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Abstract— This paper considers the question of designing
an attitude observer exploiting the structure of the Special
Orthogonal Group SO(3) for both inertial and body-fixedframe measurements. We consider measurements from a minimal sensor suite, typically a rate gyroscope along with several
measurements of inertial and/or body-fixed vector directions.
We propose fully nonlinear pose observers based directly on
the vector measurements, allowing a mix of both inertial and
body-fixed measurements. We provide a comprehensive stability
analysis of the observer error dynamics. We show that even
with a single vector measurement it is often possible to recover
asymptotically stable observer error dynamics.

I. INTRODUCTION
Attitude or orientation estimation is a key requirement
for autonomous operation of robotic vehicles. The recent
development of affordable and lightweight Micro-ElectroMechanical Systems (MEMS) components has led to the
development of a range of low cost and light weight inertial
measurement units that can be used to provide reliable measurements of angular velocity, magnetic field orientation and
an approximation of the direction of gravity. These systems
can be augmented with other sensors such as Global Positioning Systems (GPS), visual systems, infrared or acoustic range
sensors, etc, that are primarily position sensors, however, can
also sometimes be used to provide orientation information.
For example, carrier phase doppler shift can be extracted
from GPS signals to provide inertial frame velocity estimates
of a vehicle’s motion [8], which in turn provides orientation
information for the motion of a non-holonomic vehicle
such as a car. The last five years has seen a considerable
effort in the development of nonlinear observers for attitude
estimation. An important development that came from early
work on estimation and control of satellites was the use of the
quaternion representation for observer design [13], [6], [18],
[15], [14]. The non-linear observer designs that are based on
this work have strong robustness properties, however, they
are limited by the requirement of a full orientation state measurement [5]. A general framework for observer analysis and
design for systems with symmetry invariance was proposed
in [1] and has led to a number of observer designs for attitude
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estimation [10], [3], [2]. This approach has been developed
to provide a coherent design methodology for the design
of attitude heading reference systems (AHRS) [11], [12].
The limitation of nonlinear observers in requiring full state
measurements was first overcome in an ad-hoc manner in [7]
with more insight provided in [9]. Closely related observers
were developed independently in [4], [17]. Modern nonlinear
attitude observers are simple to design, can be implemented
on low-power embedded architectures, take partial attitude
measurements as inputs directly, and are associated with a
global robust stability analysis [9], [2]. The published results
mostly consider the more common situation where the attitude measurement is made relative to the body-fixed-frame,
for example, an estimate of the gravitational or magnetic field
direction obtained from an inertial measurement unit (IMU).
In the case where only a single body-fixed-frame vector
direction measurement is available the resulting system is
unobservable [2], [9] and the attitude can only be observed
up to an unknown and unmeasurable transformation around
the measured vector direction. More recent applications have
considered attitude measurements in the inertial frame; for
example, [16] uses multiple highly accurate GPS units and
takes the difference between the outputs of two units as
an inertial vector measurement of the body-fixed base-line
between the GPS units on the airframe.
In this paper, we provide a detailed development of the
design and robust stability analysis of nonlinear attitude
observers based on a collection of vectorial measurements
in either the body-fixed or inertial frames. We consider
rigid-body kinematics in the body-fixed frame and term
measurements in the body-fixed frame (of inertial reference
directions) as complementary while we term measurements
in the inertial frame (of body-fixed reference directions)
as compatible. We consider firstly the case of multiple
measurements, all of which lie in either the body-fixed
(complementary measurements) or inertial frame (compatible
measurements). Similar results have been considered in prior
literature [9], [16], although in this paper we generalise these
results to deal with the case where the reference direction
is possibly time-varying. We then extend these results to
design an observer that uses both inertial and body-fixed
vectorial measurements of known time-varying references at
the same time. This new observer provides a unifying design
paradigm for attitude observers based on direct vectorial
measurements. The proposed observer specialises to the
earlier observers in the case where vector measurements are

only available in a single frame of reference and inherits the
earlier stability results in such a case. We prove stability of
the new observer in the case where there are measurements in
both the body-fixed and inertial frames. Finally, we consider
the case of single vectorial measurements in more detail. This
is the only case where the rigid-body attitude kinematics may
be unobservable: each vectorial measurement provides two
degrees of measurement and thus two or more non-collinear
vector measurements provide four degrees of measurement
over a state-space of dimension three (SO(3)). In the case
where a single measurement is made in the body-fixed-frame
of a constant reference direction in the inertial frame, the
system is indeed unobservable, as was shown implicitly in
Mahony et al. [9]. In this paper we prove the somewhat
surprising result that if the measurement is made in the
inertial frame of a constant direction in the body-fixed
frame, and if the system itself is persistently exciting, then
the observer is asymptotically stable, and consequently the
system is observable. Finally, we consider the single vectorial
measurement case considered in [9], however, we add the
assumption that the inertial reference direction is itself timevarying with persistently exciting motion. We show that the
persistence of excitation is sufficient to overcome the loss
of observability seen in [9, Cor. 5.2] and prove asymptotic
convergence of the observer. Thus, the only case where the
proposed unified observer is not asymptotically stable is
where a single vectorial measurement is made in the bodyfixed-frame of a stationary reference direction in the inertial
frame.
The body of the paper consists of three sections followed
by a conclusion. Section II provides some initial definitions
and notation as well as recapping the previously considered
results. Section III provides the formulation of the observer
combining body-fixed and inertial measurements. Section IV
provides a detailed analysis of the case where only a single
measurement is available and Section VI provides a short
conclusion.
II. P RELIMINARY MATERIAL
A. Notation and mathematical identities
The Special Orthogonal Group is denoted SO(3). The
associated Lie-algebra is the set of anti-symmetric matrices
so(3) = {A ∈ R3×3 | A = −A> }.
For any two matrices A, B
[A, B] = AB − BA. Let Ω
define

0
Ω× =  Ω3
−Ω2

∈ Rn×n the Lie-bracket is
= (Ω1 , Ω2 , Ω3 )> ∈ R3 and

−Ω3 Ω2
0
−Ω1  .
Ω1
0

For any v ∈ R3 then Ω× v = Ω × v is the vector cross
product. The operator vex : so(3) → R3 denotes the inverse
of the (.)× operator:
vex (Ω× ) = Ω,

Ω ∈ R3 ,

vex(A)× = A,

A ∈ so(3).

For any two matrices A, B ∈ Rn×n the Euclidean matrix
inner product and Frobenius norm are defined as
p
hhA, Bii = tr(A> B) and ||A|| = hhA, Aii.
The following identities are used throughout the paper:
(Rv)× = Rv× R> ,
v× w× = wv > − (v > w) · I3 ,

v× w = −w× v,
(v× )> v× = I3 − vv > ,

(v × w)× = [v× , w× ] = wv > − vw> ,
1
v > w = hv, wi = hhv× , w× ii,
2
1
>
2
v v = |v| = ||v× ||2 ,
2
where v, w ∈ R3 and R ∈ SO(3). The following notation
for frames of reference is used
• {A} denotes an inertial (fixed) frame of reference.
• {B} denotes a body-fixed frame of reference.
• {E} denotes the estimator frame of reference.
Let Pa , Ps denote, respectively, the anti-symmetric and symmetric projection operators in square matrix space
1
1
Ps (H) = (H + H > ).
Pa (H) = (H − H > ),
2
2
We use two different errors between a true orientation R and
an estimate R̂ on SO(3)
R̄ = R̂R> ,

R̃ = R̂> R.

(1)

B. Complementary observer
The system considered is the kinematics of the orientation
matrix
Ṙ = RΩ× ,
(2)
where the angular velocity Ω is assumed known, e.g. from
2
onboard gyrometer systems. Let S{B}
denote the unit sphere
in the body-fixed-frame {B}. Consider multiple measure2
ments ai ∈ S{B}
associated with several (n ≥ 1) reference
2
directions a0i ∈ S{A}
, i = 1, 2, . . . n expressed as vectors
on the unit sphere in the inertial frame {A}. Let âi be the
estimates
âi = R̂> a0i .
An example of such a measurement is the earth’s magnetic
field measured by magnetometers with known orientation
with respect to the body-fixed frame {B}. The orientation of
the magnetic field with respect to the inertial frame {A} must
be known a priori. A second common example is an estimate
of the gravitational vector field measured by accelerometers,
although this measurement may be corrupted by ego motion
of the IMU.
In most applications the known reference directions a0i ∈
2
S{A}
are constant vectors. In this paper, however, we will
also consider time-varying vector directions
2
a0i := a0i (t) ∈ S{A}

to provide a more general development. We emphasise that
the value of a0i (t) ∈ {A} must be known a priori at all
times. The following definition will be useful in the sequel.

Definition 2.1: A set of n ≥ 2 time-varying vector directions vi (t) ∈ S 2 , i = 1, 2, . . . , n is called uniformly noncollinear if there exists a constant c > 0 such that for all
times t
min |vi (t) × vj (t)| > c.
i6=j

This means that at all times at least two of the vector
directions form an angle bounded away from zero by a
uniform positive constant. Note that a set of constant vector
directions is uniformly non-collinear if and only if it is noncollinear. Note further that {vi0 (t)} uniformly non-collinear
implies {vi (t)} uniformly non-collinear for any time-varying
R(t) ∈ SO(3) and vi (t) = R(t)vi0 (t). Moreover,
in this
Pn
case
the
weighted
sum
of
projectors
Q
:=
k
π vi =
i
i=1
Pn
>
)
is
positive
definite
for
any
choice
of
k
(I
−
v
v
i
i
i
i=1
ki > 0, i = 1, 2, . . . , n and, in fact, the minimum eigenvalue
λmin (Q) is positive and uniformly bounded away from zero
for all times t.
The complementary observer proposed in [9] is
˙
R̂ = R̂(Ω + α)× ;

where

α=

n
X

ki (ai × âi ).

(3)

Proposition 2.3: Consider the rotation kinematics Eq. 2.
Assume that there are two or more (n ≥ 2) vectorial
2
measurements bi ∈ S{A}
available, associated with n uni2
formly non-collinear directions b0i (t) ∈ S{B}
. Consider the
following compatible observer
˙
R̂ = R̂(Ω + R̂> β)× ;

where

β=

n
X

ki (b̂i × bi ). (4)

i=1

Let R̄ = R̂R> denote the observer/plant error as an element
on SO(3). Then the equilibrium R̄ = I3 is locally exponentially stable with a basin of attraction including at least all
initial conditions such that tr(I3 − R̄) < 4.
Proof: (See also [16].) Recall the dynamics of the
compatible observer given by Eq. 4,
˙
R̂ = R̂(Ω + R̂> β)× = R̂R> ω× R + β× R̂
= R̂R> ω× RR̂> R̂ + β× R̂ = (R̄ω + β)× R̂.

(5)

Here w = RΩ. Differentiating R̄ = R̂R> one obtains
R̄˙ = (R̄ω + β)× R̄ − R̄ω× = β× R̄.

i=1

Proposition 2.2: Consider the rotation kinematics Eq. 2.
Assume that there are two or more (n ≥ 2) vectorial
2
measurements ai ∈ S{B}
available, associated with n uni2
formly non-collinear directions a0i (t) ∈ S{A}
. Consider the
complementary observer given by Eq. 3. Let R̄ = R̂R>
denote the observer/plant error as an element on SO(3). Then
the equilibrium R̄ = I3 is locally exponentially stable with
a basin of attraction including at least all initial conditions
such that tr(I3 − R̄) < 4.
Proof: The proof of this result follows directly from [9,
Thm. 5.1]. In [9] the reference directions were assumed to
be stationary, however, the proof did not use this assumption
and applies directly to the case of uniformly non-collinear
time-varying reference signals.
Note that 0 ≤ tr(I3 − R̄) ≤ 4 for R̄ ∈ SO(3) and that
{R̄ | tr(I3 − R̄) = 4} has measure zero in SO(3). Hence
Proposition 2.2 is in fact an almost global result.

Consider the following candidate Lyapunov function
E = tr(I3 − R̄).

(6)

Differentiating E along the solutions of the system, one
obtains
Ė = −tr(β× R̄).
Recalling Eq. 4, the matrix identities listed in Section II-A,
and noting that b̂i = R̂b0i = R̄bi for i = 1, 2, . . . , n, one
obtains
n
n
X
X
>
>
β× =
ki (b̂i × bi )× =
ki (bi b>
(7)
i R̄ − R̄bi bi ).
i=1

i=1

Therefore, the derivative of E may be written as
!
n
X
> >
>
Ė = −tr
ki (bi bi R̄ − R̄bi bi )R̄
i=1

=−

C. Compatible observer

n
X

ki b>
i (I − R̄R̄)bi .

(8)

i=1

Unlike the complementary observer, for the compatible
observer the measurements are associated with n body-fixed
2
directions. Consider multiple measurements bi ∈ S{A}
associated with several (n ≥ 1) possibly time-varying directions
2
b0i := b0i (t) ∈ S{B}
, i = 1, 2, . . . , n. Let b̂i be the estimates
b̂i = R̂b0i .
Such measurements are less common than those discussed
in the previous subsection. An example of such a measurement is the differential vector derived from comparing two
inertial position measurements obtained from separate GPS
units with a known base-line in the body-fixed frame {B}
[16]. Another manner in which such measurements can be
obtained is by inertial fixed sensor systems that transmit
measurements to an onboard attitude observer. Again, the
angular velocity Ω is assumed known.

We have
1 >
b (R̄ − R̄> )(R̄ − R̄> )bi
4 i

1 >
> >
=
bi (R̄R̄ − 2I3 )bi + b>
i (R̄ R̄ )bi
4

1 >
=
bi (R̄R̄ − 2I3 )bi + b>
i (R̄R̄)bi
4
1
= − b>
(I − R̄R̄)bi
2 i
and, again using the identities listed in Section II-A,

Pa (R̄)bi = −(bi )× vex Pa (R̄) .
b>
i Pa (R̄)Pa (R̄)bi =

Hence Eq. 8 implies
Ė = −2vex Pa (R̄)

>


Q vex Pa (R̄)

≤ −λmin (Q)||Pa (R̄)||2 ,

(9)

Pn
Pn
>
>
where
i=1 ki (bi )× (bi )× =
i=1 ki (I3 − bi bi ) =
Pn Q =
i=1 ki πbi . Since we assume {b0i (t)} to be uniformly noncollinear and since bi = Rb0i , the eigenvalue λmin (Q) is
uniformly bounded away from zero and the error converges
such that ||Pa (R̄)|| → 0. The condition ||Pa (R̄)|| = 0
implies either R̄ = I3 or R̄ = U > diag(1, −1, −1)U for
some U ∈ SO(3). The first case is an isolated minimum
of the Lyapunov function and local exponential convergence
follows. The second case corresponds to tr(I − R̄) = 4 and is
a maximum of the Lyapunov function. Since ||Pa (R̄)|| 6= 0
implies E(t) < E(0) for t > 0 this completes the proof.
III. C OMBINED OBSERVER ( COMPATIBLE AND
COMPLEMENTARY )
In this section we consider the situation where the available measurements are associated with n1 body-fixed reference directions (n1 ≥ 1) and n2 inertial reference directions
(n2 ≥ 1). Let b̂i be the estimates
b̂i = R̂b0i , i = 1, 2, . . . , n1 ,
and let âj be the estimates
âj = R̂> a0j , j = 1, 2, . . . , n2 .
The following result provides a unified framework for the
design of nonlinear observers for combinations of compatible
and complementary measurements. Once again the angular
velocity Ω is assumed known.
Theorem 3.1: Consider the rotation kinematics Eq. 2.
Assume that there are one or more (n1 ≥ 1) compatible
measurements bi and one or more (n2 ≥ 1) complementary
measurements aj available. Assume that at least one pair of
directions out of {Rb0i } ∪ {a0j } is uniformly non-collinear.
Consider the following observer
˙
R̂ = R̂(Ω + R̂> β + α)× ,

(10)

where the innovation terms α and β are given by Eqs. 3
and 4 respectively. Then the equilibrium R̄ = I3 is locally
exponentially stable with a basin of attraction including at
least all initial conditions such that tr(I3 − R̄) < 4.
Proof: Differentiating R̄ = R̂R> yields
R̄˙ = β× R̄ + (R̂α)× R̄.
Recall the candidate Lyapunov function E = tr(I3 − R̄).
Differentiating yields
Ė = −tr(β× R̄) − tr((R̂α)× R̄)
= −tr(β× R̄) − tr(R̂α× R> )
= −tr(β× R̄) − tr(α× R̃> )
= −tr(β× R̄) + tr(α× R̃),
where R̃ = R̂> R. Analogously to the computation provided
in the previous section, the derivative of E can be expressed
as follows:
Ė = −2vexPa (R̄)> Q0 vexPa (R̄),

Pn2
Pn1
kj πa0j . Using the fact that
ki πbi + j=1
where Q0 = i=1
there are at least two uniformly non-collinear directions, it
follows that
Ė ≤ −λmin (Q0 )||Pa (R̄)||2 .
The statement now follows as in the proof of Proposition
2.3.
IV. ATTITUDE OBSERVER USING A SINGLE
MEASUREMENT

In this section we consider the situation when only a single
direction is measured (n = n1 + n2 = 1). This situation is
significantly more complicated than the previous section. In
particular, the stability proofs in the previous section relied
on the positive definiteness of
Q0 =

n1
X
i=1

k i πbi +

n2
X

kj πa0j ,

j=1

where each π? is a rank 2 semi-definite projection matrix.
Generically, for two or more directions, either inertial or
body-fixed, the resulting Q0 is positive definite and exponential stability results. In the case of a single measurement,
this is clearly no longer the case. In fact, a single vector
measurement is the only case where it is possible that the
system is unobservable, since two or more non-collinear
measurements provide four degrees of measurement over a
state-space of dimension three (SO(3)). In the case where
a single measurement is made in the body-fixed frame of a
constant reference direction in the inertial frame, the system
is indeed unobservable [9]. However, in other cases the
system is observable, at least as long as there is a persistence
of excitation in the system variables. The earlier proofs of
stability clearly do not apply in this case and it is necessary
to use a more sophisticated argument.
Let b (resp. a) be a measured direction in the inertial frame
(resp. in the body-fixed frame) associated with a known
reference direction b0 (t) ∈ {B} (resp. a0 (t) ∈ {A}) that
may be time-varying. One has b = Rb0 (resp. a = R> a0 ).
Consider the estimate b̂ = R̂b0 (resp. â = R̂> a0 ). Assume
that
ḃ0 = Λb× b0 and ȧ0 = Λa× a0 ,
(11)
where Λb (resp. Λa ) represents the orientation velocity of b0
(resp. a0 ) with respect to the body-fixed frame (resp. inertial
frame). As always in this paper the angular velocity Ω is
assumed known.
Theorem 4.1: Consider the rotation kinematics Eq. 2
along with the observer given by Eq. 3. Let b be a measured
direction in the inertial frame associated with a known
direction in the body-fixed frame b0 such that ḃ0 = Λb× b0 .
Assume that the orientation velocities Ω and Λb are bounded
continuous signals. If Ω̄ = Ω + Λb is persistently exciting1
then the error R̄ is locally asymptotically stable around the
equilibrium I3 , with a basin of attraction containing at least
all initial conditions such that tr(I3 − R̄) < 4.
|

1 We call Ω̄ persistently exciting if there exist T , µ > 0 such that
R t+T
Ω̄× b0 dt| ≥ µ for all t.
t

Proof: Recall the dynamics of the compatible observer
in the case where n = n1 = 1,
˙
R̂ = R̂(Ω + R̂> β)× ;

where

β = k(b̂ × b).

Consider the following candidate Lyapunov function
E = tr(I3 − R̄).
As in the proof of Proposition 2.3 it follows
2
Ė = −k(1 − b> R̄2 b) = −k(1 − b>
0 R̃ b0 ) ≤ 0.

Since Ė is negative semi-definite, the candidate Lyapunov
function is bounded with 0 ≤ E(t) ≤ E(0) for t ≥ 0. Additionally, Ë is bounded2 and hence Ė is uniformly continuous.
An application of Barbalat’s lemma yields b> R̄2 b → 1.
This implies that R̄b = b since the alternative possibility,
R̄b = −b, is excluded by the constraint tr(I3 − R̄) < 4
on the initial condition and the fact that E(t) ≤ E(0).
Consequently, b̂ converges asymptotically to b.
It remains to show that R̄ converges to I3 . Starting with
the fact that b̂ → b, one sees that
R̃b0 − b0 → 0.
Differentiating this equation and recalling the fact that Ω
and Λ are uniformly continuous and bounded signals, we
get (again using Barbalat’s lemma)
−(Ω − R̃Ω)× b0 + R̃Λb× b0 − Λb× b0 → 0.
Given that R̃Λb× b0 = (R̃Λb )× R̃b0 → (R̃Λb )× b0 , the above
expression may be rewritten as follows:
−(Ω̄ − R̃Ω̄)× b0 → 0.
Consequently, in the limit R̃ is a solution to the equation

itself time-varying and persistently exciting then one recovers
almost-global stability of the observer error system.
Theorem 4.2: Consider the rotation kinematics Eq. 2
along with the observer given by Eq. 4. Let a be a measured
direction in the body-fixed frame associated with a known
direction in the inertial frame a0 such that ȧ0 = Λa× a0 .
Assume that the orientation velocities Ω and Λa are bounded
continuous signals. If Λa is persistently exciting4 then the error R̄ is locally asymptotically stable around the equilibrium
I3 , with a basin of attraction including at least all initial
conditions such that tr(I3 − R̄) < 4.
Proof: The proof of this theorem is analogous to the
previous one. First, recall the dynamics of the complementary observer in the case where n = n2 = 1,
˙
R̂ = R̂(Ω + α)× ;

where

α = k(a × â).

Consider the following candidate Lyapunov function
E = tr(I3 − R̄).
It is straightforward to verify that:
2
Ė = −k(1 − a> R̃2 a) = −k(1 − a>
0 R̄ a0 ) ≤ 0.

Given that E and Ë are bounded, Barbalat’s lemma ensures
that a> R̃2 a (or, equivalently, a>
0 R̄a0 ) converges asymptotically to 1.
This implies that R̃a = a since the alternative possibility,
R̃a = −a, is excluded by the constraint tr(I3 − R̄) < 4
on the initial condition and the fact that E(t) ≤ E(0).
Consequently, â converges asymptotically to a.
It remains to show that R̃ converges to I3 . Since a → â,
one obtains

R̃Ω̄ = Ω̄.

R̄a0 − a0 → 0.

This implies that the vector Ω̄ is an eigenvector associated
with the eigenvalue λ = 1 of the rotation matrix R̃. Given
that b0 is another eigenvector associated with the eigenvalue
λ = 1, and that the eigenvalues of an orthogonal matrix are
of the form3

Differentiating this equation and recalling the fact that Λa is
a uniformly continuous and bounded signal, we obtain (again
using Barbalat’s lemma)

eig(R̃) = (1, cos(θ) + i sin(θ), cos(θ) − i sin(θ)),
it follows that, as long as Ω̄ is persistently exciting, R̃
converges to I3 .
The second case concerns the situation where the measurement is made in the body-fixed frame. In this case, if
the associated inertial reference direction is constant then
the system is unobservable and the best convergence for the
error dynamics that can be obtained is to the set
Sb0 = {R̃ | R̃b0 = b0 }
[9, Cor. 5.2]. The following result shows that this is a
special case. In particular, if the inertial reference direction is
2 Using the fact that the orientation velocities Ω and Λb are bounded
continuous signals, it is straightforward to show that Ë is bounded.
3 θ is the angle from the angle-axis representation.

R̄Λa× a0 − Λa× a0 → 0.
Given that R̄Λa× a0 = (R̄Λa )× R̄a0 → (R̃Λa )× a0 , the above
expression may be rewritten as follows
−(Λa − R̄Λa )× a0 → 0.
Consequently, in the limit R̄ is a solution to the equation
R̄Λa = Λa .
This implies that the vector Λa is an eigenvector associated
with the eigenvalue λ = 1. As long as the persistence of
excitation condition on is satisfied by Λa , it follows that R̄
converges to I3 .

|

4 We call Λ persistently exciting if there exist T , µ > 0 such that
a
R t+T
Λa
× a0 dt| ≥ µ for all t.
t

V. S IMULATION RESULTS
In this section some simulation results are presented. Only
the situation where the measurement of a single direction
(constant or time-varying) is considered in either the bodyfixed frame or in the inertial frame. For all cases considered
the initial deviation R̄ is chosen large, Ω = (1 − 2 1)> and
k = 10. For the situation where the measured direction is
constant a0 (resp. b0 ) = (0 0 1)> . When the measured direction is time varying, a0 (resp. b0 ) = ( 21 sin t 12 cos t √12 )> .
Figure 1 shows clearly that, except for the complementary
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be highly applicable. In particular, we mention applications
involving GPS sensors for mobile vehicle applications used
to obtain attitude reference measurements.
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