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Spatial Multizone Soundfield Reproduction:
Theory and Design
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Abstract—Spatial multizone soundfield reproduction over an ex-
tended region of open space is a complex and challenging problem
in acoustic signal processing. In this paper, we provide a frame-
work to recreate 2-D spatial multizone soundfields using a single
array of loudspeakers which encompasses all spatial regions of in-
terest. The reproduction is based on the derivation of an equivalent
global soundfield consisting of a number of individual multizone
soundfields. This is achieved by using spatial harmonic coefficients
translation between coordinate systems. A multizone soundfield re-
production problem is then reduced to the reproduction over the
entire region. An important advantage of this approach is the full
use of the available dimensionality of the soundfield. This paper
provides quantitative performances of a 2-D multizone system and
reveals some fundamental limits on 2-D multizone soundfield re-
production. The extensions of the multizone soundfield reproduc-
tion design in reverberant rooms are also included.

Index Terms—Ambisonics, cylindrical harmonic expansions,
loudspeaker arrays, multizone, soundfield reproduction, spatial
sound.

I. INTRODUCTION

S PATIAL multizone soundfield reproduction over an ex-
tended region of open space has recently drawn attention

due to its various applications such as simultaneous car en-
tertainment systems, surround sound systems in exhibition
centers, personal loudspeaker systems in shared office space,
and quiet zones in a noisy environment, where the aim is to pro-
vide listeners individual sound environment without physical
isolated regions or using headphones. However, most of the ex-
isting research works in spatial soundfield reproduction mainly
concentrated on a single zone, such as the Ambisonics [1]–[3],
the Least Squares techniques [4]–[7], the wave field synthesis
(WFS) approach [8]–[13], and the spherical harmonics-based
systems [14]–[17]. Realization of multizone soundfield repro-
duction is a conceptually challenging problem and there is only
a limited number of works reported in the literature.
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In 2007, I. Tashev, J. Droppo and M. Seltzer used a linear loud-
speaker array consisting of 16 inexpensive speakers to demon-
strate that sound waves cancel each other out in one area and be-
come amplified in another. Someone stepping even a few paces
to the side of the designated soundfield cannot hear the music
[18]. This speaker array project, called “Personal Audio Space,”
was demonstrated in Microsoft Research TechFest 2007 [19].
The audio beamforming algorithm together with a sound local-
izer such as a camera or specialized microphone array is used in
this project. However, the project is still in its early stages due to
several technical challenging such as different hardware and soft-
ware considerations for a wide range of frequencies, the extreme
time precision requirement of the audio beamforming and the po-
sition tracking using image-processing techniques [20]. In 2008,
Poletti proposed a 2-D multizone surround sound system using
the least squares pressure matching approach [21]. It is consid-
ered the first published work in multizone soundfield reproduc-
tion; however, the investigations are mainly performed based on
simulation results.

Motivated by these, we attempt to solve the height invariant
(2-D) multizone problem by analyzing the problem with cylin-
drical harmonic expansions. In [22], we proposed a framework
to recreate multiple 2-D soundfields at different locations within
a single circular loudspeaker array. The key to this framework is
to derive equivalent global multizone soundfield coefficients so
that the spatial multizone soundfield reproduction problem can
be reduced to the reproduction of a single soundfield over the
entire region. This consists of two stages: 1) translating each in-
dividual desired soundfield to a single global coordinate system
using the spatial harmonic coefficients translation theorem and
2) employing angular window functions to each soundfield to
remove any inter-zone interference. Unfortunately, this second
stage [(10) in [22]] is fundamentally incorrect since an angular
windowed soundfield is not a physically realizable soundfield,
i.e., it is not a valid solution to the wave equation.

Another method is introduced in [23] for a two-zone repro-
duction system. The method in [23] uses spatial band stop filters
to suppress the unintended interzone interference in the regions
of interests and pass the desired soundfields with no distortion.
This was achieved by using the higher order spatial harmonics
of one zone to cancel the undesirable effects of the lower order
harmonics of the same zone on the other zones. However, this
method can only be applicable for two zones.

In this paper, we propose a new method of finding an
equivalent global soundfield coefficients that will produce
all soundfield zones using the spatial harmonic coefficients
translation theorem [22]–[24]. Specifically, we 1) translate the
equivalent global soundfield coefficients into each soundfield
zone and equate it to the desired soundfield coefficients of each
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zone, we then 2) construct simultaneous equations to obtain the
equivalent global soundfield coefficients by the Least Squares
approach, and 3) finally use any of the existing single zone
soundfield reproduction techniques to reproduce the desired
multizones using an array of loudspeakers. Further, we have
revealed some fundamental limits on 2-D multizone soundfield
reproduction.

We also extend the multizone soundfield reproduction design
to reverberant rooms by applying the reverberant field design
proposed in [15]. Simulations results show favorable reproduc-
tion performance.

The paper is organized as follows. In Section II, we properly
formulate the problem for multizone soundfield reproduction.
In Section III, we present a novel approach to find the equiv-
alent global soundfield coefficients by the spatial harmonic
coefficients translation theorem. In Section IV, we illustrate the
loudspeaker design to reproduce the desired multizones by the
continuous loudspeaker method and the Least Squares method
using a single loudspeaker array. Some of the fundamental
limits of the multizone system are revealed in Section V. In
Section VI, we extend the multizone soundfield reproduction in
reverberant environments. Finally, we present the simulations
results to verify the multizone system performances.

Notation: Throughout this paper, we use the following
notations: matrices and vectors are represented by upper and
lower bold face respectively, e.g., and . A unit vector in
the direction is denoted by , i.e., , where
denotes the Euclidean distance and “ ” is used
to represent the inner product of two vectors. The vector length
is denoted by , i.e., or . The imaginary unit is
denoted by . The superscripts “d” and “a” are used
to represent the desired soundfield and the actual soundfield
respectively.

II. PROBLEM FORMULATION

A. Multizone Soundfield Model

We assume that there are nonoverlapping 2-D spatial
zones and corresponding desired spatial soundfields. As shown
in Fig. 1, the radius and the origin of the th spatial zone are
denoted as and , respectively, where is located
at the polar coordinate with respect to a global
origin . Any arbitrary observation point within this circular
th spatial zone is denoted as , which is with

respect to the global origin . The loudspeakers are placed on
a circle with radius from .1 The loudspeaker weight
at angle is denoted as , where is the
wavenumber, is the frequency and is the speed of sound
propagation. In general case, we assume is 340 m/s in our
simulations. Throughout this paper, we use instead of to
represent frequency since we assume constant . We assume
no sound sources or scattering objects being present inside the
reproduction area.

1Circular loudspeaker array is not a requirement for the loudspeaker config-
uration as long as the loudspeakers are placed on or outside the circle of radius
� ; however, for simplicity, we use circular loudspeaker array in this paper.

Fig. 1. Geometry of the multizone sound reproduction system. The radius and
the origin of the �th spatial zone are denoted as � and � , respectively,
where � is located at the polar coordinate �� � � � with respect to a
global origin�. Any arbitrary observation point within this circular spatial zone
is denoted as �� �� �, which is ��� �� with respect to the global origin �.
The loudspeakers are placed on a circle with radius � � � from�. The loud-
speaker weight at angle � is denoted as � �� � ��.

B. Cylindrical Harmonic Expansion of a Soundfield

As shown in Fig. 1, any arbitrary 2-D (height invariant) de-
sired soundfield of the th spatial zone, can
be represented by the following cylindrical harmonic expansion
representation [16], [17]:

(1)
where are the Bessel functions of order are
a set of coefficients uniquely representing the th desired sound-
field and the superscript “d” represents the desired soundfield.
Note, the representation (1) is in the form of a Fourier series
expansion. Any arbitrary 2-D (height invariant) soundfield due
to any number of cylindrical waves and/or plane waves can be
represented by (1).

C. Mode Limitedness

The representation (1) has an infinite number of orthogonal
modes; however, we can truncate this series expansion to a finite
number within the region of interest due to the properties of
the Bessel functions (see Fig. 2) and the fact that the soundfield
has to be bounded within a spatial region where all sources are
outside [25], [26]. Hence, we can truncate (1) to

(2)
where the desired soundfield of the th spatial zone is mode lim-
ited to (That is, the desired sound field is entirely described
by lowest modes)

(3)

with error in truncation is less than 16.1% [25].



WU AND ABHAYAPALA: SPATIAL MULTIZONE SOUNDFIELD REPRODUCTION: THEORY AND DESIGN 1713

Fig. 2. Properties of the Bessel functions for order 0, 1, 2, 5, 10, i.e.,
� ����� � ����� � ����� � ���� and � ����.

D. Equivalent Global Soundfield

We seek to find an equivalent global soundfield which con-
sists of nonoverlapping individual multizone soundfields.
Thus, the problem of reproduction of multiple spatial sound-
fields can be reduced to reproduction of the global desired
soundfield over the entire region. That is a single-zone repro-
duction problem, which has been well addressed before [5],
[8], [13], [14], [17], [15].

Let the set of coefficients uniquely represent the de-
sired global soundfield that will produce all soundfield zones.
We express the desired global soundfield using cylindrical har-
monic expansion as [16], [17]

(4)

where are mode limited to and is
the radius of the smallest circle that enclose all spatial zones of
interest.

In the following subsections, we will relate the desired sound-
field coefficients of individual zones to the equivalent
global soundfield coefficients .

E. Spatial Harmonic Coefficient Translation

Consider a soundfield within a source free region of space.
Let and be the origins of two coordinate systems that
have the same orientation but are displaced with a known trans-
lation (see Fig. 3). Let be the coordinates of
with respect to . Also let and be the
sets of coefficients of the soundfield within the source free re-
gion with respect to the two coordinate systems, respectively.
Now, we state the following translation theorem:2

Theorem 1: The soundfield coefficients and
are related by

(5)

2Application of this result has appeared in [22], [27], [28], [24], [23].

Fig. 3. Geometry related to Translation Theorem 1. A point within in a source
free region with coordinates �� � � � and �� � � � is shown with respect
to two origins � and � , respectively. The coordinate of the origin � with
respect to the origin � is given by �� � � �. Similarly, the coordinate of
the origin� with respect to the origin � can be defined as �� � � �.

where

(6)

and “ ” denotes the discrete convolution with mode order .
The proof is given in Appendix 1.
We refer as the translation operator from the origin

to . Then, is the translation operator from the origin
to . We have the following theorem.

Theorem 2:

(7)

The proof is given in Appendix 2.

F. Problem Setup

By applying the spatial harmonic coefficient translation the-
orem, we can translate the equivalent global soundfield into each
individual zone. Thus, the problem we consider in this paper is
as follows.

Given the desired soundfields of spatial zones by a set of
finite number of coefficients , how can we find the
equivalent global soundfield coefficients such that

for and (8)

where is the translation operator from the global coordi-
nate system to the coordinate system of the th spatial zone.

III. FINDING THE GLOBAL SOUNDFIELD COEFFICIENTS

We write the convolution in (8) as a summation to obtain

(9)

Now, we write (9) for and construct simul-
taneous equations, which we express in matrix form as

(10)
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where

(11)

(12)

and

...
. . .

...

...
. . .

...

...
...

...

...
. . .

...

(13)

We use the Least Squares method to solve (10) and obtain the
global soundfield coefficients

(14)

where is the Moore–Penrose
(Pseudo) Inverse of .

We have the following comments.
• The equivalent global soundfield coefficients are

expressed as a function of the desired individual zone co-
efficients and the translation coefficients of origins of each
zone.

• Equation (14) involves a matrix inversion, hence the ro-
bustness of the solution is dependent on the eigenvalues
of , i.e., the squared singular values of ,
which is a function of the zone positions .
Thus, each zone needs to be carefully positioned to avoid
the poorly conditioned inverse problem [29].

• The robustness of the solution can be improved by in-
troducing well known regularization techniques such as
Tikhonov method. In the single-zone soundfield reproduc-
tion literature, the Tikhonov regularization was used suc-
cessfully in [4], [29].

IV. LOUDSPEAKER WEIGHTS DESIGN FOR MULTIZONE

SOUNDFIELD REPRODUCTION

Knowing the desired soundfield coefficients for the global
region, the multizone soundfield reproduction problem is now
reduced to reproduction of the desired soundfield (4) over the
entire region. It does not necessarily require a circular loud-
speaker array to reproduce the soundfield and the system could
be extended to a general loudspeaker setting. However, for sim-
plicity, a circular loudspeaker array is used to reproduce the mul-
tizone soundfield. As indicated in Fig. 1, we assume that the
loudspeakers are placed on a circle with radius from
the global origin , where the loudspeaker weight at angle
is denoted as . We illustrate the loudspeaker design
using the continuous loudspeaker method and the Least Squares
method, respectively, in the following section.

A. Soundfield Reproduction Using Continuous Loudspeaker
Method

In the continuous loudspeaker method, the underlying struc-
ture of the loudspeaker weights is a function of the desired
soundfield, the loudspeaker position and the frequency [17]. By
using the desired sound coefficients for the entire soundfield

, we can use discrete loudspeakers equally spaced
on a circle of radius , provided . The loudspeaker
weights are then given by [17]

(15)

where is the th-order Hankel function of the first
kind.

The corresponding reproduced soundfield can be obtained by

(16)

where the unit position vectors and
.

B. Soundfield Reproduction Using Least Squares Method

We can also use Least Squares method to calculate the loud-
speaker weights. We define the loudspeaker weights vector
as , and it becomes [16]

(17)

where is the pseudo inverse of
and

...
. . .

...

(18)

The corresponding reproduced soundfield is given by (16).
Besides the above two methods, the Wave Field Synthesis

(WFS) technique may also be used to reconstruct the required
global soundfield by either implementing (16) as a soundfield
consist of nearfield sources or by decomposition the required
global soundfield into an equivalent set of plane wave sources.

V. FUNDAMENTAL LIMITS ON MULTIZONE

SOUNDFIELD REPRODUCTION

According to the theory of (single-zone) spatial soundfield re-
construction [17], a soundfield within a circular region of radius

can be approximately described by soundfield co-
efficients, where [25]. The maximum
possible error in this approximation is shown to be 16% [25],
with the error exponentially decaying with addition of extra co-
efficients. This fundamental property of wavefields3 is termed
as mode limitedness of an arbitrary soundfield within a finite
region of space and the number is termed as the dimension-
ality [25] of the region.

3This is valid for Electro-magnetic wavefields as well
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Thus, to reproduce a given soundfield within a spatial region
of radius of with maximum error of 16%, we need at least

loudspeakers. In the case of multizone soundfield re-
production, each soundfield is mode limited to ,
for . Hence, for a nonoverlaping multizones
with mode limitedness of , where and
is the radius of the th zone, the total mode limitedness is given
by . If all multizones are confined to a
circular region of radius with mode limitedness of , then
we need

(19)

in order to reproduce all multizones. This result fundamentally
governs the limit of spatial multizone sound reproduction. The
ability of multizone reproduction is dependent on the total
number of modes required from each zone as well as the total
number of modes available from the enclosed region. Also note
that this result is dependent on relevant radii and the frequency
of operation.

VI. EXTENSION TO REPRODUCTION IN REVERBERANT ROOMS

In previous sections, we have assumed that the soundfield
reproduction is performed in free field environments, this is not
feasible in practice. Nevertheless, we could easily extend the
multizone soundfield reproduction method introduced in this
paper to work in reverberant rooms by applying the reverberant
field design proposed in [15]. Specifically, the [15] shows
how to reproduce a given soundfield in the form of (4) within
a reverberant environment. Since we reduce the multizone
reproduction problem to a single-zone soundfield in the form of
(4), it is straightforward to use the technique in [15]. Here we
briefly outline this technique, which we use in our simulation
in Section VII.

Let be the room acoustic transfer function be-
tween the th loudspeaker and a point . Then the repro-
duced soundfield from all loudspeakers is given by

(20)

where is the frequency dependent weight of the th loud-
speaker.

The acoustic transfer function can be viewed as
the received signal at a point due to a unit-amplitude signal
(impulse) from the th loudspeaker. Hence, it can be written in
the form of (1)

(21)

where are the soundfield coefficients of the room re-
sponse [15] for the th loudspeaker.

By substituting (21) into (20) and equating to the desired
global soundfield given in (4), we can derive the loudspeaker
weight vector in a reverberant room as

(22)

where is the pseudo inverse
of the matrix of the coefficients of the room response of all loud-
speakers

...
...

. . .
...

(23)
and is the vector of desired global soundfield coef-
ficients defined before. In [15], additional weighting factor
was introduced to scale modes differently. In this case
in (22) is given by ,
where is a diagonal matrix with diagonal elements given by

which is proportional to the total energy
associated with the mode within the entire reproduction
region.

Note that we need to know the room response coefficients
of each loudspeakers to apply this method. Normally, these are
measured by microphone recordings (see [15] for detail). We
use (22) to calculate the loudspeaker weights in Section VII-B
and VII-C to verify the performances of the proposed multizone
soundfield reproduction system in reverberant rooms.

VII. SIMULATION

A. Two-Zone Example in Free Field

In the first example, we consider two circular reproduction
zones of radii 0.5 m which are in-line with each other. Zone
1 and Zone 2 are both 1.0 m away from the global origin .
The desired soundfields consist of 50 random plane waves at
1000 Hz. We use random plane waves to avoid the system
being affected by the incoming wave source directions. In
this example, we equally place 57 loudspeakers on a circle
of 1.5 m while we calculate loudspeaker weights using the
continuous method. The resulting reproduced field is shown
in Fig. 4. The top two plots show the real and imaginary parts
of the desired two-zone soundfield, and the bottom two plots
show the soundfield reproduced by the loudspeaker array.
The reproduced two-zone soundfield corresponds well to the
desired multizone soundfield where the zone boundaries of the
two reproduction regions are indicated in two circles. We define
the mean squared reproduction error in the th zone as shown
in (24) at the bottom of the page, which is a function of the
radius of the zone and the frequency. The mean squared
reproduction error in this example is 0.51%, which indicates a
very good reproduction.

(24)
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Fig. 4. Reproduction of a 2-D two-zone soundfield with radius 0.5 m each
in free field. The desired soundfields consist of 50 random plane waves
at 1000 Hz. Two zones are located at � � ��� � � � � m and
� � ��� � � � � m, respectively. (a) Desired field, and (b) repro-
duced field. We have equally placed 57 loudspeakers on a circle of � � ��� m,
where the loudspeaker positions are indicated in the dotted circle. In this case,
the reproduced error calculated based on (24) is 0.51%.

Fig. 5. Actual reproduced field error ��� �� 	 �
 defined in (25) of a 2-D
two-zone soundfield with radius 0.5 m each in free field. The desired soundfields
consist of 50 random plane waves at 1000 Hz. Two zones are located at � �
��� � � � � m and � � ��� � � � � m, respectively. We have
equally placed 57 loudspeakers on a circle of � � ��� m. For demonstration
purpose, we only plot the actual reproduced field error at each point in the zones
of interest.

Fig. 5 depicts the actual reproduced field error at each point
inside the zones of interest where the error is defined as

(25)

where denotes the actual reproduced
soundfield at point inside the th zone. For demon-

Fig. 6. Layout of the loudspeakers in the reverberant room. The room is rect-
angular with dimensions 6.4 m� 5 m with wall absorption coefficient of 0.3.
We have equally placed 57 loudspeakers on a circle of 1.5 m centered about [3.8
m, 2.4 m].

stration purpose, we only plot the actual reproduced field errors
inside the zones of interest.

B. Two-Zone Example in Reverberant Room

In this example, we consider two circular reproduction zones
of radii 0.5 m each which are in-line with each other in a rever-
berant room. As shown in Fig. 6, the room is rectangular with
dimensions 6.4 m 5 m with wall absorption coefficient of 0.3.
We equally place 57 loudspeakers on a circle of 1.5 m centered
at [3.8 m, 2.4 m], which is our global origin with respect to
the bottom-left corner of the room. The reverberation is gen-
erated with a 2-D adaptation of the image-source method [15],
[30], including image-sources up to the fifth order. Zone 1 and
Zone 2 are both 1.0 m away from the global origin . The de-
sired soundfields consist of 50 random plane waves at 1000 Hz.
We calculate loudspeaker weights using the reverberation de-
sign described in Section VI.

The resulting reproduced soundfield is shown in Fig. 7. The
top-left plot (a) shows the real part of the desired soundfield, the
top-right plot (b) shows the real part of the reproduced sound-
field in a free field, the bottom-left plot (c) shows the real part
of the same free field design in the reverberant room, and the
bottom-right plot (d) shows the real part of the reproduced field
with the reverberation design proposed in [15]. The reproduc-
tion errors calculated based on (24) in (b), (c), (d) are 0.59%,
105% and 1.69%, respectively.

C. Reproduction Error

1) Reproduction Error With Distance: We investigate the
performance soundfield reproduction with two zones of radius
0.5 m each by plotting the mean squared reproduction error (24)
with different zone separation in distance, i.e., (in meters),
both in free field and in a reverberant room. These two repro-
duction zones are in-line with each other. The desired sound-
fields consist of 50 random plane waves at 1000 Hz. We equally
place 57 loudspeakers on a circle of 1.5 m. The reverberation is
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Fig. 7. Reproductions of a 2-D two-zone soundfield with radius 0.5 m
each in free field and in a reverberant room. The desired soundfields
consist of 50 random plane waves at 1000 Hz. Two zones are located at
� � ��� � � � � m and � � ��� � � � � m, respectively.
(a) Desired field, (b) reproduced field in a free field, (c) the same free field
design in the reverberant room, and (d) reproduced field with the reverberation
design. We have equally 57 loudspeakers on a circle of � � ��� m, where
the loudspeaker positions are indicated in the dotted circle. The reproduction
errors calculated based on (24) in (b), (c), and (d) are 0.59%, 105% and 1.69%,
respectively.

Fig. 8. Reproduction error (24) with different zone separation (in distance)
� ��� for two circular reproduction zones with radius 0.5 m each. These two
reproduction zones are in-line with each other. The desired soundfields consist
of 50 random plane waves at 1000 Hz. We have equally placed 57 loudspeakers
on a circle of 1.5 m. (a) The reproduction errors in free field, (b) the reproduc-
tion errors with the same free field design in the reverberant room, and (c) the
reproduction errors with the reverberation design.

generated according to the parameters set in Section VII-B. The
result is shown in Fig. 8. We realize that the reproduction error
decreases when zones are further apart. However, once is
beyond a certain threshold, a larger zone separation will not in-
crease the reproduction accuracy. The reproduction errors in re-
verberant case are consistent with the results obtained in free
field.

2) Reproduction Error With Angle: We also investigate the
reproduction error as a function of angle difference between

Fig. 9. Reproduction error (24) with different zone separation (in angles)
� � � for two circular reproduction zones with radius 0.5 m each. The
desired soundfields consist of 50 random plane waves at 1000 Hz. We have
equally placed 57 loudspeakers on a circle of 1.5 m. The angle separations are
chosen as �	 � �� � � � � �		 to provide two nonoverlapping
soundfields. (a) The reproduction errors in free field, (b) the reproduction errors
with the same free field design in the reverberant room, and (c) the reproduction
errors with the reverberation design.

zone 2 and zone 1, , both in free field and rever-
beration rooms. Fig. 9 shows the reproduction errors for two
circular reproduction zones with radius 0.5 m each. The de-
sired soundfields consist of 50 random plane waves at 1000
Hz. 57 loudspeakers are equally placed on a circle of 1.5 m.
In order to recreate two nonoverlapping soundfields, we choose

. The large reproduction errors
in the angle ranges 60 to 90 and 270 to 300 are mainly due
to the poor conditioning of the matrix , which has been
discussed in the second comment in Section III. The consistent
results hold for reverberation cases.

D. Multizone Examples in Free Field

In this example, we consider three circular reproduc-
tion zones with radius 0.5 m each in free field as shown in
Fig. 10. We equally place 57 loudspeakers on a circle of 1.5
m. Three zones are located at m,

m, and m,
respectively. The desired soundfields consist of 50 random
plane waves at 1000 Hz. The top two plots show the real and
imaginary parts of the desired soundfield, and the bottom two
plots show the real and imaginary parts of the reproduced
soundfield. The reproduction error calculated based on (24) is
9.85%. Fig. 11 depicts the actual reproduced field error between
the desired soundfields and the reproduced soundfields at each
point inside the zones of interest (see (25) for definition). The
ability to reproduce the three-zone soundfield using the same
loudspeaker setting as that used in previous two-zone sound-
field example validates guidelines proposed in Section V.

Fig. 12 shows the ability to reproduce a 2-D three-zone
soundfield with different radii of 0.4, 0.5, and 0.6 m, respec-
tively, in free field. We equally place 57 loudspeakers on a circle
of 1.5 m. Three zones are located at
m, m, and
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Fig. 10. Reproduction of a 2-D three-zone soundfield with radius 0.5 m each
in free field. Three zones are located at � � �� � � � � m, � �
��� � � � � m, and � � ��� � � � � m, respectively. (a) Desired
field, and (b) reproduced field. The desired soundfields consist of 50 random
plane waves at 1000 Hz. We have equally placed 57 loudspeakers on a circle of
1.5 m, where the loudspeaker positions are indicated with the dotted circle. The
reproduction error calculated based on (24) is 9.85%.

Fig. 11. Actual reproduced field error ��� �	 
 �� defined in (25) of a
2-D three-zone soundfield with radius 0.5 m each in free field. Three zones are
located at � � �� � � � � m, � � ��� � � � � m, and
� � ��� � � � � m, respectively. The desired soundfields consist of
50 random plane waves at 1000 Hz. We have equally placed 57 loudspeakers on
a circle of 1.5 m. For demonstration purpose, we only plot the actual reproduced
field error (25) at each point in the zones of interest.

m, respectively. The desired soundfields consist of 50 random
plane waves at 1000 Hz. The top two plots show the real and
imaginary parts of the desired soundfield, and the bottom two
plots show the real and imaginary parts of the reproduced
soundfield. In this case, the reproduction error calculated based
on (24) is 9.89%. The actual reproduced error between the de-
sired soundfields and the reproduced soundfields at each point
inside the zones of interest (see (25) for definition) is plotted in
Fig. 13. This simulation applied the same loudspeaker setting
as used in previous examples and the promising result again
validates the rule of thumb proposed in Section V.

Fig. 12. Reproduction of a 2-D three-zone soundfield with different radii 0.4
m, 0.5 m, 0.6 m respectively in free field. Three zones are located at � �
�� � � � ��� m, � � ��� � � � � m, and � � ��� � � �
��
 m, respectively. (a) Desired field, and (b) reproduced field. The desired
soundfields consist of 50 random plane waves at 1000 Hz. We have equally
placed 57 loudspeakers on a circle of 1.5 m, where the loudspeaker positions
are indicated with the dotted circle. The reproduction error calculated based on
(24) is 9.89%.

Fig. 13. Actual reproduced field error ��� �	 
 �� defined in (25) of a
2-D three-zone soundfield with different radii 0.4 m, 0.5 m, and 0.6 m, respec-
tively, in free field. Three zones are located at � � �� � � � ��� m,
� � ��� � � � � m, and � � ��� � � � ��
 m, respectively.
The desired soundfields consist of 50 random plane waves at 1000 Hz. We have
equally placed 57 loudspeakers on a circle of 1.5 m, where the loudspeaker po-
sitions are indicated with the dotted circle. For demonstration purpose, we only
plot the actual reproduced field error (25) at each point in the zones of interest.

VIII. CONCLUSION

In this paper, we provide a framework to recreate a 2-D mul-
tizone soundfield using a single array of loudspeakers by cylin-
drical harmonic expansions. We presented a novel approach of
finding the equivalent global soundfield coefficients by the spa-
tial harmonic coefficients translation theorem. This approach
makes full use of the available modes and generates more modes
freedom. Quantitative performances of a 2-D soundfield repro-
duction system have been provided with two-zone examples and
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multizone examples in both free field and reverberant environ-
ments. Reproduction errors are investigated in terms of distance
separations and angle separations. Some fundamental limits of
2-D multizone soundfield reproduction were also revealed. The
number of zones could be reproduced inside the single circular
array was determined by the total number of modes from each
zone, which was proportional to the size of the region. The ex-
tensions of the multizone soundfield reproduction design in re-
verberant rooms were shown in this paper.

APPENDIX I

A. Proof of Theorem 1

The soundfield at a point with respect to the origin
(see Fig. 3) can be written as

(26)

where are the soundfield coefficients with respect to the
origin .

From Graf’s addition formula [31]–[33], we write

(27)

where . By sub-
stituting (27) in (26), we obtain

(28)

By a change of variable , we have

(29)

Since ,

(30)

where are the coefficients of the soundfield with respect
to the origin . Thus,

which completes the proof.

B. Proof of Theorem 2

From the Translation Theorem 1 and the fact
, we can write

(31)
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