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output injection

Given a pair of matrices (C; A) 2 Rp£ n £ Rn£ n the
group action

(T; J; S); (C; A) 7! (SCT¡ 1; T(A ¡ JC)T¡ 1)

where J 2 Rn£ p is arbitrar y and T 2 Rn£ n and
S 2 Rp£ p are inver tib le is called the output
injection equiv alence action.

Its corresponding normal form is the so-called
Bruno vsky normal form . In the case where (C; A)
is obser vable it looks like this.
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Bruno vsky form
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where ¹ 1 ¸ ::: ¸ ¹ p ¸ 0 are the obser vability
indices of ther pair (C; A) whic h form a complete
set of invariants.
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restrictions

A conditioned invariant or (C; A)-invariant
subspace is a subspace V ½ Rn for whic h there
exists an output injection J suc h that

(A ¡ JC)V ½ V

Note that this concept is invariant under output
injection equiv alence .

There is a natural notion of restriction of the pair
(C; A) to V as follo ws.
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restrictions
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restriction indices

It can be sho wn that all matrix representations
( ¹C; ¹A) of restrictions are output injection
equiv alent and that all pair s that are output
injection equiv alent to a given matrix
representation of a restriction are in fact suc h.

Hence there is a matrix representation of a
restriction in Bruno vsky normal form. Its indices
(¸ 1; : : : ; ¸ p) are called the restriction indices of
(C; A) with respect to V. It is ¸ i · ¹ i for
i = 1; : : : ; p.
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image
representations

Theorem [FPP]:
The codimension q (C; A)-invariant subspaces are
precisel y the images of full rank matrices
Z 2 Rn£ (n¡ q) whic h full�ll

(1) AZ = Z ¹A + AZ ¹C> ¹C

(2) CZ = CZ ¹C> ¹C

(3) CZ ¹C> has full rank

where ( ¹C; ¹A) is the matrix representation of a
restriction in Bruno vsky form.
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image
representations

The set of all these Zs is called M (¸; ¹ ), we
denote ¡( ¸ ) = M (¸; ¸ ) whic h is a group. In fact
Im Z1 = Im Z2 for Z1; Z2 2 M (¸; ¹ ) if and onl y if
Z2 = Z1S¡ 1 for S 2 ¡( ¸ ).

Hence the Bruno vsky stratum of all codimension
q conditioned invariant subspaces with �x ed
restriction indices ¸ is a smooth manif old
diff eomorphic to M (¸; ¹ )=¡( ¸ ).

Equations (1) and (2) can be solved explicitel y.
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image
representations
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tightness

A (C; A)-invariant subspace V is called tight if
V + Ker C = Rn or, equiv alentl y, if rk ¹C = p, i.e.
¸ p > 0.

Then CZ ¹C> is inver tib le. We will consider onl y
this case .
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restricted output
injection

The same construction can be repeated star ting
from a slightl y diff erent group action

(T; J; U); (C; A) 7! (UCT¡ 1; T(A ¡ JC)T¡ 1)

where U is unipotent lower triangular .

The normal form (Kronec ker form ) looks very
similar .
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Kronec ker form
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but the Kronec ker indices (K 1; : : : ; K p) are not
neccessaril y ordered. They are a perm utation of
the obser vability indices (¹ 1; : : : ; ¹ p).
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restrictions

Again we can look at restrictions of the pair
(C; A) to a (C; A)-invariant subspace V and de�ne
the restricted Kronec ker indices (k1; : : : ; kp) whic h
are a perm utation of the restriction indices
(¸ 1; : : : ; ¸ p). It is ki · ¹ i for i = 1; : : : ; p.

Again we get a characterisation of all bases of
(C; A)-invariant subspaces.
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image
representations

Theorem:
The codimension q tight (C; A)-invariant
subspaces are precisel y the images of full rank
matrices Z 2 Rn£ (n¡ q) whic h full�ll

(1) AZ = Z ¹A + AZ ¹C> ¹C

(2) CZ = CZ ¹C> ¹C

(3) CZ ¹C> is unipotent

where ( ¹C; ¹A) is the matrix representation of a
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image
representations

The set of all these Zs is called M (k; ¹ ), we
denote ¡( k) = M (k; k) whic h is a group. In fact
Im Z1 = Im Z2 for Z1; Z2 2 M (k; ¹ ) if and onl y if
Z2 = Z1S¡ 1 for S 2 ¡( k).

Hence the Kronec ker stratum of all codimension
q conditioned invariant subspaces with �x ed
restricted Kronec ker indices k is diff eomorphic to
M (k; ¹ )=¡( k) whic h is diff eomorphic to an RN .

Hence the Bruno vsky strata split in Kronec ker
cells .
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generalised flag
manif olds

Given a set of indices 0 · a1 · ¢¢¢· as = s the set

Flag(a;Rp) = f (V1; : : : ; Vs) 2
sY

i=1
Gai (R

p) j

V1 ½ ¢¢¢½ Vsg

of par tial �a gs of type a is a compact analytic
manif old.
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generalised flag
manif olds

Given a second set of indices 1 · b1 · ¢¢¢· bs = p
with ai · bi for all i = 1; : : : ; s we consider the
generalised �a g manif old

Flag(a;b;Rp) = f (V1; : : : ; Vs) 2 Flag(a;Rp) j

Vi ½ spanf e1; : : : ; ebi g; i = 1; : : : ; sg

Here the indices ai and bi are the conjugate
indices of ¸ i and ¹ i , respectivel y, read from right
to left and aligned properl y.
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generalised flag
manif olds

The manif old Flag(a;b;Rp) is diff eomorphic to a
quotient V(a;b)=P(a) where P(a) = V(a;a) is a
parabolic group and V(a;b) are the full rank p £ p
matrices where the last p ¡ bi entries in the
columns ai¡ 1 + 1; : : : ; ai are zero.

There is a cell decomposition of Flag(a;b;Rp) with
respect to each reference �a g into the subsets
with �x ed inter section pattern with the reference
�a g. These cell decompositions are kno wn as
Bruhat decompositions.
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the retraction map

Theorem [PH]:
The surjective smooth and closed maps

° :M (¸; ¹ ) ¡ ! V(a;b) ;

Z 7! CZ ¹C>

and

° :¡( ¸ ) ¡ ! P(a) ;

S 7! ¹CS ¹C>
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the retraction map

induce a surjective smooth and closed map

~° : M (¸; ¹ )=¡( ¸ ) ¡ ! V(a;b)=P(a)

on quotients, in fact a deformation retract.

Theorem:
~° maps Kronec ker cells onto Bruhat cells with
respect to the reverse standar d �a g.

A Bruhat type decomposition of the set of conditioned invariant subspaces – p.22/22



the retraction map

induce a surjective smooth and closed map

~° : M (¸; ¹ )=¡( ¸ ) ¡ ! V(a;b)=P(a)

on quotients, in fact a deformation retract.

Theorem:
~° maps Kronec ker cells onto Bruhat cells with
respect to the reverse standar d �a g.

A Bruhat type decomposition of the set of conditioned invariant subspaces – p.22/22


	overview
	overview
	output injection
	Brunovsky form
	restrictions
	restrictions
	restriction indices
	image representations
	image representations
	image representations
	tightness

