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Abstract— Many problems in signal processing require the
numerical optimization of a cost function which is defined on
a smooth manifold. Especially, orthogonally or unitarily constrained optimization problems tend to occur in signal processing
tasks involving subspaces. In this paper we consider Newtonlike methods for solving these types of problems. Under the
assumption that the parameterization of the manifold is linked
to so-called Riemannian normal coordinates our algorithms can
be considered as intrinsic Newton methods. Moreover, if there
is not such a relationship, we still can prove local quadratic
convergence to a critical point of the cost function by means
of analysis on manifolds. Our approach is demonstrated by a
detailed example, i.e., computing the dominant eigenspace of a
real symmetric matrix.

I. I NTRODUCTION
Recently, differential geometric ideas were combined with
Newton-type methods to solve optimization problems in
medicine [1], signal processing [2], geometric means in statistics [3], computer vision [4],[5], and robotics [6],[7]. Current
research in the field is focused on (i) a unifying convergence
theory, (ii) generalizations to the non-Riemannian setting and
(iii) development of new application areas. In this paper we
contribute to (i) and (ii).
II. P RELIMINARIES
A. Parametrizations
In this section we briefly recall the notion of local
parametrization for smooth manifolds. For further details we
refer to [8]. Let M be a smooth n-dimensional real manifold
then for every point p ∈ M there exists a smooth map
µp : Rn −→ M, µp (0) = p
which is a local diffeomorphism around 0 ∈ Rn . Such a map
will be called a local parametrization around p.
If there exists an open neighborhood U ⊂ M of p∗ and a
smooth map
µ : U × Rn −→ M
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such that µ(p, x) = µp (x) for all p ∈ U and x ∈ Rn we
will call {µp }p∈M a locally smooth family of parametrizations
around p∗ .
B. Newton’s method on Rn
Let f : Rn −→ R be a smooth function and let x∗ ∈ Rn be
a nondegenerate critical point of f , i.e. the Hessian Hf (x∗ )
is invertible. Newton’s method for f is the iteration
x0 ∈ Rn , xk+1 = Nf (xk ) := xk − (Hf (xk ))

−1

∇f (xk ) (1)

where ∇f (x) denotes the gradient with respect to the standard
Euclidean inner product. Note that the iteration (1) is only
defined if Hf (xk ) is invertible for all k ∈ N0 . However, since
f is smooth, there exists an an open neighborhood of x∗ in
which the Hessian of f is invertible.
It is well known that the point sequence {xk }k∈N0 generated
by (1) is defined and converges locally quadratic to x∗ provided that x0 is sufficiently close to x∗ . For more information
see e.g. [9].
III. M AIN RESULT
In the following we propose a class of Newton-like algorithms to compute a nondegenerate critical point of a smooth
cost function f : M −→ R which is defined on a smooth
manifold M . The main result establishes local quadratic
convergence of the proposed algorithm.
Let M be a smooth manifold and let p∗ ∈ M be a
nondegenerate critical point of the smooth function f : M −→
R. Let {µp }p∈M and {νp }p∈M be two locally smooth families
of parametrizations around p∗ . Consider the following iteration
on M
¢
¡
(2)
p0 ∈ M, pk+1 = νp Nf ◦µp (0)
where Nf ◦µp is defined in (1).
Theorem 1: Under the condition

D µp∗ (0) = D νp∗ (0)

(3)

there exists an open neighborhood V ⊂ M of p∗ such
that the point sequence {pk }k∈N0 generated by (2) converges
quadratically to p∗ provided p0 ∈ V .

Proof: Let µ, ν : U × Rn −→ M be smooth and such
that µ(p, x) = µp (x) and ν(p, x) = νp (x) for all p ∈ U and
x ∈ Rn , where U is a neighborhood of p∗ .
In the following we compute the derivative of the algorithm
map
³
´
¡
¢−1
s : M −→ M, p 7→ ν p, − Hf ◦µ(p,·) (0)
∇f ◦µ(p,·) (0)

at p∗ .
Let h ∈ Tp∗ M then
³
´
¡
¢−1
D1 ν p∗ , − Hf ◦µ(p∗ ,·) (0)
∇f ◦µ(p∗ ,·) (0) h
= D1 ν(p∗ , 0)h = h

(4)

where the first equality holds since p∗ is a critical point of
f . Furthermore, we have using the standard Euclidean inner
product h·, ·i on Rn
h∇f ◦µ(p,·) (0), xi = D f (p) D2 µ(p, 0)x
for all p ∈ U and x ∈ Rn , and hence by differentiating with
respect to p at p∗
¢
®
 ¡
Dp ∇f ◦µ(p∗ ,·) (0) h, x = D2 f (p∗ )(D2 µ(p∗ , 0)x, h)

for all x ∈ Rn and h ∈ Tp∗ M where the second term of the
product rule vanishes because p∗ is critical. For
¡
¢−1
x = Hf ◦µ(p∗ ,·) (0)
y and h = D2 µ(p∗ , 0)z ,
where y, z ∈ Rn are arbitrary, we get using the symmetry of
the Hessian and its inverse
D¡
E
¢−1
¡
¢
Hf ◦µ(p∗ ,·) (0)
Dp ∇f ◦µ(p∗ ,·) (0) D2 µ(p∗ , 0)z, y
¡
¢−1
= D2 f (p∗ )(D2 µ(p∗ , 0) Hf ◦µ(p∗ ,·) (0)
y, D2 µ(p∗ , 0)z)
D
E
¡
¢−1
= Hf ◦µ(p∗ ,·) (0) Hf ◦µ(p∗ ,·) (0)
y, z
= hz, yi

for all y, z ∈ Rn . The next to last equality follows from

®
Hf ◦µ(p∗ ,·) (0)u, v = D2 f (p∗ ) (D2 µ(p∗ , 0)u, D2 µ(p∗ , 0)v)
for all u, v ∈ Rn . We conclude using z = (D2 µ(p∗ , 0))−1 h
¡
¢−1
¡
¢
Hf ◦µ(p∗ ,·) (0)
Dp ∇f ◦µ(p∗ ,·) (0) h = (D2 µ(p∗ , 0))−1 h
and hence using (4) and condition (3)

D s(p∗ ) = h − D2 ν(p∗ , 0)(D2 µ(p∗ , 0))−1 h = 0
where the second term of the product rule in the second
summand vanishes since p∗ is a critical point.
Now the result follows from a Taylor expansion of s around
p∗ .
A few remarks are in order. Geometrically, algorithm (2)
does the following. The current iteration point pk is pulled
back to Euclidean space via the local parametrization µpk
around pk , then one Euclidean Newton step is performed for
the function expressed in local coordinates, followed by a projection back onto the manifold using the local parametrization
νpk around pk .

In the case of a Riemannian manifold M and for the special choice {µp }p∈M = {νp }p∈M , both Riemannian normal
coordinates (cf. [10]), algorithm (2) is precisely the so-called
Newton method along geodesics of D. Gabay [11], more
recently also referred to as the intrinsic Newton method.
M. Shub [12] discusses a Newton method to compute a
zero of a smooth vector field on a smooth manifold endowed
with a connection. His algorithm allows for smooth projections
from the tangent bundle which have derivative equal to the
identity at the base point. In the case of a gradient vector
field on a Riemannian manifold endowed with the LeviCivita connection, Shub’s algorithm coincides with ours when
{µp }p∈M are Riemannian normal coordinates.
In [13],[14] the Newton method along geodesics of [11]
was rediscovered and variants with different projections were
proposed. However, the convergence proofs given do not apply
to this more general situation, except for one particular case
where the algorithm obtained coincides with the classical
Rayleigh quotient iteration on the sphere.
P.-A. Absil et al. [15] further discuss the Newton method
along geodesics and derive a cubic convergence result.
J.H. Manton [2] proposes a similar algorithm for a specific
cost function on a specific manifold, but gives no convergence
proof.
IV. A PPLICATION
In the sequel we apply algorithm (2) in order to compute
the dominant eigenspace of a real symmetric matrix.
A. Problem formulation
Let N ∈ Rn×n be a symmetric matrix, i.e. N = N > . Let
λ1 ≥ · · · ≥ λk > λk+1 ≥ · · · ≥ λn be the eigenvalues of
N . The k-dimensional dominant eigenspace VN of N is the
subspace of Rn spanned by the eigenvectors corresponding to
the k largest eigenvalues λ1 , . . . , λk . The requirement λk >
λk+1 makes this subspace unique.
The problem we want to solve is given N , how to compute
a basis for VN .
B. The Graßmann manifold
Since our objective is to compute a certain k-dimensional
subspace of Rn , the natural manifold to consider is the
Graßmann manifold G(k, n) of all k-dimensional subspaces
of Rn . This manifold can be considered as a quotient manifold
of the Stiefel manifold St(k, n) of all matrices X ∈ Rn×k with
X > X = Ik with respect to the right action
φ : St(k, n) × O(k) −→ St(k, n), (X, Q) 7→ X · Q

(5)

of the orthogonal group O(k) of all matrices Q ∈ Rk×k with
Q> Q = Ik (see e.g. [16]). We denote an element of G(k, n)
by [X], meaning the equivalence class of X ∈ St(k, n)
with respect to the equivalence relation generated by (5). The
columns of X can be thought of as an orthogonal basis of
a k-dimensional subspace, where the action (5) describes an
orthogonal change of basis.

The family {µp }p∈G(k,n) of parametrizations is given by
·
µ
¶ µ ¶¸
· µ ¶¸
0
Z
I
I
(6)
, µp (Z) = Q exp
p= Q
0
0
−Z > 0
where Q ∈ O(n) and Z ∈ Rk×(n−k) . Here we have used the
fact that the action of O(n) on St(k, n) by left multiplication is
transitive. Furthermore, the exponential map exp : so(n) −→
SO(n) is a local diffeomorphism around 0 on the subspace
¶¯
¾
½µ
0
Z ¯¯
k×(n−k)
Z
∈
R
−Z > 0 ¯

of the Liealgebra so(n) = {Ω ∈ Rn×n | Ω> = −Ω} of
all skew-symmetric matrices. Since left multiplication by an
invertible matrix is also a local diffeomorphism and exp(0n ) =
In it follows that µp is a local diffeomorphism around p with
D µp (0) = id.
The second family {νp }p∈G(k,n) of parametrizations we
consider is given by
µ ¶¸
·
· µ ¶¸
I
I
(7)
, νp (Z) = QQZ
p= Q
0
0

D. The algorithm
Step 1.
Pick Q0 ∈ O(n), corresponding to p0 ∈ G(k, n),
and set j = 0.
Step 2.
Compute
¶
µ
N11 N12
= Q>
j N Qj
N12 > N22
Step 3.
Solve the Sylvester equation ZN22 − N11 Z = N12
for Z.
Step 4.
Orthonormalize the columns of
µ
¶
Ik
0
−Z > In−k
by the Gram-Schmidt process to obtain QZ .
Step 5.
Set Qj+1 = Qj QZ , set j = j + 1 and goto Step 2.

where QZ ∈ O(n) comes from the Gram-Schmidt process
applied to the columns of
¶
µ
I
0
∈ Rn×n .
−Z > I

It follows from Theorem 1 that the first k columns of Qj
converge quadratically to a basis of VN provided Q0 was
chosen properly. An initial guess for Q0 can for example be
computed by applying a steepest ascent method with step size
control, see [18], or by exploiting prior knowledge.

Computations similar to those in [17] show that D νp (0) = id
and hence condition (3) is satisfied.

V. C ONCLUSION

C. The generalized Rayleigh quotient
It is well known that the global maximum of the generalized
Rayleigh quotient
f : G(k, n) −→ R, [X] 7→ tr(X > N X)

(8)

is the k-dimensional dominant eigenspace VN with maximum
value f (VN ) = λ1 + · · · + λk , see e.g. [16],[18].
An easy computation shows that
¶
µ
0
−N12
(9)
∇f ◦µp (0) =
>
0
N12
and
Hf ◦µp (0)Z =

µ

0
Z > N11 − N22 Z >

ZN22 − N11 Z
0

¶

(10)

Q NQ =

µ

N11
>
N12

¶
N12
.
N22

¢−1
¡
∇f ◦µp (0) is given by the
Hence Nf ◦µp (0) = − Hf ◦µp (0)
solution to the Sylvester equation
ZN22 − N11 Z = N12 .
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where
>

We have presented a locally quadratically convergent algorithm to compute a basis for the dominant eigenspace of a real
symmetric matrix. Each iteration requires only a finite number
of operations, which is in contrast to the algorithms available
in the literature. This is due to our choice of the backprojection
onto the manifold. We do not need to evaluate matrix exponentials nor do we compute singular value decompositions.
Theorem 1 guided us in the choice of the backprojection
since it spells out the degree of freedom we have while
still preserving local convergence properties. Furthermore, the
dimension of the Sylvester equation (11) is smaller than in the
algorithms that are available in the literature. This is because
we exploit the geometry of the Graßmann manifold instead of
working merely in the coordinates of the embedding matrix
space.

(11)
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