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Equalization in an Acoustic Reverberant
Environment: Robustness Results
Biljana D. Radlovic, Robert C. Williamson, and Rodney A. Kennedy1

Abstract
This paper investigates the robustness of sound equalization using a room response inverse
lter with respect to changing or uncertain source or microphone positions. It is shown
that due to the variations of the transfer function from point to point in a room, even small
changes in the source or microphone position of just a few tenths of the acoustic wavelength
can cause large degradations in the equalized room response. The robustness problem is
especially acute at high frequencies, which are known to carry some important attributes
of the speech signal. The spatial extent of equalization, derived from the statistical-average
properties of sound transmission in rooms, is illustrated by computer simulations which
corroborate the theoretical results presented in the paper.
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I. Introduction

For many applications in room acoustics, when a microphone cannot be located close
to the source, equalization lters are used to compensate distortion due to the frequency
response of the room. Inverse ltering is especially important in conference telephony,
where the speech signal is distorted by acoustic reverberation so it is less intelligible to
the listeners. Parameters of the inverse lter are usually chosen in such a way that the
dierence between the lter output and a desired signal is minimized in some respect 1].
Most of the studies so far have been devoted to the case when the sound source and
receiver locations are known exactly, which covers a small portion of the problems of
interest in room acoustics. In a situation which occurs, for instance, with echo cancellation
in a hands-free telephone set 2], the acoustic impulse response can change considerably
due to the movement of persons, and the problem of removing unwanted reverberation
becomes much more dicult.
These diculties arise from the extremely irregular sound transmission path between
the source and microphone in a room both the peaks and dips of the acoustic frequency
response change considerably throughout the room volume, with dierences between response maxima and minima that extend beyond the uctuation range of 10 dB 3]. For
this reason, the performance of an inverse lter will be strongly inuenced by even small
changes in either the source or microphone position. These problems are further accentuated by the necessity to use inverse lters with a large number of taps, due to the
long-delayed signals (echoes) in highly reverberant rooms 4].
Robustness of sound equalization in relation to movement of the sound source or receiver
in an enclosed space has been addressed in several papers. Mourjopoulos 5], working in
the time domain, evaluated variations in the impulse response functions measured in different rooms as the energy ratio between the early (direct) and late (reverberant) part
of these functions. Results in 5] demonstrated that the inverse ltering operation, in
general, increases the distortion present in the signals when a response recorded at a
dierent position in the same enclosure is employed for dereverberation. In 6], Mourjopoulos proposed a vector quantization technique that selects an optimum inverse lter
from a spatial equalization library whenever the receiver moves. Large sets of possible
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room transfer functions were grouped together and represented or equalized by a smaller
number of equalizers. The main disadvantage of this approach is its complexity, because
this technique requires prior measurements of the transfer function over a wide range of
dierent source and microphone positions. Haneda et al. 7] proposed a method of modeling a room transfer function which is less sensitive to measurements taken for dierent
source and receiver positions inside a room. The assumption underlying the model is
that acoustical poles \do not change even if the source and receiver positions change or
people move". A brief inspection of the work presented in 3], 8], 9] suggests that this
assumption may be false. In 10], Asano et al. proposed a method for providing a wider
equalization area based on constraining the partial derivatives of the transfer functions
at the receiving points to be zero. This scheme, however, has not been demonstrated to
be eective under reverberant conditions. Kerkhof and Kitzen 2] showed that the main
diculties in tracking the changes in an acoustic impulse response with an adaptive lter,
when a person walks through a reverberant room, are due to the large bandwidth of speech
and long reverberation time.
The purpose of this paper is to investigate the eect of source or microphone position
changes on the performance of a xed room response equalizer. In reverberant rooms,
where the sound pressure may vary drastically, seemingly at random, from point to point
and from one excitation frequency to another, such an eect is dicult to describe in
precise mathematical terms. A rigorous analysis, using complex standing-wave patterns
to describe the acoustic behavior of the room, is computationally exhaustive and leads to
results applicable only in a particular case. Besides, its accuracy would be largely aected
by possible errors in measuring the source or microphone positions with respect to the
wall surfaces of the room. For these reasons, the study presented here utilizes statistical
methods which have the useful feature that they are easy to implement and give more
general and simpler results.
II. Analysis Approach

In this section, we provide a few entry points to the problem of robust dereverberation
of the sound picked up by a microphone in an enclosed space.
The sound pressure at the microphone can be considered as being built up of a sound
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wave commencing at the source, plus many plane waves, due to multiple reections of the
original sound wave from the walls, travelling in dierent directions and encountering the
walls of the room at various angles of incidence. In the time domain, these reections are
perceived as echoes and reverberation, that is, delayed, attenuated versions of the original
source signal. In the frequency domain, depending upon the phase relationships between
the sound waves at a given point, reections produce peaks and dips in the frequency
response of the room: the so-called \comb- lter" eect that may corrupt the quality of
the sound.
It has proved possible to reduce the eect of reections from the wall surfaces by using
an inverse lter designed to compensate for uneveness in the room transfer function at the
microphone position. However, such methods are usually less eective if the microphone
is moved to some other point in a room where, due to the interference of waves reected
from the walls, it becomes impossible to know the spectrum of sound merely by knowing
the spectrum at the reference point.
The pattern of cancellations and reinforcements, which result in the sound pressure
being very dierent at dierent points in a room, can be precisely described by the theory
of standing waves, or normal modes of vibration, made up of a number of plane waves that
interfere after being reected from the wall surfaces. At higher frequencies, however, due to
a large number of standing waves excited by the source, the complexity of modal analysis
increases to the point where exact mathematical expressions are no longer computationally
simple or suitable for predicting the sound behavior from one point to another. For the
purposes of this paper we will turn to another, not too rigorous but conceptually simple,
model based on the statistical properties of reverberant elds in rooms.
The crucial assumption of statistical room acoustics is that the distribution of amplitudes and phases of individual plane waves, which sum up to produce sound pressure at
some point in a room, is so close to random that the sound eld is fairly uniformly distributed throughout the room volume. This theory closely describes the room acoustic
behavior if the following conditions are met 11]:
1. The linear dimensions of the room must be large relative to the wavelength. This
condition is easily satis ed in almost all rooms, for the frequencies of interest.
April 17, 1999
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2. The average spacing of the resonance frequencies must be smaller than one-third of
their bandwidth. In a room having a volume V (in m3) and reverberation time T602 (in
sec), this criterion can be met for all frequencies that exceed the Schroeder large room
frequency given by

1=2
T
60
fS = 2000 V
Hz :
(1)
For example, in an ordinary living room with a reverberation time of 1 s, statistical theory
would be relevant above about 200 Hz.
3. Both source and microphone are in the interior of a room, at least a half-wavelength
away from the walls, where the wavelength  = c=f and c is the velocity of sound, generally
speci ed as 344 m/s at 21 C.
Under the above conditions, the frequency response between the source and receiver
can be treated as a random function, the properties of which are determined by the room
volume, reverberation time, and magnitude of the sound pressure 3], 8], 12]. The same
will also be true for its inverse, a fact we exploit in the following sections.
III. Main Results

A. Robustness Analysis: Single-Channel Case

Consider the nonminimum-phase linear time-invariant acoustic system consisting of a
source and a microphone placed some distance apart in a reverberant room. In order to
determine the sensitivity of a single-channel equalizer to changes in the receiver (microphone) position, we start from the following simplifying assumption:
Let Gf be the complex steady-state frequency response between the sound source and
the receiver, and Hf the frequency response of an inverse lter designed to equalize room
response at the microphone point. We idealize our problem by assuming that the transmission path between the source and receiver is perfectly equalized, where perfect means
equalizing both the amplitude and the phase of the frequency response.
Moving the microphone will distort the frequency response of the equalized transmission
path. A quantitative measure of this degradation can be based on the dierence between
The reverberation time T60 is the length of time for the sound intensity level in a room to drop by 60 dB after
the source is shut o.
2
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the two transfer functions from the source to the reference and the displacement point,
respectively.
Denition 1: Let Gef be the frequency response between the source and the receiver
placed some distance away from the equalization point, and Hf an exact inverse of Gf .
The mean squared error at frequency f due to the displacement of the receiving point is
de ned by

Wf = E fjGef Hf ; 1j2g

(2)

where E fg represents the expected value operator. The expectation is taken with respect
both to the distribution of source locations (assumed uniform throughout the room volume
but at least a half-wavelength away from the walls) and to the distribution of microphone
positions (assumed uniformly distributed on the sphere of radius r centered at the reference
location). We note that Wf goes to zero at the receiver reference point, where Gef becomes
equal to Gf .
The de nition given above can be generalized: if multiplied by the squared amplitude of
the source signal at frequency f , jQf j2, equation (2) estimates the power of an error signal
which is the dierence between the equalizer output signal and desired (source) signal.
From now on we assume that Qf = 1 for all frequencies of interest, for simplicity.
Theorem 1: Let R denote the distance from the source to the reference location, r the
displacement from the equalization point, k = 2= = 2f=c the wavenumber, and  the
ratio of the direct to the reverberant sound energy density at the reference point. Then,
the mean squared error at frequency f is

 ln j j + 1 sin(kr)
Wf 
;2
+1
= 2r R;r
R

R+r

+1

kr

(3)

with  given by
0:01V
 = R2(1
; )T

60

(4)

where R is in meters, V is the room volume (in m3), T60 (in sec) is as de ned earlier, and
 represents the average absorption coecient (the fraction of incident acoustic power
absorbed by the room surfaces).
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Proof: See the Appendix.
We make two observations regarding this result:
1. If the displacement from the equalization point is small compared to the source-tomicrophone distance, the rst term in (3) approaches 1, meaning that direct eld component has negligible eect on the error signal.
2. The average error power depends merely on the ratio of the room volume and reverberation time. This property generalizes the results derived herein to rooms of dierent
shapes, volumes, and reverberation times.
B. Equalization in a Diuse-Field Region

Let us move on to the region of the room where the predominant contribution to the
equilibrium sound pressure is the reverberant sound eld, with only a negligible contribution by the direct sound eld component. It is in this region that sound equalization is of
particular importance because of reduced speech intelligibility due to multiple reections
from the walls. For nondirectional sound source, the minimum source-to-microphone distance required to \reach" the region where the sound eld can be considered diuse with
respect to the direction of sound incidence is de ned as Rmin = 200=fS (in meters, for fS
given in Hz) 11].
In (3), the eect of the source-to-microphone distance on the error signal is expressed
through the factor  . At distances larger than Rmin (but still at least a half-wavelength
from the walls), we nd that there is a fairly simple relationship between the error energy
and the microphone displacement.
Corollary 1: Let r denote the displacement from the reference location and k the wave
number. Then, in a diuse- eld region
sin(kr)
Wf 
(5)
= 2 ; 2 kr :
In the case of broadband signals, the total reverberant energy in a given frequency range
between fL and fU can be calculated by applying Parseval's theorem

Wtotal =
DRAFT

Z fU h
fL

i
sin(2
fr=c
)
2 ; 2 (2fr=c) df:

(6)
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We note the following properties of the obtained solution:
1. The greatest amount of distortion can be expected for high frequencies, where the term
sin(2fr=c)=(2fr=c) falls o rapidly with increasing distance from the equalization point.
2. The error energy is independent of the room size and reverberation time as long as
these meet the criteria laid down earlier.
3. By reciprocity, the same result would be obtained with the microphone being xed and
source being moved from one point to another.
C. Variabilities of Inverse-Filter Parameters

So far we have been treating the room transfer function as though it had an ideal inverse.
Actually, perfect reverberation removal in single-channel systems is not possible because
the room transfer functions tend to have non-minimum phase components, and thus the
exact inverse lter would consequently be either unstable or noncausal 13] and therefore
unrealizable in practice. However, an approximate solution can be found which is based
on the least squares error criterion (LSE method), with appropriate modelling delay 1].
In this section, we consider the residual reverberant power that results away from the
equalization point, if the phase and magnitude response of an exact inverse are perturbed
by a small random variable.
Let us denote an inexact inverse by Af . We choose the following simple model:

Af = Gf (1 + ")ej];1:

(7)

where " and  are independent random variables which model the mismatch in magnitude
and phase due to the measurement and computational errors, and Gf is the room frequency
response at the equalization point, as de ned earlier. This particular form of the inverse
lter characteristics Af is chosen so that it is the exact inverse of Gf in the limiting case
of " =  = 0.
Again we de ne the mean square value of the error signal at frequency f as

Wf = E fjGef Af ; 1j2g

(8)

where now the expectation is taken also with respect to the distributions of " and ,
assumed Gaussian with zero mean. If variances "2, 2 are small, we can get an approximate
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formula for the reverberant power at a single frequency, following the same reasoning as
in the proof of (3).
Theorem 2: Let "2, 2 denote the variances of the magnitude and phase, respectively,
of the measured frequency response at the equalization point. Then
 2Rr ln j RR;+rr j + 1

(1 + "2)
Wf =
+1
; 2 sin(krkr) (1 ; 2=2) + 1:
(9)
Proof: The proof is given in the Appendix.
The expression above shows the sensitivity of the spatial extent of equalization to variations in the magnitude and phase of an exact inverse lter characteristic. Based on (9),
using an inexact inverse for reverberation removal will result in higher error levels compared to those of an exact inverse, at any distance from the equalization point. Hence,
it is particularly desirable to have a good approximation at higher frequencies, due to
increased sensitivity to position changes.
We remark that this result does not apply in the following situations:
; If an inverse lter is designed so as to achieve an approximate equalization for dierent
source-receiver con gurations over some region in a room, providing a more robust inverse
over that region 6].
; If an approximate inverse is found as a solution of an LSE method in which the room
transfer matrix is modi ed so as to have a 2-norm condition number (ratio of the largest
to the smallest singular value of the transfer matrix) less than that of the unmodi ed room
transfer matrix, resulting in a system less vulnerable to location changes 10], 14].
IV. Examples and Comparison

In order to validate the theoretical results derived in the preceding section, simulations
have been performed for several rooms of dierent volumes and reverberation times, over
a wide range of source-microphone positions. In this section, after a brief account of
the method used for the simulations, we present an example related to the robustness
of a single-channel equalization system when the source signal in a room is a pure tone.
Then, for the purpose of comparison, we show some results concerning the robustness of
DRAFT
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a two-channel equalization system in the presence of a broad-band acoustic source, with
microphones placed far apart.
A. Simulation Method

The source-to-microphone transfer function of the room can be simulated using the socalled image method 15]. The basic concept is the following: Suppose that the acoustic
source sends out a short pulse of sound at the time t = 0 the rst signal detected by the
microphone is the direct sound, followed by the arrival of a sequence of reected signals
from the walls. These reections may be considered as being due to image sources obtained
by repeatedly mirroring the original source in all the walls of the room. Consequently,
the signal received by the microphone can be represented as a superposition of the sound
signals originating from the mirror-image sources, plus that of the original sound source.
In carrying out calculations, we use the following formula for the complex steady-state
frequency response between the source and receiver:

Gf =

m
X

j (2f=c)Ri
ni e
4Ri
i=0

(10)

where Ri is the distance between the microphone and the ith image source (i = 0 indexes
the original source), is the wall reection coecient, ni denotes the number of reections
that the sound ray (assigned to the ith image) undergoes along its path from the source
to the receiver, and m denotes the total number of images within a radius given by the
speed of sound times the reverberation time. This means, we include only those images
contributing to the sound pressure that normally result from the sound waves reecting
back and forth from the walls during the length of time a sound persists after it has left
the source (for more details, see 15]).
B. Single-Channel Example

In the present example, a rectangular room with a volume of 128 m3 is considered. We
chose the room dimensions (length, width and height 6:4, 5, and 4 m, respectively) to
satisfy the ratio (1 : 1:25 : 1:6) recommended in 16] for the best distribution of normal
room modes. We assume that the reverberation time is frequency invariant and that all
April 17, 1999
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walls of the room have the same reection coecient (the average absorption coecient
 = 1 ; 2).
First we calculated the frequency response at some xed distance from the source placed
in the interior of the room. Then, moving the microphone in an arbitrary direction, we
calculated the error at several points along a straight path of one wavelength. A total of N
simulations with dierent source-microphone positions were made, with both the source
and microphone being displaced randomly between the runs. The average power of the
error signal at frequency f was estimated by
N G
e(fn) 2
X
1

W f = N  (n) ; 1
n=1 Gf

(11)

where G(fn) denotes the complex room response at the reference location (associated with
the nth simulation), Ge(fn) is the room response at some distance r from the reference point,
and N = 200.
The simulations were then performed again in a similar way, with other values for
excitation frequency f , reection coecient , and distance R between the source and
equalization point. The sensitivity to deviations in receiver position, as a result of one
individual simulation, is illustrated in Fig. 1. In Fig. 2 and Fig. 3, the solid line represents
the averaged trend of the error signal for many source and microphone locations such
an average is in very good agreement with what one calculates from (3) (dashed line).
The results show that the zone of equalization, where more than 10 dB of reverberation
reduction is obtained, is a sphere of a diameter of about =7. In this connection, it is
interesting to note that it is approximately equal to the analogously de ned zone of quiet
generated by cancelling the pressure at a point in a diuse sound eld 17];19].
It is clear that single-channel equalization does not provide robust reverberation reduction and may even corrupt the overall system response away from the equalization
point. As previously mentioned, the same conclusion holds if the source position changes
with respect to the reference point. We are led then to ask whether multiple-channel systems involving more than one microphone are more robust with respect to source-location
changes: some of the simulation results for two-channel equalization systems (an example
is given in the following section) indicate that the degree of change in the equalized signal
DRAFT
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would actually be the same.
C. Two-Channel Example

In this example, we consider a rectangular room of volume 128 m3, reverberation time
0:45 s, and reection coecient 0:84. Computer simulations are performed in the frequency
range between 140 Hz and 2700 Hz. To exclude the possibility that the measured room
responses are correlated, which would make the system more sensitive to the movement
of the source point, we set the distance between equalization points to be larger than
half the wavelength at the lowest frequency of interest. Again all observation points were
in the interior region of the room, more than 1 m away from the walls. In the present
investigation we con ned our attention to the region above the Schroeder frequency (see
Section II)

:45
fS = 2000 0128

1=2

= 119Hz:

(12)

First we calculated the room impulse response between the sound source and both
equalization points from the sampled frequency response, using the inverse fast Fourier
transform, with the sampling frequency twice the highest frequency in the range. An FIR
lter of length 2048 taps was used to model the acoustics of the room. Working in the
time domain and using results of the multiple input/output inverse lter theory (MINT)
presented in 20], we found the exact inverse lter coecients from the following system
of equations

h1(l) ~ g1(l) + h2(l) ~ g2(l) = (l)

(13)

for l = 0 1 : : : L ; 1, (L = 4096), where coecient L denotes the length of the discrete
linear convolution of two impulse response functions and l is the sample index. In the last
expression, g1(l) and g2 (l) are the room impulse responses, h1(l) and h2(l) are the inverse
lter coecients, and (l) is a delta function.
After, moving the source in an arbitrary direction, we calculated the room impulse
responses at the two microphones, ge1(l) and ge2(l), for several source locations away from
its reference point. The energy of the error signal for each source position was calculated
April 17, 1999
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from
total =

L;1
X
l=0

 (l) ; h1(l) ~ ge1(l) ; h2(l) ~ ge2(l)]2

(14)

which is a time-domain error function analogous to that given by (2) if taken over the
entire frequency range. The average error energy, for 30 dierent spatial arrangements of
the source and both equalization points, was calculated by:
N
X
1
n)
total = N (total
n=1

(15)

n) represents the error energy in the nth simulation, de ned by
where N = 30 and (total
(14).
Fig. 4 shows the average reverberant (error) energy as a function of the source displacement r, obtained from the simulation results. The same plot shows the error energy
calculated using Parseval's theorem
Z fU h  R ln j R+r j + 1 sin(2fr=c) i
2r
R;r
; 2 2fr=c + 1 df
(16)
Wtotal =

+
1
fL
where fL and fU are the lower and upper bandwidth frequencies, and R is as de ned
earlier.
The simulation results reveal the following:
 The spatial extent of equalization in a reverberant sound eld depends on the frequency
spectrum of the source signal in the room. In the present example, the 10 dB zone of
equalization produced in the vicinity of the source point is a sphere of a diameter of about
1:4 cm. This means that the zone of equalization is slightly reduced compared to that of
a narrowband equalizer operating at fU (=7 
= 1:8 cm at fU = 2700 Hz). The reason for
this is that the error level drops with increasing  and is signi cantly below ;10 dB at
the lowest frequency of interest.
 The formula (3) derived for a single-channel equalization system proves to be a fairly
good approximation even in a two-channel case. We can take this result as an indication
that increasing the number of channels used to get an exact inverse does not reduce
sensitivity to the source position changes, at least in the case (as in the example) where
the exact lters are of minimal length.
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V. Conclusions

Standard equalization techniques succeed in removing unwanted reverberation from the
signal received by a microphone, but only when the microphone and source have xed
positions. An open problem remained as to the robustness of such equalization if there
are uncertainities or variations in the positions of the source and microphone. As shown in
this paper, position changes on the order of one-tenth of the acoustic wavelength can cause
signi cant degradation in the signal at the output of such a xed equalization system. In
this connection, it was found that as long as diuse- eld conditions are met, the room size,
geometry, and reverberation time have no signi cant eect on the spatial extent of the zone
of equalization where more than 10 dB of reverberation reduction is obtained. Outside
of such a region, equalization is ineective and may actually have performance worse
than having no equalizer at all. These results put into question the value of attempting
equalization in all but environments with very short reverberation times.
Although the changes in equalized response have been quanti ed in this paper in terms
of mean-square deviation, it is dicult to draw any clear conclusion about the subjective
eects, i.e., the distortion levels that can be allowed without audible degradation. Finally,
the results of this paper should be taken with some caution at low frequencies, where the
diuse- eld model may no longer be a good approximation.
Appendix
Proof of Theorem 1

We use the following relation between the frequency domain Green's function (frequency
response function), Gf , and the complex sound pressure at some point in a room, Pf 21]:

Pf = ;jk cSf Gf

(17)

where factors and Sf , which will be de ned later in this Appendix, are independent of
the receiver location. Thus, we may write equation (2) in the form

e
Wf = E fj PPf ; 1j2g:
f
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This expression involves the assumption that the room response at the reference location
is perfectly equalized. We can expand (18) to give
)
( e e
Pf Pf Pef Pef
Wf = E P P  ; P ; P  + 1
(19)
f f
f
f
where the symbol  represents complex conjugate.
To calculate the expectation of each term in the sum in (19), we use the Taylor expansion 22], according to which if g is a function of random variables with mean values
E fxig = xi, i = 1 : : : n, then g(x1 x2 : : : xn ), which we write as g(x) for brevity, can
P
be expressed in the form: g(x) = g(x) + ni=1 gi0 (x)(xi ; xi) + g^(x), where g^ is a function
of order 2, i.e., all its partial derivatives up to the rst order vanish at (x1 x2 : : : xn).
Thus, to a 0th order of approximation, E fg(x)g = g(x).
Let us rst multiply and divide the second and the third term in (19) by Pf and Pf ,
respectively. With the de nition given above, we nd

E fPef Pefg E fPef Pfg E fPefPf g

Wf = E fP P g ; E fP P g ; E fP P g + 1:
f f
f f
f f

(20)

Pf = Pf d + Pf r

(21)

The total sound pressure at frequency f , at some point away from the source, may be
expressed as
where Pf d and Pf r are the direct and reverberant sound pressure components, respectively.
Under the same conditions as in the Section II, the direct and reverberant sound pressure
are uncorrelated at the point of observation and, therefore, all cross terms in the sum in
(20) will vanish, leaving only the following factors
E fPe Pe + Pe Pe g E fPe P  + Pe P  g
Wf 
= E fPf dPfd + Pf rPfrg ; E fPf dPfd + Pf rPfrg
fd fd
fr fr
fd fd
fr fr


e
e
; EE ffPPf dPPfd ++ PPf rPPfrgg + 1:
(22)
fd fd
fr fr
At this point we will de ne the ratio of the direct to the reverberant sound energy density 23], in the form equivalent to that given by (4):
  EEd = 16RS2(1 ;  )
(23)
r
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where R denotes the distance from the source to the observation point,  the average
absorption coecient, and S the wall area of the room. In (23), absorption in the air is
neglected for simplicity.
The reverberant- eld mean-square pressure can be de ned as
;  )
E fPf rPfrg = E fPef rPefrg = 4 c!(1
(24)
S 
where ! is the power of the acoustic source, and is the density of air in the room.
With (23) and (24), returning to (22), we nd
S 
+1
E fPef dPefdg 4 c!(1
;


)

Wf =
+1

E fPef rPfrg
S 
E fPef dPfdg 4 c!(1
+
;  ) E fPf rPfrg
;
+1
E fPf rPefrg
S 
E fPf dPefdg 4 c!(1
+
;  ) E fPf rPfrg
+ 1:
(25)
;
+1
Next we calculate E fPef dPefdg starting from the following equations: The free-space Green's
function is de ned as
1 ejkR:
gf = 4R
(26)
At a distance R from the source point, for a given source strength Sf , the direct sound
pressure is of the form 21]
Pf d = ;jk cSf gf :

(27)

Some distance r away from the equalization point, at an angle to the reference direction,
the sound pressure is given by

Pef d = ;jk cSf gef :

(28)

E fPef dPefdg = (k c)2jSf j2E fegf egf g:

(29)

We may write thus
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One further substitution is possible in equation (29) 21]

E fPef dPefdg = 4! cE fegf egf g:

(30)

The function egf in (30) can be de ned by using the cosine law
egf = 4(R2 + r2 ;1 2Rr cos )1=2 ejk(R2+r2;2Rr cos )1=2 :
(31)
Because all directions of the microphone displacement are assumed to be equally probable
over the solid angle, cos is distributed uniformly over the interval ;1 to +1, and the
expectation of egf gef can be found as:
Z1
d(cos )
1

E fegf egf g = 2 (4)2(R2 +
r2 ; 2Rr cos )
;1
 R + r 
= (4)122Rr ln  R
(32)
; r :

With (30) and (32), one obtains:

 R + r 
E fPef dPefdg = 4!Rc2 2Rr ln  R
; r :

(33)

E fPef dPfdg = 4!Rc2 sin(krkr) :

(35)

The limiting form for this solution (when r approaches zero) agrees with the basic equation
for the direct- eld mean-square pressure at a distance R from the omnidirectional sound
source.
Having determined the rst term in (25), we proceed with a similar mathematical analysis to determine E fPef dPfdg. In this case, we nd
Z 1 ejk(pR2+r2 ;2Rr cos ;R)d(cos )
1

p 2 2
E fegf gf g = 2
2
;1 (4 ) R R + r ; 2Rr cos
1 sin(kr)
= (4R
(34)
)2 kr
leading to

Finally, returning again to the expression (25), we utilize the well-known formula for the
normalized correlation function of the complex sound pressure amplitude at two points
separated by a distance r in space 24], 25]
E fPef rPfrg sin(kr)
(36)
E fPf rPfrg = kr :
DRAFT
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Because the second term in (25) turns out to be a real function of r, the same result must
be valid for the third term in (25).
These results can now be inserted in (25) to obtain an approximate solution to the
power of the error signal at single frequency.
Proof of Theorem 2

Equation (8) may be expanded to give

Ge Ge
Ge
Wf 
= E f Gf Gf (1 ; ")2 ; Gf (1 ; ")e;j
f f
f

e
; GGf (1 ; ")ej + 1g:
f

(37)

By an analysis analogous to that in the Proof of Theorem 1, one can conclude that
E fGef =Gf g = E fGef =Gf g. Thus, we may write

Gef Gef
2

Wf = E f(1 ; ") gE f G G g


f f

e

; 2E f(1 ; ") cos gE f GGf g + 1:
f

(38)

The " and  are independent random variables with mean value E f"g = E fg = 0 and
variances 2  1, "2  1. Because both " and  are assumed to be small, we can use a
series expansion to nd:

E fcos g 
= E f1 ; 2=2g = 1 ; 2=2:

(39)

Substituting this approximate expression into (38), and collecting the terms as in (3), one
obtains an approximate solution to the mean-squared error as given by (9).
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Fig. 1. Single-channel residual reverberant power as a function of displacement from the equalization
point, at frequency 2000 Hz. An individual, narrowband image model simulation of a room with
dimensions (6 4 5 4) m3, wall re ection coe cients 0 84, and direct-to-reverberant energy ratio
;8 4 dB (source-to-microphone distance = 3 m).
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Fig. 2. Single-channel residual reverberant power as a function of displacement from the equalization
point, at frequency 2000 Hz. Narrowband image model simulation (spatial average) of a room with
dimensions (6 4 5 4) m3, wall re ection coe cients 0 84, and direct-to-reverberant energy ratio
;8 4 dB (source-to-microphone distance = 3 m).
:

:

April 17, 1999

:

R

DRAFT

22

IEEE TRANSACTIONS ON SPEECH AND AUDIO PROCESSING, VOL. XX, NO. Y, MONTH 1999

20

simulation
theory
10

ERROR POWER (dB)

0

−10

−20

−30

−40

−50

0

0.05

0.1
0.15
0.2
0.25
0.3
0.35
0.4
MICROPHONE DISPLACEMENT (number of wavelengths)

0.45

0.5

Fig. 3. Single-channel residual reverberant power as a function of displacement from the equalization
point, at frequency 800 Hz. Narrowband image model simulation (spatial average) of a room with
dimensions (6 4 5 4) m3, wall re ection coe cients 0 9, and direct-to-reverberant energy ratio
;1 4 dB (source-to-microphone distance = 1 m).
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Fig. 4. Two-channel residual reverberant energy in the frequency range between 140 and 2700 Hz, as a
function of the source displacement. Broadband image model simulation (spatial average) of a room
with dimensions (6 4 5 4) m3, wall re ection coe cients 0 84, and direct-to-reverberant energy
ratio ;8 4 dB (source-to-microphone distance = 3 m, for both equalization points).
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