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Abstract— In this paper, we develop a MIMO channel model
for generating the channel gains between arbitrary arrays of
transmitter and receiver antennas, for a general class of non-line-
of-sight (NLOS) channels. The channel scattering environment is
de�ned by a double directional angular distribution describing
the power transferred from transmitter aperture to receiver
aperture in each direction. We propose several parametrized
bivariate distributions that are consistent with univariate scat-
dominated by their second order statistics [2]. To model
the second order channel statistics, many use oversimpli�ed
models such as Rayleigh fading and Kronecker models [3],
[4] which poorly estimate capacity [5]. Others use higher
complexity data-dependent models (e.g. [6], [7]) which learn
statistical parameters from a particular data set, or geometric
models [8] based on parametrizations of the directional power
distribution.

In this paper, we describe a model for non-line-of-sight
channels based upon the directional power distribution of
scatterers. As little work has been put towards exploring plau-
sible bi-directional distributions, we explore some distributions
such as the elliptical bivariate equivalents to the Gaussian and
Laplacian distributions, quantifying MIMO system capacity
and diversity as a function of bivariate parameters. The ad-
vantages of our model are that (i) arbitrary geometries of

This work was partially funded by Australian Research Council DiscoverynT transmitter antennas
over a �at fading channel tonR receiver antennas. Letx m

be the mth transmitter antenna position with respect to an
transmitter originOT and yn be the nth receiver antenna
position with respect to a receiver originOR (as shown in
Fig. 1). Transmitter and receiver antennas lie within �nite
circular apertures of radiusRT and RR respectively. Each
transmitterm transmits a signalsm (t) �T is

the vector transpose operator, and received signalszn (t) into
vector z(t) , [z1(t); z2(t); : : : zn R (t)]T . Letting w(t) ,
[w1(t); w2(t); : : : wn R (t)]T be additive white Gaussian noise
at the receivers, we write:

z(t) = H (t)s(t) + w(t): (1)

Assume that all scatterers lie in the far-�eld. The scattering
environment causes transmitter signals to propagate in as plane
waves with a different amplitude for each direction. De�ne the
scattering gaing(�; �; t ) as the complex gain at timet of the
signal propagating out from the transmitter origin in direction
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B. Statistical Relationships

To model the channel matrixH we characterize the statis-
tics of � . Since the scattering gain is zero mean Gaussian, the
statistics of the elements of� are governed by its correlation
matrix R � , E f

�!
�

�!
� yg where vectorize operator�! � stacks

the columns of a matrix. From (7b) each second order statistic
E f � pp0� �

qq0g can be calculated as:

E f � pp0� �
qq0g =

Z

2�

Z

2�

Z

2�

Z

2�
e� i (p� � p0� ) ei (q#� q0' )

� E f g(�; � )g� (#; ' )gd�d�d#d':

Applying the WSSUS property (3):

E f � pp0� �
qq0g =

Z

2�

Z

2�
P(�; � )e� i (p� q) � ei (p0� q0) � d�d�:

(13)

We see by comparison of (13) with (5b) that:

E f � pp0� �
qq0g = 
 (p� q)( p0� q0) ;

from which is written:
Theorem 2 (WSSUS Channel Correlation):In a WSSUS

channel possessing angular power distributionP(�; � ), the
correlation matrixR � , E f

�!
�

�!
� yg of � de�ned in (7b)

possesses the block Toeplitz structure:

R � =

2

6
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6
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� 0 � � 1 : : : � � 2N T

� 1 � 0 : : : � � 2N T +1
...
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...
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7
7
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; (14)

and � ` is Toeplitz:
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 ( � 2N R ) `
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...

 2N R ` 
 (2N R � 1) ` : : : 
 0`
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7
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:

and 
 `` 0 is de�ned in (5b).
Comments:

� The parametrizations in the above theorems allow ab-
straction of the channel outside the apertures from the
array geometries inside.

� The statistics ofH are completely governed by co-
variance R � of � . From (8) and Kronecker relation
[15]

����!
ABC = ( A T 
 C )

�!
B where 
 is the Kronecker

product operator, the channel correlation matrixR H ,
E f

�!
H

�!
H yg is calculated fromR � through

R H = ( J T
� 
 J R )R � (J T

T 
 J R
y): (15)

� Although R � is of a large dimension(2NT + 1)(2 NR +
1) � (2NT + 1)(2 NR + 1) , we are able to completely
describe the channel statistics for any antenna geometries
within the transmitter and receiver apertures with only
(2NT + 1)(2 NR + 1) complex parameters.

� By virtue of the
 ` ( � ` 0) = 
 �
( � ` ) ` 0 property,� � ` = � y

` .

IV. MIMO S YSTEM SIMULATOR

The above theorems motivate the following procedure for
simulating a MIMO system de�ned by parametersf x m g,
f yn g and f 
 `` 0g:

1) Calculate the coef�cient correlation matrixR � from (14),
sampling matricesJ T and J R from (10) and (11), and
the channel correlation matrixR H through (15).

2) Calculate realizations of the channel matrix using

H = R H
1=2H iid ;

where H iid is an nR � nT matrix of i.i.d. zero mean
unit variance circularly-symmetric complex Gaussian el-
ements andR H

1=2 is obtained from Cholesky decompo-
sition R H

1=2[R H
1=2]y = R H .

This channel simulator is utilized in Section VI to characterize
performance of a10� 10 MIMO system.

V. B I-DIRECTIONAL POWER DISTRIBUTIONS

Although various power distributions have been proposed
for the angular power around the receiver [10]–[13], and
by the reciprocity principle of the wave equation the same
distributions hold for the angular power around the transmitter,
little has been suggested for the bi-directional distribution
P(�; � ).

We propose natural extension of the univariate distributions
to the bi-directional case. The bi-directional distributions are
parametrized by a mean angle-of-arrival / angle-of-departure
direction pair� 0 , (� 0; � 0), angular spread at the transmitter
� t and receiver� r , and a parameter controlling joint proper-
ties.

For a bivariate distribution, we choose a power distribution
(i) whose marginal density functions are well-known and
well-studied i.e., the uniform limited [11], Gaussian [12] and
Laplacian [13] marginals, and (ii) has closed-form expressions
for their Fourier coef�cients.

We can calculate the Fourier coef�cients ofP(�; � ) from
the characteristic function� f (`; ` 0) = E f f ei ( `� + ` 0� ) g of the
density functionf (�; � ) = P(�; � ):

� f (`; ` 0) =
Z 1

�1

Z 1

�1
ei ( `� + ` 0� ) f (�; � )d�d� (16)

If f (�; � ) is narrow— that is, if negligible energy lies outside
of f (�; � ) : � � � � < �; � � � � < � g – the integral
can be truncated to2� and by comparison with (5b),
 `` 0 =
� f (`; � `0).

Below three families of bi-directional distributions are in-
troduced. These are illustrated in Fig. 2.

A. Morgenstern Distributed Scatterers

In the case the energy leaves the transmitter aperture uni-
formly from (� 0 � � t ; � 0+� t ) to arrive at the receiver aperture
uniformly from (� 0 � � r ; � 0 + � r ), the marginal constraints
(4a) and (4b) can be satis�ed with Morgenstern's family of
distributions [16]:

f Morg (�; � ) =
1

4� t � r
�

� m (� � � 0)( � � � 0)
4� 2

t � 2
r

:
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(a) (b) (c)

2: Shapes of proposed scatterer distributions: (a) Morgenstern (� m = 0 :7), (b) bivariate Gaussian (� v = �= 6, � 1 = 2 , � 2 = 1 ) and (c) bivariate Laplacian
(� v = �= 6, � 1 = 4 , � 2 = 2 ).

Using (5b) it is straight-forward to derive without approxima-
tion:


 `` 0 =

8
<

:

ei`� 0 sinc(̀ � t ); `0 = 0 ;
e� i` 0� 0 sinc(̀ 0� r ); ` = 0 ;
ei ( `� 0 � ` 0� 0 ) �( `; ` 0); otherwise;

where

�( `; ` 0) =sinc( `� t )sinc(`0� r ) �
� m

`� t `0� r
�

[cos(̀ � t ) � sinc(`� t )][cos(̀ 0� r ) � sinc(̀ 0� r )]:

Parameter� m 2 [� 1; 1] controls the shape off Morg (�; � ). In
case� m = 0 , the distribution reduces to the separable product
of two uniform limited distributions. Further in the isotropic
case� t = � and� r = � the Morgenstern distribution reduces
to the rich scattering distributionf Iso (�; � ) = 1 =(2� )2.

B. Gaussian Distributed Scatterers

The truncated bivariate Gaussian distribution is written:

f G (�; � ) = K G e� ( � � � 0 )T � � 1 ( � � � 0 )=2; j� � � 0j; j� � � 0j � �

where� = [ �; � ]T andK G is a normalization constant. It is an
elliptically contoured function centered about� 0 = [ � 0; � 0]T

and parameterized in terms the2 � 2 symmetric matrix�
whose eigenvectorsv1 andv2 are the directions of the major
and minor axes of the distribution contours and eigenvalues
� 2

1 and � 2
2 are the variances along major and minor axes:

� ,
�
� 2

t � e

� e � 2
r

�
= [ v1 v2]

�
� 2

1 0
0 � 2

2

� �
vT

1
vT

2

�
;

In this form, one can show that:

� 2
t = � 2

1 + ( � 2
2 � � 2

1) sin2 � v ;

� 2
r = � 2

2 + ( � 2
1 � � 2

2) sin2 � v ;

� e = ( � 2
1 � � 2

2) sin � v cos� v ;

and � v is the angle betweenv1 and the� -axis controlling
the orientation of the ellipse and herej� ej � (� 2

1 � � 2
2)=2.

The parameters are illustrated in Fig. 3. For small angular
spread (� r ; � t � � ), K G = 1=2� � 1=2 and coef�cients
 `` 0

are obtained from the Gaussian characteristic function:

� G (`; � `0) = ei ( `� 0 � ` 0� 0 ) e� 1
2 [` 2 � 2

t + ` 02 � 2
r � 2� e `` 0]:

The marginal distributions possess characteristic functions
of form � G (`) = ei`� 0 e� 1

2 ` 2 � 2
t , which correspond to the

3: Contour plot for a typical elliptical bivariate scatterer power distribution,
showing distribution parameters: mean direction pair(� 0 ; � 0 ), major and
minor axes of ellipsesv1 and v2 and axes spread parameters� 1 and � 2 ,
respectively. Also shown are the resulting scatterer densitiesPT (� ) and
PR (� ).

univariate Gaussian distributionf G (� ) = 1p
2�� t

e� ( � � � 0 )2 =2� 2
t

[17].
For P(�; � ) = f G (�; � ), the variances in the marginals� 2

t
and� 2

r are the variances in the angular spreads ofPT (� ) and
PR (� ) respectively.

C. Laplacian Distributed Scatterers

Similarly to the Gaussian distribution, a truncated elliptical
bivariate Laplacian distribution can also be written [18]:

f L (�; � ) = K L K0

� q
2(� � � 0)T � � 1(� � � 0)

�
;

j� � � 0j; j� � � 0j � �;

whereK0(�) is the modi�ed Bessel function of the second kind
of order zero andK L is a normalization constant. For small
angular spread,K L = 1=� j� j1=2 and coef�cients are obtained
from the Laplacian characteristic function [18]:

� L (`; � `0) =
ei ( `� 0 � ` 0� 0 )

1 + � 2
t `2 + � 2

r `02 � 2� e`` 0:

The marginal distributions possess characteristic functions
of form � L (`) = ei`� 0 =(1 + � 2

t `2) which correspond to
the well-known univariate Laplacian distributionf L (� ) =

1
2� t

e�j � � � 0 j=� t with variance2� 2
t .
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