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Abstract Recently there has been a steep growth in

the development of kernel-based learning algorithms. The

intrinsic problem in such algorithms is the selection of the

optimal kernel for the learning task of interest. In this paper,

we propose an unsupervised approach to learn a linear

combination of kernel functions, such that the resulting

kernel best serves the objectives of the learning task. This is

achieved through measuring the influence of each point on

the structure of the dataset. This measure is calculated by

constructing a weighted graph on which a random walk is

performed. The measure of influence in the feature space is

probabilistically related to the input space that yields an

optimization problem to be solved. The optimization prob-

lem is formulated in two different convex settings, namely

linear and semidefinite programming, dependent on the type

of kernel combination considered. The contributions of this

paper are twofold: first, a novel unsupervised approach to

learn the kernel function, and second, a method to infer the

local similarity represented by the kernel function by mea-

suring the global influence of each point toward the structure

of the dataset. The proposed approach focuses on the kernel

selection which is independent of the kernel-based learning

algorithm. The empirical evaluation of the proposed

approach with various datasets shows the effectiveness of the

algorithm in practice.

Keywords Learning the kernels � Kernel methods �
Support vector machine � Kernel-PCA

1 Introduction

Kernel methods in machine learning have gained signifi-

cant attention in recent years. Supervised algorithms such

as support vector machine (SVM) [35] and kernel Fisher

discriminant analysis [26] as well as unsupervised algo-

rithms like kernel principle component analysis (kernel-

PCA) [30] and support vector clustering [3] have been

successfully used in various real-world applications. The

efficiency of these methods is highly dependent on the

choice of the kernel function. A kernel function performs

the inner product of two data points in a higher dimen-

sional space. Kernel functions are tools for non-lineariza-

tion of the algorithms through projection of data from the

input space to a higher dimensional Euclidean space called

the feature space. This projection is performed using a non-

linear mapping function. A kernel function allows a map-

ping of data to a higher dimensional space in which linear

analysis exhibits non-linear behavior in the input space.

Consequently, many of the existing learning algorithms

that depend only on inner products may be rewritten using

kernels, a method referred to as kernel trick. Specifically,

existing linear algorithms may be easily converted to a

kernel-based method using kernel trick. (Interested readers

may refer to [27, 32] for a comprehensive introduction to

kernel methods).

Formally, A kernel function k is defined as:

kðxi; xjÞ ¼ h/ðxiÞ;/ðxjÞi k : X � X ! R ð1Þ

where h. , .i denotes inner product operation. Mapping

function / : Rd ! H maps data points xi and xj
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non-linearly to Hilbert space H. The kernel function k

could be used in the construction of a n 9 n matrix:

K ¼ ðkðxi; xjÞÞij ð2Þ

The matrix K is called Kernel Matrix (or Gram Matrix) of k

with respect to x1; x2; . . .; xn 2 R
d. The kernel matrix K is

always symmetric and positive semidefinite.

In a kernel function k, the mapping function / gives rise

to the feature space in which the relation between data

points is defined as a linear combination of their features.

Consequently, it is implied that the kernel function defines

the local relation between a pair of points regardless of the

others in the dataset under study. An inner product also

corresponds to the cosine between two input vectors. The

angle between two vectors is used as the reference for their

similarity: a larger angle corresponds to smaller similarity

value. A good feature space defined by k is the one that best

determines the similarity of points for a specific dataset.

According to Mercer’s Theorem [4], any matrix may be

interpreted as the inner product in the feature space as long

as it is positive-definite, or conversely any positive-definite

matrix may be used as a kernel matrix. Following the

introduction of this theorem, a large number of kernels

have been formulated. Among them are variations of

parametric and non-parametric kernels. Some of the most

popular ones are kðx; x0Þ ¼ x>x0 (Linear kernel), kðx; x0Þ ¼
expð�jjx� x0jj2=2r2Þ (Gaussian kernel with bandwidth r)

and kðx; x0Þ ¼ ðx>x0 þ 1Þd (Polynomial kernel with degree

d) for two points x and x0. Each of the positive semidefinite

kernels specify a unique predefined / and a corresponding

feature space H.

Generally, the selection of an appropriate kernel for a

given dataset is a tedious. In addition to the kernel selection

problem, the determination of optimal parameters (referred

to as hyper-parameters) for a given parametric kernel is also

challenging (e.g. Gaussian and Polynomial kernel intro-

duced earlier). These two issues are among the most crucial

aspects of model selection in kernel-based algorithms.

Recently, a new trend of research in machine learning called

learning the kernel has emerged that aims to solve the

aforementioned problems. This class of methods seeks to

infer the kernel function/matrix from the data.

In this paper, we propose a solution for the kernel

selection problem. The proposed approach produces a

positive-definite kernel such that the feature space it gen-

erates best specifies similarity of the points for the dataset

at hand. In an unsupervised setting, where no additional

information about the dataset in consideration is unavail-

able, it may be beneficial to consider the structure of the

entire dataset to derive a similarity measure based on the

influence of a given point to all the other points. This is

because similarity is a relative measure and is context-

dependent. As an example in real-world, similarity in a

group of students may have more emphasis on the gender

while in other group may refer to the field of study.

The organization of this paper is as follows: In the

proceeding section, the problem of kernel selection and its

related works will be presented. The proposed approach

will be detailed in Sect. 3. The discussions about the

approach are presented in Sect. 4. The empirical evaluation

of the algorithm on several datasets is provided in Sect. 5.

Lastly, Sect. 6 presents the conclusion.

2 Learning the kernel

The most important aspect of model selection in kernel

methods is the formulation of the kernel function. The

kernel function is used as the generalized inner product of

the points in a higher dimensional space which amounts to

the similarity between those points in the input space. One

of the promising methods of determining the optimal ker-

nel for a given dataset is by learning it. This notion of

learning the kernel formulation has spawned a new line of

research in kernel-based machine learning. Finding such

kernel is a challenging problem, because, the kernel

implicitly represents the inner product in the feature space;

hence, the mapping function that projects data to the fea-

ture space cannot be directly defined or accessed for

analysis. However, it is possible to evaluate the kernel

function based on other criteria such as defining the opti-

mality conditions over the structural representation of data

in the feature space or assessing the performance of the

chosen kernel-based learning algorithm with the selected

kernel.

The problem of learning has been traditionally solved

using cross-validation [9]. It is the simplest and most

commonly used method for learning the kernel. Cross-

validation generally consists of testing a supervised

algorithm with a range of possible kernels and hyper-

parameters on a subset of training examples. Subsequently,

the kernel and its corresponding hyper-parameters that

produced the best average results are selected. Several runs

of training and testing cycles are required to obtain a good

result, which may not be viable for large datasets. Needless

to say, cross-validation is limited to just a few kernels and

hyper-parameters, and most notably it is not applicable to

unsupervised algorithms.

The shortcomings of cross-validation in the context of

learning the kernel have motivated researchers to propose

various methods to infer kernel function/matrix from

training data. Various approaches have been proposed to

address the related issues in learning the kernels such as

hyper-parameter selection [41] and construction of an

appropriate kernel matrix [22, 38] to name a few. If ade-

quate labeled examples are available, then one may use the
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notion of kernel alignment [8] that measures the similarity

between two semidefinite matrices. The kernel alignment

measure can be used to assess the efficiency of the con-

structed kernel in an iterative method as in [8, 15]. A

similar method has also been used in [16], in which a

kernel matrix is optimized using the Gram-Schmidt opti-

mization method.

As discussed earlier, kernel function is a representation

of the inner product of mapped data points in the feature

space. The mapped points in the feature space form a

Riemannian manifold. Using the Riemannian metric, a

conformal transformation of the kernel has been proposed

by Amari [1]. Amari’s approach is one of the earliest

attempts to improve the kernels for SVM via direct mod-

ification of the mapping function. Conformal transforma-

tion of the kernels, as proposed by Amari, was adapted in

[39] to improve the kernel functions through kernel dis-

criminant analysis criterion in the feature space.

Apart from the aforementioned methods, several other

approaches formulated the objective of learning the kernel

as a convex optimization problem. Regularization of the

kernel functions inferred from the Reproduction Kernel

Hilbert Space (RKHS) results in the objective functions in

the convex optimization form [17, 25]. The pivotal aspect

in regularization is the choice of the loss function which

identifies the convexity of the objective function. Lanckriet

et al. [22] proposed the use of a linear combination of base

kernels to construct the optimal kernel matrix in soft/hard

margin classifiers. The kernel matrix of the combination of

base kernels is constructed from training and test data in a

transductive setting using semidefinite programming.

Semidefinite programming [20] is a newly proposed class

of convex optimization methods, which is specifically

designed to solve problems with constraints on positive

definiteness of the results. Another method that used

semidefinite programming to learn the kernel was proposed

by Weinberger et al. [36, 38]. Unlike Lanckriet’s method

that necessitates the availability of labeled examples,

Weinberger’s method is unsupervised and specifically

aimed for dimensionality reduction. In conformance with

other non-linear dimensionality reduction algorithms that

seek to preserve a specific aspect of dataset, Weinberger’s

algorithm maintains the local distance between the data

points to learning a kernel in the kernel-PCA. There are

other similar unsupervised methods for kernel learning

typically concentrated on manifold learning and dimen-

sionality reduction [13, 31].

The combination of kernels used in [22] was extended by

Bach et al. [2] to an algorithm called multiple kernel

learning (MKL). The formulation of MKL is embedded into

SVM such that kernel selection and learning the model are

jointly performed. The integration of MKL within SVM

leads to a mew supervised learning algorithm that

consequently cannot easily be utilized for other problems.

In MKL, each kernel learns from a distinct data source,

which makes this approach more suitable for cases where

fusion of data is required. This method has been extended in

[29] to the cases where new formulation of learning algo-

rithm (SVM) is not required. In this method, authors con-

sidered a gradient-based wrapper on the well-known

implementation of SVM. On the contrary, a variation of

MKL, referred to as composite kernel learning [23], focuses

on learning the kernel function from a single data source.

In addition to the methods that solely consider labeled

information, preserving the intrinsic geometric structure of

data has also been recently used to improve the perfor-

mance of the kernels. Among these methods, heat or dif-

fusion kernel [18] and graph Laplacian kernel [14] are the

data-dependent kernels built from scratch using training

data. Other methods [19, 31, 42] also select an optimal

kernel, such that it has the highest compatibility with the

structure of the dataset. The significance of these methods,

as discussed earlier, is that the optimal kernel obtained is

specialized in distinguishing the similarities particularly for

the dataset at hand.

Although each of the aforementioned methods has

reported success in the specific problem for which they

have been designed for, they may not be easily adaptable to

other problems. In addition, in most of the aforementioned

methods, there are parameters to be determined in prior.

Therefore, we propose an approach to learn the kernel that

is not dependent on a specific problem or learning algo-

rithm. Our approach is an unsupervised algorithm that is

formulated and explored in two different settings of convex

optimization obtained from two methods that we examine

for combining the base kernels. The details of the proposed

approach will be discussed in the subsequent section.

3 Methodology

In general, to learn the kernel, we seek to find the optimal

feature space such that the inner product of the points in

that space best defines the similarity between the pairs of

points in the input space. In order to find such feature

space, one has to define the mapping function that is

dependent on the nature of the problem and the charac-

teristics of the underlying data (that may not be known

a priori). This mapping function is implicitly defined in a

kernel. In addition, a given kernel function defines the

relationships between two points within a unique feature

space. Therefore, instead of finding the corresponding

mapping function, one may find the optimal positive-defi-

nite kernel to define the feature space of choice. Formally,

given an unlabeled dataset X ¼ fx1; x2; . . .; xn 2 R
dg, we

search for H� as the optimal feature space:
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/� : X ! H�; j�ðxi; xjÞ ¼ h/�ðxiÞ;/�ðxjÞi ð3Þ

where j� is the optimal kernel function (or matrix K�
accordingly). To obtain j�, we propose an unsupervised

approach that uses the intrinsic characteristics of the

dataset to learn the optimal kernel. In other words, the

optimality of the ultimate feature space is determined based

on its intrinsic structure. These intrinsic characteristics of

the dataset are captured by measuring the influence of each

point in the input space and reflecting it in the feature

space. In this case, if the influence of data points on the

structure of the dataset is calculated, it is used to determine

the relationship between data points. The influence of

points in the input space and the feature space are there-

after probabilistically determined, i.e. the intrinsic structure

of the dataset in the feature space is dependent on the

structure of the input space determined by the measure that

we will introduce. Consequently, the linear combination of

the data points in the feature space is inferred from the

input space which intuitively amounts to inferring the local

relation from a global perspective.

Therefore, in the proposed algorithm, we initially cal-

culate the influence of each point on the dataset, which we

use subsequently to guide the learning of j�. We model the

dataset as a graph and perform random walks [24, 33] to

calculate the influence of each point in the dataset as

detailed in Sect. 3.1. To perform random walks, the dis-

tance metric is defined in the input and feature space. In our

case, the Euclidean distance is used, and its definition in the

feature space is described in Sect. 3.2. After obtaining the

measure of influence, the optimal kernel is obtained

through a linear combination of the base kernel functions.

The justification is provided in Sect. 3.3. As it will be

shown, the linear combination of kernel functions could be

regarded as a concatenation of various feature spaces that

ultimately produces H�. Finally, the optimal combination

of kernels is determined through an optimization problem

that will be discussed in Sect. 3.4.

3.1 Determining structure of a dataset through random

walks on the graph

In order to determine the influence of each point in the

dataset, we define a probability space ðD; C; lÞ. In this

space, l is the probability measure defined on the dataset D
and C is the sets of events, i.e. the connectivity between the

points. The probability measure l is the notion that we

interchangeably use to indicate the influence of each point

in the dataset D.

To determine the measure l for each point in the dataset

D, we represent our dataset as a weighted graph. In this

representation, each data point corresponds to a vertex

fv1; v2; . . .; vnjvi 2 Dg and each edge between vi and vj in

the graph is weighted with a function w(vi, vj) that satisfies

[21]:

1. Matrix W = (w(vi, vj))ij is symmetric, i.e. W ¼ W>.

2. Function w satisfies w(vi,vj) C 0.

We also introduce d(vi) to denote the degree of a node in

the graph as:

dðviÞ ¼
Xn

j¼1

wðvi; vjÞ: ð4Þ

Having defined w and d, the probability of transition

between node i and node j at timestamp s is denoted by ps.

That is, we define how probable it is to select node j while

at node i. Thus, p1 is calculated as:

p1ðvi; vjÞ ¼
wðvi; vjÞ

dðviÞ
: ð5Þ

It is clear that the following holds:

Xn

j¼1

psðvi; vjÞ ¼ 1: ð6Þ

By considering P as the transition matrix constructed

from p1 for all vertices, one may calculate the transition

matrix in successive timestamps (P is a Markov matrix).

By treating this model as Markov Chain of the consequent

probabilities of walking from one vertex to another in

Eq. (5), the matrix of proximities Ps at s could be obtained. As

s increases, the local geometry information is propagated

and accumulated to obtain the global characterization of a

graph.

Furthermore, a similar formulation has been used in the

diffusion maps [7, 21, 28]. It is shown that the probability

ps induced from each timestamp t may be used to define a

diffusion distance between the points:

D2
sðvi; vjÞ ¼ jjpsðvi; :Þ � psðvj; :Þjj21=lð:Þ ð7Þ

Diffusion distance between two points reflects the con-

nectivity in the graphs, where larger distances imply higher

probability of transition between those points.

Since increasing the value of s reveals the global

characteristics of the dataset, we are specifically inter-

ested in the probability values where s ? ?. To cal-

culate this probability, we define the vector u such that

u = uP. The vector u is, in fact the left eigenvector of

the transition matrix P, where the eigenvalue is 1. As the

graph is connected, from the definition of u, it is clear

that:

lim
s!1

Ps ¼ 1u ð8Þ

where 1 is the column vector of length n with all the entries

equal to 1. The following also holds for each entry of u:
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lim
s!1

psðvj; viÞ ¼ ui: ð9Þ

In this equation, ui is called the stationary distribution of vi

mainly in the parlance of random walks. The value of ui is

given by:

ui ¼
dðviÞPn
j¼1 dðvjÞ

: ð10Þ

Hence, ui is dependent on the degree of vi. If w is a shift

invariant kernel function referring to the similarity of

points, ui is equal to the Parzen Window which estimates

the density of the respective point [28].

Stationary distribution of each point has the highest

potential to reveal the intrinsic structure of a dataset.

Hence, we use the stationary distribution of each point to

denote the influence of that point in the dataset. In case w is

a similarity function, a larger ui yields greater influence on

the structure of the graph. In the proposed approach, we use

the Euclidean distance between two points as function w.

When the Euclidean distance is used for w, ps shows the

probability of node i not transiting to node j. In other

words, omitting a point with smaller value of ui influences

the connectivity, and consequently, the structure of the

graph more strongly than the points with larger value of ui.

A point with smaller ui is in close proximity to other points

in the graph; therefore, it could be inferred that it is posi-

tioned in a dense area. In the definition of l, we use ui

subject to the use of distance function in calculation of d.

Therefore, l is defined as:

lðviÞ ¼ 1� ui ¼ 1� dðviÞPn
j¼1 dðvjÞ

: ð11Þ

3.2 Euclidean distances and kernels

Kernel functions could be used to define distances between

two points. As described, /(x) is a nonlinear mapping to

the feature space. Therefore, the Euclidean distance

between two points could be defined between the mapped

points in the feature space, i.e.:

Dij ¼ jj/ðxiÞ � /ðxjÞjj ð12Þ

which could easily be shown to be equal to:

D2
ij ¼ Kii þ Kjj � 2Kij ð13Þ

where Dij is the n 9 n matrix of the distances between the

points i and j in the feature space. This equation implies

that kernel functions may be used to infer the distance

between points.

Specifically, the Euclidean distance is considered in this

paper because it produces a simple representation in the

feature space. As it is shown in Eq. (13), this distance in the

feature space is easily calculated based on the kernel value

obtained from the respective feature map. Furthermore, the

Euclidean distance induced from the feature space is defined

linearly on the kernel function which leads to a desirable

formulation of the ultimate optimization objective of the

proposed approach. Additionally, the Euclidean distance is a

nonparametric shift invariant metric which does not need any

value to be determined before being used.

It is also worth stressing that inferring distances from

kernel functions may generally be seen as introducing a

nonlinear metric. However, the problem of defining a

kernel function is more generic than finding an appropriate

distance metric, as different kernel functions may produce

similar metrics [5]. Therefore, the proposed approach in

this paper may be applied in the learning algorithms that

depend heavily on the distance metrics between data points

for their computation.

3.3 Combination of kernels

Linear combinations of kernel functions have recently been

used as the basis for the introduction of new kernels. Each

kernel in the combination has a specific mapping and a

geometric representation in the Hilbert space yielding

various characteristics. For example, the linear kernel is

considered to assess the similarity between the points, even

if they are located far from each other, while the Gaussian

kernel is well-suited for assessing points in proximity. In a

combination, each kernel could represent a set of features

in which summation corresponds to their fusion. Therefore,

by combining several mapping functions a feature space

that best serves one’s goals could be found.

Formally, the combination of kernels is a set of linear

summation of b base kernel matrices defined as:

GðKÞ ¼ KjK ¼
Xb

‘¼1

a‘K‘ 8a 2 R

( )
ð14Þ

Correspondingly, kernel function j is obtained from a

linear combination of base kernel functions k‘ (from which

kernel matrix K‘ is obtained) as

jðxi; xjÞ ¼
Xb

‘¼1

a‘k‘ðxi; xjÞ 8a 2 R ð15Þ

Each kernel function j could be interpreted as concatenation

of various feature spaces defined by base kernels:

jðxi; xjÞ ¼ ha1/1ðxiÞ;/1ðxjÞi
zfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflffl{a1k1

þ ha2/2ðxiÞ;/2ðxjÞi
zfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflffl{a2k2

þ � � �

¼

a1/1ðxiÞ
a2/2ðxiÞ

..

.

0
BB@

1
CCA;

/1ðxjÞ
/2ðxjÞ

..

.

0
BB@

1
CCA

* +
ð16Þ

In the set GðKÞ; a‘ weighs each of the base kernel

matrices K‘ with respect to the others. In general, two

Neural Comput & Applic (2011) 20:703–715 707

123



assumptions could be made for the base kernels. In the first

case, each kernel is dedicated to a set of distinct feature sets

obtained from heterogeneous data sources. Thus, each base

kernel is assumed to be suitable for a specific data source.

In the second case, the base kernels are presumed to be

suitable for the problem at hand, i.e. these kernels could be

among those that have given good results for similar

problems. Hence, all base kernels utilize a single data

source. Our approach is in line with the latter case. It

should be noted that we do not impose any constraints on

the type of base kernels; thus, they could consist of the

same kernels with varying parameters. Specifically, in this

paper, we focus on the following two subsets of GðKÞ:

– Affine combination of kernels: the affine combination of

the base kernels is defined as:

K ¼ K 2 GðKÞ;
Xb

‘¼1

a‘ ¼ 1

( )
: ð17Þ

In general, the subspace obtained from the affine combi-

nation of positive-definite matrices in GðKÞ is symmetric;

therefore, it is required to constrain the resulting optimal

kernel to satisfy the positive-definiteness condition of a

kernel matrix.

– Convex combination of kernels: the convex combina-

tion of the base kernels is:

K ¼ K 2 GðKÞ;
Xb

‘¼1

a‘ ¼ 1; a‘� 0

( )
: ð18Þ

In this case, the set GðKÞ is always positive-definite;

therefore, the search space to find the optimal kernel is

smaller.

In the kernel combinations, we consider in this paper,

each of the base kernel matrices K‘ is normalized according

to the normalization formula [10]:

ðK 0‘Þij ¼
ðK‘Þijffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðK‘ÞiiðK‘Þjj

q : ð19Þ

Normalization of base kernels deters one kernel from

dominating the final result in the optimal solution.

3.4 Learning the kernel through influence

determination

The proposed approach is formulated as a parametric

algorithm that seeks to determine the optimal combination

of base kernels. In other words, the objective is to find the

vector a ¼ ½a1; a2;. . .;am�> which are the coefficients of the

linear combination of base kernels.

As described earlier, the optimal mapping function /�

obtained from the combination of base kernels gives rise to

the optimal kernel function j� and vice versa. We denote

two sets X ¼ fx1; x2; . . .; xng and U ¼ f/�ðx1Þ;/�ðx2Þ;
. . .;/�ðxnÞg as the sets of points in the input and feature

space, respectively. The probability of each point /�ðxiÞ
being placed in the correct position in the feature space

could be written as a mixture of m distributions, i.e.:

pð/�ðxiÞÞ ¼
Xm

c¼1

pðcÞpð/�ðxiÞjcÞ ð20Þ

in which pð/�ðxiÞjcÞ is an independent distribution. In this

case, the probability density is marginalized over

parameter c. The probability of c denoted by p(c) is

called the mixing coefficient and can be interpreted as the

prior probability of points in U given c. In general, Eq. (20)

always holds for a given m. In this paper, we consider

m = n denoting the assumption that each point is

dependent on parameter c. By using Bayes theorem, for a

given /�ðxiÞ, we have:

pðcj/�ðxiÞÞ ¼
pðcÞpð/�ðxiÞjcÞPn
j¼1 pðjÞpð/�ðxiÞjjÞ

: ð21Þ

We specify pð/�ðxiÞjcÞ with respect to the probability

space ðU; C; lÞ as:

pð/�ðxiÞjcÞ ¼
1� dð/�ðxiÞÞPn

j¼1
dð/�ðxjÞÞ

if i ¼ c

0 if i 6¼ c:

(
ð22Þ

This equation could be interpreted as an extreme case of

Gaussian distribution that could be further simplified as:

pð/�ðxiÞjcÞ ¼ dcilð/�ðxiÞÞ ð23Þ

where dci is the Kronecker delta. This value determines the

probability of parameter c for a given point in the feature

space. Moreover, from Eqs. (21) and (23) we have:

pðcj/�ðxiÞÞ / pðcÞdcilð/�ðxiÞÞ ð24Þ

In order to determine the utmost probability for each

point, we maximize the conditional probability pðcj/�ðxiÞÞ
as:

maximize
Xn

i¼1

Xn

c¼1

pðcÞdcilð/�ðxiÞÞ ð25Þ

It should be noted that the proposed approach is in the

contrary to the well-known maximum likelihood paradigm

where the learning algorithm is formulated as a single

probability density function, and the objective is to

maximize the joint probabilities of each feature in that

distribution. In Eq. (25), we formulate the objective of the

proposed approach to include several independent

probability distributions whose union we intend to

maximize. In other words, the probability that each point

is placed in its correct position is identified as an event

whose occurrence we seek to maximize.
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To be able to maximize (25), we set p(c) to be the

stationary distribution of xc in the input space, i.e.

p(c) = l(xc). Consequently, a point that has a larger

influence in the input space will be given higher chance to

be assigned to its correct position in the feature space, or

conversely, it needs to be moved lesser.

Therefore, using Eqs. (24) and (11), the objective of the

proposed approach is formulated in an optimization that

searches for an optimal a:

maximize
a

ð1� uÞ>ð1� u�Þ ð26Þ

where u� is the vector constructed from stationary

distributions of each point /�ðxiÞ in the feature space

according to Eq. (10). Thus, we can write each entry u�i as:

u�i / dð/�ðxiÞÞ ð27Þ

where d from Eqs. (4) and (13) in the feature space is:

dð/�ðxiÞÞ ¼
Xn

j¼1

Dij ¼
Xn

j¼1

K�ii þK�jj � 2K�ij

¼
Xb

‘¼1

a‘
Xn

j¼1

ðK 0‘Þii þ ðK 0‘Þjj � 2ðK 0‘Þij

¼
Xb

‘¼1

a‘
Xn

j¼1

ðB‘Þij ð28Þ

where B‘ is the matrix of distances of ‘th normalized base

kernel.

Consequently, Eq. (26) could be simplified as:

maximize
a

ð1� uÞ>ð1� u�Þ ) maximizeaðu� 1Þ>u�

) maximizeaðu� 1Þ>D

ð29Þ

where it can be further simplified as:

maximize
a

�
Xb

‘¼1

a‘
Xn

i¼1

Xn

j¼1

ð1� ujÞðB‘Þij ¼ �a>s ð30Þ

In this equation, s can be interpreted as a column vector

with size b of weighted sum of the distances obtained from

each of the base kernels. Consequently, the value that has

to be optimized is in fact a linear combination over a. To

solve this optimization problem, we consider two cases

based on the types of kernel combinations that we

discussed earlier:

1. Affine combination of base kernels: The main issue in

this case is the constraints that must be considered on

the kernel matrix to be positive definite. Therefore, the

objective of the proposed approach in affine combina-

tion of kernels is formulated as an instance of semidef-

inite programming. Semidefinite programming searches

for the optimal solution in the intersection of the

semidefinite cone and the affine constraints. In other

words, the goal is to optimize a linear function of

positive semidefinite matrices subject to linear con-

straints. In this way, the optimization is convex;

therefore, it does not suffer from local optima.

minimize
a

a>s

subject to
Pb

‘¼1

a‘K 0‘

� �
� 0

1>a ¼ 1

ð31Þ

2. Convex combination of base kernels: In this case, the

search space is limited to the positive-definite

matrices; thus, the optimization could be solved

easier than semidefinite programming. Hence, the

optimal kernel could be obtained from the following

linear programming problem:

minimize
a

a>s

subject to 1>a ¼ 1; a� 0
ð32Þ

The solution to the above-mentioned optimization, in fact,

lies in the intersection of the conic combination of a (in the

objective function) and the hyperplane obtained from the

affine combination of a.

It should be noted that one could describe the proposed

approach as determining a weighted consensus of the base

kernels. The consensus in the feature space is achieved using

the guidance of the influence of points in the input space.

4 Discussion

The intuition of the approach, described in the previous

section, could be expressed differently. We compute the

stationary distribution of each point ui (which corresponds

to the influence of each point) in the input space and reflect

this value in the feature space such that those with smaller

ui remain in dense areas. This indicates increasing the

density of such points in the feature space which have

higher influence on the structure of the dataset. That is,

maximization of a>s increases the distances between each

pair of the data points according to their contribution to the

structure of the dataset in the input space. It should also be

noted that as indicated in Eq. (6),
Pn

j¼1 u�j ¼ 1, thus,

maximizing Eq. (26) naturally decrease u�i in the dense

areas. This could also be justified by the diffusion distance

in Eq. (7) where the point with smaller differences in ui in

the graph, are more strongly connected. Keeping the points

with small ui in proximity creates a dense area through

which the other points are connected.

As an example consider two distinct points x1 and x2 in

the dataset, each with stationary distributions u1 and

u2, respectively. Assuming u1 [ u2 indicates that x2 is
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contributing more to the dataset than x1. However, maxi-

mizing their distances in the feature space would increase

the distances between /�ðx1Þ and other points more than

/�ðx2Þ i.e. K�1j [K�2j. Furthermore, if u1 and u2 are small

with respect to other points, they will be less stretched

apart while the points with larger ui will be pushed away.

Thus, points with less influence on the mapped dataset

would scatter in less dense areas that have less effect on the

decision-making processes.

Having the influential points concentrated in the dense

areas, it is expected that the proposed approach outper-

forms the existing kernels specifically in maximum margin

algorithms and dimensionality reduction. Variations in the

maximum margin algorithms, either for classification or

clustering, find a separating hyperplane in the area with

lower density. Our approach seeks to find the influential

points in the dataset and keep them in the dense areas,

while allowing the rest of the points to scatter around

according to their probability of transition. Therefore,

similarity between the points is highly dependent on those

with smaller stationary distribution. Similarly, this

approach is justified for kernel-based dimensionality

reduction algorithms like kernel-PCA. Kernel-PCA seeks

to extract nonlinear principle components in the dataset.

Hence, concentrating on the points with higher influence on

the dataset will increase the possibility of finding an

intrinsic pattern in feature space. Our empirical evaluation

on SVM and kernel-PCA proved the effectiveness of the

derived kernel from the proposed method.

5 Experiments

In this section, we present the empirical results obtained

from applying the proposed approach to various datasets.

In general, one must go through the following stages to

obtain the optimal kernel: first, the normalized base kernel

matrices Kc

0
, the vector u and correspondingly s from the

dataset are constructed. In the next stage, the optimization

problem in Eq. (31) or (32) is solved. The optimization is

performed using CVX. CVX is a package for specifying and

solving convex programs implemented in Matlab [11, 12].

Finally, the coefficients of the optimal kernel obtained

from the optimization process, is tested in the target kernel-

based algorithms.

In order to show the effectiveness of the proposed

approach, three experiments are performed. In the first

experiment presented in Sect. 5.1, we illustrate the effec-

tiveness of the optimal kernel obtained from the proposed

approach in highly similar images. This experiment is

performed to examine how the optimal kernel obtained

from the proposed approach is able to discriminate the

input features that may be highly similar. It is expected that

a good kernel returns close values for similar images, while

the distinctions between them are well-reflected in a spe-

cific dataset. In the second experiment, in Sect. 5.2, we

illustrate the results of applying the optimal kernel to an

unsupervised algorithm, i.e. kernel-PCA, for dimensional-

ity reduction. A good kernel will capture the most valuable

components of the data better, to evaluate the results of

kernel-PCA. We assess the data obtained from kernel-PCA

in k-nearest neighbor classifier (KNN) to be able to com-

pare the results. In the last experiment in Sect. 5.3, the

results of applying the proposed approach in a supervised

algorithm, i.e. SVM, are illustrated. The best kernel is

considered to be the one with higher accuracy in SVM. As

it will be shown, the results of the optimal kernel are

comparatively better than each of the base kernels in var-

ious cases.

5.1 Optimal kernel from highly similar images

In the first experiment, we test the ability of the optimized

kernel to differentiate highly similar images. The teapot

dataset from Weinberger and Saul [37] is used to run this

experiment. This dataset originally consists of RGB-col-

ored images of size 76 9 101 and consists of images of a

teapot captured from various angles as it is rotated through

Fig. 1 This figure illustrates the images of 12 teapots captured consecutively used in the experiment in Sect. 5.1
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360 degrees on its base. We select 12 consecutive images

from this dataset as illustrated in Fig. 1, and it is quite

evident that the images look very similar to each other.

Generally speaking, this poses a challenge to any learning

algorithm which aims to differentiate each of these images.

Subsequently, we construct three different base kernels,

namely, the linear, Polynomial and the Gaussian kernels

and the distance matrix as illustrated in Fig. 2a–c as col-

ored block images. It should be stressed that the Gaussian

kernel’s bandwidth is selected manually to be two signifi-

cantly different values. For the polynomial kernel, we set

the degree parameter to 2. Having decided on three base

kernels, the optimal kernel is constructed using the pro-

posed approach, and the resulting matrix is illustrated in

Fig. 2d. In the matrix visualization depicted in Fig. 2, the

points with similar colors have closer value in the kernel

matrix. As it can be clearly inferred from Fig. 2, although

the object in the images differs in terms of viewpoint, this

diversity has not been captured well by the base kernels,

while the kernel constructed by the proposed method is

able to clearly differentiate these images. This ability is

reflected in the colored matrices shown in Fig. 2d where

similar images are shown in similar colors. In general, it is

expected that a good kernel function will return very close

values for similar points and also shows the difference

between the data points. Two eigenvectors corresponding

to two largest eigenvalues of each of the kernel matrices

are plotted in Fig. 3. As expected, highly influential points

are grouped closer together by virtue of their similarity and

points that are of lesser influence appear scattered apart.

5.2 Dimensionality reduction for face recognition

The formulation of an unsupervised method to learn the

kernel paves the way for the use of the proposed approach

in any of the kernel-based learning algorithms, which

requires no labeled data to be made available. To test our

unsupervised approach, we selected kernel-PCA as one of

the possible learning algorithms that could be considered.

Kernel-PCA is a nonlinear dimensionality reduction

technique that has recently been proposed which tries to

find a nonlinear projection of data that maximizes its

variance.

As the dimensions of the face images are large, and

many of the neighboring pixels have similar intensities,

dimensionality reduction, in general, and kernel-PCA, in

particular, had been used in face recognition problems [40].

In our experiment, we use the Carnegie Mellon PIE face

dataset [34] as shown in Fig. 4. A subset of images in the

dataset is selected and used to derive the optimal kernel,

which is later used within the kernel-PCA. The feature

vector of the images is constructed from raw pixel intensity

values. Kernel-PCA is used to project the data to lower

dimensions. Subsequently, the projected examples in the

dataset are used to train the KNN classifier with neigh-

borhood size 5. The result of the classification of the

Fig. 2 The matrices constructed from different kernels are illustrated.

In (a) and (b), Linear and Polynomial kernels are illustrated,

respectively. The matrix of Euclidean distances is also shown in

(c). Having the base kernels and the Euclidean distance between

points, the proposed algorithm is used to construct the matrix shown

in (d). The color of each entry in this matrix is based on the kernel

value obtained from respective row and column. Similarity in colors

shows closeness of their kernel values

Fig. 3 In this figure, two eigenvectors corresponding to the largest

eigenvalues are plotted. Some of the points are accompanied by their

corresponding images. As it could be seen, some images remain

closer to the center. These are images with higher influence
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images is shown in Table 1. In this table, L stands for

linear kernel and P denotes polynomial kernel. G1 and G2

indicate the Gaussian kernel with bandwidth 10000 and

150000, respectively. The combination of kernels is dem-

onstrated using the concatenation of initial letters. Number

of images used to derive the optimal kernel is shown in the

first column. In the second column, various target dimen-

sionalities are given. In other columns, the percentage of

correct classification obtained from applying KNN to the

dataset of reduced dimensions is shown. The results show

that the proposed approach achieves better results from

KNN, especially with smaller training examples. It can also

be observed that the number of base kernels and their initial

values influence the optimal kernel.

5.3 Text classification

In the last experiment, we evaluate our approach in a text

classification task. We select 20-newsgroup dataset col-

lected from 20 different newsgroups represented in 26214

size feature vectors.1 The data is classified into 20-news-

groups, each corresponding to a different topic. For the

purpose of this classification, we use C-SVC setting in Java

implementation of LibSVM [6]. To have an equal setting

for all our experiments, we set parameter C in C-SVC to its

default value of 1.0. To build a training set for binary

classification, we select different number of examples from

the same class and assign a positive class value ?1 to them.

The negative training examples are also randomly selected

from the other classes. Similarly, we create a test set from

examples that are not selected in the training set. The

accuracy of SVM with various kernels are shown in

Table 2. As it is generally expected for text classification,

performance of the linear kernel is comparatively better

among the base kernels. In Table 2, the columns labeled as

‘‘Affine Comb.’’ and ‘‘Convex Comb.’’ present the accu-

racy of running SVM using the optimal kernel obtained

from the proposed approach which corresponds to the

affine and convex combination of base kernels, respec-

tively. It is clear that in most of the cases, the accuracy of

using the affine combination of base kernels outperforms

other kernels in case of text classification. As it is shown in

Table 2, if the base kernels are selected appropriately the

result of the kernel optimization proposed in this paper is

noticeably better. It may be noted that in cases where a pair

of kernels is used, the overall performance is improved,

even if one of the base kernels produces inferior results.

Ultimately, the comparison of accuracy results of running

SVM using various kernels (convex or affine combination

and the default which refers to the base kernels) is shown in

Fig. 4 Several sample images from two different classes in PIE

Table 1 In this table, the accuracy (%) of classification using the low-dimensional representation of the face images using kernel-PCA is

illustrated

Ex. Dim. L P G1 G2 Affine comb. Convex comb.

LP LG1 LPG1 LPG2 LPG1G2 LP LG1 LPG1 LPG2 LPG1G2

50 20 77.33 86 50 57.33 90.67 90 92 93.33 93.33 86 77.33 86 86 86

30 90 92 50 58 92 77.33 92 92 93.33 92 90 90 90 90

40 92 92.67 50 67.33 92 92 92 92 92 92.67 92 91.67 91 91.33

100 20 86 96 50 68 97.33 86 96.67 97.33 97.33 96 86 96 96 96

30 95.33 96.67 50 68.67 96.67 95.33 97.33 97.33 97.33 96.67 95.33 96.67 95.33 95.33

40 96.67 96.67 50 66 97.33 96.67 97.33 97.33 97.33 96.67 96.67 96.67 97.33 97.33

150 20 44 46.67 25 27.67 47 44 45.33 44.6 44.67 46.67 44 46.67 45 45

30 47.33 47.67 25 27.67 49.33 47.33 49.33 49 49 46.67 47.33 47.67 47 47.67

40 49 49.33 25 27 49.33 49 49.67 48 48.67 49.33 49 49.33 50 50

In columns labeled by ‘‘Affine comb.’’ and ‘‘Convex comb.’’, the accuracy of the optimal kernel obtained from the proposed approach in two

respective settings are presented. The best results in each row are bolded

1 Available at: http://www.people.csail.mit.edu/jrennie/20Newsgroups/.
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Fig. 5. It may be observed that in the task of dimensionality

reduction, the optimal kernel obtained from both settings of

the proposed approach significantly outperforms the base

kernels. However, in case of text classification using SVM,

the convex combination of base kernels does not generally

produce as accurate results as base kernels. This can be

explained if we consider the efficiency of the linear kernels in

evaluating the text contents. In spite of this, the affine com-

bination of base kernels provides very good accuracies in

text classification task.

The average time required to find the optimal kernel for

given dataset is shown in Table 3. This average time is

computed over 4 repetitions of the optimization algorithm

using 2.66 GHz Core 2 Duo PC with 4 Gb RAM. In each

column, the number of base kernels and in each row the

number of training examples and corresponding optimiza-

tion setting is shown. As expected, increasing the number

of base kernels or training examples proportionately

increases the time required to obtain the optimal kernel. In

general, it can be seen that our approach is relatively fast. It

is to be noted that the time required for computation can be

significantly improved by using compiled languages or

faster computers.

6 Conclusion

In this paper, we proposed a parametric approach to learn

the kernel function that seeks to find a mapping to the

feature space, with an emphasis on the influence of

intrinsic characteristics of the dataset in the feature space.

The global intrinsic of the dataset is reflected in terms of

Fig. 5 Average of accuracy values obtained from classification in

text and image datasets are illustrated. The comparison is made

between the average values of the default kernels and the optimal

kernels obtained from their combinations in the proposed approach

Table 2 In this table, the accuracy (%) of running SVM with various kernels in the task of text classification is illustrated

Ex. L P G1 G2 Affine comb. Convex comb.

LP LG1 LPG1 LPG2 LPG1G2 LP LG1 LPG1 LPG2 LPG1G2

50 80.33 76.67 80.33 80 87.67 82.33 82.33 82 79.33 80.33 46.6 40 79 79.33

100 87.67 83 72 88 87.33 87.67 87.67 88 88.67 88.67 46.6 40 97 46.67

150 87.67 84.33 72 72 89.67 89.33 89.67 89.67 89 87.67 46.6 46.67 80 46.67

200 87 84.67 72 87 89.67 89 89.67 89.67 88.67 87.33 87 46.67 80 46.67

In columns labeled by ‘‘Affine comb.’’ and ‘‘Convex comb.’’, the accuracy of the optimal kernel obtained from the proposed approach in two

settings are presented. The best results in two respective settings are bolded

Table 3 In this table, the average time (in s) required to find the

optimal kernel for given dataset is shown

Ex. Face recognition Text classification

2 kernels 3 kernels 4 kernels 2 kernels 3 kernels 4 kernels

50

LP 28 34 42 22 29 35

SDP 27 39 48 23 29 36

100

LP 121 149 183 131 163 194

SDP 120 163 185 131 162 197

150

LP 356 432 579 373 446 541

SDP 375 482 640 371 437 538

This average time is computed from 4 times running the optimization

problem. The number of base kernels is shown in the header of each

column and the number of training examples is also shown in each row.

The time is calculated for both linear programming (LP) and semidefinite

programming (SDP) cases
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stationary probability distribution of each point. It is evi-

dent that the global characteristics of a dataset, as used

here, may be beneficial for the performance of the kernel,

especially in cases where labeled data are not available. In

the proposed approach, the intrinsic characteristics cap-

tured in the input space are used to find a combination of

kernel functions to concatenate feature spaces using the

available data. As discussed, the linear combination of

kernels could be interpreted as weighting the mapping

functions to form the feature space of choice for the dataset

at hand. The empirical results in various real-world prob-

lems showed effectiveness of the proposed method in

finding an optimal kernel without any labeled data. The

optimal kernel obtained from the proposed method was

used in two different kernel-based algorithms, SVM and

kernel-PCA, as two popular supervised and unsupervised

algorithms, respectively, to demonstrate the performance

of the approach.
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