32)
SX~ ` : w 7! (hx~ 1 wi : : : hx~ ` wi) :
with x~ j 2 (C ) for all j . The following theorem is useful to compute entropy
numbers in terms of T and A. Originally due to Maurey it was extended by Carl

(1985). See (Williamson et al., 1998b) for some extensions and historical remarks.
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Maurey's
theorem

Theorem 9.3 (Carl and Stephani, 1990, p. 246)
Let S 2 L(H ``1 ) where H is a Hilbert space. Then there exists a constant c > 0
such that for all ` 2 N , and 1  j  `
en(S )  ckS k n log2 1 + n`
;1

1=2

:

(9.33)

An alternative proof of this result (given by Williamson et al. (1998b)) provides a
6
small explicit value for the constant: c = 2( 2;log
)1=2  5:3771.
23
The restatement of Theorem 9.3 in terms of 2n;1 = en will be useful in the
following. Under the assumptions above we have

n (S )  ckS k (log2 n + 1) log2 1 + log n` + 1
2
;1



:

(9.34)

Now we can combine the bounds on entropy numbers of A and SX` to obtain bounds
for SV classes. First we need the following lemma.
Product
Bounds

Lemma 9.3 (Carl and Stephani, 1990, p. 11)
Let E F G be Banach spaces, R 2 L(F G), and S 2 L(E F ). Then, for n t 2 N ,
nt (RS )  n (R)t (S )
(9.35)
n (RS )  n (R)kS k
(9.36)
n (RS )  n (S )kRk:
(9.37)
Note that the latter two inequalities follow directly from the fact that 1 (R) = kRk
for all R 2 L(F G).
Theorem 9.4 Bounds for SV classes

Let k be a Mercer kernel, let  be induced via (9.19) and let T := SX~ ` Rw where
SX~ ` is given by (9.32) and Rw 2 R+ . Let A be de ned by (9.27) and suppose
x~j = (xj ) for j = 1 : : : `. Then the entropy numbers of T satisfy the following
inequalities:


n (T )  ckAkRw log;2 1=2 n log;2 1=2 1 + log`2 n
(9.38)
n (T )  6Rw Ck n (A)
(9.39)


;1=2
;1=2
nt (T )  6cCk Rw log2 n log2
1 + log`2 n t (A)
where Ck and c are de ned as in Corollary 9.2 and Lemma 9.3.
This result gives several options for bounding n (T ). The reason for using n instead
of en is that the index only may be integer in the former case (whereas it can be in
1 1) in the latter), thus making it easier to obtain tighter bounds. We shall see
in examples later that the best inequality to use depends on the rate of decay of
the eigenvalues of k. The result gives e ective bounds on N ` ( FRw ) since
n (T : `2 ! ``1 )  0 ) N ` (0 FRw )  n:
(9.40)
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Proof We will use the following factorization of T to upper bound n (T ).
U`2
Rw
z
zz
 zz

Rw U`2

/ ``
1
zz < O
zz
z
SX~ ` z z z z
S(A;1 X~ ` )
zz
zz z
>

A
/

(9.41)

Rw E

The top left part of the diagram follows from the de nition of T . The fact that the
diagram commutes stems from the fact that since A is diagonal, it is self-adjoint
and so
hw x~ i = hw AA;1 x~ i = hAw A;1 x~ i:
(9.42)
Instead of computing the covering number of T = SX~ ` Rw directly, which is di#cult
or wasteful, as the bound on SX~ ` does not take into account that x~ 2 E but
just makes the assumption of x~ 2 U`2 for some  > 0, we will represent T as
S(A;1 X~ ` ) ARw . This is more e#cient as we constructed A such that (C )A;1 2 U`2
lling a larger proportion of it than just 1 (C ).
By construction of A and the Cauchy-Schwarz inequality we have kSA;1X~ ` k = 1.
Thus applying lemma 9.3 to the factorization of T and using Theorem 9.3 proves
the theorem.
As we shall see in section 9.7, one can give asymptotic rates of decay for n (A). (In
fact we give non-asymptotic results with explicitly evaluable constants.) It is thus
of some interest to give overall asymptotic rates of decay of n (T ) in terms of the
order of n(A).
Overall
Asymptotic
Rates
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Lemma 9.4 (Rate bounds on n )

Let k be a Mercer kernel and suppose A is the scaling operator associated with it
as de ned by (9.27).
1. If n (A) = O(log;2  n) for some  > 0 then
n (T ) = O(log;2 (+2) n):
(9.43)
2. If log2 n (A) = O(log;2  n) for some  > 0 then
log2 n (T ) = O(log;2  n):
(9.44)
This Lemma shows that in the rst case, Maurey's result (theorem 9.3) allows an
improvement in the exponent of the entropy number of T , whereas in the second, it
a ords none (since the entropy numbers decay so fast anyway). The Maurey result
may still help in that case though for nonasymptotic n.
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Proof From theorem 9.3 we know that n (S ) = O(log;2 2 n). Now use (9.35),

Dominant Rates

splitting the index n in the following way:
n = n n(1; ) with  2 (0 1):
For the rst case this yields
n (T ) = O(log;2 2 n )O(log;2  j  ;1) =  ;2 (1 ;  ); O(log;2 (+2) n):
In the second case we have
;

log2 n (T ) = log2 ( ;2 )O(log;2 2 n) + (1 ;  ); O(log;2  n) = O(log;2  n):

(9.45)

(9.46)

(9.47)

In a nutshell we can always obtain rates of convergence better than those due
to Maurey's theorem, because we are not dealing with arbitrary mappings into
in nite dimensional spaces. In fact, for logarithmic dependency of n (T ) on n, the
e ect of the kernel is so strong that it completely dominates the 1=2 behaviour for
arbitrary Hilbert spaces. An example of such a kernel is k(x y) = exp(;(x ; y)2 )
see Proposition 9.4 and also section 9.6 for the discretization question.

9.6 Discrete Spectra of Convolution Operators
The results presented above show that if one knows the eigenvalue sequence ( i )i of
a compact operator, one can bound its entropy numbers. Whilst it is always possible
to assume that the data fed into a SV machine have bounded support, the same can
not be said of the kernel k( ) a commonly used kernel is k(x y) = exp(;(x ; y)2)
Integral Operator which has noncompact support. The induced integral operator
(Tk f )(x) =

Z1

;1

k(x y)f (y)dy

(9.48)

then has a continuous spectrum (a nondenumerable in nity of eigenvalues) and
thus Tk is not compact (Ash, 1965, p.267). The question arises: can we make
use of such kernels in SV machines and still obtain generalization error bounds
of the form developed above? A further motivation stems from the fact that by
a theorem of Widom (1964), the eigenvalue decay of any convolution operator
de ned on a a compact2 set via a kernel having compact support can decay no
faster than j = O(e;j ) and thus if one seeks very rapid decay of eigenvalues
(with concomitantly small entropy numbers), one must use convolution kernels
with noncompact support.
We will resolve these issues in the present section. Before doing so, let us rst
consider the case that supp k  ;a a] for some a < 1. Suppose further that
the data points xj satisfy xj 2 ;b b] for all j . If k( ) is a convolution kernel
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(i.e. k(x y) = k(x ; y)), then the SV hypothesis hk () can be written

hk (x) :=

m
X
j =1

j k(x xj ) =

m
X
j =1

j kv (x xj ) =: hkv (x)

(9.49)

for v 2(a + b) where kv () is the v-periodic extension of k():

kv (x) :=

1
X

j =;1

k(x ; jv):

(9.50)

We now relate the eigenvalues of Tkv to the Fourier transform of k(). We do so for
the case of d = 1 and then state the general case later.
Connection between Spectrum
and Fourier
Transform

Lemma 9.5
Let k: R ! R be a symmetric convolution kernel, let K (!) = F k(x)](!) denote
the Fourier transform of k() and kv denote the v-periodical kernel derived from k
(also assume that kv exists). Then kv has a representation as a Fourier series with
!0 := 2v and
1 p
X
2 K (j! )eij!0 x
k (x ; y ) =
v

j =;1

p

v

0

1
X
p
= v2 K (0) + v2 2K (j!0 ) cos(j!0 (x ; y)):

p

In"uence of
Bandwidth
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j =1

q

(9.51)

Moreover j = 2K (j!0) for j 2 Z and Ck = v2 .
For a proof see (Williamson et al., 1998a). Thus even though Tk may not be
compact, Tkv may be (if (K (j!0 ))j2N `2 for example). The above lemma can
be applied whenever we can form kv () from k(). Clearly k(x) = O(x;(1+ ) ) for
some  > 0 su#ces to ensure the sum in (9.50) converges.
Let us now consider how to choose v. Note that the Riemann-Lebesgue lemma
tells us that for integrable k() of bounded variation (surely any kernel one would
use would satisfy that assumption), one has K (!) = O(1=!). There is an tradeo
in choosing v in that for large enough !, K (!) is ap decreasing function of ! (at
least as fast as 1=!) and thus by Lemma 9.5, j = 2K (2j=v) is an increasing
function of v. This suggests one should choose a small value of v. But a small v
will lead to high empirical error (as the kernel \wraps around" and its localization
properties are lost) and large Ck . There are several approaches to picking a value
of v. One obvious one is to a priori pick some ~ > 0 and choose the smallest v such
that jk(x) ; kv (x)j  ~ for all x 2 ;v=2 v=2].
P Thus one would obtain a hypothesis
hkv (x) uniformly within C ~ of hk (x) where mj=1 jj j  C .
Finally it is worth explicitly noting how the choice of a di erent bandwidth of the
kernel, i.e. letting k() (x) := k(x), a ects the eigenspectrum of the corresponding
operator. We have K () (!) = K (!=), hence scaling a kernel by  means more
densely spaced eigenvalues in the spectrum of the integral operator Tk( ) .
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9.7 Covering Numbers for Given Decay Rates
In this section we will show how the asymptotic behaviour of n (A: `2 ! `2), where
A is the scaling operator introduced before, depends on the eigenvalues of Tk .

A similar analysis has been carried out by Prosser (1966), in order to compute
the entropy numbers of integral operators. However all of his operators mapped into
L2(C C ). Furthermore, whilst our propositions are stated as asympotic results as his
were, the proofs actually give non-asympototic information with explicit constants.
See (Williamson et al., 1998a) for details.
Note that we need to sort the eigenvalues in a nonincreasing manner because of
the requirements in corollary 9.2. If the eigenvalues were unsorted one could obtain
far too small numbers in the geometrical mean of 1 : : : j . Many one-dimensional
kernels have nondegenerate systems of eigenvalues in which case it is straightforward
to explicitly compute the geometrical means of the eigenvalues as will be shown
below. Note that whilst all of the examples below are for convolution kernels,
i.e. k(x y) = k(x ; y), there is nothing in the formulations of the propositions
themselves that requires this. When we consider the d-dimensional case we shall
see that with rotationally invariant kernels, degenerate systems of eigenvalues are
generic. This can be dealt with by a slight modi cation of theorem 9.2 | see
Williamson et al. (1998a) for details.
Let us consider the special case where ( j )j decays asymptotically with some
polynomial or exponential degree. In this case we can choose a sequence (aj )j for
which we can evaluate (9.30) explicitly. By the eigenvalues of a kernel k we mean
the eigenvalues of the induced integral operator Tk .
Laplacian
Kernel

Proposition 9.2 (Polynomial Decay)

Let k be a Mercer kernel with eigenvalues satisfying j =  2 i;(+1) for some  > 0.
Then


n (A: `2 ! `2 ) = O (ln n); 2 +O(ln;2 ln n) = O(ln; 2 n):
(9.52)
An example of such a kernel is k(x) = e;x.

Proposition 9.3 (Exponential Decay)

Gaussian
Kernel
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Suppose k is a Mercer kernel with eigenvalues j =  2 e;(j;1) for some   > 0.
Then
1
ln ;n 1(A: `2 ! `2 ) = O(ln 2 n)
(9.53)
An example of such a kernel is k(x) = 1+1x2 .

Proposition 9.4 (Exponential Quadratic Decay)
2

Suppose k is a Mercer kernel with j =  2 e;(j;1) for some   > 0. Then
2
ln ;n 1(A: `2 ! `2 ) = O(ln 3 n):
(9.54)
2
An example of such a kernel is the Gaussian k(x) = e;x . We conclude this section

9.8 Conclusions
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with a general relation between exponential-polynomial decay rates and orders of
bounds on n (A).

Proposition 9.5 (Exponential-Polynomialp decay)

Suppose k is a Mercer kernel with j =  2 e;j for some   p > 0. Then
p
ln ;n 1 (A: `2 ! `2 ) = O(ln p+1 n)
(9.55)
This result is interesting but probably of little theoretical relevance as most practical
kernels do not exhibit these rapid decay properties. (Recall the remarks at the
beginning of section 9.6.)

Proposition 9.6

The rates given in propositions 9.2, 9.3, 9.4, and 9.5 are tight.

9.8 Conclusions
We have shown how to connect properties known about mappings into feature
spaces with bounds on the covering numbers. Our reasoning relied on the fact
that this mapping exhibits certain decay properties to ensure rapid convergence
and a constraint on the size of the weight vector in feature space. This means
that the corresponding algorithms have to restrict exactly this quantity to ensure
good generalization performance. This is exactly what is done in Support Vector
machines.
The actual application of our results, perhaps for model selection using structural
risk minimization, is somewhat involved. Below we outline one possible path. As said
before, the viewpoint in this chapter is new, and perhaps there will be re nements
soon forthcoming which would make the codi cation of our existing results into a
single generalization bound premature.

9.8.1 A Possible Procedure to use the Results of this Chapter
Choose k and  The kernel k may be chosen for a variety of reasons, which we

Standard
SV Case
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have nothing additional to say about here. The choice of  should take account of
the discussion in section 9.6.
Choose the period v of the kernel One suggested procedure is outlined in section 9.6.
Bound n(A) This can be done using Corollary 9.2. Some examples of this sort of
calculation are given in section 9.7.
Bound n(T ) Using Theorem 9.4.
Take account of the \+b" The key observation is that given a class F with
known N ` ( F ), one can bound N ` ( F + ) as follows. (Here F + := ff + b: f 2
F b 2 Rg.) Suppose V is an -cover for F and elements of F + are uniformly
bounded by B (this implies a limit on jbj as well as a uniform bound on elements
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of F ). Then

V + :=

B=


j =;B=

V + j

(9.56)

is an -cover for F + and thus N ` ( F + )  2B N ` ( F ). Observe that this will
only be \noticeable" for classes F with very slowly growing covering numbers
(polynomial in 1=).
Take account of the loss function using Lemma 9.2 for example.
Plug into a uniform convergence result See the pointers to the literature and
the example in section 9.4.
Classication and Pattern Recognition Together with a strati cation of the
hypothesis classes in terms of the margin in a data dependent fashion (Shawe-Taylor
et al., 1998) the bounds could be used for classi cation.
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