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Abstract
This paper considers the connection between the intrinsic Riemannian
Newton method and other more classically inspired optimization algorithms for equality-constrained optimization problems. We consider the
feasibly-projected sequential quadratic programming (FP-SQP) method
and show that it yields the same update step as the Riemannian Newton,
subject to a minor assumption on the choice of multiplier vector. We
also consider Newton update steps computed in various ‘natural’ local
coordinate systems on the constraint manifold and find simple conditions that guarantee that the update step is the Riemannian Newton
update. In particular, we show that this is the case for projective local
coordinates, one of the most natural choices that have been proposed in
the literature. Finally we consider the case where the full constraints
are approximated to simplify the computation of the update step. We
show that if this approximation is good at least to second-order then the
resulting update step is the Riemannian Newton update. The conclusion of this study is that the intrinsic Riemannian Newton algorithm is
the archetypal feasible second order update for non-degenerate equality
constrained optimisation problems.
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Introduction

We consider the problem of minimizing an objective function f (x), x ∈ Rn , subject to equality
constraints Φ(x) = 0. Recall that a point x ∈ Rn is termed feasible if Φ(x) = 0, i.e., x belongs
to the feasible set M := Φ−1 (0). A point that is not feasible is termed infeasible.
For an arbitrary constraint function Φ, the problem of finding a feasible point close to
a present infeasible estimate, is often of similar complexity to solving the full optimisation
problem. Thus, most classical optimization methods solve the two parts of the problem
concurrently, that is, they generate a sequence of infeasible estimates that both converge
to the feasible set and to the function minimum at the same time; Sequential Quadratic
Programming (SQP) being the archetypal example of such an algorithm.
However, in a number of important examples, notably when M is a “well-behaved” submanifold [AMS08], the cost of forcing iterates onto the feasible set is low and maintaining
feasible iterates offers several advantages. There is no need for composite-step approaches
that attempt to reduce infeasibility while preserving a decrease of the objective function,
the objective function itself can be used as a merit function, and only the structure of the
objective function on or close to the constraint set will be observed by the algorithm. Moreover, in case of early termination, the algorithm returns a feasible suboptimal point, which
is often preferable to an infeasible suboptimum. Another motivation for enforcing feasibility
arises when the objective function is smooth when restricted to a certain submanifold of the
optimization domain and nonsmooth away from the manifold. This situation underlies the
theory of U-Lagrangians, and the related VU-decompositions and fast tracks [LOS00, MS00],
as well as the theory of partly smooth functions [Lew02], both of which coincide in the convex
case [MM05, Th. 2.9].
Arguably the most natural approach to ensuring a feasible algorithm, at least when the
constraint condition defines a submanifold, is obtained by undertaking the optimisation in
local coordinates directly on the feasible set. One way of obtaining local coordinates, studied
in the 1960s, is the method of direct elimination, which consists in dividing the variables
into two groups such that the variables of the one are expressed (explicitly or implicitly)
as a function of the others; see [Pol76, GL76] for an overview of the related literature. A
Newton method based on direct partitioning was proposed and analyzed by Gabay and Luenberger [GL76]. The Riemannian Newton algorithm grew out of this work in an attempt to
find a unifying framework for computation of the update step [Gab82, Shu86, Udr94, Smi94].
In the 1990s, the nature of the constraint sets were considered in more detail and a number of
important examples with significant Lie group and homogeneous space structures were identified [HM94], and the explicit form of the Newton algorithm for several examples such as the
Grassmann manifold were computed [EAS98]. More recent work [ADM+ 02, HT04, AMS08]
has developed a coherent theory of intrinsic Newton methods on structured manifolds with
a particular emphasis on practical issues of implementation. The approach has led to a
number of highly competitive algorithms for problems where the constraint set has suitable
structure, e.g., algorithms for the extreme eigenvalue problem [ABG06, BAG08], rank reduction of correlation matrices [GP07], semidefinite programming [JBAS08], and stereo vision
processing [HHLM07].
Another recent development concerning feasible second-order methods proceeds from the
SQP approach. The classical SQP is not a feasible method: even if Φ(xk ) = 0, it is likely that
Φ(xk+1 ) 6= 0; see, e.g., [NW06, Ch. 18]. However, in recent work, Wright and Tenny [WT04]
proposed a feasibly-projected SQP (FP-SQP) method, that generates a sequence of feasible it2

erates by solving a trust-region SQP subproblem at each iteration and perturbing the resulting
step to retain feasibility. “By retaining feasibility, the algorithm avoids several complications
of other trust-region SQP approaches: the objective function can be used as a merit function,
and the SQP subproblems are feasible for all choices of the trust-region radius” [WT04]. This
can be highly advantageous in situations where the computational cost of ensuring feasibility
is negligible compared to the overall cost of the optimization algorithm.
Finally, we mention that the concepts of U-Lagrangian and partly smooth functions led
to several Newton-like algorithms whose iterates are constrained to a submanifold M such
that the restriction f|M is smooth. These algorithms are unified in [DHM06] under a common
two-step, predictor-corrector form, and connections with SQP and Riemannian Newton are
studied in [MM05].
In this paper, we investigate the similarities between feasible second-order optimisation
algorithms that follow from an extrinsic viewpoint, that is an algorithm posed on the overarching space Rn with additional constraints embedded in this space, SQP being the archetypal
example, as compared to algorithms that follow from an intrinsic viewpoint, that is algorithms
posed explicitly on the constraint set, the Riemannian Newton being the archetypal example.
The reason for the title, “All roads lead to Newton”, is that this paper extends and reinforces the message, already implicitly present in the taxonomy constructed in [EAS98], that
all feasible second-order methods for equality-constrained optimization are an intrinsic Newton algorithm, or at the very least, only vary from the Newton algorithm in non-substantive
aspects.1 It is important to note that our conclusions only hold on the intersection of the
problem spaces for the different approaches, that is, where an intrinsic Newton is derived
for an embedded submanifold (such algorithms can be applied to a wider class of problems
[AMS08]) and where an extrinsic-viewpoint algorithm is constrained to have feasible iterates
at every step.
In detail, we consider the Feasibly-Projected Sequential Quadratic Program (FP-SQP)
[WT04] and show that (for a least-squares choice of the Lagrange multiplier λk and ignoring
the trust region and other modifications) the algorithm is “intrinsic” to the feasible set and
can be interpreted as a Riemannian Newton method. We also consider the intrinsic algorithm
obtained by applying the Newton method in local coordinates on M. We show that if the local
coordinates chosen have a simple second-order rigidity condition at the iterate point then one
recovers the Riemannian Newton as expected. A simple proof that the most natural choice
of local coordinates, the projective coordinates (those coordinates obtained by projecting
the tangent plane of a submanifold back onto the submanifold) satisfy the required rigidity
conditions is provided. It is well known that the Newton method only uses second-order
information from the cost. We demonstrate that it also uses second order information on
the constraint set. This leads to a discussion of alternatives where the constraint set M
fx at each iteration. We propose ways of constructing
is replaced by an approximation M
k
fx that admit a simple expression and that agree to second order with M
approximations M
1

In fact, the proverb “all roads lead to Rome” was never itself a Roman proverb and the earliest reference
we know of is [dL75] “mille viae ducunt homines per saecula Romam” or “a thousand roads lead men forever
to Rome”. In his discourse on the Astrolab [Cha91] Chaucer states “diverse pathes leden diverse folk the
righte way to Rome,” and the saying was popularised by Jean de La Fontaine (“Le Juge arbitre, l’Hospitalier,
et le Solitaire”, Fables, livre XII) “Tous chemins vont à Rome; ainsi nos concurrents crurent pouvoir choisir
des sentiers différents.” The historic versions of the quote are as well adapted to our message as the modern
version; using our analogy they say roughly, however you derive a second-order feasible method for an equality
constrained optimisation problem, and even if you believe you are doing something novel, you will still end up
with an algorithm that is in essence an intrinsic Newton update.
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at x.
The reader familiar with [MM05] will find an important overlap between the two works.
This paper, however, departs from [MM05] in several ways. The convexity assumption is
dropped. The Riemannian Newton method is considered in the general retraction-based
setting of [ADM+ 02, §5], instead of being limited to the three tangential, exponential, and
projection parameterizations. Proposition 4.2 shows that Sequential Newton [MM05, Alg. 1.8]
yields the same Newton vector for all second-order retractions. The link between Riemannian
Newton and SQP is extended to the feasibly-projected SQP of [WT04] and concerns the
whole iteration rather than just the Newton vector. Equation 3.6 in [MM05] is used to obtain
expression (34) showing that M enters the Riemannian Hessian through its tangent space
and the second derivative of its tangential parameterization only. The extrinsic expression of
the Riemannian Hessian in [MM05, Th. 3.4] is rewritten in (41) in terms of the derivative of
the projector, which leads to rich interpretations in terms of the curvature of the manifold
(see Section 6.1).
Even though some methods discussed in this paper stem from differential-geometric concepts, we do not assume any background in differential geometry beyond a basic knowledge
in real analysis in the main body of the paper. In particular, the formulation of the methods
solely relies on matrix computation and calculus. For completeness, we also provide a final
section to the paper that provides the full geometric picture in the modern language of differential geometry. In particular, we show that the intrinsic Newton algorithm depends on,
and only on, a second order approximation of the cost and the Riemannian curvature of the
constraint set in its update.
Section 2 introduces notation and assumptions, Section 3 deals with SQP, Section 4 with
intrinsically-built Newton methods, and Section 5 with approximations of M. Section 6
studies the role of the curvature of M in the Riemannian Hessian, and the paper ends with
concluding remarks.

2

Problem definition, concepts, and notation

In this section, we present the optimization problem considered and we explain in plain
calculus language how it relates to optimization on manifolds.
We consider the general equality-constrained optimization problem
min f (x) subject to Φ(x) = 0,

(1)

where the objective function f : Rn → R and the constraint function Φ : Rn → Rm are C 2 .

T
The Euclidean gradient of f at x will be denoted by ∇f (x) = ∂1 f (x) . . . ∂n f (x) and
its Hessian matrix by ∇2 f (x). For a differentiable matrix-valued function F , we let DF (x)[z]
denote the directional derivative of F at x along z. If F is vector valued, then DF (x) also
denotes the Jacobian matrix of F at x and DF (x)z
 stands for DF (x)[z].  We also find it
convenient to use the notation ∇Φ(x) = DΦ(x)T = ∇Φ1 (x) . . . ∇Φm (x) .
For the purpose of relating SQP to Newton on manifolds, we assume that the linear independence constraint qualification (LICQ) holds at all points of Φ−1 (0), that is the columns
of ∇Φ(x) are linearly independent for all x ∈ Φ−1 (0); see, e.g., [BGLS03, §11.3]. The value
0 is then said to be a regular value of Φ, and a well-known theorem in differential geometry [AMR88, §3.5.3] ensures that
M := Φ−1 (0) = {x ∈ Rn : Φ(x) = 0}
4

is a d-dimensional submanifold (also called embedded submanifold ) of Rn , where
d = n − m.
This means that the subset M of Rn is locally a d-slice, that is, around every point x ∈ M,
there is an open set U in Rn and a coordinate system on U such that M ∩ U corresponds to
the points where all but the d first coordinates vanish [AMR88, §3.2.1]. The tangent space
to M at a point x is ker(∇Φ(x)T ) and is denoted by Tx M. Observe that Tx M is a linear
subspace of Rn , hence its elements are naturally identified with elements of Rn . We let
Px = I − ∇Φ(x)(∇Φ(x)T ∇Φ(x))−1 ∇Φ(x)T

(2)

denote the orthogonal projector onto Tx M. Observe that P is a smooth matrix-valued function. Note also that the expression (2) still makes sense when x is not in M, provided that
the columns of ∇Φ(x) are linearly independent.
The manifold M is naturally a Riemannian submanifold of Rn . This means that the
tangent spaces to M are naturally equipped with an inner product that varies smoothly with
the base point of the tangent space:
hz1 , z2 ix = z1T z2 ,

z1 , z2 ∈ Tx M.

(3)

Since M is a Riemannian submanifold, there is a well-defined notion of gradient and Hessian
of f in the sense of M, which we denote by grad f|M (x) and Hess f|M (x); see Section 4.1
or [AMS08] for details.
An iterative optimization method A on M takes an objective function f to an iteration
map Af : M → M. Given an objective function f and an initial point x0 ∈ M, the purpose
of the method is to create a sequence on M defined by xk+1 := Af (xk ). We say that the
iterative optimization method A is intrinsic to M if f|M = fˆ|M implies that Af = Afˆ. In
other words, the iteration map Af does not change if f is modified outside M. As we will
see, an intrinsic method may have extrinsic implementations, i.e., implementations that use
subroutines that are not intrinsic. Note also that if we are only given f|M , we can still use
extrinsic implementations of intrinsic methods, provided that we have a routine that takes
f|M as input and extends it outside M. How we extend it, apart from guaranteeing suitable
smoothness, does not matter for an intrinsic method. Several of the algorithms studied in
this paper have this property.

3

Sequential Quadratic Programming

Sequential Quadratic Programming (SQP) for problem (1) can be introduced as follows (see,
e.g., [NW06, BGLS03]). The KKT necessary conditions for optimality are
(
∇f (x) + ∇Φ(x)λ = 0
(4)
Φ(x) = 0,
λ ∈ Rm . Points x∗ for which there exists λ∗ such that (4) is satisfied are termed stationary
points. Linearizing the KKT system (4) at (x, λ) and denoting by (z, λ+ − λ) the variation
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of the variables x and λ respectively, we obtain the system
!
m
X
2
2
∇ f (x) +
∇ Φi (x)λi z + ∇f (x) + ∇Φ(x)λ+ = 0

(5a)

i=1

∇Φ(x)T z + Φ(x) = 0.

(5b)

Following [AT07], we refer to (5) as the Newton-KKT equations. The pure Newton step for
solving (4) is given by (x, λ) 7→ (x+ , λ+ ) = (x + z, λ+ ), where z and λ+ solve (5).
The name SQP for methods based on (5) stem from the fact that the Newton-KKT
equations can be viewed as the KKT equations of the quadratic problem (QP)
min z T ∇f (x) + 21 z T (∇2 f (x) +
z

m
X

∇2 Φi (x)λi )z

i=1

T

subject to ∇Φ(x) z + Φ(x) = 0,

In preparation for the comparison with Newton’s method on M, observe that, when x is
feasible (i.e., x ∈ M), the Newton-KKT equations (5) are equivalent to
Px (∇2 f (x) +

m
X

∇2 Φi (x)λi )z = −Px ∇f (x)

(6a)

i=1

∇Φ(x)T z = 0

(6b)

∇Φ(x)T (∇2 f (x) +

m
X

λi ∇2 Φi (x))z + ∇Φ(x)T ∇Φ(x)λ+ = 0

(6c)

i=1

where Px denotes the orthogonal projector (2), and where we have used the identity Px ∇Φ(x) =
0. Equation (6) can be solved by obtaining z from (6a)-(6b) and then solving (6c) for λ+ .
Observe also that, given x ∈ M, the LICQ condition ensures that the first equation in (4)
has a unique least-squares solution
λ(x) = −(∇Φ(x)T ∇Φ(x))−1 ∇Φ(x)T ∇f (x).

3.1

(7)

FP-SQP

Most variants of SQP found in the literature are infeasible, i.e., the condition that the iterates
xk belong to M is not enforced. An exception is the feasibly-projected sequential quadratic
programming (FP-SQP) algorithm of Wright and Tenny [WT04]. In that algorithm, a first
step z is obtained by solving a problem of the form (5) at a feasible point x ∈ M, under
a trust-region constraint. Then, a perturbation z̃ of the step z is found with the following
properties: feasibility, i.e.,
x + z̃ ∈ M,
(8)
and asymptotic exactness, that is, there is a continuous monotonically increasing function
φ : R+ → R+ with φ(0) = 0 such that
kz − z̃k ≤ φ(kzk2 )kzk2 .

(9)

(In [WT04], φ is required to be into [0, 1/2], for the purpose of obtaining a global convergence
result under the trust-region constraint. This restriction is not needed in the context of the
6

Algorithm 1 simple FS-SQP
1: Given a starting point x0 ∈ M;
2: for k = 0, 1, 2, . . . do
3:
Choose λk ∈ Rm ;
4:
Obtain zk by solving the Newton-KKT equations (5);
5:
Seek z̃k satisfying feasibility (8) and asymptotic exactness (9);
6:
xk+1 = xk + z̃k .
7: end for
local convergence of the simplified SQP considered in this paper.) Note that (9) means that
the mapping z̃ = z + o(z). One of the most natural ideas to obtain z̃ is to define x + z̃ as the
projection of x + z onto the feasible set M [WT04, Th. 2.2].
Algorithm 1 is statement of a simplified version of FP-SQP. The simplification comes
by: (i) considering equality constraints only, because we are concerned with problem (1), (ii)
ignoring the trust-region mechanism, in order to focus on the gist of the method for what
concerns local convergence, (iii) assuming directly the classical choice for H as the Hessian of
the Lagrangian [WT04, (4.7)].

4

Intrinsic Newton methods on the feasible set M

The methods considered in this section proceed from an intrinsic viewpoint, in the following
loosely defined sense: the way the method is constructed ensures that the iterates will depend
on f only through the restriction f|M of f to the manifold M. Consequently, the methods are
intrinsic, in the sense of Section 2. Recall however that certain implementations of the intrinsic
methods can make use of extrinsic information; an example is the Riemannian Newton method
when its Hessian is written as in (41) below. Note also that certain methods that proceed
from an extrinsic viewpoint may turn out to be intrinsic, i.e., independent from modifications
of f outside M; see Section 5.

4.1

Riemannian Newton method on the feasible set M

A goal of this section is to establish a link between FP-SQP and the Riemannian Newton
method. Note that the section is accessible without a background in Riemannian geometry.
In particular, the formulation of the Riemannian Newton method (Algorithm 2) solely relies
on matrix computation and basic calculus. The interested reader can find the differential
geometric foundations of Algorithm 2 in [AMS08].
Newton’s method on Riemannian manifolds has a rich history, whose important milestones include [Gab82, Shu86, Smi94, EAS98, ADM+ 02, HT04]. We rely on the formulation
found in [ADM+ 02, AMS08], and refer the reader to [AMS08, §6.6] for more detail on the
historical developments of the Riemannian Newton algorithm. In this section, we present
the fundamentals of the method in its application to the equality-constrained optimization
problem (1).
The Riemannian Newton method, as formulated in [AMS08, §6.2], requires among other
things the choice of an affine connection. Since here M = Φ−1 (0) is a submanifold of the
Euclidean space Rn , a classical choice is the Riemannian connection (or Levi-Civita connection) [AMS08, §5.3.3] induced by the Riemannian submanifold structure of M. This yields
7

Algorithm 2, for which some explanations are in order.
Algorithm 2 Riemannian Newton method on Φ−1 (0)
1: Given a retraction R on Φ−1 (0) and a starting point x0 ∈ Φ−1 (0);
2: for k = 0, 1, 2, . . . do
3:
Solve, for the unknown zk ∈ ker(DΦ(xk )), the Newton equation
Pxk D(P∇f )(xk )[zk ] = −Pxk ∇f (xk ),

4:

5:

(10)

where Px denotes the orthogonal projector (2) onto ker(DΦ(x)).
Set
xk+1 := Rxk (zk ).
end for
Let
TM =

[

(x, Tx M)

(11)

x∈M

denote the tangent bundle of M. A retraction R [ADM+ 02] (or see [AMS08, §4.1] for the
present equivalent formulation) is a smooth mapping from a neighborhood of M in T M,
taking its values in M, and satisfying the following properties: Let Rx denote the restriction
of R to (x, Tx M) ≃ Tx M, then
Rx (0x ) = x,
(12a)
where 0x denotes the origin of the vector space Tx M, and
d
Rx (tξx )
dt

= ξx , for all ξx ∈ Tx M.

(12b)

t=0

The notation
D(P∇f )(xk )[zk ]
in (10) stands for the derivative at xk along zk of the function that maps x to Px ∇f (x).
Because Px ∇f (x) is the gradient of f at x in the sense of the Riemannian submanifold
M [AMS08, (3.37)], we adopt the notation
grad f|M (x) := Px ∇f (x).

(13)

For similar reasons [AMS08, (5.15)], we have

Hess f|M (x) := Px D grad f|M (x)

(14)

= Px D(P∇f )(x).

The Riemannian Newton method (Algorithm 2) can thus be compactly written as the iteration
x 7→ x+ computed as
Hess f|M (x)z = −grad f|M (x),
x+ = Rx (z).

z ∈ Tx M

(15a)
(15b)

Observe that the only freedom in Algorithm 2 is in the choice of the retraction R. In order
to relate this algorithm with FP-SQP, we need to develop Newton’s equation (15a), i.e., (10).
We first do it for the case where M is a hypersurface, then for the general case.
8

4.1.1

Newton’s method on hypersurfaces

We first consider the case m = 1, i.e., the constraint function Φ is a real-valued function and
thus the manifold M = Φ−1 (0) has codimension 1. Let x ∈ M, i.e., Φ(x) = 0. Let λ be the
least-squares multipliers (7), i.e.,
λ(x) = −(∇Φ(x)T ∇Φ(x))−1 ∇Φ(x)T ∇f (x)

∈ R.

(16)

Then, from (13) and the expression of Px (2),
grad f|M (x) = Px ∇f (x) = ∇f (x) + λ(x)∇Φ(x)
and, for all z ∈ Tx M, the Riemannian Hessian Hess f|M satisfies
Hess f|M (x)z = Px Dgrad f|M (x)z = Px (∇2 f (x) + λ(x)∇2 Φ(x))z,

(17)

where we have used Px ∇Φ(x) = 0. Newton’s equation (15a) thus reads
Px (∇2 f (x) + λ(x)∇2 Φ(x))z = −Px ∇f (x),

∇Φ(x)T z = 0.

(18)

This equation corresponds to FP-SQP’s (6a)-(6b) in the particular case where λ is chosen
according to (16).
4.1.2

General case

We now consider the general case m ≥ 1, i.e., the constraint function Φ is in general a
vector-valued function. Let x ∈ M, i.e., Φ(x) = 0. Let λ be as in (7), that is,
λ(x) = −(∇Φ(x)T ∇Φ(x))−1 ∇Φ(x)T ∇f (x)

∈ Rm .

(19)

We have, from (13) and the expression of Px (2),
grad f|M (x) = Px ∇f (x) = ∇f (x) + ∇Φ(x)λ(x)
and, for all z ∈ Tx M, the Riemannian Hessian Hess f|M satisfies
Hess f|M (x)z = Px D(grad f|M )(x)[z]
= Px ∇2 f (x)z + Px D∇Φ(x)[z]λ(x)
2

(20)
T

−1

= Px ∇ f (x)z − Px D∇Φ(x)[z](∇Φ(x) ∇Φ(x))

T

∇Φ(x) ∇f (x),

(21)

where we have used the identity Px ∇Φ(x) = 0. Newton’s equation (15a) becomes
Px ∇2 f (x)z + Px D∇Φ(x)[z]λ(x) = −Px ∇f (x),

∇Φ(x)T z = 0.

(22)

Observe that this equation is again FP-SQP’s (6a)-(6b) for the special choice (7) of λ.
The next result formalizes the relation between FP-SQP and the Riemannian Newton
method.
Proposition 4.1 (Riemannian Newton and FP-SQP) Assume as always that 0 is a
regular value of Φ, so that the set M is an embedded submanifold of Rn . Then simple FP-SQP
(Algorithm 1), with λ in Step 3 chosen as in (7) and with z̃ in Step 5 chosen as a smooth
function of (x, z), is the Riemannian Newton method (Algorithm 2) with the retraction defined
by R : z 7→ x + z̃. Vice-versa, Algorithm 2 is Algorithm 1 with z̃ := R(z) − x.
Proof. For the first claim, it remains to show that that R : z 7→ x + z̃ is a retraction. This
directly follows from the smoothness assumption on z̃ and from (8)-(9). For the second claim,
in view of (12), it is clear that z̃ := R(z) − x satisfies (8)-(9).

9

4.1.3

Remarks

Let L(x, λ) = f (x) + Φ(x)λ, and observe that the left-hand side of (6a) is Px ∇2 L(·, λ)(x)z.
In the case where λ is chosen as in (7), the link
Px ∇2 L(·, λ(x))(x)z = Hess f|M (x)[z],

z ∈ Tx M

between the Hessian of the Lagrangian and the Riemannian Hessian has been known since [EAS98,
§4.9], and the relation at the critical points of f|M can already be found in Gabay [Gab82].
Here, by relying on the retraction-based Newton method, we have shown that the overall
algorithms overlap. A consequence is that the convergence analysis of the one can benefit the
other.
Note that, even though they coincide under the above assumptions, FP-SQP and Newton
on manifolds are not identical methods. FP-SQP makes no assumption on λk beyond the
fact that it must converge to the correct value, whereas Newton on manifolds requires λk to
be defined by (7). On the other hand, the intrinsic Newton algorithm on manifolds is not
restricted to manifolds that come to us in the form M = {x ∈ Rn : Φ(x) = 0}; see, e.g.,
quotient manifolds [AMS08]. Indeed, some of the more abstract manifolds provide the most
successful intrinsic Newton algorithms developed to date [EAS98, ADM+ 02, HT04].
We opted for the Levi-Civita connection on M, hence the projector Px in the definition
of the Hessian (14) is the orthogonal projector onto the tangent space. However, the analysis
of Newton’s method on manifolds in [ADM+ 02, AMS08] does not require any assumption on
the choice of the affine connection. Choosing a non-orthogonal projector in (14) amounts to
choosing a different affine connection to the Riemannian Levi-Civita connection, which leads
to a different update step, However, the algorithm is still an intrinsic Newton algorithm, and
the full convergence theory will still apply [AMS08].
There is a similar link between the trust-region FP-SQP [WT04] and the Riemannian
trust-region method proposed in [ABG07].

4.2

Newton’s method in coordinates: Sequential Newton

A natural approach to obtain an intrinsic second-order method is to perform a Newton method
on the objective function expressed in local coordinates of M. In this section, we show that
for certain choices of the retraction R, the Riemannian Newton step (Algorithm 2) at any
x ∈ M—and thus the simple FP-SQP (Algorithm 1) under the conditions of Proposition 4.1—
can be interpreted as a “classical” Newton step on the inner product space Tx M for the
objective function f ◦ Rx . (The inner product on Tx M comes naturally by viewing it as a
linear subspace of Rn .)
Newton’s method in coordinates is defined in Algorithm 3, where ∇(f ◦ Rx ) denotes the
gradient of f ◦ Rx and ∇2 (f ◦ Rx ) denotes its Hessian. They are well defined, since Tx M is
a linear subspace of Rn and thus inherits an inner product. The name Sequential Newton is
borrowed from [MM05, Alg. 1.8]; see remark in Section 4.2.2.
A sufficient condition for (23) to be equivalent to the Riemannian Newton method (Algorithm 2) with retraction R is that R be a second-order retraction, which means that, in
addition to the properties (12), we have
Px

d2
Rx (tξx )
dt2
10

= 0.
t=0

(24)

Algorithm 3 Sequential Newton
1: Given a retraction R on Φ−1 (0) and a starting point x0 ∈ Φ−1 (0);
2: for k = 0, 1, 2, . . . do
3:
Solve, for the unknown zk ∈ ker(DΦ(xk )), the Newton equation

4:

5:

∇2 (f ◦ Rx )(0x )zk = −∇(f ◦ Rx )(0x ).

(23a)

xk+1 = Rxk (zk ).

(23b)

Set
end for

Indeed, because R is a retraction, we can appeal to [AMS08, (4.4)] to conclude that
∇(f ◦ Rx )(0x ) = grad f|M (x),

(25)

and when R is second-order, we can also appeal to [AMS08, Pr. 5.5.5] to conclude that
∇2 (f ◦ Rx )(0x ) = Hess f|M (x).

(26)

where Hess f|M is as in (14). From (25) and (26), it follows that (23) reduces to the Riemannian Newton method (15).
While (25) is direct, (26) requires more work. For the reader’s convenience, we specialize
the general proof [AMS08, Pr. 5.5.5] to the present case.
Proposition 4.2 (Riemannian Newton and Sequential Newton) If R is a second-order
retraction, then (26) holds, with Hess f|M (x) as in (14). Consequently, given a second-order
retraction R, Riemannian Newton (Algorithm 2) and Sequential Newton (Algorithm 3) are
equivalent.
Proof. Since the two sides of (26) are Hessians, thus symmetric operators, it is sufficient (in
view of the polarization identity) to show that, for all z ∈ Tx M, we have z T ∇2 (f ◦Rx )(0x )z =
z T Hess f|M (x)[z]. We develop the left-hand side:
d2
f ◦ Rx (tz)
dt2
t=0


d d
f ◦ Rx (tz)
=
dt dt
t=0


d
d
T
=
∇f (Rx (tz))
Rx (tz)
dt
dt
t=0


d
d
T
=
∇f (Rx (tz)) PRx (tz) Rx (tz)
dt
dt

z T ∇2 (f ◦ Rx )(0x )z =

11

t=0

since

d
dt Rx (tz)

∈ TRx (tz) M

T
d
PRx (tz) ∇f (Rx (tz))
dt
T
d
=
PRx (tz) ∇f (Rx (tz))
dt

=

since

d
dt Rx (z) t=0

= z and Px

d2
R (tz)
dt2 x
t=0

t=0

d
Rx (z)
dt

+ ∇f (x)T Px
t=0

d2
Rx (tz)
dt2

t=0

z
t=0

=0


d
= D(P ∇f )(Rx (0x )) Rx (tz)
dt

t=0

= z T D(P ∇f )(x)z

T

z

= z T Hess f|M (x)[z].

4.2.1

Newton’s method in projective coordinates
x

z
π(x + z)
M

In the context of FP-SQP, Wright and Tenny [WT04] mention the possibility of obtaining z̃
(Step 5 of Algorithm 1) from the projection of x + z onto the feasible set M. Transposed
to the Riemannian Newton method (Algorithm 2), in view of Proposition 4.1, this yields the
candidate retraction (we have yet to show that it is indeed a retraction)
Rx : z 7→ π(x + z),

(27)

where π : Rn → M denotes the projection onto the manifold, i.e., π maps x + z to the nearest
point on M (recall that M is a submanifold of Rn ). By projective coordinates, we mean
coordinates based on this R.
First, we show that (27) is locally well defined.
Proposition 4.3 (projection) For all x ∈ M, there is a neighborhood of 0x in T M on
which R (27) is well defined and smooth.
Proof. The proof particularizes classical results of differential geometry pertaining to the
normal exponential map and tubular neighborhoods. Let
T ⊥ M = {(p, v) : p ∈ M, v ⊥ Tp M}
denote the normal bundle of M and let Exp⊥ denote the normal exponential map, which in
our case takes the form
Exp⊥ : T ⊥ M → M : (p, v) 7→ p + v.
12

It is known [Sak96, II.4.3] that for all x ∈ M, Exp⊥ is a diffeomorphism (and thus a one-toone map) on a neighborhood U of 0x in T ⊥ M onto the neighborhood Exp⊥ (U ) of x. Choose
ǫ > 0 smaller than half of the radius of a (nonempty) ball around x contained in Exp⊥ (U ).
Then, for all q ∈ Bǫ , π(q) belongs to M ∩ Exp⊥ (U ) and by a standard optimality argument
⊥ M. Since Exp⊥ is a diffeomorphism on U ,
must satisfy Exp⊥ (vπ(q) ) = q for some vπ(q) ∈ Tπ(q)
it follows that π(q) = pj1 (Exp⊥ )−1 (q), where pj1 ((p, v)) := p. Hence π(p + z) is well defined
and smooth for all p ∈ M and all z ∈ Tp M with kp − qk < ǫ/2 and kzk < ǫ/2.

Proposition 4.4 (projective retraction) The R mapping (27) is a retraction. Moreover,
it is a second-order retraction.
Proof. Let x ∈ M, z ∈ Tx M, and consider the curve γ : t 7→ π(x + tz). We need to show
that γ ′ (0) = z (hence R is a retraction) and that γ ′′ (0) ∈ (Tx M)⊥ (hence R is a second-order
retraction). We have
γ(t) = x + tz − kx + tz − γ(t)k Nγ(t) ,
|
{z
}
:=µ(t)

where Nγ(t) belongs to (Tγ(t) M)⊥ . Thus

′
γ ′ (t) = z − µ′ (t)Nγ(t) − µ(t)Nγ(t)
,

and
′
′
′′
γ ′′ (t) = −µ′′ (t)Nγ(t) − µ′ (t)Nγ(t)
− µ′ (t)Nγ(t)
− µ(t)Nγ(t)
.

Observe that µ(0) = 0, and since
µ′ (t) =

1
hz − γ ′ (t), x + tz − γ(t)i = hz, Nγ(t) i,
µ(t)

we have µ′ (0) = hz, Nx i = 0. Hence
γ ′ (0) = z

and γ ′′ (0) = −µ′′ (t)Nx ∈ (Tx M)⊥ .


Proposition 4.5 (projective Newton) Newton’s method in projective coordinates (Algorithm 3 with R as in (27)) is equivalent to the Riemannian Newton method (Algorithm 2)
with R as in (27).
Proof. Direct from Propositions 4.2 and 4.4.
4.2.2



Remarks

Algorithm 3 is identical to [MM05, Alg. 1.8], except that the first-order condition (12b) is
not enforced in the latter. Nevertheless, Algorithm 3 is not more restrictive than [MM05,
Alg. 1.8]. Indeed, if ϕx satisfies the properties of a retraction except for (12b), then Rx :=
ϕx ◦ (Dϕx (0))−1 is a retraction, and we have that the mapping x 7→ x+ defined by
∇2 (f ◦ ϕx )(0x )z = −∇(f ◦ ϕx )(0x )

(28a)

x+ = ϕx (z)

(28b)
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is the same as (23). To see this, observe that
∇2 (f ◦ Rx )(0x )z = Dϕx (0x )−T ∇2 (f ◦ ϕx )(0x )Dϕx (0x )−1 z
for all z ∈ Tx M, and
∇(f ◦ Rx )(0x ) = Dϕx (0)−T ∇(f ◦ ϕx )(0x ).
Note that the domain of the parameterizations ϕx is (a subset of) the tangent space
Tx M, and not (a subset of) Rd . Strictly speaking, they are thus not parameterizations in the
sense of differential geometry (see, e.g., [dC92]), because identifying Tx M with Rd requires
to choose a basis of Tx M. In [HT04], parameterizations are defined on open subsets of Rd .
Both approaches have advantages and drawbacks; see in particular the discussion in [AMS08,
§4.1.3].
Several examples of second-order retractions can be found in [AM09].
The fact that the Riemannian Newton method converges quadratically does not follow
straightforwardly from Proposition 4.5, because the objective function f ◦ Rx and its domain
Tx M change at each step as x changes. Showing quadratic convergence requires some work,
which can be found in [HT04, AMS08].

5

Methods based on approximations of M

In this section, we tackle the general equality-constrained optimization problem (1) by considering at the current iterate x the subproblem
fx ,
min f (x̃) subject to x̃ ∈ M

(29)

fx is some approximation of class C 2 of the submanifold M = Φ−1 (0).
where the submanifold M
f means in general evaluating f outside
This is thus an extrinsic approach: evaluating f on M
fx , termed second-order agreement (defined next), such that the
M. We give conditions on M
Newton vector at x for (29) and the one for the original problem (1) coincide.
fx contains x and that the tangent spaces match, i.e., Tx M
fx = Tx M
We require that M
n
thought of as subspaces in R . To define the notion of second-order agreement at x between
fx , observe that every z ∈ Rn admits a unique decomposition z = zT + zN where zT
M and M
belongs to Tx M and zN to Tx⊥ M. Since ker(DΦ(x)) = Tx M and DΦ(x) has full rank m (by
LICQ), it follows that DN Φ(x) is invertible, where DN Φ(x) denotes DΦ(x) restricted to act
along Tx⊥ M. Hence, by the implicit function theorem, there exists an open neighborhood U
of 0 in Tx M, an open neighborhood V of 0 in Tx⊥ M, and a unique continuously differentiable
function zN : U → V such that {x+zT +zN (zT ) : zT ∈ U } = M∩(x+U +V ). In other words,
M − x is locally the graph of zN (·). Since Φ is assumed to be C 2 , it follows that zN is also C 2 .
Since every C 2 submanifold is locally the zero set of a C 2 function (see [O’N83, Prop. 1.28]),
f
the same reasoning shows that there is a unique C 2 (partial) function zf
N such that Mx − x is
2
2
f
locally the graph of zf
N . We say that M and Mx agree to second order if D zN (0) = D zf
N (0).
1 2
f
If zf
N (zT ) = 2 D zN (0)[zT , zT ], then Mx is termed the osculating paraboloid to M at x.
In [MM05], the (partial) function zT 7→ x+zT +zN (zT ) is termed tangential parameterization. It defines a retraction (this follows, e.g., from [Lew02, Th. 6.1]), and even a second-order
retraction [AM09].
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5.1

f
Newton approach with M

fx agree to second order at x and we compute the Riemannian
We will see that if M and M
Newton vector at x for problem (29), then we get the Riemannian Newton vector of the
original problem (1).
Lemma 5.1 Let x belong to M = Φ−1 (0) and let zN : Tx M → Tx⊥ M be such that M − x is
locally the graph of zN (·). Then
D2 zN (0)[u1 , u2 ] = −DΦ(x)T (DΦ(x)DΦ(x)T )−1 D2 Φ(x)[u1 , u2 ]
T

−1

= −∇Φ(x)(∇Φ(x) ∇Φ(x))

(30)

T

D(∇Φ )(x)[u2 ]u1

for all u1 , u2 ∈ Tx M.
Proof. This is [MM05, (3.6)]. We give a sketch of proof for the reader’s convenience. Differentiating the relation Φ(x + zT + zN (zT )) = 0 along u1 yields
DT Φ(x + zT + zN (zT ))[u1 ] + DN Φ(x + zT + zN (zT ))DzN (zT )[u1 ] = 0
for all u1 ∈ Tx M, where DT Φ denotes DΦ restricted to act along Tx M. Differentiating again
along u2 and evaluating the expression at zT = 0 yields
D2T Φ(x)[u1 , u2 ] + DN Φ(x)D2 zN (0)[u1 , u2 ] = 0
for all u1 , u2 ∈ Tx M. This yields
D2 zN (0)[u1 , u2 ] = −(DN Φ(x))−1 D2T Φ(x)[u1 , u2 ]

−1 2
= −(DN Φ(x))T DN Φ(x)(DN Φ(x))T
DT Φ(x)[u1 , u2 ]

−1 2
D Φ(x)[u1 , u2 ]
= −(DΦ(x))T DΦ(x)(DΦ(x))T

(31)
(32)
(33)

since DT Φ(x) = 0.

Recall that z 7→ Hess f|M (x)[z] is a mapping from Tx M to Tx M, hence Hess f|M (x) is
fully specified by the mapping Tx M × Tx M ∋ (u, z) 7→ uT Hess f|M (x)[z] ∈ R. Next we give
an expression for this mapping that involves D2 zN (0).
Proposition 5.2 (Riemannian Hessian and tangential coordinates) With the notation
and assumptions of the previous lemma, for all u, z ∈ Tx M,
uT Hess f|M (x)[z] = uT ∇2 f (x)z + ∇f (x)T D2 zN (0)[u, z].

(34)

Proof. By (21), the left-hand side is
uT ∇2 f (x)z − uT D∇Φ(x)[z](∇Φ(x)T ∇Φ(x))−1 ∇Φ(x)T ∇f (x),
and the result comes by Lemma 5.1.



fx ) The Riemannian Newton vector z, soProposition 5.3 (Riemannian Newton on M
fx that agrees
lution of (15a), is unchanged if the manifold M is replaced by a manifold M
with M to second order at x.
fx preserves the tangent space at x and D2 zN (0) by definition. 
Proof. Replacing M by M
15

5.2

f from models of Φ
Obtaining M

fx of M is to approximate Φ by some Φ
e and define
A way of obtaining an approximation M
−1
fx = Φ
e (0). We give necessary and sufficient conditions for this procedure to yield a
M
fx that agrees with M to second order at x.
manifold M

e be C 2 functions from Rn to Rm with 0 as regular value.
Proposition 5.4 Let Φ and Φ
e −1 (0) agree to second order at x if and only if (DN Φ(x))−1 D2 Φ(x) =
Then Φ−1 (0) and Φ
T
−1
2
e
e
(DN Φ(x))
DT Φ(x).
Proof. Immediate from (31).

e agree to second
The criterion in Proposition 5.4 is satisfied when the functions Φ and Φ
order, but this condition is not necessary. However, it is always possible to satisfy this
condition by replacing one of the two functions by another function that admits the same
zero level set, as the next result shows.

e be C 2 functions from Rn to Rm with 0 as regular value and
Proposition 5.5 Let Φ and Φ
−1
−1
e −1 (0) agree to second order at x if and only if there exists
let x ∈ Φ (0). Then Φ (0) and Φ
b such that Φ
b −1 (0) = Φ−1 (0) and that Φ
b and Φ
e agree to second order at x (i.e.,
a function Φ
2
2
b
e
b
e
DΦ(x) = DΦ(x) and D Φ(x) = D Φ(x)).

e and Φ
b agree to second order at x, then from (31) it
Proof. The condition is sufficient. If Φ
−1
−1
e
b
b −1 (0) = Φ−1 (0), the result
follows that Φ (0) and Φ (0) agree to second order at x. Since Φ
follows.
The condition is necessary. It is enough to prove that there exists M (·) defined on a
b defined by
neighborhood of x in Rn such that Φ
satisfies

b
Φ(y)
:= M (y)Φ(y)

(35)

b
e
DΦ(x)
= DΦ(x)
b
e
D2 Φ(x)
= D2 Φ(x).

(36)
(37)

e
The tangent part of (36) is trivially satisfied because DT Φ(0) = 0 = DT Φ(0).
From (35), we
n
have, for all u ∈ R ,
and thus

b
DΦ(y)[u]
= DM (y)[u]Φ(y) + M (y)DΦ(y)[u]
b
DΦ(x)[u]
= M (x)DΦ(x)[u].

Hence, the normal part of (36) is satisfied with

e
M (x) = DN Φ(x)
(DN Φ(x))−1 .

(38)

From (35), we have, for all u, v ∈ Rn ,

b
D2 Φ(x)[u,
v] = DM (x)[u]DΦ(x)[v] + DM (x)[v]DΦ(x)[u] + M (x)D2 Φ(x)[u, v].
16

(39)

b
The tangent-tangent part of D2 Φ(x)
is given by

2
b
D2 Φ(x)[u
T , vT ] = M (x)D Φ(x)[uT , vT ].

The tangent-tangent part of (37) is satisfied without any constraint on M further than (38),
b
in view of Proposition 5.4. The tangent-normal part of D2 Φ(0)
is given by
2
b
D2 Φ(x)[u
T , vN ] = DM (x)[uT ]DΦ(x)[vN ] + M (x)D Φ(x)[uT , vN ].

The tangent-normal part of (37) is satisfied if

e
DT M (x)[uT ]DΦ(x)[vN ] + M (x)D2T N Φ(x)[uT , vN ] = D2T N Φ(x)[u
T , vN ],

e
for all uT ∈ Tx M and all vN ∈ Tx⊥ M. The application vN 7→ D2T N Φ(x)[u
T , vN ] is a linear
m
m
e
mapping from Tx M ≃ R to R ; we denote its matrix expression by D2T N Φ(x)[u
T , ·]. This
yields


2
−1
e
DT M (x)[uT ] = D2T N Φ(x)[u
T , ·] − M (x)DT N Φ(x)[uT , ·] DN Φ(x) .
This is well defined since, by the LICQ hypothesis and the fact that DT Φ(x) = 0, DN Φ(x) is
b
is given by
invertible. Finally, the normal-normal part of D2 Φ(x)

2
b
D2 Φ(x)[U
N , VN ] = DN M (x)[uN ]DN Φ(x)[vN ]+DN M (x)[vN ]DN Φ(x)[uN ]+M (x)DN N Φ(x)[uN , vN ].

The normal-normal part of (37) is satisfied if
DN M (x)[uN ] =


1 2 e
DN N Φ(x)[uN , ·] − M (x)D2N N Φ(x)[uN , ·] DN Φ(x)−1 .
2

This is readily checked by taking into account the symmetry of the second derivatives. In
conclusion, M (x) and DM (x) have been fully specified, and this is enough for (36) and (37)
to hold. A possible choice for M (·) is M (y) = M (x) + DM (x)[y − x].


5.3

f and second-order corrections
M

Second-order corrections were proposed as a strategy to avoid the Maratos effect; see, e.g., [BGLS03,
§15.3] or [NW06, §15.6]. Specifically, let x ∈ M and let K be a right inverse of DΦ(x). (For
example, K can be chosen as the pseudo-inverse DΦ(x)T (DΦ(x)DΦ(x)T )−1 .) Given z ∈ Tx M,
the second-order correction step is defined to be −KΦ(x + z), and the corrected step sends x
to
y := x + z − KΦ(x + z).
(40)
We show that the set of all second-order corrections is a manifold that agrees with M to
second order at x.
Proposition 5.6 Given x ∈ M and K such that DΦ(x)K = I, the manifold
fx := {x + z − KΦ(x + z) : z ∈ Tx M}
M

agrees with M to second order at x.
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Proof. Let PN T denote the projection onto Tx⊥ M along Tx M, and let PT K denote the
projection onto Tx M along the range of K. Since K is a right inverse of DΦ(0), it follows
that the range of K and Tx M are transverse, and thus PT K is well defined. One can check
that PN T K = (DN Φ(x))−1 because DT Φ(x) = 0. Applying PN T to (40) thus yields
PN T y = −(DN Φ(0))−1 Φ(x + z).
Since PT K K = 0 and PT K z = z, applying PT K to (40) yields
PT K (y − x) = z.
Replacing this equation into the previous one yields
0 = PN T y + (DN Φ(0))−1 Φ(x + PT K (y − x)).
e by
Define Φ

e
Φ(y)
= PN T y + (DN Φ(0))−1 Φ(x + PT K (y − x)).

e is into Tx⊥ M, it can be viewed as a function into Rm . It can be shown that
Note that since Φ
fx = Φ
e −1 (0).
M

(Indeed, the inclusion ⊆ is direct and the inclusion ⊇ comes because any y ∈ Rn is fully
specified by (PN T y, PT K y) hence no information is lost in the two projections of (40).) We
have, for all u ∈ Tx M an all v ∈ Tx⊥ M,
e
DT Φ(y)[u]
= (DN Φ(0))−1 DΦ(x + PT K (y − x))PT K u
e
D2T T Φ(x)[u,
u] = (DN Φ(0))−1 D2 Φ(x)[PT K u, PT K u]
e
DN Φ(x)[v]
= v + (DN Φ(0))−1 DΦ(x)PT K v.

Observe that PT K u = u and DΦ(x)PT K = 0. Hence

−1 2 e
e
(DN Φ(x))
DT T Φ(x) = (DN Φ(x))−1 D2T T Φ(x).

The conclusion comes using Proposition 5.4.

6



An extrinsic look at the Riemannian Hessian

Up to now we have obtained several expressions for the Riemannian Hessian of f on M. In
this section, we take a step back to interpret these expressions and explain how they relate
to the curvature of M.
We have, respectively from (14), (26), (21), (34), that for all z ∈ Tx M,

Hess f|M (x)[z] = Px D grad f|M (x)[z] = Px D(P∇f )(x)[z]
= ∇2 (f ◦ Rx )(0x )z

for all second-order retractions R,
= Px ∇2 f (x)z − Px D∇Φ(x)[z](∇Φ(x)T ∇Φ(x))−1 ∇Φ(x)T ∇f (x)
= Px ∇2 f (x)z + (D2 zN [·, z])T ∇f (x),
18

and also, by Leibniz’s law of derivation (product rule) applied to (14),
Hess f|M (x)[z] = Px ∇2 f (x)z + Px DP(x)[z] ∇f (x).

(41)

The Riemannian Hessian is intrinsic to M (it is unaffected by modifications of f away from
M), as the second of the five expressions above confirms since the range of Rx is contained
in M. However, the last three expressions are the sum of two terms that, taken individually,
are extrinsic to M (they depend on f outside M). The first term in those expressions,
Px ∇2 f (x)z, contains second-order information about f along the tangent space Tx M but
only first-order information on M. The second term involves second-order information about
M but only first-order information about f . Observe also that the first-order information
about f is only needed along the normal space, as the penultimate expression shows.

6.1

DP and the second fundamental form

Expression (41) of the Riemannian Hessian involves the derivation of the projector field,
DP. In this section, we show that DP relates to the curvature of M through the so-called
second fundamental form and Weingarten map. Whereas the relation between the second
fundamental form and the Riemannian curvature tensor is well known, we could not find
the link between DP and the second fundamental form clearly spelled out in the literature.
Contrary to the other sections, this section requires some background in differential geometry.
We opt for the more compact notation DX F for the derivative of a (real-, vector-, or
matrix-valued) function F along a vector field X tangent to M. Recall that, for all y ∈ M,
Py denotes the orthogonal projection onto the tangent space Ty M. If we let N denote a
matrix-valued function on M such that the columns of N (y) form a basis of the normal space
Ty⊥ M for all y in a neighborhood of x (such a N can always be constructed locally for any
submanifold M of Rn ), then we have
Py = I − N (y)(N (y)T N (y))−1 N (y)T .
A possible choice is N (y) = ∇Φ(y) = DΦ(y)T . We also let Py⊥ denote the orthogonal
projection onto Ty⊥ M,
Py⊥ = N (y)(N (y)T N (y))−1 N (y)T .
(42)
Obviously, P = I − P ⊥ .
The projection P defines a map from M to the Grassmannian of d-planes in Rn , which
we identify with the space of projections {P ∈ GL(n) : P 2 = P, P = P T , trP = d}.
This map is called the Gauss map of the submanifold M (in codimension 1 this is just
the map to S n−1 given by the unit normal vector, up to sign). Since PP ⊥ = 0 we have
(DX P)P ⊥ + P(DX P ⊥ ) = 0, and hence
P ⊥ (DX P)P ⊥ = 0.
Similarly,
P(DX P)P = 0.
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Thus we can write
DX P = (P + P ⊥ )DX P(P + P ⊥ )
= P(DX P)P ⊥ + P ⊥ (DX P)P.

(43)

As we now show, these two terms relate to the second fundamental form and the Weingarten
map.
The second fundamental form is a bilinear form which takes two tangent vectors to M at
x and gives a normal vector, defined as follows: If X and Y are tangent vector fields, then
II(X, Y ) = P ⊥ (DX Y ) .
This depends only on the value of the (tangent) vector field Y at the point x: Since Y = PY
we have
II(X, Y ) = P ⊥ (DX (PY )) = P ⊥ ((DX P)(Y ) + P(DX Y )) = P ⊥ ((DX P)(Y ))

(44)

since P ⊥ P = 0. Noting that DP = −DP ⊥ , we can write II in terms of Φ using (42):
Differentiating the expression for P ⊥ gives zero when applied to a tangential vector Y , except
where the derivative applies to the last term DΦ. Thus we have (since P ⊥ (DΦ)T = (DΦ)T )
II(X, Y ) = −(DΦ)T (DΦDΦT )−1 D2 Φ(X, Y ),

(45)

from which it follows that II is symmetric.
In the high codimension case the Weingarten map is defined to be the following operator
which takes a tangent vector X and a normal vector V and produces a tangent vector:
A(X, V ) = −P (DX V ) .
We have



A(X, V ) = −P DX (P ⊥ V ) = −(PDX P ⊥ )(V ) = P(DX P(V )).

(46)

The Weingarten map is related to the second fundamental form via the Weingarten relation,
which is obtained by differentiating the equation hY, V i = 0 for any tangent vector field Y
and normal vector field V :
0 = DX hY, V i = h(DX Y ), V i + hY, DX V i = hII(X, Y ), V i − hY, A(X, V )i.
In summary, we have, for all tangent vector fields X, Y , and all normal vector fields V ,
II(X, Y ) = P ⊥ (DX P)Y,
A(X, V ) = P(DX P)V.
Hence, from (43), we have, for all vector fields W and tangent vector fields X on M,
(DX P)W = P(DX P)P ⊥ W + P ⊥ (DX P)PW
= A(X, P ⊥ W ) + II(X, PW ).
In these terms the intrinsic Hessian on M of a function f is given as follows: For any two
tangent vectors X and Y , it follows from (41) that
Hess f|M X = P∇2 f X + A(X, P ⊥ ∇f )
and
hHess f|M X, Y i = D2 f (X, Y ) + Df (II(X, Y )).
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6.2

Relation to curvature

We give some geometric interpretations of the second fundamental form.
For a fixed unit normal vector N at x ∈ N , hII(., .), N i is the second fundamental form of
the codimension one submanifold MN given by projecting M orthogonally onto the (d + 1)dimensional subspace generated by Tx M and N . Thus for each unit tangent vector X,
hII(X, X), N i gives the curvature of the curve given by intersecting MN with the plane
generated by X and N .
Another useful interpretation is the following: For fixed X, the geodesic γ in M with
γ(0) = x and γ ′ (0) = X has acceleration in Rn given by γ ′′ (0) = II(X, X). (This follows
directly from [O’N83, Cor. 4.9].)
As we saw in Section 5, the submanifold M can be written near x as the graph of a
locally defined smooth function u : Rd → Rm over the tangent space Tx M: Precisely, if we
decompose Rn as Tx M × Nx M and choose the origin to be at x, the we can write M near x
in the form
{(z, u(z)) : z ∈ Tx M }
for some smooth function u : Tx M ≃ Rd → Nx M ≃ Rm with u(0) = 0 and Du(0) = 0. Then
the second fundamental form of M at x is given by
II(X, Y ) = D2 u(0)(X, Y ) ∈ Nx M
for each X, Y ∈ Tx M. (This follows from [KN63, Example VII.3.3]. The result also comes
directly from (45) and (30).)
Finally, we point out that the Riemannian curvature tensor and the sectional curvature
can also be written in terms of the second fundamental form; see, e.g., [O’N83, §4].

7

Conclusion

In the context of equality-constrained optimization with a smooth feasible set, where the two
worlds of constrained optimization and optimization on manifolds meet, we have presented
connections between the feasibly-projected SQP, the Riemannian Newton method, and Newton’s method in coordinates. We have also shown that the Riemannian Newton vector is
preserved when the manifold is replaced by another manifold with which it agrees to second
order at the current iterate, a situation that prevails when Maratos-like second-order corrections are applied. An interpretation of the Riemannian Hessian in terms of curvature of the
feasible manifold has been given.
We point out that in the feasibly-projected SQP, it can be argued that setting the multipliers λ to their least-squares value (7) is a good choice since this ensures that the algorithm
is intrinsic to the manifold; i.e., the algorithm is not affected by modifications of the objective
function away from the feasible set.
The concepts discussed in this paper can be generalized to Newton trust region and
Newton line search algorithms using the formulation from [ABG07, AMS08].
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Birkhäuser Boston Inc., Boston, MA, 1992. Translated from the second Portuguese edition by
Francis Flaherty.

[DHM06]
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