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Abstract—We derive an infinite series expression of the average
signal-to-noise ratio (SNR} gain for a dual selection combining
system under Nakagami-m fading using a series representation
of the bivariate cumulative probability distribution function. The
average SNR gain expression is shown to relate to the Nakagami
shape factor m, the power correlation and the power allocation
ratio,

{. INTRODUCTION

HE use of multi-element antennas can increase the perfor-

mance of wireless systems by utilising spatial diversity.
By assuming independence between the received signals from
various antennas, the performance of common multi-element
antennas systems, such as maximal ratio combining, equal gain
combining and selection combining, have been reported [1,2].
Recently, the performance of a generalized diversity selection
combining system has also been investigated [3]. However, the
independence assumption between received signals at differ-
ent antennas is not generally valid. An example is the limited
separation of antennas in smail wireless mobile units. The spa-
tial diversity cannot be fully utilized due to spatial correlation
between received signals. Therefore, the performance of the
multi-element antenna systems cannot be realisticatly investi-
pgated with the independence assumption.

The spatial correlation between received signals from differ-
ent antennas should be considered. Under the assumption of
Rayleigh fading, the expression for the cumulative probability
distribution (also called outage probability) of the maximum
ratio combining systems with multi-element antennas has been
derived in [1]. The corresponding expressions of the equal gain
and the selection combining systems have been limited to duat
antennas systems only, due to the difficulty of defining the joint
probability distribution function for systems with more than
two antennas [1,2].

Dual selection combining systems generally receive greater
attention in the literature. It is one of the least complicated
diversity systems, not requiring co-phasing on each received
signal. The selection combining scheme can be used in con-
junction with differentially coherent and noncoherent modula-
tion techniques. The strategy in dual selection combining is
to select and use only the antenna that has the higher SNR, at
any time instant, and discard the signal from the other antenna.
Whilst this represents a loss of information, this strategy has
many benefits and the performance loss relative to more opti-
mal strategies need not be great. That is, in a multipath fad-
ing environment this strategy largely protects the receiver, in a
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probabilistic sense, from deep fades. Selection diversity sys-
tems also have a simplicity comparable to single antenna sys-
tems, making them attractive from an implementation view-
point.

As previously mentioned, the Rayleigh bivariate cumula-
tive probability distribution function for calculating the outage
probability of the dual selection combining system has been
derived [1]. However, the expression is in terms of the Marcum
Q-function, which is not a mathematically convenient function
and is not available in standard versions of mathematical soft-
ware packages such as Maple V, MATLAB and Mathematica.
Therefore, two main alternative representations of the cumu-
lative probability distribution functions have been introduced:
one 13 in terms of infinite series representation [4] and the other
is in terms of a single integral representation [5]. Those alter-
native representations can also be extended from Rayleigh fad-
ing to Nakagami-m fading. Using the alternative expressions,
the performance metrics such as outage probability, average
error probability and bit-error rate (BER), are reported for the
dual selection combining systems [6]. Moreover, an expres-
sion for the average signal-to-noise ratio (SNR) of dnal selec-
tion combining over correlated Nakagami-m fading systems is
introduced in [7}. Apart from a few special cases, the expres-
sien is quite complicated, making it hard to see the mathemat-
ical structures and patterns [7].

Independent from previous work in [7], in this paper, we de-
rive an alternative close form SNR expression of dual selection
combining over correlated Nakagami-m fading systems. The
derivation is based on the infinite series representation of the
cumulative probability distribution function [4]. Our expres-
sion gives a more compact series expression. It also introduces
another application of the alternative infinite series representa-
tion from [4].

The paper is organized as follows. In Section 11, we derive
a series expression of the average SNR gain of the correlated
dual selection combining system under Nakagami fading. In
fact, the expression describes the average SNR gain of any
correlated dual selection combining system undet Nakagami
fading; that is, two received signals can be correlated in time,
frequency or space. Moreover, Rayleigh fading, also consid-
ered in the paper, is a special case of Nakagami fading. In
Section III, we show that only a limited number of terms are
required in the series expression of the average SNR gain for
accurate numerical analysis. In Section IV, we quantitatively
relate the average SNR gain to the different Nakagami shape
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factor m, the power correlation p and the power allocation ra-
tio r. We conclude the paper in Section V and the derivation
of the average SNR gain expression is given in the Appendix.

I1. NAKAGAMI-M FADING

Define the received signal at antenna ¢ = {1,2} as sy,
and its corresponding signal-to-noise ratio (SNR) as y? —
1s:]2/(2N;), where N; is the Additive White Gaussian Noise
{(AWGN) at antenna 1, y; > 0. For the dual selection system,
only the signal with the stronger SNR is selected, at any time
instant; and the weaker signal is discarded. Therefore, the se-
lected signa! power is given by z £ max{y?, 43 }.

The joint Nakagami-m probability distribution function
(pdf) of two random vectors y; and ys is [8]
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where [,.(-} is the modified bessel functions of the first kind,
I(m) = f;~t™ le~tdt, Re(m) > 0 is the Euler’s gamma
function!, ©2; = E{y?}/m, m is the Nakagami shape factor
(any positive number not less than 1/2) and
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is the power correlation of the received signal. Notice that for
the special case of m = 1, (1) becomes the bivariate probabil-
ity density function (pdf) of two correlated Rayleigh random
variables, derived in {9]. Furthermore, the ontage probability
(also known as the cumulative distribution function, cdf) of the
SNR z below some value 7 is defined as

Priz <v) = Pr(nn < 7,1 < V7)
£ Fyrwe (V7 15/, Qalm, ). 3)
where F,, 4, () is the cdf of z. With the use of infinite se-

ries representations derived in [4), the outage probability of z
becomes
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where
G{n,z) =[ t"letdt, Re(n) > 0 (5)
0

LIf m is an positive integer, then [{m) = (m — 1)1

is the incomplete gamma function [10]. This expression con-
trasts with classical results expressed in terms of the Marcum
Q-function [1,9]. With this expression, we derive an alter-
native expression for the average SNR of the correlated dual
selection combining system under Nakagami-m fading.

The average (expected value) SNR of the system is defined
as

E{z} é/ﬂ vf:{7}dy (6)
where
f() = %Pr(a <) ()

is the pdf of z. After some simplification, we find
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Substituting {8) into (6), and using the results in the Appendix,
we show that the new average SNR expression is

E{z} =

ﬂ(l _ p)m+1,r.m+1 oo
T(m+ 1)(1+ r2nl

= F(2m+2k+n+])(l+r“)} (10)
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where (2 is related to £1; and 5 through
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by introducing the power allocation ratio r = 5 /0;. Expres-
sion (10} is an infinite series which allows us to determine the
average SNR of z. The average SNR depends on power cor-
relation p, the Nakagami shape factor m, the power allocation
ratio v and Q. Now we can determine the average SNR gain
of a dual selection system under Nakagami-m channel fading.
Define the average SNR gain in dB as
E{z}
o

Gaingp{p, m, 7} £ 10logy, { (13)
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By substituting (10) into (13), we obtain
(1 _ p)m+1,rm+1
I'(m + 1){1 + r)2m+!

Gaingg(p, m,7) = 10log {

k. k

(14

The average SNR gain depends on the power correlation p, the
Nakagami shape factor m and the power allocation ratio r =
1, /€, With such an infinite series expression of average SNR
gain, we can now relate the average SNR gain with different p,
m and r analytically in Section I'V.

[If. TRUNCATED SERIES EXPRESSION

Equation (14) gives a series expression, with two infinite
sums, for the average SNR gain. However, due to the structure
of (14), it is apparent that the sum is monoctonically decreasing
with n or k. We would like to find the required number terms of
n and k for the truncated series expression to be sufficient close
to the full series with acceptable emror. Since the new terms
reduce its significance monotonically, we ignore the new term
when its value (in E{z}/{) is less than 10~°. Table I shows
the number of terms n and & required with a different power
correlation p, Nakagami shape fading m and power allocation
ratio 7. By doing this, we found that the first 1000 terms of n
and k are more than enough to accurately calculate the average
SNR gain. )

IV. RESULTS

The series expression (14) can quantitatively relate the av-
erage SNR gain to any power correlation p, Nakagami shape
factor m and power allocation ratio r. Figs. 1 and 2 show the
average SNR gain of the dual selection system with a differ-
ent Nakagami shape factor m = {0.5,0.7,1,2.2} and with a
different power allocation ratio r = Q2/0; = {1,2}. For
the numerical calculations, we used only the first 1000 terms
of k and n to generate Figs. 1 and 2. The results are consis-
tent with those of [7]. It is also noticed that two trivial results
[1,3], when two received signals are fully correlated (p = 1)
or uncorrelated (o = 0), are covered in our series expression.
The figures show that if m increases, the average SNR gain de-
creases. The received signal suffers less fading and therefore
has less signal variation. Thus it achieves less average SNR
gain. Moreover, once the branch average SNR is imbalanced,
say r = 2, the average SNR gain will also decrease; since there
is a greater chance that the antenna with higher local SNR av-
erage will be selected, this reduces the diversity of the system.
It is shown in Figs. 1 and 2 that for Rayleigh fading (m = 1),
when one local average SNR is the twice that of the other, the
available average SNR gain (p = 0) drops by 1.28dB (from
1.761 dB to 0.6695 dB), compared to the balance average SNR.
Similarly, we can determine the average SNR gain difference
for all different m,p and .

TABLE!I
THE NUMBER OF TERMS 1 AND & REQUIRED SUCH THAT ALL EXCLUDED
TERMS ARE NOT GREATER THAN 10~°.(m, r) REPRESENTS THE
NAKAGAMI SHAPE FADING m AND POWER ALLOCATION RATIO 7.

= or o (T@m + 2k +n+ 1) (1 +°) '
X§k1(1+r)2kn=o( T(m+k+n+1) (1+r}")}'

(1,1) p n k (1,2) P mn k
01 34 | 11 0.1} 56 | 10
03] 36 19 0.3} 62 18
05} 39 31 057 73 | 29
0.71 46 57 0.71 98 53
091 66 | 173 0.9 | 206 | 161

(2,1} | p n E Al 2,2) | p n k
01| 37 11 0.1 [ 61 11
03139 | 21 03| 68 19
0.5 | 42 34 05| 81 32
0.7 49 63 0.7 | 109 | 60
09| 71 | 196 0.9 ]223| 183

(10,1) | p | n k {10,2) | p n k
G¢1 1| 49 15 0.1 91 15
0.3} 52 30 03] 102 29
0.5 57 53 0.5 124 | 51
0.71 68 | 103 071173 | 98
0.9} 101 { 334 0.9 ] 394 | 318

V. CONCLUSION

An alternative series expression of the average SNR gain of
the dual selection combining system, under Nakagami fading,
was derived based on the infinite series representations of the
bivariate Nakagami-m distribution {4] . The average SNR gain
is a function of power correlation p, Nakagami shape factor m
and the power allocation ratio r. Generally, the aiternative ex-

pression itself is more compact than the equivalent expression
in [7].
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Fig. 1. Dual Selection Diversity Gain (dB} vs Power Correlation. The
power alfocation ratio 7 = /€1 = 1 and the Nakagami shape factor
m = {0.5,0.7,1,2.2}.
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Fig. 2. Dual Selection Diversity Gain {dB} vs Power Cormrelation. The power
allocation mtio r = §5/{); = 2 or 0.5 and the Nakagami shape factor
m={05,07,1,2.2}
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APPENDIX
Substitute (8) into (6), the average SNR. becomes

E{z}= /Ooc 'ri {f(’Tan‘a p,m, k)

k=0

y

+f0°°72 {E(*r, Qa, p,m, k)

k=0
v
x G(m+ k, ———) »d
( (l—p)ﬂl’} g
= Alv,f, p,m, k, Q) + A(7, 2, 0,m, k, 1) (15)
where

Aly, i, p,mu k, )
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We can further simplify (16) by using [10, (6.455)],

< p—1_,—pz — aur‘(.u"'u)
[nas e " Gv,az)dr Py
a
xF(l,u+v,v+1,a——+ﬁ) a”n

where Re(a + 8) > 0, Re(f) > 0, Re(s + v) > 0 and
F(., - + -) is the Gauss hypergeometric function. Therefore,
using the resuit of (17), (16) becomes

1 — pym+igm+igm+l
‘A(Wlﬂiiprmiksn_j): ( p) : 1

(4 Q)2+ (m)
y 2 [ QEQkFT(2m + 2k + 1)
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Furthermore, from [10, (9.14)], we know that

X F(1,2m + 2k + Lm+k+1

o o= (a)n(b)n d”
Fl(a,b;¢;d) 22%5

n=0

(19}

where (), is the Pochhammer symbol which is defined by
(W) & yly+ Dy +2)---(y+n —1). Substitute

(11),(12),(19),(18) into (15), {10 is derived.
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