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Three dimensional sound field reproduction using
multiple circular loudspeaker arrays

Aastha GuptaMember, IEEEand Thushara D. Abhayapala®gnior Member, IEEE

Abstract—Three dimensional (3D) spatial sound field repro- mainly focusses on lower order, 2D sound reproduction [3]—
duction enables enhanced immersive acoustic experiencerfa [5]. It has since been further developed into higher order
listener. Recreating an arbitrary 3D spatial sound field usig Ambisonics [6]-[9] extensively. In addition there are ateme

a practically realizable array of loudspeakers is a challeging - .
problem in acoustic signal processing. This paper exploitshe other systems that employ spherical harmonics [10]-{14] fo

underlying characteristics of wavefield propagation to deise a 2D sound reproduction.
strategy for accurate 3D sound field reproduction inside a 3D  The second approach of sound reproduction relies on the
region of interest with practical array geometries. Speciftally  Kirchhoff-Helmholtz integral which shows that reprodwcti
we use the properties of the associated Legendre functionsid 5 hossiple inside a given region if the pressure and normal
the spherical Hankel functions, which are part of the soluton . S .
to the wave equation in spherical coordinates, for loudspdaer v_eIOC|ty on the_ surface are known_. This is the basis of Wa‘(e
placement on a set of multiple circular arrays and provide a Field Synthesis (WFS) and was introduced by Berkhout in
technique for spherical harmonic mode-selection to contlothe 1993 [15]. To make this technique more practically applieab
repoduced sound field. We also analyze the artifacts of spali several simplifications have been introduced, such as #efus
aliasing due to the use of discrete loudspeaker arrays in the yn0n0le sources only instead of both monopole and dipole
region of interest. As an illustration, we design a a thlrd. oder loud k d th lecti f bset of loud K
reproduction system to operate at a frequency 06500 Hz with 18 oudspea ers_ an. € S? ec _|on oI a subset of lou spea_ers
loudspeakers arranged in a practically realizable configuation. ~ for reproduction in the direction of an external source.sThi
, . , . method requires knowledge of the original source also dalle

Index Terms—Sound field reproduction, Spherical harmonics, . .
Circular loudspeaker array, 3D loudspeaker array, Surround € Primary source. WFS has been applied for 2D sound
sound reproduction using linear and planar arrays [16] and 2.50.[1
However, to the knowledge of the authors, there is very éohit
work in 3D sound field reproduction systems using WFS
technologies. WFS systems are generally applied for large

Three dimensional (3D) sound field reproduction systenageas and hence require a significant number of loudspeakers
offer potential for creating immersive acoustic enviromtse A 3D WFS system would thus need an increased number of
where the listener perceives a realistic but virtual regian |oudspeakers, which needs to be justified for applied usg [18
of a sound field. This can be achieved by controlling thg [19], a feasibility study of 3D sound field reproduction
sound field in a defined spatial region of interest using thg low frequencies was reported by controlling the acoustic
signals emitted from a set of loudspeakers. Whilst thefressure measured at the boundary surface of the desired
are a plethora of techniques for sound field reproductigggion of reproduction.
in two dimensional spatial regions, accurate 3D sound fieldThere are a few systems developed for 3D reproduction
reproduction is still considered a difficult problem unlése ysing spherical harmonics/ higher order Ambisonics [9]{2
loudspeakers are placed on a sphere that enclose the 3BIsppt7]. In [20], Poletti compared mode-matching and simple
region of interest. In this paper, we present theory andgdesisource methods for 3D sound reproduction. He uses regulari-
of 3D sound field reproduction using practically realizablgation techniques to reduce reproduction errors. Therenwas
loudspeaker array geometries in standard rooms. optimum solution applicable for accurate reproductionrave

The method of controlling the loudspeaker signals hagrge range of frequencies. It was also shown that the num-
been studied under various sound reproduction techniquesr of loudspeakers rises quadratically with the reprddnct
Generally, this involves issues relating to spatial lowds@r frequency.
placement and calculation of their driving signals for aet& Al of the existing 3D sound field reproduction methods re-
sound reproduction. Arguably there are two main methoggiire to place the loudspeakers on a sphere that encapthdate
of sound field reproduction. A few authors have tried tgesijred reproduction region. Whilst using spherical hanics)
differentiate the techniques, and understand their siitida the natural and obvious geometry of loudspeaker placersent i
however there is much clarity still to be achieved [1]. Thg sphere. In terms of user comfort and practice, this is an
first one is based on circular harmonic representation g@fipractical approach and thus has hindered the growth of 3D
sound fields and was first introduced in 1973 by Gerzon [3ystems using spherical harmonics. The goal of this work is
The method introduced by Gerzon, is called Ambisonics arg design a 3D sound field reproduction system with a flexible

, . . _ loudspeaker array geometry that can be implemented in real
Authors are with the Applied Signal Processing Group, Sthoo d ditori
of Engineering, CECS, The Australian National Universitg-mail: rooms and auditoria.

Aastha.Gupta@rsise.anu.edu.au, Thushara.Abhayapala@ia.au. The rest of the paper is organized as follows. We identify

I. INTRODUCTION
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the issues to be resolved for 3D sound field reconstruction in m;" 0 ! 2 OHZXN
Section I, and address these in the rest of the paper. We star
by describing existing 3D methods using spherical arrays in
Section Ill, and highlight the practical limitations of gethat 9 02
lead to the development of our method using multiple cincula 1 ait asi
arrays. In Section IV, we develop the theory of multiple m =0 | aoo @10 @20 aNo
i - -1 -1y | Q-1
circular loudspeaker arrays and analyse the underlyingacha
teristics of wavefield propagation. The main contributiethie -2 Qs(_2)

novel implementation strategy of selected spherical haicmo :
modes that enables control of the reproduced sound field _N
through its soundfield coefficients. This enables accuracy a ] o )
full control of the loudspeaker signals to match the desirdd*\BLE I: sound field coefficients arranged with orderand
sound field in the reproduction region and is described fifgreem.

Section V. We also analyse the effect of the discretizatioore

that provides aliasing in the reproduced signal only oetsid ] o . ]

the region of interest in Section VI. We complete the paper jn 2) sound field coefficientsAs we are interested in control-
Section VII by discussing a simulation design example for {9 the sound field restricted inside a regitnof a defined

third order system and the reproduction error in the 3D megié2dius Br, this places a constraint on the spherical harmonics
of sound field reproduction. order of the field and making the reproduced field order

limited to the truncation facto’N. Hence, the total nhumber
of coefficients required to describe the desired sound feeld i
_ _ _ _ given by (N + 1)2 [10]. If we can control, all theséN + 1)?

A. Spherical harmonic analysis of sound fields spatial coefficients, we can successfully generate theatesi
In the spherical coordinates system, an efficient set sbund field inside the regioft. For a field order limited to
basis functions to represent sound fields is given by spdleriév, Table | depicts the growth of the number of coefficients

harmonics, which are orthonormal functions of the elevatiaas ordern with modesm ranging from—n to n.

angled and the azimuth anglé. An arbitary sound field within

a source-free region can be expressed as a linear comlninag(_)
of these spherical harmonics

QN (=N)

Il. PROBLEM FORMULATION

Loudspeaker placement

- The desired sound field is given KW + 1)? sound field

N . i coefficients. Therefore, the number of loudspeakers reduir
S(r.0,9:k) = Z Z Cn (k) (k) Pram (005 0) Eim () for reproduction must be equal to or greater than this number
(1) Let the number of loudpseakers bk where
wherem andn (> 0) are integerse,.,,(k) are the spherical
harmonic coefficients of the sound field,= 27 f/c is the Q> (N+1)>°
wavenumberf is the frequency; is the speed of sound,(-)
are the spherical Bessel functions [28] of orderE,, (¢) =
(1/4/2m)e?™? are the normalized exponential functions and

n=0m=—n

The questions that arise now are (i) how to find suitable
weights or driving functions for the loudspeakers in order
to reproduce the desired sound field, and (ii) what are the
m+1 [(n—|m|)! optimum and/or practical 3D spatial po_sitioning of these
Prm(cos ) = 5 (nt |m|)'Pn\m|(COS #)  (2) loudspeakers to ensure desired reproduction of sound field.

are the normalized associated Legendre functions. Note tha |||, | oupSPEAKERDRIVING SIGNAL/WEIGHTS
the normalized exponential functions and the normalized aﬁ Direct Least Squares
sociated Legendre functions form orthonormal basis sets’in
azimuth¢ € [0,2x) and elevatiord € [0, 7], respectively. For sound field reproduction inside a spherical region

1) Truncation: Let the sound field reproduction region ofof radius i, we need to place loudspeakers outside this
interest namely) be a sphere of radiu®,. Since we are region. There are a few strategies for loudspeaker placemen
interested in a finite regioft, the sound field withif2 can be in the literature, however, here we briefly describe two &f th
expressed approximately by a finite set of coefficients, ae. methods that use spherical harmonics.
finite number of terms of (1). Thus, for a sound field within ~ The simplest method for loudspeaker placement is to ran-
the infinite summation in (1) can be truncated [29] to the uppgomly distribute them in space. In that instance, let thexe b
bound of, N = [keR;/2]. The order of the field is related to@ > (N + 1) loudspeakers randomly placed outside the
the radial spatial component of spherical harmonics, ghwen region €2 at locationsy, = (r4,04,¢¢), ¢ = 1,...,Q. The
the spherical Bessel functions [28], [30]. The order deguidty sound field at a point € 2 due to these loudspeakers is then
n starts at the smallest radius of the spherical regiomeing given by
0, and varies till the radius?, defined byN = [keR,/2]. B Q eikllv |
The §pher|cal harmonic coefficients also vary over modes S(r,0,¢; k) = qu(k)77 (3)
ranging from—n to n. = ly, — |l
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wherex = (r, 6, ¢r), andw, (k) are the loudspeaker weightsa = (r, 60, ¢r) € Q due to such a continuous spherical
After loudspeaker placement, the goal is to determine tkmudspeaker aperture is given by
loudspeaker weights which shall produce the desired sound o o iklly—z)
field in the region of interest. We substitute into (3) theale gy 6, ¢: k) = / / (6, ¢; k)ei sin 0 dedo.
0 0

Anger expansion [31] which is given by |y — | ©
ik||y,—x © n
w = Arik Z Z hsll)(kyq)an(cos 0,) Since the spherical harmonics form a better complete basis s
ly, — |l =0 m——n over the unit sphere, we can use them to define the loudspeaker

X B (6q)jn (k10 ) Prm (08 ) B (67)  (4) aperture function at a poirf, ¢) on a spherical surface. Thus,
! an arbitrary spherical aperture function can be writtemgisi
whereh{"(-) is the spherical hankel function, and then equag®herical harmonics as
with (1) to obtain the loudspeaker weights in terms of the o n
sound field coefficients p(0, ¢: k) = Z Z Yo (k) Prm (cos 0) Ep (¢)  (7)

n=0m=—n

Q
_ . 1
anm (k) = 4mk2wq<k>h%  (krg)Prum (cos 6g) E—m (). where~y,,, (k) are the spherical harmonic coefficients of the
=1 aperture function. By substituting (4) and (7) into (6) and

In the above equation, when we substitute the desired soﬂ&‘luatmg the integral, we have

field’s coefficient intox,,,,, (k), we have one known coefficient o n
and ¢ unknown loudspeaker weights. In order to solve such §(r, 6, ¢; k) = 47”'"32 Z Y (k)AD (ER)

a system, and estimate all the loudspeaker weight§:), n—0m=—n
we can form a system of simultaneous equations [10] by X Jn (kre) Prm (0) E (). (8)
evaluating (5) forn = 0,...,N, andm = —n,...,n .

Such a system of equations could be solved using the leBstequating the loudspeaker sound field (8) with the desired
squares method. In that case, the accuracy of sound fiéigld (1), we can obtain the unknown aperture function coeffi-
reproduction is doubtful, as the method does not study th@nts,v,,, (k) in terms of the desired sound field coefficients
underlying wavefield complexities and does a brute foreé,, (k) as
approximation to find the weights. So, as there is no con-
trol on loudspeaker placement, the rendering thus also has

practical limitations, sqch as not know_ing where to plaosg ,thl'his method is given in [20] and is called mode-matching
loudspeakers for varying system environments. In add't'oé\nce a mode of the desired sound field is matched to the

with rgndom_loud_sp(_eaker pIacemen_t, it would be difficult tBorresponding mode of the aperture function. Howeverether
quantify spatial aliasing or sampling ISSUES. In order tectm is .a limitation of this method. In practice, the continuous
deeper grasp on the reproduced sound field, a better syste Kerical aperturg(6, ¢: k) needs to be sampled to find an
required that gonsiders the underlying wavefield Compme%Euivalent array of ioddspeakers, and placing loudspeaker
and reproduction accuracy. equidistantly on a sphere is not straightforwfa@imilarly, it is
hard to imagine having a practical spherical shell loudspea
B. Mode-matching on a sphere array where the desired region of interest is in the middle

For th vsis of d field usi herical h .of the spherical array. Such practical limitations motvat
or the analysis of a sound Neld using spherical NarmoniGps 1, qnsider alternative design geomertries for sound fiel

the ideal geometry for the loudspeaker array due to spa : . . .
symmetry would be a sphere [20]. Therefore, a suitable des?lg%1 roduction using spherical harmonics,

strategy for sound rendering using spherical harmonicddvou
be to place the loudspeakers on a sphere. IV. MULTIPLE CIRCULAR ARRAY CONFIGURATION

In this solution for sound field reconstruction, a Iarg%_ Circular aperture
number of loudspeakers are placed on a sphere with radius ] )
R > R, The loudspeaker driving signals are representedcons'der_a circular Ioudspe_ake_r aperture located at a con-
by a spatial function called a loudspeaker aperture functi§t@nt elevation anglé, and radial distance, from the origin.
(6, #; k), which gives the weights of a loudspeaker positionel1us, the aperture function is spatially only dependenthen t
at (6, ¢) on the sphere of radiug. Such a function would @zimuth anglep and let it be depicted by, (¢; k). We can
describe the spatial-spectral properties of the loudsmsand represent_the C|r§:ular continuous loudspeaker apertacifin
thus enable control over the reproduced sound field. For ak¥-a Fourier series as
lytical purposes, consider @ntinuous aperture functiof®]* )
[20], which is a limiting case of a closely packed set of pqg(0; k) = Z BD (k) E,, (6) (10)
discrete loudspeakers. The corresponding sound field aha po m=—oo

o, (k) = 4mik Y (k) B (KR). ©)

n

1AIso sometimes referred to as loudspeaker aperture orpeadter driving 2However, there are number of possible geometries reporntesphierical
function. microphone array literature including vertices of polyteed
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Whereﬁf,g) (k) are the frequency dependent Fourier coefficients

of the circular aperture function and are given by C)

27
B9 (k) = /0 (61 ) B (9) (11)

Now, the resulting sound field due to this circular loudsgeak
aperture inside the reproduction ar@as

2 iklly,—al
S, (e Ors i ) = /0 )y (12) Bl

lyg — |l

wherey, = (r,,04, ¢) is a point on the circular loudspeaker
aperture ande = (r, 6y, ¢¢) is any point within the desired
region of reproduction. Upon substituting the Jacobi-Ange
expansion (4) and the Fourier series expansion of the apertu
function (10) into (12), we get

y
n

ik SN (@) (9 p) o _ .
Sqlres b, drsk) =dmik 3 > > B (k)R (krg) Fig. 1: Circular continuous aperture locatedat, ¢,) outside
m/=—ocon=0m=-n the region of interesf

orthonormal

2m

X Prm (cosby) | B (9)E_n(¢) do
X Jn, (k7) Prm (€08 0r) Epy (¢r). (13) 29

Then, by using the orthonormality of the exponential func-
tions, we express (13) in the spherical harmonic expansion
form (1) as

MAGNITUDE

Sq(re, O, b k) = > > Amikh(D (krq) Prm (cos )87 (k) ot
n=0m==n coef ficients _gl
X Jn (krt) Prm (cos 0¢) By, (¢ ). (14)

) . . £O 4‘0 66 E;D 160 1‘20 14‘10 lgO 180

Therefore, the spherical harmonic coefficients of the sound ANGLE 0 (DEGREES)

field in the region of interes® due to a horizontal continuous ) ) )

circular loudspeaker aperture(at, 6,) with aperture function Fig- 2: Magnitude of the normalized associated Legendre

pq(¢: k) are given by functionsP,,,,, (cos #) in dB, where the addition of orderand
modem are even(n, |m|) = (0,0);(2,0); (1,1);(2,2); (3,1).

ol

(k) = 4mik h{D (kry) Pm (cos 0,) 59 (k) (15)

forn=-N---Nandm=-n---n.

In order to control the reproduced sound field and hence its
spherical harmonic coeffcients, we need to control thetrigh
hand side of (15). Upon observing the underlying functions,
we see that the normalized associated Legendre functions
Pnm(+) have a number of zeros (see Figures 2 and 3). Thus, for
some values of, m andd,, the induced sound field coefficient
ozﬁ%(k) in (15) is equal to zero irrespective of the value of
ﬁ,(f{) (k). We exploit this fact later in the paper to create a
design strategy for loudspeaker layouts.

Additionally, a single circular aperture (10) on a circle oo e
can only control the sound field coefficients,,, (k) along L R O
different degrees but not on orders: (see (15)). Therefore,

we need to consider multiple circular continuous Ioudspeaﬁig_ 3: Magnitude of the normalized associated Legendre

ers to evaluate aperture coefficients for all desired Sphbrifunctionsp (cos®) in dB, where the addition of ordes

harmonic coefficients and control the entire reproduceth8ou, 4 moden are odd:(n, |m|) = (1,0); (2,1); (3,0); (3,2)
field inside(2. A V)34, 1)5(9,U)5 (9, 4)-

MAGNITUDE

Copyright (c) 2010 IEEE. Personal use is permitted. For any other purposes, Permission must be obtained from the IEEE by emailing pubs-permissions@ieee.o



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication.

GUPTA et al. 3D SOUND FIELD REPRODUCTION 5

B. Multiple circles the modes which are best obtained from the respective sjrcle

In order to calculate coefficients of all orders and furthétnd we term this process as mode selection. Such a careful
accurately control the entire reproduced sound fiel@2jrwe ~ Strategy of placement enables improved control over thagou
place additional circular loudspeaker apertures in spatside  fi€ld based on spatial properties of the underlying wavesield
Q. Suppose there is a set ©fcircles of horizontal continuous @ Well as to consider any practical constraints imposed by

loudspeakers located ét,, 0,), whereq = 1,...,Q, and the 00M geometries. _ _ _
corresponding aperture functiops(¢; k) are given by (10). ~We suggest the following procedure to determine valid
Then the coefficients of the resulting sound field are locations of circular apertures and also to calculate their

Q relevant aperture coeﬁicien)ﬁég)(k) for driving signals.
A (k) =Y 4mik h{D (krq) Prm (cos 0,) 87 (k), for n > m.

q=1

Step 1 (n = N series): Consider (16) and Table |
(16) for m = N, then the only applicable sound field coefficient

From (16), we note that for a specific, the aperture function for this series i1 y (k). Since, the desired region of interest

coefficients 3.9 (k) from all circles contribute to the soundiS order limited toN, as it is in our case, then there are no

field coefficients of degree: and orders: > m lower order coefficients and the higher order components
For a finite dimensional spherical region of interest withave negligible effect inside this region. Therefore, weeha

radius R, the field is truncated to orde¥ = [keR/2], and Q

we only need to control sound field coefficients up to oler o4, (k) = Z Amik hg\})(qu)PNN(cos gq)gj@ (k). (19)

Thus, by having a sufficient number of circular distribugon =1

of loudspeakers, we can control the required countabledsoun i i -
field coefficients to reconstruct a desired given sound fiel tis case, there is only one sound field coefficiefjty (k)

within the region of interest. In the next section, we shol be controlled, and hence, we only need to place a single

how to calculate the aperture function coefficients wherewgiv CIrcle for the loudspeaker aperture function. To determine
a desired sound field. the spatial placement of the loudspeaker aperture function

we need to find an appropriate r?dius and elevation angle.
. . q :
C. Matrix formulation Con5|d(_er (19), in order to calc_ula;ﬂé\, (k) for_ a desired repro-
. ] o ) duced field, we need to examine the spherical Hankel furgtion
Suppose the desired sound field is given @Y + 1)° ;( (.. y and Legendre functions properti®s y (cos 6,) for

coefficients represented byd (k). To find the required e ; ! :

- @ nmA\N/: ) this circle. From Figure 2, we observe that there are certain
aperture coefficients,,,’, we equate the left hand side of (16)jevation angles where the magnitude of the field is quite low

to O{%m(k) for a _specifiCm an_dn = |m|, |_m| +1,---, N for ~or zero. These angles are avoided, because at these angles
Q C|rcle_s. We write the resulting set of simultaneous equiatiohe energy is not enough to provide the desired sound field
in matrix form, as coefficientad, (k) and hence the resulting reproduced field
Am = HnBn (17)  will not be as accurate as desired. Thus, we chégseich that
whereA,, = [O‘?m\m(k)v O‘((j\m|+1)m(k)v ad (B)T, the associated Legendre functions have significantly large
stable values (see Figure 2). Secondly, as we are congiderin
H,, = 4mikx (18) an evenharmonic, thus, we seled, = /2, as all evert
h‘(l)l (kr(1()Pom (c08 61) -+ h‘(l)l(er)Pmm(cos ) associated Legendre functiop_s at this angle have goodwalue
m m to ensure accuracy and stability.
: . : ) Thereforez \gve choose they plane to place the first circle.
q P I = DR i
h%)(krl)PNm(cos 6, . h%)(er)’PNm(cos 00) We also sets,’ (k) = 0 for all other circles; = 2 - - - @, which

we will add to the system in the subsequent steps. Thus, (19)
andB,, = [8%, ..., 89T, reduces to

Equation (17) could be solved for loudspeakers’ aperture Q?VN(/{) — 4mik h%)(krl)PNN(cos 91)5&”(@,
coefficientsB,,,, using the Least Squares method provided that
H,, is non singular. Such a solution may or may not exigthich can be used to determine the loudspeaker aperture
if an arbitrary set of circles is used. In a practical set ufiinction 53’ (k) coefficient for them = N series from the
we need to avoid certain spatial placement of loudspeakérst circle as
due to Legendre nulls, which give no energy for reproduction

of certain desired reproduction coefficients and field. la th 5](V1>(k — o (k) . (20)
following section we develop a systematic procedure to pet u 4mik h%)(/{Tl)PNN(COS 61)
a circular loudspeaker array system.
Step 2 (n = N — 1 series): For this series, consider
V. MODE MATCHING ON CIRCLES Table |, there are two available desired harmonic coeffisien

. . . _ d d
A. Location of circles using mode selection aly_1y—1(k) andaly_, (k). Therefore, we need at least two

Here we Sh.O\.N an(lgnplementa.tlon progess to Cal(.:UI"flte theEvenand odd are defined as the sum of the scalar values of ordand
aperture coefficients,’ (k) from different circles, by picking degreem are equal to an even integer and odd integer, respectively.
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aperture function coefficieni;g(q) 1(k), ¢ = 1,2 to be calcu- d B (1)

lated that would render the de5|red field for the= N — 1 an-1v-2(k) = Z4Mk hiy=(krq)

series. Since there are two sound field coefficients, themsyst =t @

of simultaneous equations (16) only has two equations. From Prn_1n-2(cos ) BN 5 (k). (25)

(17) we have, and

1
“anval Z4mkh() (krg)Pn—1n-1(cos )" 1 (k) o8 ( kah (kry )Py —2(cos )88 (k).

(21) (26)
and In this case, we have twevenand oneodd sound field
Q coefficients namelyvd; ,\ (k) andad ,_,(k). Since the
oy (k) = Z Arik hg\})(qu)PNNfl(cos 0,) ](\?),1(/@- firstcircle g = 1) is on theci(-y plane, we reuse it to control the
evenharmonic coefficienty,_,_,(k), and the second circle
(22) (q = 2) to control theoddharmonicad, , y_, (k). Since there
As we need at least two unknown aperture function coeffire two even coefficients, we introduce a third circle to ount
cients, we require two Ioudspeaker apertures or circles. ddﬁl,N 5(k) with appropriate93 whereP nyn—2)(03) # 0. As
other words, we neeﬂiN ,(k), from two circles to realize before, we seﬁ )_Q(k:) = 0 for ¢ > 3. Now we use (17) to
the desired sound field coefficients. As one of the Sou%termmeﬁ(q) ,(k) for ¢ =1,2,3 as
field coefficientsad, | _, (k) is even we can reuse the first

q=1

circle (¢ = 1),. for t_he aperture co_efﬂmerﬁNA( ). Now, ](\})_2 Q?N—Z)(N—Z)(k)

the next step is to find an appropriate valid placement of the @ | —g-!. |ad (k) 27)
second circle and ensure that the desired spherical hacmoni N=2 N-2 (J;”l)(N’Q)

a4 v, (k) is present inside the region of interéxt The valid 5\?),2 Awyv-2) (k)

choices ofr, and 6, would ensure accurate calculation of

1
) (k) for the second loudspeaker aperture. whereH ), is the inverse oftly_,.

The second circle needs to be located at a particular eéet
vation angle; wherePy v_1)(f2) # 0. We can use Figure
3 to determine an appropriate vatuter 0, such that there
is significant energy for the relevant Legendre functiond an
spherical harmonics. We also ﬁgll( k) =0forg>2,ie.,
for other circles. To obtain the aperture coefficients, wieeso
the system of simultaneous equations or matrix equatiop (1
which becomesA y_; = Hy_1By_1. Thus,

N+1 (n = 0 series): There areN + 1 coefficients in
th|s series. Hence, we can reuse all previously established
circles together with a new circle. Since, the final circle is

needed for a single coefficient, it can be a single point at
Oni1 = 0. As beforeﬁoq)( k) forg =1,...,N + 1 can be
Q?Iculated from (17).

Note that the same set of circles could be reused for negative
values ofm, i.e., starting withm = — N from the first circle.

o
— . 71
l o ] — dAmikHRyL
N-—-1

O‘C(’N71)(N71)(k)
d (23) - .
O‘N(Nq)( B. Loudspeaker driving signals
As a result of the mode-matching algorithm, we have
whereHy! | is the inverse ofly_; = ikx calculated all the aperture coefficients from all the cictbat
can be used to evaluate the loudspeaker aperture functons f

W) (kr)Py_1n1(cosy) B (kra)Py_1n_1(cosfy) | each respectiveth circle by

WY (kry )P 1 (cos ;) 2D (kry) P 1 (cos 6) N,
= Y BYE)En(9) (28)
m=—Ngy

Step 3 (n = N — 2 series): In this case, we need towhere N, is the highest active mode of thgh loudspeaker
calculate three aperture function coefficients to contnoéé aperture.
harmonic sound field coefficientsl;, ,y_,(k),a% | y_o(k)

d
anda$y_,(k). From (17) we have, VI. DISCRETIZATION

A. Sampling of circles

d _ -7, 7,(1) . .
an-on-2(k) = 247”/“ hn_a(krq) In order to have a practically realizable loudspeaker array
a=1 we cannot have continuous aperture functions. A more deitab
Prn_an—2(cosby) Eng(k), (24) representation of the loudspeaker array would be to digeret
the continuous aperture functions. Therefore, consid8y, (2

4A complete guideline to choosing elevation angles for eved add and let the circular apertu.re be sampledbppoints given
associated Legendre functions are given in [32]. by ¢ = 1,---,L,. According to Shannon’'s theorem for a
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complete representatiob, > 2N, + 1. Thus, the weight of From the geometric progression [33], f¢(§ = 02r/L,, we

the ¢" loudspeaker located at thg" circle is given by have
N, L L . ,
ot q q = If m =m + SLq
0. )= =1 D () B (6O) for £ =1...L En($)E i (dh) =4 2" (31)
Pq((bq ) Lq m;N ﬁm ( ) ((bq ) q ; ( q) ( q) 0 Othel‘Wise

where the factoRr /L, results from uniform sampling. How- Where s is an integer. By substituting (31) into (30), the
ever, we could use nonuniform sampling as long as ttigconstructed field becomes
maximum sensor separation angle is less thanv,. In the

next section, we quantify the errors involved with the above N @
discretization in the reproduced field. R(re, O, éri k) = Z 2% Z Z;Wkﬂmﬂu(’f)
s=—ocon=0m=—nqg=
X B () Pruan (008 ) i (k) Prum (cos 6) Evn () (32)
B. Sampling Error in reconstruction

. . . . . ._Note that thes = 0 term in (32) gives us the desired field,
There is an inherent error in reproduction due to discretiz

tion of the aperture function and this is a natural byproduct ”’

of practical implementation of the sound field reproduction o n  Q
system. Here, we analyse this aliasing error and its effe&b (r, 0y, ¢ k) = > > > 4wikB (k)LD (krg)Prm (cos 0,)
on the sound reproduction. As it is a linear system, we can n=0m=—n g=1
objectively say ot (F)
Sk =5p +5a (29) % G (k7) Pragn (€08 67) Epn (1) (33)

where Si is the reproduced field in the region of interestAII the other terms in (32) fors # 0 produce undesirable

Sp the desired sound field anfd; is the aliasing error in the errors. However, we can quantify these errors to see their

reproduced sound field, respect_wely. ) effect to the sound field reproduced inside the desired negio
Let the loudspeakers on a given circle be equally spacgfl; taresto). Thus, the aliasing error is given by

and on positions given aﬁ(f) = (2n¢/L,). Then, the general

expression for the reproduced sound field from a discretized

00 0o n Q
loudspeaker array consisting ¢f circular arrays (wheregth Sa(re, O, o k) = Z Z Z Z4mkﬁfgidq(k)

circular array consists of, loudspeakers) is given by <o n=0m=—n q=1
La o o cikllyl—a| X h;l)(qu)an(cos 0q)jn (k) Prm (cos ) En (¢r).  (34)
Sr(rr, Or, drik) = 7 Pa(® ,k)m
q=1¢=1 "4 Yq We have following comments on the aliasing error:

where 27/L, is the discretization step or the angular loud- ¢ Since the desired reproduction regiéh has a finite
speaker spacing on the aperture. Upon substituting for the dimension of radiugt, the field inside it is mode limited
aperture functiorp,(¢(¥), k) from (28) and the Jacobi-Anger ~ 10 N = [keR;/2]. Hence, the summation)_ _, is

expansion (4) we obtain truncated toN. o o
o Also, recall that we only illuminate limited number
L, Ng of modes of each circular loudspeaker array. l.e., we
Sr(re, O, ¢r; k) = Z E_W@(g) (k)Em(¢ff)) have_the foIIE)\;ving constraint on the loudspeaker modal
g=1 (=1 m=——n, 4 coefficientsg,y’ (k) = 0 for |m| > N,. Therefore,
ik Y Y B (krg) P (cos 0g) B s (6)) 5(<gg+qu)(k) =0 for |m + sLy| > N,.
n=0m’'=—n

X G (k70) P (€08 0¢) B (). Thus, the aliasing error given by (34) is non zero for

integer values of that satisfies the constrairtV,—m <

We rewrite the above expression as sLy < Ny — m. Also note thatjm| < N ~ [keR;/2],

L, > (2Ny + 1), and N, < N. It can be shown

Q o n Ny L .
that only s = 0 satisfies all these constraints. Thus
AN 1. 3(a) (1) X
Sr(re, br, dr; k) = Z Z Z Z Amik By (k)hs,” (krg) the aliasing error is zero inside the desired reproduction

9= n=0m/==nm=-N, region for a loudspeaker array design for a particular
orthogonal frequency. However, the aliasing error is non-zero for
La o higher frequencies inside the reproduction region. Also,
X L—Em(¢g‘))E,m/ ((bl(f))an/(cos 0q) there is aliasing error outside the desired reproduction
=114 region even at the design frequency. One can quantitively

X Jn (k77) Prms (€08 0r) B (). (30) calculate these errors for various scenarios using (34).
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VII. SIMULATION q (rq,0q) Mode limit Lq Aperture modes’;’,(;f)
N, =2N,+1
1| 1.8m, 90° 3 7 Bl By, B, By
A. Design Example 2 | 1.9m, 65° 2 5 Bie: 811,58
3| 2m,25° 1 3 B3, 88
4| 1.8m,0° 0 1 Ba

To illustrate the new method, we simulate a third order
system (V = 3) in this paper. According to the truncationTABLE Il: Design formulation for a third order system using
theory N =~ [keR/2]. Thus, there are three interconnectetbur circles to determine loudspeaker aperture coeffisigfft
variables for the reproduction region; ord¥r, radiusR, and '
wave numbefk or frequencyf. Based on reasonable practical
systems we choose the order to Ne= 3, and frequency of
operationf = 500 Hz. In which case, the region of interest
is limited to a radius ofR, = 0.11 m. If we consider the
size of a typical human head, such a region of interest seems -
reasonable. Higher orders of the reproduced sound field lie: .
outside the0.11 m radius of the region of interest. In this
paper, we shall focus our attention to this limited region fo
accuracy of sound field reproduction. For a larger repradoct
region, we would require a higher order system and/or lower
frequency of operation.

After setting the desired region of reproduction, we need
to carefully select the placement of the circular loudspeak
arrays based on the mode selection process and underlyin¢ **
wavefield properties of the Hankel and Legendre functions as ™
described in Section V. The mode selection method ensures ™~
that each circular loudspeaker array controls coefficiapte =
a certain orderV,,.

Geometry Following the technique provided in Section V,
for this design example, we place the first circular array
on the xy plane to control theven spherical harmonics :
i.e., at elevation anglg; = 90° and radiusr; = 1.8 m. (c)

The loudspeaker aperture n th_|s circle is mode I'_m'ted 'iglg. 4: Real part of the desired and reproduced sound fields
Ny = N = 3. The next circle is used for controlling the,; "5y oherating frequency of 500 Hz: (a) Desired sound field
odd spherical harmonics with mode limit a¥> = 2 and, i ¢ responding to a plane wave arriving from a direction of
plgqed atd, :_65O _and radial distance; = 1.9 m from the (6, 6) = (90°,45%), (b) Desired sound field corresponding to
origin. The third qrcular array cpntrols the even harmenl%l plane wave arriving from a direction ¢, ¢) = (135°, 60°),

of lower orders with a mode limit ofV3 = 1 and is placed (c) Reproduced sound field corresponding to (a), and (d)

at 63 = 25° and radial distances = 2 m. The last array is Reproduced sound field corresponding to (b).
merely a single loudspeaker to control the mode liMjt= 0

harmonics and is placed on the z-axisfat= 0° (above the

listening region) and at a radial distance= 1.8 m. The radii

of the different circles are chosen such that the array can Be Example sound field
fit into a typical room with minimum dimensions d¢fm x 4

-02

mx 3 m. To demonstrate the designed loudspeaker array, we repro-
Note that, for a third order system, there are a total of threleice a plane wave sound field and observe it in the region of
circular arrays and a single loudspeaker placed oretheis interest. To illustrate, we plot the real part of the reprohl
above thexy plane and have radii approximately comparabksound field within a square slice of the region of interest on
to that of a room, or fit in a cylindrical shape inside ahe x-y plane. The desired and reproduced fields are shown in
standard room. Based on the truncation limit of each cithle, Figure 4, where the encircled region is the region of interes
minimum number of loudspeakers on each circle is given fyr a third order system and the plane wave is arriving at a
2N,+1=17,5,3,1. However, we include an extra loudspeakedirection of (6, ¢) = (90°,45°) and (0, ¢) = (135°,60°) at an
at the second and third circles to improve the accuracy of thperating frequency of = 500 Hz. Observe that within the
reproduced field. Thus, there are a totall8floudspeakers in encircled region, the desired and reproduced fields ardagimi
a multiple circular loudspeaker array configuration to coint hence showing accurate reproduction. The root squared erro
16 coefficients. The aperture function coefficiemfé) (k) for between the desired and the reproduced field of the above
each circle is as described in Section V. The design infawo examples are given in Fig. 5a and Fig. 5b respectively.
mation is tabulated in Table Il together with the illumindte A quantitative error analysis over entire spherical regidn
aperture coefficients for each circle. interest is given in the next subsection.
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@
Fig. 5: Root squared error between the desired and reprdduce
sound fields at;00 Hz: (a) a plane wave arriving from a
direction of (0, ¢) = (90°,45°), (b) a plane wave arriving
from a direction of(6, ¢) = (135°,60°).

C. Mean Square Error over 3D

We define the Mean Square Error (MSE) of the reproduction
over the spherical reproduction region of radiRsas

027T foﬂ ISR (e, Or, ¢r; k) — Sp(rr, Or, dr; k) [2d

MSE = fo 27 pm
0 fo |Sp (71, O, ¢r; k) [2d2

(35)
where the integration is over all points in the sphere ofuadi
Ry and dQ = r?sin6dbidéedry, and Sp(ry, 0, ¢r; k) and
Sr(rr, 0r, ¢r; k) are the desired and reproduced sound fields,
respectively.

Since the designed array is non-symmetric unlike a spHerica
array, we quantify the performance of the loudspeaker syste
for desired sound fields due to plane waves arriving from all g s (ogrees)
directions in 3D. Figure 6 shows thdSE of the system as Elevaton (egres)

a function of the elevation and azimuth angle of an incomirtq 6: Mean Square Error (MSE) of the reproduce sound field
plane wave sound field. As before, the desired reproducti i h éspherical reproduction region of radifs = 11 cm as

region is a sphere of radiug, = 11 ¢m and the frequency a function of the elevation and azimuth angle of a incoming

of the plane wave i$500 Hz. Observe (from Fig. 6) that ; :
MSE varies for different elevation of the plane wave anBIane wave desired sound field of frequency’00 Hz.

relatively constant over azimuth. This is due to the fact tha
the loudspeaker array is non symmetric with elevation and
symmetric in azimuth, or in other terms symmetric with
respect to the z-axis. Theoretically, we have shown in Becti

Mean Square Error(%)

VI-B that there are errors outside the reproduction regioa d 200 /
to aliasing. Figure 7 depict8ISE as a function of the radius 180} j
R, of the reproduction region for different plane wave sound 160F ,

fields. Upon observing it, we see thRISE for a spherical I !
region of radiusllcm is quite small, showing that a third 0l j
order system does accurate reproduction. However, out§ide

:\c‘
. . o . ; . . 5 100[ ! . e
this region, with increasing radius, the error increasdsgiser & , 079070745
. . . . . . 80 I . 21350 @ =45°
order harmonicsx 3) are included in the desired field which , _ Z 1S
. . - L =180",¢ =45
are not accounted for in the calculation of aperture coeffitsi. * ! N %450
40r , BRI
/ ’ 6,=0°,¢,=45°
20+ ,
. — : ‘ ‘ I
D. Aliasing Errors/ Broadband performance % 02 04 06 08 1

Radius of spherical region (m)

Based on the theory and analysis, for a fixed order system,
upon increasing the frequency, the region of interest f@lig. 7: Error as a function of radius of spherical region of
accurate sound field reproduction reduces. Figure 8 shaavs ifterest for a plane wave operating at 500 Hz arriving at
desired and reproduced fields for a plane wave at 2500 varying elevation angles and fixed azimuth= 45°
Hz arriving from two different angles off, ¢) = 90°,45°
and (6, ¢) = 135°,60° respectively. The reproduced field is
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Desired Field al 2500 Hz for plane wave at6,=90°, ¢,=45°

Desired Field at 2500 Hz for plane wave al6,=135°, §,=60°

02 01 o 01 02 02 01 0 o1 02

Reproduced Field at (=250 Hz for plane wave a16,=135°, §,=60°

. o o 02 02 EX) 0 o1 02

Fig. 8: Real part of the desired and reproduced sound fields:
A plane wave arriving at an operating frequency of 2500 Hz
and direction of(6, ¢) = 90°,45° on the left and(d, ¢) =
135°,60° on the right respectively. The encircled region is the
truncated region of interest.

the sound field by specific modes of the circular loudspeaker
driving functions. The loudspeaker configuration consdts
number of circular arrays where the radii can be adjusted to fi
to a given room size without compromising the design. A third
order system using8 loudspeakers has been implemented
and tested for different sound fields. A detailed error asialy
has also given with quantifying aliasing errors and broadba
performance.

100

90 i
80
701

60 !

50 I

Error(%)

—90° ¢ =450
———6,=90°%,=45
401 / 8 =135° ¢ =45°
e e

30+ h 6,=180°,9,=45"
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