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Abstract. Proof systems for logics with recursive definitions typically
impose a strict syntactic stratification on the body of a definition to en-
sure cut elimination and consistency of the logics, i.e., by forbidding any
negative occurrences of the predicate being defined. Often such a restric-
tion is too strong, as there are cases where such negative occurrences do
not lead to inconsistency. Several logical frameworks based on logics of
definitions have been used to mechanise reasoning about properties of
operational semantics and type systems. However, some of the uses of
these frameworks actually go beyond what is justified by their logical
foundations, as they admit definitions which are not strictly stratified,
e.g., in the formalisation of logical-relation type of arguments in typed
λ-calculi. We consider here a more general notion of stratification, which
allows one to admit some definitions that are not strictly stratified. We
outline a novel technique to prove consistency and a partial cut elimi-
nation result, showing that every derivation can be transformed into a
certain head normal form, by simulating its cut reductions in an infini-
tary proof system. We demonstrate this technique for a specific logic,
but it can be extended to other richer logics.

1 Introduction

Proof systems for logics with definitions or fixed points typically impose a syn-
tactic stratification condition on the body of a recursive definition to make sure
that its corresponding fixed point operator has a fixed point. Often such a re-
striction is too strong; for example, the logics of definitions in [9, 4, 20, 12] all
impose a strict stratification where no negative occurrences of a recursive predi-
cate is allowed in the body of its definition. This strict stratification rules out the
obvious kinds of inconsistent definitions, such as one that defines an atom to be
its negation, e.g., p , p ⊃ ⊥. It is shown in [20] that admitting this definition of
p breaks cut-elimination and leads to inconsistency, when the contraction rule is
presence. However, this strict stratification also rules out some consistent defini-
tion, in the sense that it has a fixed point, such as odd (s X) , odd X ⊃ ⊥, where
s denotes the successor function on natural numbers. For a more interesting ex-
ample of a consistent but not strictly stratified definition, consider the definition
of a reducibility set, used in normalisation proofs for typed λ-calculi [22, 8]:

red t (α→ β) , ∀s.red s α ⊃ red (t s) β
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which says that a term t of type α→ β is reducible iff for every reducible term
s of type α, (t s) is a reducible term of type β.

Several frameworks based on logics of definitions have been designed for the
task of specifying and reasoning about operational semantics [12, 17, 23, 16, 6,
1]. The underlying logics for these frameworks all impose the strict stratifica-
tion on definitions. However, some of the more interesting applications of these
frameworks actually make use of non-strictly stratified definitions that are not
supported by their logical foundations, e.g., the formalisation of reducibility
proofs [7]; the definition of the satisfiability relations for a modal logic for pro-
cess calculi [15]; and encodings of object logics [19]. In this paper, we extend
the logical foundations so these uses can be justified formally. We show here how
this can be done for an extension of an intuitionistic logic called FOλ∆N [12],
with a more general notion of stratification, which we call the logic LD. But the
methods shown here should be extendable to richer logics of definitions.

The stratification condition in FOλ∆N is defined by first assigning a natural
number to each predicate symbol p, called its level, and denoted by lvl(p). One
then extends this definition of levels to formulas, requiring, among others, that
the level of an atomic formula is the same as the level of the predicate symbol in
the formula, and that the level of A ⊃ B is the maximum of lvl(A)+1 and lvl(B).
Then a definition H , B is stratified iff lvl(H) ≥ lvl(B). This immediately rules
out the definition p , p ⊃ ⊥ and the definition of odd above, as there can be
no level assignments to predicates that can stratify these definitions. Assuming
that all definitions are stratified this way, cut elimination can be proved [12],
using a reducibility argument adapted from normalisation proofs by Tait [22]
and Martin-Löf [11]. In the cut-elimination proof of FOλ∆N, the role of stratifi-
cation is reflected in the definition of the reducibility sets, which are defined by
induction on the levels of formulas. In extending the cut elimination proof for
FOλ∆N, the difficulty is really in showing that the definition of reducibility sets
is well-founded; once this is done, the technicality of the cut elimination proof
itself can draw on a variety of proofs done for similar systems [12, 23, 24, 1].

We propose here an extension to the definition of stratification in FOλ∆N

by using level assignments that take into account the arguments in atomic for-
mulas. One problem with this level assignment is that in general we cannot
compare the levels of non-ground formulas, e.g., odd x and odd y are not com-
parable without knowing the relation between x and y. Another complication is
that FOλ∆N (and related logics) incorporates a case analysis rule on definitions
(called defL) that may instantiate eigenvariables in a sequent. A consequence
of this is that the notions of reducibility sets and levels of formulas have to be
stable under arbitrary substitutions. It seems technically challenging to define
a well-founded notion of reducibility using this extended stratification without
propagating the dependencies between variables throughout the cut-elimination
proofs, and complicating the already complicated proofs.

To avoid the complications with having to deal with variables in stratifi-
cation, we prove cut-elimination indirectly via a ground version of LD, called
LD∞, where no eigenvariables are present in the derivations. This is achieved
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by utilising Schütte’s ω-rule [21] for the introdution rule for ∀ on the right (and
dually, ∃ on the left). We then show, in Section 5, that cut reductions in LD
can be simulated by cut reductions in LD∞. This would normally entail that cut
reduction in LD terminates. However, due to a peculiar interaction between cut
reductions and the case analysis rule defL, one can only obtain a weaker result,
that cuts can always be pushed up over other rules, but may not be completely
eliminated. More specifically, we show that any applications of the cut rule can
be pushed up above the case analysis rule, resulting in a derivation in what we
call a head normal form. As we shall see in Section 5, the existence of a head nor-
mal form for every derivation entails a number of properties usually associated
with cut elimination: syntactic consistency (no proofs of ⊥), and the disjunction
and the existential properties. The full cut elimination result, however, holds for
a subset of LD defined by positive formulas and positive definitions (Section 6).

Despite the fact that we can prove only a limited form of cut-elimination, we
argue that, in terms of applications in reasoning about computational models,
we still retain much of the use of a full cut-elimination result. One of the most
important applications of cut-elimination in a proof-theory-based logical frame-
work is that it can be used as a tool to prove the adequacy of the encoding of
a computation model in logic. Adequacy here means a (meta) property that the
encoding captures its intended computational meaning. This is typically proved
by exploiting the structures of cut-free proofs and the fact that cut-free provabil-
ity is complete. In this sense, the existence of head normal form is not a strong
enough guarantee that the adequacy of the encodings can always be proved. For-
tunately, as we shall argue in Section 6, if one considers computational models
specified via Horn clauses, there is a natural embedding into positive definitions
in LD, for which we have full cut-elimination, so the usual adequacy proofs can
still be carried out. Many interesting examples fall within this class, e.g., all
examples done using a two-level approach to reasoning in Abella [5, 7]. We shall
show a couple of examples of positive definitions in Section 3. One of them is an
embedding of classical logic, via Gentzen-Gödel’s translation and Kolmogorov’s
translation. We also prove formally the equivalence between the two inside LD.

2 The logic LD

The logic LD is a small variant of the logic FOλ∆N [12], with a modified notion
of stratification of recursive definitions. The core logic itself is an intuitionistic
first-order fragment of Church’s simple type theory. Formulas and terms in LD
are just simply typed λ-terms. We shall assume familiarity with simply typed
λ-calculus, and recall only the basic notions in the following. We assume a count-
able set of typed variables, ranged over by xτ , yτ , etc. We shall omit the type
index when the type information is not important or can be inferred from the
context of discussion. Terms are constructed from typed variables, λ-abstraction
and application. We consider only well-formed terms, typed using the usual typ-
ing rules for simply typed λ-calculus. A term t is ground if it contains no free
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B −→ B
init

B,B, Γ −→ C

B,Γ −→ C
cL

Γ −→ C
B,Γ −→ C

wL

∆1 −→ B1 · · · ∆n −→ Bn B1, . . . , Bn, Γ −→ C

∆1, . . . ,∆n, Γ −→ C
mc,where n ≥ 0

Γ −→ > >R
Bi, Γ −→ D

B1 ∧B2, Γ −→ D
∧L, i ∈ {1, 2} Γ −→ B Γ −→ C

Γ −→ B ∧ C
∧R

⊥ −→ B
⊥L

B,Γ −→ D C,Γ −→ D

B ∨ C, Γ −→ D
∨L

Γ −→ Bi
Γ −→ B1 ∨B2

∨R, i ∈ {1, 2}

Γ −→ B C,Γ −→ D

B ⊃ C, Γ −→ D
⊃L

B,Γ −→ C

Γ −→ B ⊃ C
⊃R

B[t/x], Γ −→ C

∀τx.B, Γ −→ C
∀L

Γ −→ B[y/x]

Γ −→ ∀τx.B
∀R

B[y/x], Γ −→ C

∃τx.B, Γ −→ C
∃L

Γ −→ B[t/x]

Γ −→ ∃τx.B
∃R

Fig. 1. Core inference rules of LD

Γ −→ Bθ
Γ −→ A

defR,dfn(A,H , B, id, θ)
{{Si}i∈I(H,B,θ,ρ) | dfn(A,H , B, θ, ρ)}

Γ,A −→ C
defL

Γ −→ nat 0
natR

Γ −→ nat t
Γ −→ nat (s t)

natR
−→ I 0 I x −→ I (s x) Γ, I t −→ C

Γ, nat t −→ C
natL

Fig. 2. Introduction rules for recursive definitions and natural numbers

occurrences of variables. We write s =λ t when s and t are equal modulo βη
coversions. The set of free variables in t is denoted by fv(t).

A type is either a base type, or a function type α → β, where α and β are
types. We write t : τ to mean that the term t has type τ. The notion of a
type here is used only to enforce well-formedness of syntactic expressions; their
inhabitants are syntactic objects, i.e., λ-terms. So a function type such as α→ β
is not inhabited by functions in the semantic sense, but by syntactic expressions
(i.e., λ-abstractions). We assume that every base type has at least one constant
of that type; hence all types are inhabited. This assumption is important to
be able to simulate cut reductions of LD in its corresponding infinitary version
(see Section 5). Following Church’s notation, formulas are λ-terms of a base
type o. Logical connectives are constants of the appropriate types: ⊥ (false) and
> (true) of type o; ∧ (and), ∨ (or), ⊃ (implies) of type o → o → o; and ∃τ
(exists), and ∀ (for all), of type (τ → o) → o, where τ does not contain type
o. When writing down formulas, we follow the conventional notation, so rather
than writing ∧AB or ∀τ (λx.P ), we simply write A ∧B and ∀τx.P . We assume
a collection of typed predicate symbols, ranged over by p, q, r. Atomic formulas
are formulas of the form p~t where p is a predicate symbol. We use capital letters
to range over formulas, but reserve A to denote atomic formulas. A sequent is
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an expression of the form Γ −→ C, where Γ is a multiset of formulas and C
is a formula, and they are all in βη-normal form. We consider only variables of
“first-order” types, in the sense that their types do not contain o.

We assume the usual notion of capture-avoiding substitutions for λ-calculus.
Substitutions are ranged over by θ, ρ, etc. The domain of a substitution θ
is denoted by dom(θ), and its range denoted by ran(θ). We use the notation
[t1/x1, . . . , tn/xn] to enumerate substitutions. We assume that the range of ev-
ery substitution is normalised. A substitution θ is a ground substitution if its
range consists only of ground terms. We write tθ to denote the term resulting
from applying the mapping θ to t. The identity substitution is denoted by id.
Composition of substitutions, denoted by θ ◦ ρ, is defined as (θ ◦ ρ)(x) = (xρ)θ.
The restriction of a susbtitution θ to a set of variables V is denoted by θ|V .

The introduction rules for the standard logical connectives for LD are the
same as in FOλ∆N. These are given in Figure 1. The rule mc (for ‘multi-cut’) is a
generalisation of the cut rule. The ∃L and ∀R rules have the usual side condition
that y is not free in the conclusions of the rules. In ∃R and ∀L, the term t has
type τ. As in FOλ∆N, the core logic of LD is extended with a proof theoretic
notion of definitions [12], and a principle of induction for natural numbers.

Definition 1 (Recursive definitions). A definition clause in LD has the form
∀~x.[p ~t , B] where fv(~t) = {~x} and fv(B) ⊆ {~x}. The atomic formula p ~t is
called the head of the definition clause, and B is called the body. The symbol ,
is not a logical connective; it is used only as a notation to separate the head and
the body of a definition clause. A definition is a finite set of definition clauses.

We do not assume that every predicate symbol has a definition clause associated
with it. We shall allow some predicates to be undefined.

We assume that, in a definition clause ∀~x.H , B, the variables ~x are not used
anywhere else in derivations or other definition clauses. We can think of ~x as
reserve variables used only in definition clauses. So they never occur in the range
of any susbtitutions, but they can occur in the domain for specific cases as we
shall see later. Since we only have a finite number of clauses, this assumption is
harmless, as we always have enough variables to be used in derivations and ranges
of substitutions. With this convention, we shall often remove the quantifier ~x
from the above definition clause, and simply write H , B.

For determinacy reasons, we shall restrict to definitions of the form ∀~x.H , B
where H is a higher-order pattern term [14, 18], i.e., every occurrence of x in H
is applied to only distinct bound variables. This restriction is immaterial as one
can always rewrite any given definition to an equivalent pattern clause. That is,
if there is a non-pattern clause p~t u , B where ~t are pattern terms and u is not,
then one redefines p as follows: p~t x , B∧(x = u) where x is a new variable, and
where the equality symbol is defined via the pattern definition ∀y.(y = y) , >.

We assume that each ground atomic formula A is assigned a natural number,
lvl(A), called its level. We require that lvl(p~t) = 0 when p is an undefined
predicate symbol or p = nat. When using LD, we need to be explicit about
how such a level assignment to ground atomic formulas can be defined. In the
following we generalise the notion of level to non-atomic ground formula. To
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define the level of a quantified formula, we take the least upper bound of the
levels of all its instances; thus the level in this case can be a (countable) ordinal.
The level of a non-atomic closed formula is defined recursively as follows:

– lvl(⊥) = lvl(>) = 0.
– lvl(A ∧B) = lvl(A ∨B) = max(lvl(A), lvl(B)).
– lvl(A ⊃ B) = max(lvl(A) + 1, lvl(B)).
– lvl(∃τx.B) = lvl(∀τx.B) = sup{lvl(B[t/x]) | t is a ground term of type τ}.

Definition 2 (Stratification of definitions). A definition clause ∀~x.[A , B]
is stratified if for every ground substitution θ = [~t/~x], we have lvl(Aθ) ≥ lvl(Bθ).

We shall assume from now on that all definition clauses are stratified.
The relation dfn(A,H , B, θ, ρ) holds whenever Aθ =λ Hρ and dom(ρ) =

fv(H). The latter is not neccessary, but it simplifies some proofs. Because of the
variable convention and the pattern restriction on definitions, we have:

Lemma 3. If dfn(A,H , B, δ, θ) and dfn(A,H , B, δ, ρ), then θ = ρ.

The introduction rules for a defined predicate are basically unfolding of its
definitions (reading the rules bottom up). They are shown in Figure 2, i.e., the
rules defL and defR. Recall that we do not assume all predicates are defined, so if
a predicate is undefined, the introduction rules defL and defR are not applicable.

The right-introduction rule defR matches an atom with a definition clause.
The defL rule is the dual of defR: we consider all definition clause H , B and all
substitution θ and all substitution ρ such that dfn(A,H , B, θ, ρ). Each I(H ,
B, θ, ρ) is a non-empty countable index set, and each Si, for i ∈ I(H , B, θ, ρ),
is an occurrence of the sequent Γθ,Bρ −→ Cθ. That is, for each (θ, ρ) such
that dfn(A,H , B, θ, ρ) holds, there could be more than one (possibly infinitely
many) occurrences of the sequent Γθ,Bρ −→ Cθ in the premises of defL. This is
a generalisation of defL in FOλ∆N, where the set I(H , B, θ, ρ) is a singleton.
It is easy to see that the above defL and its FOλ∆N version are interchangable
without affecting provability. The need for the more general version of defL is
purely technical; it allows one to account for all possible ways of instantiating a
derivation, so that cut reduction is stable under instantiations of eigenvariables.

For practical uses of the logic, it is enough to consider a finitary version of defL
using the notion of complete sets of unifiers (CSU) [10]. Instead of considering all
possible θ and ρ such that dfn(A,H , B, θ, ρ), one instead consider all unifiers
γ that are in the CSU of A and H. This version of defL using CSU is shown to
be equivalent to the version of defL that uses dfn in [12].

If the premise set of defL is empty, i.e., if A does not unify with the head
of any definition clause, then the conclusion is proved. For example, given a
definition such as p (s x) , p x, one can show that p 0 −→ ⊥ by an application
of defL, because p 0 cannot possibly be unified with p (s x).

We now extend LD with a predicate nat to encode the natural numbers. We
assume a given type nt with two constructors: 0 : nt (zero) and s : nt → nt
(successor function). The predicate nat has type nt → o, and its introduction
rules are given in Figure 2, i.e., the rules natR and natL. Note that the type nt
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only enforces syntactic well-formedness of terms, e.g., one cannot form a term
s (λ.0) of type nt. The semantic notion of a set of natural numbers is encoded
through the predicate nat, via its introduction rules. The rule natL embodies
the induction principle over natural numbers. The term I here is an inductive
invariant, which is a ground term of type nt → o, and x is a new variable not
appearing in the conclusion of the rule.

In terms of proof-theoretic strength, LD, like FOλ∆N, is at least as expressive
as an intuitionistic version of Peano arithmetic (see [13] for a proof). As we do
not allow structural induction rules to apply to arbitrary definitions, the kind
of well-ordering that one can encode (using a definition) in LD and prove is
restricted to at most those isomorphic to natural numbers.

We say that a derivation Π is a premise derivation of another derivation Π ′

if Π occurs as the derivation of one of the premises of the last rule in Π ′. The
height of a derivation Π, denoted by ht(Π), is defined as:

ht(Π) = sup{ht(Π ′) | Π ′ is a premise derivation of Π}+ 1.

Saturated derivations. An important property that is needed in cut-elimination
for LD is the stability of cut reduction under substitutions of eigenvariables. We
now define a subclass of LD derivations, called saturated derivations, that sat-
isfies this property. We then show that every LD derivation can be saturated.

To ease presentation, we shall introduce some notation to denote derivations.
We shall abbreviate the following derivation

Π1

∆1 −→ B1 · · ·
Πn

∆n −→ Bn
Π

B1, . . . , Bn, Γ −→ C

∆1, . . . ,∆n, Γ −→ C
mc

as mc(Π1, . . . ,Πn, Π). Whenever we use such a notation, it is implicit that the
right-hand side of the end sequent of Πi is in the multiset of formulas in the left-
hand side of the end sequent of Π. We use the notation: defL({D(H , D, θ, ρ) |
dfn(A,H , D, θ, ρ)}) to denote a derivation ending with defL, with sets of
premise derivations D(H , D, θ, ρ). Again, it is implicit that A is in the left-hand
side of the end sequent of the derivation. The notation defR(Π,H , B) denotes
a derivation ending with defR, with premise derivation Π, where the right-hand
side of the end sequent is matched against the definition clause H , B.

We identify derivations that differ only in the choice of eigenvariables that are
not free in the end sequents. It is easy to see that one can always apply renaming
to those variables to avoid clashes with variables in any given substitution θ. So
in the definition of an application of a substitution θ to Π, we shall assume that
eigenvariables that are not free in the end sequent are not affected by θ.

Definition 4. Let Π be a derivation in LD and let θ be a substitution. We
define a derivation Π[θ] in LD by induction on the height of Π as follows:

1. Suppose Π = defL({D(H , B, ρ, ρ′) | dfn(A,H , B, ρ, ρ′)}). Then Π[θ] =
defL({D(H , B, θ ◦ δ, δ′ | dfn(Aθ,H , B, δ, δ′)}). Note that dfn(Aθ,H ,
B, δ, δ′) implies dfn(A,H , B, θ ◦ δ, δ′) so all derivations in the set D(H ,
B, θ ◦ δ, δ′) are premise derivations of Π.
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2. If Π ends with any other rule with premise derivations {Πi}i∈I for some
index set I, then Π[θ] ends with the same rule with premise derivations
{Πi[θ]}i∈I .

Lemma 5. Π and Π[id] are the same derivation.

Lemma 6. (Π[θ])[ρ] and Π[θ ◦ ρ] are the same derivation.

Substitution does not increase the height of a derivation. It might yield a smaller
derivation because some branches in defL may be pruned.

Lemma 7. ht(Π[θ]) ≤ ht(Π).

Definition 8. A derivation Π in LD is saturated if the following hold:

– Suppose Π = defL({D(H , B, θ, ρ) | dfn(A,H , B, θ, ρ)}). Then Π is
saturated if whenever dfn(A,H , B, θ, ρ) and Ψ ∈ D(H , B, θ, ρ), then Ψ is
saturated and for every δ, Ψ [δ] ∈ D(H , B, θ ◦δ, ρ′) where ρ′ = (ρ◦δ)|fv(H).

– If Π ends with any other rule, then it is saturated iff its premise derivations
are all saturated.

Intuitively, a saturated derivation is a derivation in which all instances of defL
are closed under substitution, i.e., if Π is a premise derivation of an instance of
defL, then Π[θ] is also in the premise set of the same defL.

Lemma 9. If Π is saturated then Π[σ] is also saturated.

Lemma 10. If a sequent is derivable, then there exists a saturated derivation
of the same sequent.

Cut reduction. We now define a set of reduction rules to eliminate applications
of mc in LD derivations. The cut reduction rules for LD are minor variations of
those in FOλ∆N [12]. We show here the interesting cases where defL is involved.
Let Ξ = mc(Π1, . . . ,Πn, Π) be the redex to reduce, where each Πi ends with
the sequent ∆i −→ Bi and Π ends with B1, . . . , Bn, Γ −→ C.

– Case defR/defL: Suppose Π1 = defR(Π ′1, H , D), where dfn(B1, H ,
D, id, ρ), and Π ends with a defL applied to the cut formula B1, i.e.,

Π = defL({D(H ′ , D′, θ, σ) | dfn(B1, H
′ , D′, θ, σ)}).

For any Ψ ∈ D(H , D, id, δ), the derivation mc(Π ′1, Π2, . . . ,Πn, Ψ) is a
reduct of Ξ. Note that there could be infinitely many reducts for Ξ, if D(H ,
D, id, δ) is infinite.

– Case defL/◦L : Π ends with a left rule ◦L other than the rule cL acting on B1

and Π1 = defL({D(H , D, θ, ρ) | dfn(A,H , D, θ, ρ)}) for some A ∈ ∆1.
Let

D′(H , D, θ, ρ) = {mc(Ψ,Π2[θ], . . . ,Πn[θ], Π[θ]) | Ψ ∈ D(H , D, θ, ρ)}.
Then Ξ reduces to defL({D′(H , D, θ, ρ) | dfn(A,H , D, θ, ρ)}).
Given Lemma 9, it is not difficult to see that cut reduction preserves the

property of a being a saturated derivation.

Lemma 11. If Ξ is a saturated derivation in LD ending with mc, then every
reduct of Ξ is also saturated.
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g (atm X) , ¬¬(atom X)

g ⊥̂ , ⊥.
g (A∧̂B) , g A ∧ g B.
g (A⇒ B) , g A ⊃ g B.
g (A∨̂B) , ¬(¬(g A) ∧ ¬(g B)).

k (atm X) , ¬¬(atom X).

k ⊥̂ , ⊥.
k (A∧̂B) , ¬¬(k A ∧ k B).

k (A⇒ B) , ¬¬(k A ⊃ k B).

k (A∨̂B) , ¬¬(k A ∨ k B).

Fig. 3. Gentzen-Gödel’s translation (left), and Kolmogorov’s translation (right).

3 Examples

We consider a couple of simple examples of recursive definitions in LD. For more
advanced examples of non-strictly stratified definitions, but that still can be
made stratified according to Definition 2, see for example, strong normalisation
proofs for typed λ-calculi in Abella [5, 7].1 All the proofs, except for the adequacy
theorem, have been formalised in the theorem prover Abella [5]. Abella is an
implementation of a richer logic, but the formalisation uses only inference rules
permitted by LD. The adequacy theorem can be proved by induction on the
structures of cut-free derivations in LD.

Odd numbers. Consider the following two mutually recursive definitions (the
mutual recursion is just to make the example slightly more interesting):

∀x.p (s x) , q x ⊃ ⊥ ∀y.q (s y) , p y ⊃ ⊥

and the standard definition of odd numbers:

odd (s 0) , > ∀x.odd (s (s x)) , odd x.

These clauses can be stratified by the following level assignment: lvl(p t) = |t|,
lvl(q t) = |t| and lvl(odd t) = 1, where |t| is the size of the term t. We can prove in
LD that these two definitions of odd numbers coincide: ∀x.nat x ⊃ (p x ≡ odd x)
where ≡ here stands for logical equivalence.

Encoding classical logic. Let us introduce a type o′ to denote object-logic
formulas. We consider here the propositional classical logic, where the connec-
tives are encoded as the following constants: ∧̂, ∨̂,⇒: o′ → o′ → o′ and ⊥̂ : o′.
Atomic object-logic formulas are encoded using the constant atm : ι → o′ for
some base type ι. We shall need to do induction over the structures of formulas.
As we do not have induction rules for recursive definitions, this has to be done
indirectly by indexing the definition of object formulas with natural numbers,
and do induction on natural numbers instead.

fm (s I) (A∧̂B) , fm I A ∧ fm I B. fm I ⊥̂ , >.
fm (s I) (A∨̂B) , fm I A ∧ fm I B. fm I (atmX) , >.
fm (s I) (A⇒ B) , fm I A ∧ fm I B. form A , ∃I.nat I ∧ fm I A.

1 Strictly speaking, these examples on λ-calculi are outside LD, as they require the
∇-quantifier [23]. But the techniques shown here can be extended to include ∇.
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There are at least two ways to encode classical logic into intuitionistic logic: one
via Gentzen-Gödel’s negative translation, and the other via Kolmogorov’s double
negation translation [25]. The definition clauses for both are given in Figure 3,
where we abbreviate F ⊃ ⊥ as ¬F. Note that atomic object level formulas are
interpreted in the meta-logic using an undefined predicate atom.

Both definitions can be stratified by letting lvl(g t) = lvl(k t) = |t|2 for every
ground object-level formula t. For example, in the last clause we have:

lvl(¬¬(k A ∨ k B)) = max(|A|2, |B|2) + 2 ≤ (|A|+ |B|+ 1)2 = lvl(A∨̂B).

Theorem 12 (Adequacy). F is valid classicaly iff (g F ) is provable in LD.

Theorem 13. The formula ∀F.form F ⊃ (g F ≡ k F ) is provable in LD.

4 A ground proof system with recursive definitions

We now define a ground version of LD, called LD∞, where no eigenvariables
occur in the derivations. This allows one to define a well-founded notion of
reducible derivations which is crucial to the cut-elimination proof of FOλ∆N.
Head normalisation of LD can then be proved by simulating its cut reductions
in LD∞. We shall not detail the cut elimination proof for LD∞ here, as this is
straightforward once the notion of reducibility can be defined. We shall review in
this section the definitions of normalizability and reducibility as used in FOλ∆N.
For more detailed explanations of these notions, the reader is referred to [11, 12].

The rules of LD∞ are identical to LD, except for ∀R, ∃L and natL; these are
replaced with their infinitary versions, given below, where Tα is the (countable)
set of ground terms of type α.

{Γ −→ B[t/x]}t∈Tτ
Γ −→ ∀τx.B

∀R
{B[t/x], Γ −→ C}t∈Tτ
∃τx.B, Γ −→ C

∃L

−→ D 0 {D n −→ D (s n)}n∈Tnt D t, Γ −→ C

nat t, Γ −→ C
natL

The infinitary form of ∀R above is essentially Schütte’s ω-rule [21]. As the ∀R rule
is applicable to ∀ of type nt, strictly speaking there is no need for natL in LD∞,
as the ∀R-rule is powerful enough to capture the induction scheme. We keep the
rules to simplify the translation from LD to LD∞. The cut reduction rules for
LD∞ are a straightforward adaptation of those for LD; they are identical except
for those involving the modified rules above. The definition of applications of
substitutions to a derivation in Definition 4 also applies to LD∞.

Definition 14. The set of normalizable derivations is the smallest set that sat-
isfies:

1. If a derivation Π ends with mc, then it is normalizable if for every θ, every
reduct of Π[θ] is normalizable.
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2. If a derivation ends with any rule other than mc, then it is normalizable if
the premise derivations are normalizable.

It is obvious that normalizability implies cut-elimination.
In the definition of normalizability, in the case where a derivation ends with

mc, we require that all the reducts of all its instances are normalizable. This
is different from FOλ∆N where only one of its reducts (for every instance) is
required to be normalizable. Thus our definition captures a notion strong nor-
malization with respect to ‘head’ reduction (as we always reduce lowest instances
of mc). Although McDowell and Miller’s proof is claimed for weak normaliza-
tion, the actual proof itself can be adapted for strong normalization without
much change; see for example, variants of their proofs in [23, 24].

The level of a derivation Π is the level of the formula on the right-hand side
of the end sequent of Π. We define a family {Ri}i of reducible sets of derivations,
by (transfinite) induction on the levels of derivations. We say that a derivation
is reducible if it is in Ri where i is the level of the derivation.

Definition 15. The set Ri of reducible i-level derivations is the smallest set of
derivations of level i satisfying:

1. If Π ends with mc, then Π ∈ Ri if for every θ, every reduct of Π[θ] is in
Ri.

2. If Π ends with ⊃R:
Π ′

Γ,B −→ C

Γ −→ B ⊃ C
⊃R, then it is in Ri if for every θ and

every j-level reducible derivation Ψ of ∆ −→ B, where j = lvl(B), we have
mc(Ψ,Π ′[θ]) ∈ Rk where k = lvl(C).

3. If a derivation ends with ⊃L or natL, then it is in Ri if the right premise
derivation is in Ri and the other premises are normalizable.

4. If a derivation ends with any other rule, then it is in Ri if the premise
derivations are reducible.

As all definitions are stratified, it follows that the definition of reducibility above
is well-founded. It can be shown that that reducibility implies normalizability,
following the same proof as in FOλ∆N [12]. The main cut-elimination proof
consists of showing that every derivation is reducible.

Theorem 16. Cut elimination holds for LD∞.

Corollary 17. The logic LD∞ is consistent, i.e., there is no proof of ⊥ in LD∞.

5 Simulating cut reductions of LD in LD∞

To make use of the cut elimination result for LD∞ to prove partial cut elimination
of LD, we need to prove some certain commutation results between cut reduction,
substitution of eigenvariables in derivations and the translation from LD to LD∞.

Definition 18. Let Π be a derivation of a ground sequent Γ −→ C in LD. We
define a derivation JΠK of Γ −→ C in LD∞ by induction on ht(Π) as follows:

11



1. If Π is as shown below left, then JΠK is as shown below right:

Π ′
Γ −→ B

Γ −→ ∀αx.B
∀R

{
JΠ ′[t/x]K

Γ −→ B[t/x]

}
t∈Tα

Γθ −→ ∀αx.B
∀R

2. Π ends with ∃L: this is dual to the previous case.

3. Π ends with natL:
Π0

−→ D 0
Πs

D x −→ D (s x)
Π ′

Γ,D u −→ C

Γ, nat u −→ C
natL

.

Then JΠK is

JΠ0K
−→ D 0

{
JΠs[n/x]K

D n −→ D (s n)

}
n∈Tnt

JΠ ′K
Γ,D u −→ C

Γ, nat u −→ C
natL .

4. If Π ends with any other rule, with premise derivations {Πi}i∈I for some
index set I, then JΠK ends with the same rule with premise derivations
{JΠiK}i∈I .

Given a saturated derivation Π of Γ −→ C in LD and a ground substitution
θ, we say that θ is a grounding substitution for Π if fv(Γ,C) ⊆ dom(θ).

Lemma 19. Let Ξ be a saturated derivation of ∆ −→ C in LD ending with mc.
Let θ be a grounding substitution for Ξ. If Ξ reduces to Ξ ′ in LD then JΞ[θ]K
reduces to JΞ ′[θ]K in LD∞.

Proof. Suppose Ξ = mc(Π1, . . . ,Πn, Π) and it reduces to Ξ ′ in LD. For most
cases of the cut reduction, it is straightforward to verify that JΞ[θ]K reduces to
JΞ ′[θ]K in LD∞. We show here one case involving the reduction rule defR/defL.

Suppose Π1 ends with defR with premise derivation Π ′1, where dfn(B1, H ,
D, id, ρ), and Π = defL({D(H ′ , D′, σ, δ) | dfn(B1, H

′ , D′, σ, δ)}). Suppose
Ξ ′ = mc(Π ′1, Π2, . . . ,Πn, Ψ) for some Ψ ∈ D(H , D, id, ρ). In this case,

Π[θ] = defL({D′(H ′ , D′, θ ◦ σ, δ) | dfn(B1θ,H
′ , D′, σ, δ)}).

Because Π is saturated, it follows that Ψ [θ] ∈ D(H , D, θ, ρ′) = D′(H ,
D, id, ρ′). Then we have JΠ1[θ]K = defR(JΠ ′1[θ]K, H , D) where dfn(Aθ,H ,
D, id, ρ′). Moreover, the following is a reduct of JΞ[θ]K:

Ξ ′′ = mc(JΠ ′1[θ]K, JΠ2[θ]K, . . . , JΠn[θ]K, JΨ [θ]K)

because Ψ [θ] ∈ D′(H , D, id, ρ′). So we have

Ξ ′′ = mc(JΠ ′1[θ]K, JΠ2[θ]K, . . . , JΠn[θ]K, JΨ [θ]K)
= Jmc(Π ′1, Π2, . . . ,Πn, Ψ)[θ]K = JΞ ′[θ]K.

ut
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Definition 20. A derivation Π in LD is said to be in head normal form if every
instance of mc in Π appears above an instance of defL.

Head normalisation can be proved using Lemma 19; given an LD-derivation
Π ending with mc, we apply a grounding substitution, say θ (which must exist
because types are non-empty), to get JΠ[θ]K and simulate any sequence of re-
ductions from Π with its image reductions in LD∞ from JΠ[θ]K. Note that as
an instance of mc may be pushed up over a defL instance in LD, and because a
substitution may prune some branches of defL, not all premises of Π are retained
in Π[θ]. As a result, we are not able to conclude that all cut instances above
defL instances in Π are eliminable.

Theorem 21 (Head normalisation). Every derivation Π of a sequent in LD
can be transformed into a derivation Π ′, in head normal form, of the same
sequent.

Theorem 22 (Disjunction property). B ∨ C is derivable in LD if and only
if either B is derivable or C is derivable in LD.

Theorem 23 (Existential property). ∃τx.B is derivable in LD if and only
if there exists a term t : τ such that B[t/x] is derivable in LD.

6 Cut-elimination for a positive fragment of LD

Let Σ be a set of defined predicate symbols, with two subsets (not necessarily
distinct) Σ+ of positive predicates and Σ− of negative predicates, such that Σ =
Σ− ∪ Σ+. The sets of Σ-positive and Σ-negative formulas are defined via the
grammars below, respectively:

P ::= p~s | nat u | r ~s | P ∧ P | P ∨ P | N ⊃ P | ∃x.P
N ::= q~t | r~t | N ∧N | N ∨N | P ⊃ N | ∀x.N

where p ∈ Σ+, q ∈ Σ− and r is any undefined predicate symbol. The set Σ is
closed if for every p ∈ Σ+ (resp. Σ−), and every definition clause p~t , B, B is a
Σ-positive formula (resp. Σ-negative formula). A formula B is a positive formula
(resp. negative formula) if there exists a closed Σ such that B is a Σ-positive
(resp. Σ-negative) formula. Note that a formula B can be both positive and
negative, e.g., when the formula and all definitions for the predicate symbols
occuring in B are quantifier-free. A definition clause is positive if its body is a
positive formula. A sequent Γ −→ C is a positive sequent if every formula in Γ is
negative and C is positive. Obviously, any cut-free derivation of a ground positive
sequent does not use the introduction rules ∀R, ∃L or natL, which means that
provability for ground positive sequents in LD and LD∞ coincide. Therefore, for
the positive fragment, cut-elimination for LD∞ implies cut-elimination for LD.

Theorem 24. A ground positive sequent is derivable in LD if and only if it is
cut-free derivable in LD.

13



Positive formulas and positive definitions are already expressive enough to
capture models of computations that can be encoded via logic programming.
This follows from the fact that Horn clauses in logic programming can be encoded
as positive definitions, and Horn goals can be encoded as positive formulas. That
is, every Horn clause ∀~x.B ⊃ H is encoded as the definition ∀~x.H , B. It is easy
to see that the defR rule simulates the backchaining rule in logic programming. So
in proving the adequacy result of an encoding of a computation model encoded
via Horn clauses, we can use the fact that cut-free proof search is complete.

7 Related and future work

There is a long series of works on logics of definitions, often extended with
induction/co-induction proof rules [9, 4, 20, 12, 17, 23, 6, 1]. All these works en-
force a strict stratification that forbids negative occurrences of a recursive predi-
cate in its definition. A different approach to proving cut elimination in the pres-
ence of non-strictly stratified definitions is recently being considered by Baelde
and Nadathur [2]. Instead of considering a recursive definition as defining a fixed
point, they view it as a rewrite rule (on propositions), and use the deduction
modulo framework [3] to prove cut elimination. However, their introduction rules
for atoms do not allow case analysis to be applied to recursive definitions.

On the application side, it would be interesting to use linear logic as the base
logic, so that one could do the kind of embedding of different object logics in the
meta logic as it is done in [19]. It would also be interesting to investigate whether
the techniques shown here can be adapted to a type theoretic setting. Finally,
it should be straightforward to extend the simulation technique as we show here
to establish head normalisation for extensions of LD with the ∇ quantifier, e.g.,
the logic G [6] with the more general stratification conditions we consider here.
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A Proofs

Lemma 3. If dfn(A,H , B, δ, θ) and dfn(A,H , B, δ, ρ), then θ = ρ.

Proof. Suppose H , B. Then we have Aδ =λ Hθ and Aδ =λ Hρ. Note that
since the range of δ contains no free occurrences of the variables in H, we can
see θ (similarly for ρ) as a solution to the matching problem between Aδ and H,
where free variables in Aδ are treated as constants. Because H is a pattern term,
it follows that this matching problem is a special case of higher-order pattern
unification, which has the most general unifier when the unification problem is
solvable [14]. In particular their most general unifier is a “ground” substitution
(where eigenvariables are treated as constants), and therefore it is the only unifier
of Aδ and H. As a ground substitution cannot be instantiated further, the m.g.u
is the only solution to the matching problem, and therefore θ = ρ. Note that
this holds because higher-order pattern unification has the m.g.u property. The
lemma does not hold for non-higher-order pattern problems in general, e.g.,
in the matching problem a = Xa, where X is a variable, there could be two
incomparable matching substitutions: [λx.x/X] and [λx.a/X]. ut

Lemma 9. If Π is saturated then Π[σ] is also saturated.

Proof. The only interesting case is when Π ends with defL:

Π = defL({D(H , B, θ, ρ) | dfn(A,H , B, θ, ρ)}).

In this case, Π[σ] is

defL({D′(H , B, δ, ρ) | dfn(Aσ,H , B, δ, ρ)})

where D′(H , B, δ, ρ) = D(H , B, σ ◦ δ, ρ). So all premise derivations of
Π[σ] are saturated by assumption. Now suppose Ψ ∈ D′(H , B, δ, ρ). Let γ
be a substitution. We need to show that Ψ [γ] ∈ D′(H , B, δ ◦ γ, ρ′). Because
D′(H , B, δ, ρ) = D(H , B, σ ◦ δ, ρ), it follows from the saturation of Π that

Ψ [γ] ∈ D(H , B, σ ◦ δ ◦ γ, ρ′) = D′(H , B, δ ◦ γ, ρ′).

ut

Lemma 10. If a sequent is derivable, then there exists a saturated derivation
of the same sequent.

Proof. Let Π be a non-saturated derivation. We show by induction on ht(Π)
that there is a saturated derivation Π ′ with the same end sequent as Π. The
only non-trivial case is when Π ends with defL. So suppose

Π = defL({D(H , B, θ, ρ) | dfn(A,H , B, θ, ρ)}).

By the induction hypothesis, all derivations in D(H , B, θ, ρ) are saturated. Let

D∗(H , B, θ, ρ) = {Ψ [δ] | Ψ ∈ D(H , B, σ, ρ′), θ = σ ◦ δ}.

16



Note that D∗(H , B, θ, ρ) ⊇ D(H , B, θ, ρ), i.e., via the decomposition θ =
θ ◦ id (and utilising Lemma 5), so we know that D∗(H , B, θ, ρ) is non-empty
when dfn(H , B, θ, ρ) holds. Since Π is saturated, and by Lemma 9, saturation
is preserved under substitution, we have that all derivations in D∗(H , B, θ, ρ)
are saturated. Now suppose Φ ∈ D∗(H , B, θ, ρ) and let δ be a substitution.
We show that Φ[δ] ∈ D∗(H , B, θ ◦ δ, ρ). By the definition of D∗, we know that

Φ = Ψ [γ]

for some Ψ and γ such that Ψ ∈ D(H , B, σ, ρ′) and θ = σ ◦ γ. Now, we have
that θ ◦ δ = (σ ◦ γ) ◦ δ = σ ◦ (γ ◦ δ), so by the definition of D∗, we also have that

Ψ [γ ◦ δ] ∈ D∗(H , B, θ ◦ δ, ρ).

By Lemma 6, Ψ [γ ◦ δ] = (Ψ [γ])[δ] = Φ[δ], so indeed we have Φ[δ] ∈ D∗(H ,
B, θ ◦ δ, ρ).

We can now construct Π ′ as simply the derivation:

Π ′ = defL(D∗(H , B, θ, ρ) | dfn(H , B, θ, ρ)}).

ut
Lemma 11. If Ξ is a saturated derivation in LD ending with mc, then every
reduct of Ξ is also saturated.

Proof. The only non-trivial cases are defL/◦L and −/defL. We show the former,
as the latter is similar. Suppose Ξ = mc(Π1, . . . ,Πn, Π) and

Π1 = defL({D(H , D, θ, ρ) | dfn(A,H , D, θ, ρ)})

for some A ∈ ∆1. The reduct in this case is:

Ξ ′ = defL({D′(H , D, θ, ρ) | dfn(A,H , D, θ, ρ)})

where

D′(H , D, θ, ρ) = {mc(Ψ,Π2[θ], . . . ,Πn[θ], Π[θ]) | Ψ ∈ D(H , D, θ, ρ)}.

By assumption, each Ψ ∈ D(H , D, θ, ρ) is saturated, and since substitution
preserves saturation (Lemma 9), each of Πi[θ], 2 ≤ i ≤ n and Π[θ] are also sat-
urated. It remains to show that D′ satisfies the closure condition of Definition 8.

Suppose Φ ∈ D′(H , D, θ, ρ) and let δ be a substitution. Then

Φ[δ] = mc(Ψ [δ], Π2[θ][δ], . . . ,Πn[θ][δ], Π[θ][δ])

where Ψ ∈ D(H , D, θ ◦ δ, ρ). Since Π1 is saturated, we have that

Ψ [δ] ∈ D(H , D, θ ◦ δ, ρ).

By Lemma 6, Πj [θ ◦ δ] = Πj [θ][δ], for 2 ≤ j ≤ n, and Π[θ ◦ δ] = Π[θ][δ]. So by

the definition of D′(H , D, θ ◦ δ, ρ), we have:

Φ[δ] = mc(Ψ [δ], Π2[θ ◦ δ], . . . ,Πn[θ ◦ δ], Π[θ ◦ δ]) ∈ D′(H , D, θ ◦ δ, ρ).

ut
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Lemma 25. Let Π be a derivation in LD. Then JΠ[θ]K[ρ] and JΠ[θ◦ρ]K are the
same derivation in LD∞.

In the following, given a set of derivations D, let JDK = {JΠK | Π ∈ D}.
Lemma 19. Let Ξ be a saturated derivation of ∆ −→ C in LD ending with mc.
Let θ be a grounding substitution for Ξ. If Ξ reduces to Ξ ′ in LD then JΞ[θ]K
reduces to JΞ ′[θ]K in LD∞.

Proof. Suppose Ξ = mc(Π1, . . . ,Πn, Π) and it reduces to Ξ ′ in LD. For most
cases of the cut reduction, it is straightforward to verify that JΞ[θ]K reduces to
JΞ ′[θ]K in LD∞. The only non-trivial cases are those involving defL and/or defR.
Without loss of generality, we assume the reduction involves Π1 and Π.

Case defR/defL : Suppose Π1 ends with defR with premise derivation Π ′1, where
dfn(B1, H , D, id, ρ), and

Π = defL({D(H ′ , D′, σ, δ) | dfn(B1, H
′ , D′, σ, δ)}).

Suppose Ξ reduces to Ξ ′

Ξ ′ = mc(Π ′1, Π2, . . . ,Πn, Ψ).

for some Ψ ∈ D(H , D, id, ρ). The derivation Π[θ] in this case is

defL({D′(H ′ , D′, θ ◦ σ, δ) | dfn(B1θ,H
′ , D′, σ, δ)})

Because Ξ is saturated, Π is also saturated, it follows that

Ψ [θ] ∈ D(H , D, θ, ρ′) = D′(H , D, id, ρ′).

Then

JΠ1[θ]K = defR(JΠ ′1[θ]K, H , D)

where dfn(Aθ,H , D, id, ρ′). Moreover, the following is a reduct of JΞ[θ]K:

Ξ ′′ = mc(JΠ ′1[θ]K, JΠ2[θ]K, . . . , JΠn[θ]K, JΨ [θ]K)

because Ψ [θ] ∈ D′(H , D, id, ρ′). So we have

Ξ ′′ = mc(JΠ ′1[θ]K, JΠ2[θ]K, . . . , JΠn[θ]K, JΨ [θ]K)
= Jmc(Π ′1, Π2, . . . ,Πn, Ψ)[θ]K
= JΞ ′[θ]K.

So JΞ[θ]K does reduce to JΞ ′[θ]K.
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Case defL/◦L : If Π ends with some left rule ◦L other than cL acting on B1 and

Π1 = defL({D(H , D,σ, ρ) | dfn(A,H , D,σ, ρ)}),

for some A ∈ ∆1. Let

D′(H , D,σ, ρ) = {mc(Ψ,Π2[σ], . . . ,Πn[σ], Π[σ]) | Ψ ∈ D(H , D,σ, ρ)}.

Then Ξ reduces to

Ξ ′ = defL({D′(H , D,σ, ρ) | dfn(A,H , D,σ, ρ)}).

The derivation Π1[θ] translates to:

JΠ1[θ]K = defL({D1(H , D, δ, δ′) | dfn(Aθ,H , D, δ, δ′)}).

where
D1(H , D, δ, δ′) = {JΨK | Ψ ∈ D(H , D, θ ◦ δ, δ′)}

Then JΞ[θ]K = mc(JΠ1[θ]K, . . . , JΠn[θ]K, JΠ[θ]K) reduces to

Ξ ′′ = defL({D2(H , D, δ, δ′) | dfn(Aθ,H , D, δ, δ′)})

where D2(H , D, δ, δ′) is

{mc(JΨK, JΠ2[θ]K[δ], . . . , JΠn[θ]K[δ], JΠ[θ]K[δ]) | Ψ ∈ D(H , D, θ ◦ δ, δ′)}

By Lemma 25, JΠi[θ]K[δ] = JΠi[θ ◦ δ]K, for 2 ≤ i ≤ n, and JΠ[θ]K[δ] = JΠ[θ ◦ δ]K,
so we have that

D2(H , D, δ, δ′) = JD′(H , D, θ ◦ δ, δ′)K.

Note that Ξ ′[θ] = defL({D′(H , D, θ ◦ δ, δ′) | dfn(Aθ,H , D, δ, δ′)}), so we
have

Ξ ′′ = JΞ ′[θ]K

as required.

Case −/defL: This case is similar to the previous case. ut

To prove head normalisation, we first define a measure on normalisable
derivations in LD∞. A derivation Π is normalizable if some, perhaps infinitely
many, derivations are normalizable; call these the predecessors of Π. The tree
of successive predecessors of Π is well-founded. We shall refer to this tree as
the normalization of Π. We can assign an ordinal number to each normalizable
derivation by induction on its normalization.

Definition 26. Let Π be a normalizable derivation. The normalization degree
of Π, denoted nd(Π), is defined as:

nd(Π) = sup{nd(Π ′) | Π ′ is a predecessor of Π}+ 1.
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Theorem 21. Every derivation Π of a sequent in LD can be transformed into
a derivation Π ′, in head normal form, of the same sequent.

Proof. For each type τ , choose a ground term uτ of type τ. A substitution σ is
said to be a uniform substitution iff σ(xτ ) = uτ for each xτ ∈ dom(σ). Given
a derivation Ψ of Γ −→ C in LD and a uniform substitution σ, we say σ is a
uniform substitution for Ψ if dom(θ) ⊇ fv(Γ,C).

Let us first fix a uniform substitution θ for Π. Given a derivation Ψ , we define
a measure norm as follows:

norm(Ψ) = nd(JΨ [σ]K)

if σ is the smallest uniform substitution for Ψ extending θ; otherwise norm(Ψ)
is undefined. Obviously, norm(Π) is defined and is equal nd(JΠ[θ]K).

We claim that for every Ψ such that norm(Ψ) is defined, there exists a deriva-
tion Ψ ′ in head normal form that ends with the same sequent as Ψ. This is proved
by (transfinite) induction on ordinals. Suppose norm(Ψ) is defined for a uniform
substitution σ. If Π already ends with defL, then we are done.

– Ψ ends with mc: Let Φ be a reduct of Ψ. Note that any derivation end-
ing with mc always has a reduct, so Φ does exist. Moreover, norm(Φ) is
defined, because σ is the minimal uniform substitution for Φ extending
θ. By Lemma 19, we have that JΨ [σ]K reduces to JΦ[σ]K, so norm(Ψ) =
nd(JΨ [σ]K) > nd(JΦ[σ]K) = norm(Φ). So by the induction hypothesis Φ has
a head normal form Φ′. Let Ψ ′ = Φ′.

– Ψ ends with ∀R: Suppose Ψ is

Ψ1

Γ −→ B
Γ −→ ∀τx.B

∀R

In this case, norm(Ψ1) is defined via the uniform substitution σ′ = σ◦[uτ/x].
By Definition 4 and Definition 18, JΨ1σ

′K is a premise of JΨσK so norm(Ψ) =
nd(JΨ [σ]K) > nd(JΨ1[σ′]K) = norm(Ψ1). By the induction hypothesis, Ψ1 can
be transformed into a derivation Ψ ′1 in head normal form. Then take Ψ ′ to
be the derivation obtained by applying ∀R to Ψ ′1.
The cases where new eigenvariables are introduced in the premise(s), i.e., ∃L
and natL, can be proved similarly.

– The other cases follow straightforwardly from the induction hypothesis, not-
ing that in all these cases the measure norm for the premise derivations are
defined, using the same σ.

ut

B Cut reduction for LD

We define a reduction relation between derivations, following closely the reduc-
tion relation in [12]. The redex is always a derivation Ξ ending with the multicut
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rule
Π1

∆1 −→ B1 · · ·
Πn

∆n −→ Bn
Π

B1, . . . , Bn, Γ −→ C

∆1, . . . ,∆n, Γ −→ C
mc

.

We refer to the formulas B1, . . . , Bn produced by the mc as cut formulas.
If n = 0, Ξ reduces to the premise derivation Π.
For n > 0 we specify the reduction relation based on the last rule of the

premise derivations. We always do a case analysis on the last rule of Π first, and
depending on that last rule, we classify further subcases based on Π1, . . . ,Πn.
More precisely:

– If Π ends with a left rule acting on a cut formula Bi, then we have the
following subcases:
• Essential case: This applies when Πi ends with a right rule.
• Left-commutative case: This is when Πi ends with subst or a left rule.
• Left-axiom case: This is when Πi ends with init.
• Left-multicut case: This is when Πi ends with mc.

– Right-commutative case: This is the case when Π ends with subst or a rule
acting on a formula other than a cut formula.

– Structural case: This is the case when Π ends with a structural rule (cL or
wL) on a cut formula.

– Right-axiom case: This is when Π ends with init.
– Right-multicut case: This is when Π ends with mc.

For simplicity of presentation, we always show i = 1.
Essential cases:
∧R/∧L: If Π1 and Π are

Π ′1
∆1 −→ B′1

Π ′′1
∆1 −→ B′′1

∆1 −→ B′1 ∧B′′1
∧R

Π ′

B′1, B2, . . . , Bn, Γ −→ C

B′1 ∧B′′1 , B2, . . . , Bn, Γ −→ C
∧L

,

then Ξ reduces to mc(Π ′1, Π2, . . . ,Πn, Π
′). The case for the other ∧L rule is

symmetric.

∨R/∨L: If Π1 and Π are

Π ′1
∆1 −→ B′1

∆1 −→ B′1 ∨B′′1
∨R

Π ′

B′1, B2, . . . , Bn, Γ −→ C
Π ′′

B′′1 , B2, . . . , Bn, Γ −→ C

B′1 ∨B′′1 , B2, . . . , Bn, Γ −→ C
∨L

,

then Ξ reduces to mc(Π ′1, Π2, . . . ,Πn, Π
′). The case for the other ∨R rule is

symmetric.

⊃R / ⊃L: Suppose Π1 and Π are

Π ′1
B′1, ∆1 −→ B′′1
∆1 −→ B′1 ⊃ B′′1

⊃R

Π ′

B2, . . . , Bn, Γ −→ B′1
Π ′′

B′′1 , B2, . . . , Bn, Γ −→ C

B′1 ⊃ B′′1 , B2, . . . , Bn, Γ −→ C
⊃L

.
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Let Ξ1 = mc(mc(Π2, . . . ,Πn, Π
′), Π ′1). Then Ξ reduces to

Ξ1

. . . −→ B′′1

{
Πi

∆i −→ Bi

}
i∈{2..n}

Π ′′

B′′1 , {Bi}i∈{2..n}, Γ −→ C

∆1, . . . ,∆n, Γ,∆2, . . . ,∆n, Γ −→ C
mc

∆1, . . . ,∆n, Γ −→ C
cL

.

We use the double horizontal lines to indicate that the relevant inference rule
(in this case, cL) may need to be applied zero or more times.

∀R/∀L: Suppose Π1 and Π are

Π ′1
∆1 −→ B′1[y/x]

∆1 −→ ∀x.B′1
∀R

Π ′

B′1[t/x], B2, . . . , Bn, Γ −→ C

∀x.B′1, B2, . . . , Bn, Γ −→ C
∀L

,

The derivation Ξ reduces to mc(Π ′1[t/y], Π2, . . . ,Πn, Π
′).

∃R/∃L: Suppose Π1 and Π are

Π ′1
∆1 −→ B′1[t/x]

∆1 −→ ∃x.B′1
∃R

Π ′

B′1[y/x], B2, . . . , Bn, Γ −→ C

∃x.B′1, B2, . . . , Bn, Γ −→ C
∃L

.

Then Ξ reduces to mc(Π ′1, Π2, . . . ,Πn, Π
′[t/y]).

natR/natL : Suppose Π1 is ∆1 −→ nat 0
natR

and Π is

Π ′
−→ D 0

Π ′′

D x −→ D (s x)
Π ′′′

D 0, B2, . . . , Bn, Γ −→ C

nat 0, B2, . . . , Bn, Γ −→ C
natL

.

Let Ξ1 = mc(Π ′, Π2, . . . ,Πn, Π
′′′). Then Ξ reduces to

Ξ1

∆2, . . . ,∆n, Γ −→ C

∆1, ∆2, . . . ,∆n, Γ −→ C
wL

natR/natL : Suppose Π1 is

Π ′1
∆ −→ nat u

∆1 −→ nat (s u)
natR

and Π is

Π ′
−→ D 0

Π ′′

Dx −→ D (s x)
Π ′′′

D (s u), B2, . . . , Bn, Γ −→ C

nat (s u), B2, . . . , Bn, Γ −→ C
natL

22



Let Ξ1 be

Π ′1
∆1 −→ nat u

Π ′
−→ D 0

Π ′′

Dx −→ D (s x) Du −→ Du
init

nat u −→ Du
natL

∆1 −→ D u
mc.

Then Ξ reduces to mc(mc(Ξ1, Π
′′[u/x]), Π2, . . . ,Πn, Π

′′′).

defR/defL: Suppose Π1 is

Π ′1
∆1 −→ Dρ

∆1 −→ B1
defR, dfn(B1, H , D, id, ρ)

and Π ends with a defL applied to the cut formula B1, i.e.,

Π = defL({D(B1, H
′ , D′, θ, σ) | dfn(B1, H

′ , D′, θ, σ)}).

For any Ψ ∈ D(B1, H , D, id, δ), the derivation mc(Π ′1, Π2, . . . ,Πn, Ψ) is a
reduct of Ξ. Note that in this case, there could be infinitely many reducts for
Ξ, if D(B1, H , D, id, δ) is infinite.

Left-commutative cases:

•L/◦L: Suppose Π ends with a left rule other than cL acting on B1 and Π1 is{
Πi

1

∆i
1 −→ B1

}
∆1 −→ B1

•L
,

where •L is any left rule except⊃L, defL, or natL. LetΞi = mc(Πi
1, Π2, . . . ,Πn, Π).

Then Ξ reduces to {
Ξi

∆i
1, ∆2, . . . ,∆n, Γ −→ C

}
∆1, ∆2, . . . ,∆n, Γ −→ C

•L
.

⊃L /◦L: Suppose Π ends with a left rule other than cL acting on B1 and Π1 is

Π ′1
∆′1 −→ D′1

Π ′′1
D′′1 , ∆

′
1 −→ B1

D′1 ⊃ D′′1 , ∆′1 −→ B1

⊃L
.

Let Ξ1 be mc(Π ′′1 , Π2, . . . ,Πn, Π). Then Ξ reduces to

Π ′1
∆′1 −→ D′1

∆′1, ∆2, . . . ,∆n, Γ −→ D′1
wL Ξ1

D′′1 , ∆
′
1, ∆2, . . . ,∆n, Γ −→ C

D′1 ⊃ D′′1 , ∆′1, ∆2, . . . ,∆n, Γ −→ C
⊃L

.
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natL/◦L : Suppose Π ends with a left rule other than cL acting on B1 and Π1

is
Π1

1

−→ D1 z
Π2

1

D1 j −→ D1(s j)
Π3

1

D1I,∆
′
1 −→ B1

nat I,∆′1 −→ B1
natL

Let Ξ1 = mc(Π3
1 , Π2, . . . ,Πn, Π). Then Ξ reduces to

Π1
1

−→ D1z
Π2

1

D1j −→ D1(s j)
Ξ1

D1I,∆
′
1, ∆2, . . . ,∆2, Γ −→ C

nat I,∆′1, ∆2, . . . ,∆n, Γ −→ C
natL

defL/◦L : If Π ends with a left rule ◦L other than cL acting on B1 and Π1 is

defL({D(H , D, θ, ρ) | dfn(A,H , D, θ, ρ)})

for some A ∈ ∆1. Let

D′(H , D, θ, ρ) = {mc(Ψ,Π2[θ], . . . ,Πn[θ], Π[θ]) | Ψ ∈ D(H , D, θ, ρ)}.

Then Ξ reduces to defL({D′(H , D, θ, ρ) | dfn(A,H , D, θ, ρ)}).

Right-commutative cases:

−/◦L: Suppose Π is {
Πi

B1, . . . , Bn, Γ
i −→ C

}
B1, . . . , Bn, Γ −→ C

◦L
,

where ◦L is any left rule other than⊃L, defL, or natL (but including cL) acting on
a formula other than B1, . . . , Bn. Let Ξi = mc(Π1, . . . ,Πn, Π

i). The derivation
Ξ reduces to {

Ξi

∆1, . . . ,∆n, Γ
i −→ C

}
∆1, . . . ,∆n, Γ −→ C

◦L.

−/ ⊃L: Suppose Π is

Π ′

B1, . . . , Bn, Γ
′ −→ D′

Π ′′

B1, . . . , Bn, D
′′, Γ ′ −→ C

B1, . . . , Bn, D
′ ⊃ D′′, Γ ′ −→ C

⊃L
.

Let Ξ1 = mc(Π1, . . . ,Πn, Π
′) and let Ξ2 = mc(Π1, . . . ,Πn, Π

′′). Then Ξ re-
duces to

Ξ1

∆1, . . . ,∆n, Γ
′ −→ D′

Ξ2

∆1, . . . ,∆n, D
′′, Γ ′ −→ C

∆1, . . . ,∆n, D
′ ⊃ D′′, Γ ′ −→ C

⊃L
.
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−/natL : Suppose Π is

Π ′
−→ D z

Π ′′

D j −→ D (s j)
Π ′′′

B1, . . . , Bn, D I, Γ ′ −→ C

B1, . . . , Bn, nat I, Γ
′ −→ C

natL

Let Ξ1 = mc(Π1, . . . ,Πn, Π
′′′). Then Ξ reduces to

Π ′
−→ D z

Π ′′

D j −→ D (s j)
Ξ1

∆1, . . . ,∆n, D I, Γ ′ −→ C

∆1, . . . ,∆n, nat I, Γ
′ −→ C

natL

−/defL: Suppose Π = defL({D(H , D, θ, ρ) | dfn(A,H , D, θ, ρ}) for some
A ∈ Γ. Let

D′(H , D, θ, ρ) = {mc(Π1[θ], . . . ,Πn[θ], Ψ) | Ψ ∈ D(H , D, θ, ρ)}

Then Ξ reduces to defL({D′(H , D, θ, ρ) | dfn(A,H , D, θ, ρ}).

−/ ◦ R: Suppose Π is {
Πi

B1, . . . , Bn, Γ
i −→ Ci

}
B1, . . . , Bn, Γ −→ C

◦R
,

where ◦R is any right rule. Let Ξi = mc(Π1, . . . ,Πn, Π
i). Then Ξ reduces to{

Ξi

∆1, . . . ,∆n, Γ
i −→ Ci

}
∆1, . . . ,∆n, Γ −→ C

◦R
.

Multicut cases:

mc/◦L (Left-multicut case): If Π ends with a left rule other than cL acting
on B1 and Π1 ends with a multicut and reduces to Π ′1, then Ξ reduces to
mc(Π ′1, Π2, . . . ,Πn, Π).
−/mc (Right-multicut case): Suppose Π is{

Πj

{Bi}i∈Ij , Γ j −→ Dj

}
j∈{1..m}

Π ′

{Dj}j∈{1..m}, {Bi}i∈I′ , Γ ′ −→ C

B1, . . . , Bn, Γ
1, . . . , Γm, Γ ′ −→ C

mc
,

where I1, . . . , Im, I ′ partition the formulas {Bi}i∈{1..n} among the premise deriva-
tions Π1, . . . , Πm,Π ′. For 1 ≤ j ≤ m let Ξj be{

Πi

∆i −→ Bi

}
i∈Ij

Πj

{Bi}i∈Ij , Γ j −→ Dj

{∆i}i∈Ij , Γ j −→ Dj
mc

.
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Then Ξ reduces to{
Ξj

. . . −→ Dj

}
j∈{1..m}

{
Πi

∆i −→ Bi

}
i∈I′

Π ′
. . . −→ C

∆1, . . . ,∆n, Γ
1, . . . Γm, Γ ′ −→ C

mc
.

Structural case:

−/cL: Supose Π is

Π ′
B1, B1, B2, . . . , Bn, Γ −→ C

B1, B2, . . . , Bn, Γ −→ C
cL

.

Let Ξ ′ = mc(Π1, Π1, Π2, . . . ,Πn, Π
′). Then Ξ reduces to

Ξ ′
∆1, ∆1, ∆2, . . . ,∆n, Γ −→ C

∆1, ∆2, . . . ,∆n, Γ −→ C
cL

.

−/wL: Suppose Π is

Π ′
B2, . . . , Bn, Γ −→ C

B1, B2, . . . , Bn, Γ −→ C
wL

.

Let Ξ ′ = mc(Π2, . . . ,Πn, Π
′). Then Ξ reduces to:

Ξ ′
∆2, . . . ,∆n, Γ −→ C

∆1, ∆2, . . . ,∆n, Γ −→ C
wL

.

Axiom cases:

init/◦L (Left-axiom case): Suppose Π ends with a left rule on B1 and Π1

ends with init . This means ∆1 = {B1} and B1 ∈ Γ . Then Ξ reduces to
mc(Π2, . . . ,Πn, Π).

−/init (Right-axiom case): If Π ends with the init rule, then n = 1, Γ = ∅ and
C = B1. In this case, Ξ reduces to Π1.

ut
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