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Abstract

Description logics offer a well-defined semantics
for many common and useful reasoning tasks that
can be formalized under the notion of subsumption
and are currently finding use as a representation
language for the Semantic Web (e.g. DAML+OIL).
For this domain, description logics can be highly
useful for reasoning about relationships between
entitiesin distributed knowledge bases by classify-
ing them into a taxonomic subsumption hierarchy.
However, there are many practical considerations
for designing asound and compl ete, yet efficient al-
gorithm for performing large-scale taxonomic clas-
sification. Traditionaly, structural subsumption al-
gorithmshave provided efficient techniquesfor per-
forming classification but have only supported rela
tively inexpressive languages. Consequently, in re-
sponse to the need for efficient taxonomic classi-
fication of more expressive languages, we develop
an approach that extends previous structural sub-
sumption algorithms to support sound and com-
plete classification of a moderately expressive de-
scription logic including both conjunctive and dis-
junctive constructors. Furthermore, we extend this
algorithm to a more expressive description logic
with the claim that its sources of incompleteness
are infrequent and benign in practice. Finaly, we
show that for the expected distribution of concept
structures, both of these taxonomic classification
algorithms require polynomial time in the size of
the knowledge base and argue that such aresultisa
necessity for practical classification algorithmsthat
will scale with the expected growth of the Semantic
Web.

1 Introduction

As languages for knowledge representation on the Seman-
tic Web [Bemers-Lee et al., 2001] and other media gain
widespread acceptance, it isimportant that the associated rea-
soning tools have the ability to scale to the unprecedented
quantities of structured content that are likely to emerge. Fur-
thermore, it is important that the majority of this reasoning
be automated since direct human involvement is both costly

and time-consuming. Thus, the desire for automated reason-
ing coupled with the expected growth rate of the Semantic
Web poses a set of constraints on reasoning algorithmswhose
sheer magnitude has not been encountered previously in the
field of knowledge representation and reasoning.

Conseguently, we examine practical applications of rea
soning on the Semantic Web that can be formalized under the
notion of description logic subsumption. Furthermore, we an-
ayze the constraints that this domain places on such reason-
ing in an attempt to provide an efficient, scalable, and prov-
ably correct algorithm to satisfy our reasoning needs within
these constraints.

1.1 Description logics and the Semantic Web

As the Semantic Web comes of age, it is likely that there
will be a shift from the database-like specification of knowl-
edge bases (KB’s) containing primitive concepts (eg. a
list of a retailer's products) to KB’s containing logical
compositions of primitive objects collected from distributed
KB’s. Consequently, the choice of a description logic in
the spirit of KL-ONE [Woods and Schmolze, 1992] such as
DAML+OIL [Horrocks et al., 2001] as a representation lan-
guage for the Semantic Web is well-suited to this domain
sinceit automates reasoning about rel ationships between such
composed concepts.

To motivate our discussion, we use an example drawn from
online retail sales: If three online office supply retailers list
their productsin DAML+OIL, each could specify the follow-
ing primitive concept URI’s for their pencil products:

e Retailer-1's primitive pencil concept:
http : | Jwww.retl.com/pg.daml# Retl_Pencil

e Retailer-2's primitive pencil concept:
http : | Jwww.ret2.com/pg.daml# Ret2_Pencil

e Retailer-3's primitive pencil concept:
hitp : [ Jwww.ret3.com/pg.daml# Ret3_Pencil

It isimportant to note that each of these conceptsis unique
and primitive (i.e. lacking definitions of sufficient conditions
for membership) and thus have no intrinsic relation to each
other outside of natural language interpretation.

Now, it is expected that other organi zationswanting to con-
struct their own product ontol ogieswill define composite pen-
cil conceptsreferring to the set of pencilsthat agree with their
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Figure 1: A taxonomy of defined concepts.

individual organizational definition and needs. For example: !

e Organization-1's pencil concept definition:;
Orgl_Pencil = Retl_Pencil U Ret2_Pencil

e Organization-2's pencil concept definition:;
Org2_Pencil = Retl_Pencil U Ret2_Pencil
LRet3_Pencil

e Organization-3's pencil concept definition:
Org3_Pencil = Orgl_Pencil U Ret3_Pencil

Note that these organizations have defined their pencil con-
cept interms of digunctions of other primitive and composite
concepts defined by the various retailers.? It is this logical
compositional definition from common primitives that makes
it possible to reason about the relationships between such
concepts defined in distributed and independently developed
knowledge bases.®

To demonstrate the relationships that can be inferred be-
tween the above defined concepts, we have drawn a sam-
ple taxonomy in Figure 1. Arrows represent a subsumption
(ak.a. kind-of) relation that points from the subsumed con-
cept to the subsuming concept. The special concept T rep-
resents the universal concept which subsumes every concept
and the special concept L represents the empty concept that
is subsumed by every other concept.*

Such an automatically induced taxonomic structure in-
duces a subsumption hierarchy which has two main proper-

From here on out, we will assume that each retailer
or organization has a unique namespace and thus we will
drop the namespace from the concept URI. Consequently,
hitp : [ [www.retl.com/pg.daml# Retl_Pencil will simply be
written as Ret1_Pencil.

2See Table 1 for the definition of the description logic symbols
used here.

3As aside note, the use of description logics for describing com-
positions should & so be instrumental in moving the web away from
a database-like representation where mappings need to be explicitly
specified to a paradigm where such mappings can be automatically
inferred.

4The importance of including these root T and L. concepts will
become apparent once we start to define algorithms for performing
concept classification.

ties: 1) It is minimal in the sense that no links are redun-
dant, and 2) It is complete for the reflexive/transitive closure
of al subsumption relations (i.e. no subsumption relation
is missing). Thus, we can deduce by the mutual subsump-
tion relation between Org2_Pencil and Org3_Pencil that these
concepts are equivalent and from their subsumer relation to
Orgl_Pencil that both are more genera than this concept.
Thislatter subsumption relationship impliesthat any instance
of Orgl_Pencil must also necessarily be an instance of both
Org2_Pencil and Org3_Pencil.

Note that while these rel ationships can be provably derived
from the concept definitions, al relationshipsare not immedi-
ately apparent from the definitions. Yet these inferences can
be extremely important since Organization-2 can now deter-
mine that both Organization-3's and Organization-1's pen-
cil definitions are equivalent and can be substituted for each
other. Furthermore, any pencil that may be inferred to sat-
isfy Organization-1's definition will also necessarily satisfy
the definition of Organization-1 and Organization-3.

Note that it would be a mistake to define axioms stat-
ing necessary relationships between concepts as opposed
to using their full definitions to automate this inference
(e.g. using Retl Pencil C Orgl_Pencil and Ret2 Pencil T
Orgl_Pencil in place of the current disunctive definition of
Orgl_Pencil). Such adefinition does not capture the fact that
an instance of Orgl_Pencil is necessarily either a Ret1 _Pencil
or aRet2_Pencil and thusit isimpossible to make the inferred
relationshipsin Figure 1 with such an incomplete definition.

Conseguently, it is the purpose of this paper to describe
an efficient and practical algorithm for reasoning about the
subsumption rel ationships between defined concepts that are
composed from a set of logical constructors. Thisis one of
the primary goals of the field of description logics and next
we will focus on some limitations of current approaches.

1.2 Problemswith current approaches

Current research in description logic classification has fo-
cused on a on worst-case analysis for sound and complete
subsumption reasoning with respect to an extensiona (i.e.
model-theoretic) semantics by providing satisfiability based
algorithms for subsumption testing [Horrocks et al., 2000].
Unfortunately, such reasoning is intrinsically NP-Complete
even for relatively inexpressive languages [Levesgque and
Brachman, 1985]. Furthermore, this approach has focused on
the tractability of an individual subsumption test as opposed
to the tractability of constructing a taxonomy.

This approach has been criticized by Woods [1991], who
states that the “primary tractability concern is not the cost of
subsumption, but the cost of classifying into a large taxon-
omy”. And this criticism is especially relevant for the appli-
cation discussed here since we will need an agorithm that
can classify the massive amounts of content available on the
Semantic Web.

As pointed out by Woods, structural subsumption ap-
proaches lend themselves to efficient techniques for taxo-
nomic classification by reusing redundant information over
multiple subsumption tests in order to amortize the cost of
subsumption testing. However, structural subsumption tech-
niquesuse an intensional definition of subsumptionthat is not



necessarily extensionally complete. While the use of struc-
tural subsumption has yielded provably efficient classifica-
tion algorithms (e.g. Classic [Borgida et al., 1989]) it has
traditionally been limited due to its inability to provide ex-
tensionally complete reasoning for expressive languages as
well as its inability to support many commonly used com-
binations of description logic constructors [Brachman et al.,
1991]. Specifically, for this application, both conjunction and
digunction are extremely important constructors for reason-
ing about logically composed concepts, but both constructors
have not been jointly addressed in any previouswork on prov-
ably complete structural subsumption techniques for classifi-
cation.

1.3 A potential solution

Before we provide a potential solution to this problem, let us
first define the constraints on description logic classification
posed by the Semantic Web:

1. The taxonomic classification algorithm must run in
polynomial-timein the size of the taxonomy.®

2. Thelanguage must be expressive enough to build practi-
cally useful composite concepts. Thus, we need at |east
conjunction, disunction, and commonly used role re-
strictionssuch asexistential, universal, and qualified car-
dinality restrictions.®

With these requirements however, it seems we are at a bit
of animpasse: The extensional approachesto subsumptiondo
not place their primary focus on efficient taxonomic classifi-
cation and it is theoretically impossible for them to achieve
polynomial time complexity if complete subsumption algo-
rithms are used. And although the intensional approaches
can provide polynomial-time taxonomic classification algo-
rithms, they do not seem to support expressive enough lan-
guages for our purposes.

Consequently, a solution satisfying both of the above con-
straints may need to sacrifice requirements of extensional
soundness and completeness or aternately show that the
super-polynomial classification cases do not occur for the ex-
pected distribution of concepts in our domain. Since there
are multiple sources of super-polynomial complexity for ex-
pressive languages, our solution will utilize a combination
of these approaches: sacrificing completeness in some cases
whereit isarguably benign to avoid exponentia blow-up, and
making the claim that for the other cases, exponential blow-
up is not likely to occur for the expected class of concept
structures in our domain.

Thus, in order to achieve the above goals, we build on the
established efficiency of current structural classification al-
gorithms and augment them with the ability to support both
conjunctive and digunctive constructors. For a moderately
expressive language, we find that our selection of construc-
tors yields a polynomial-time extensionally sound and com-
plete algorithm when applied to the expected distribution of

SWe assume any time complexity beyond polynomial to be in-
tractable when applied to the Semantic Web.

We exclude complement here since composition of conceptsis
expected to occur mainly through conjunction, disunction, and role
restrictions.

concept structures. For more expressive languages however,
we sacrifice extensional compl eteness with the claim that the
lost subsumptions are benign for most large-scale practical
reasoning applications on the Semantic Web.

Ultimately, our claim of achieving the above goalsis pred-
icated upon the accuracy of our tradeoff assumptions. How-
ever we believe these claims are well-grounded in practical
applications and in some sense, given the impossibility of ex-
tensionally complete, polynomial-time taxonomic classifica-
tion algorithmsfor expressive description logics, these results
arein some sense the best that can be hoped for.

2 Language and semantics

Having previously discussed the language elements that are
useful in a compositional domain such as the Semantic Web,
let us now define the language elements and their model-
theoretic semantics.

2.1 Language definition

Table 1 lists the constructor, definitional, and axiomatic el-
ements for two languages, £, and £,. Both languages are
a subset of the DAML+OIL language used for the Semantic
Web. With respect to DAML+OIL, £> lacks complement;
transitive, functional, and inverse roles; role restrictions in-
volving individuals or set selection; and digointness asser-
tions. However, we consider the subsets £, and £» sincethey
still capture some of the most useful constructorsfor logically
composed concepts.

2.2 Semantics

We provide a model theoretic semantics for £, and £ in
Table 1. Under an interpretation Z = (AZ,.7), AT isa
nonempty domain, and an interpretation function -~ maps
from concept names into a subset of AZ and from role names
into asubset of A7 x A7,

2.3 Additional language restrictions

Since we will be using structural subsumption for efficient
taxonomic classification, we must make a few additiona re-
strictions on the language to make it amenable to this ap-
proach. These three restrictions involve the following:

1. We must prevent any non-primitive concept from ref-
erencing itself or a subclass in a definition (including
through a role restriction). This restriction is not lim-
iting since Person C Vchild.Person is still legal and
there are few non-primitive concepts that would require
such arecursive definition.

2. We limit axioms to primitive concepts only. However
thisis not aslimiting as it sounds since there are seman-
tically equivalent rewrites of some axiomsinvolving one
primitive concept and one structured concept. For ex-
ample, for primitive concepts C', D, and E, C C D and
C C Ewill dlow C C D E to beinferred via struc-
tural subsumption. And likewise, D C C and E C C
will dlow D U E C C to beinferred as well. Thus, ax-
ioms from a primitive concept to a digunctive child or
from a primitive concept to a conjunctive parent can be
defined in this manner.



Languages £ and £,

| Constructor | Sntax | Semantics |
Concept name C* (whereC* C A1)
Top AT
Bottom 0
Conjunction cnbD ctnbD?
Disjunction CuD ctuD?t
Existential restriction 3R.C {z |3y : RE(z,y) A CT}
Min cardinality restriction >nR {z | {y|R*(z,y)} > n}
Qualified min cardinality restriction | > nR.C' | {z | #{y|R%(x,y) A CZ(y)} > n}

Role name RT (where RT C AT x A7)
| Definitional or Axiomatic Constraint | Syntax | Semantic Congtraint |
Concept definition C=D ct =D*
Concept subsumption axiom CCD ctcDp?
Role subsumption axiom RCS RT Cs?
Language L, only
| Constructor | 9yntax | Semantics |
Universal (value) restriction VR.C {z |Vy: RT(z,y) — CT}
Max cardinality restriction <nR {z | t{y|RT(z,y)} < n}
Qualified max cardinality restriction | < nR.C' | {z | #{y|R%(z,y) A CT(y)} < n}

Table 1: Extensional Semanticsfor £, and £L-

3. We limit concepts to have at most one equivalence def-
inition. For example, A = BN (CUD) is ok, but
one could not add an additional definition such as
A = FE U F to aknowledge base already containing the
first definition.

3 Subsumption definition

Now that we have defined the semanticsfor our language, we
will proceed to give two definitions for subsumption in these
languages. The first definition is extensionally complete via
its direct referenceto the model-theoretic semanticswhile the
second definition is complete for £, but not for L.

3.1 Extensional subsumption

Under an extensional approach to subsumption for C' C D,
we are effectively checking whether every model of C' also
satisfies D. To do this, we can build the concept C' 1 —-D,
and determine whether any models could satisfy it. If we can
show C M =D is unsatisfiable, then whenever C' holds for a
model, clearly D must also hold. This effectively reduces
subsumption testing to an unsatisfiability test and yields ex-
tensionally sound and complete results for both £, and L.
Many NP-Complete but nevertheless relevantly efficient sub-
sumption algorithms have been devel oped using this method
(e.g. [Horrockset al., 2000]).

As pointed out by Donini [2002], it is interesting to note
that in constructing C1—D, we areimplicitly including com-
plement in the language that we are using for subsumption

inference despite the fact that we stated our concept within
the constraints of a less expressive language. Consequently,
it is the case that the language for which we are perform-
ing an unsatisfiability test is more expressive than the origi-
nal language in which we stated our subsumption test. Thus,
although we present no formal results, it may be the case that
subsumption testing methods other than satisfiability can in-
herently perform more efficiently than the approach described
here since an extensional subsumption approach would inher-
ently require augmenting the langauge with the expressivity
of complement.

3.2 Intensional subsumption

While the previous method of subsumption inference can
be considered proof via failure of an exhaustive search for
a countermodel, intensional subsumption can be considered
more of a direct theorem proving method based on formal
logical rulesfor inference. Such rules for subsumptionin £
and L aregiven below in Table 2, however it should be noted
that applying these subsumption rules directly to any two con-
cept structureswould not yield extensional compl eteness. For
extensional completeness, a concept’s structure must first be
normalized before these rules are applied. However, since
normalization and classification areinterleaved processes, we
postpone the discussion of normalization until the next sec-
tion on classification.



Structural comparison of two concept structures?»2-3

Concept A type Concept B type Intensional rulefor A C; B (i.e. A isintension-
ally subsumed by B)

Primitive Primitive (Base) A C; B iff B isinthereflexive transitive
closure of C for A.

Primitive Conjunctive (Recursive) A C; B iff for every conjunctive con-
stituent Bj of B,ALC; Bj.

Primitive Digjunctive (Recursive) A C; B iff for some conjunctive con-
stituent Bj of B,ALC; Bj.

Conjunctive Primitive (Recursive) A C; B iff for some conjunctive con-
stituent A; of A, A; C; B.

Conjunctive Conjunctive (Recursive) A C; B iff for every conjunctive con-

stituent B; in B, there is some conjunctive con-
stituent 4; in A such that A4; [ Bj.

Conjunctive Digjunctive (Recursive) A C; B iff for some conjunctive con-
stituent A; of A, there is some disjunctive con-
stituent Bj of B suchthat A4; C; B]'.

Digjunctive Primitive (Recursive) A C; B iff for every digunctive con-
stituent Az of A, Ai C; B.
Digjunctive Conjunctive (Recursive) A C; B iff for every digunctive con-

stituent A; of A and every conjunctive constituent
BJ' of B, 4; [ BJ

Digunctive Digunctive (Recursive) A C; B iff for every digunctive con-
dtituent A; in A, there is some disjunctive con-

Structural comparison of two role restriction structures'»3-*

Restriction A type | Restriction B type | Intensional rulefor A C; B (i.e. A isintension-
ally subsumed by B)

< anl-Cl < anz.C’z (ReCUrSive) A C; B iff n1 < neo and R C R>
and Cy [ Cs.
> anl-Cl > anz.C’z (ReCUrSive) A C; B iff ny > no and R C R>
and Cy [ Cs.
VR;.C} VR>.Cy (ReCUrSive) ALC; Biff R C RyandC; C; Cs.
Any other combination (Base) A C; B not possible, return false

Note 1: We introduce the symbol C; to indicate an inferred intensional subsumption. For
this definition, we use C to refer to asserted subsumptions such as axioms or subsumptions
implicit in conjunctive and digunctive definitions. For example, A = B M C implicitly
contansAC Band AC Cand A = BuC implicitly contains BC AandC C A.

Note 2: Onewill notethat the only possible concept types are primitive, disjunctive, and con-
junctive when in fact, defined concepts can mix both conjunction and disjunction. However,
thisis not a problem since we build concepts in multiple stages with each stage being purely
digunctive or conjunctive and freely referring to the other type as aconstituent. For example,
A =B U(Cn D) would be built as a named concept A with two disjunctive constituents:
B and an anonymous conjunctive concept representing C M D. Also note that after DNF
normlization, all concepts will be a single named disjunction of anonymous conjunctions of
primitive concepts. See the normalization section for more information.

Note 3: Concepts cannot subsume individual role restrictions and vice versa except via di-
rect definition, i.e. A = BU < nR.C implicitly contains < nR.C C A but other than
such definitions, < nR.C cannot subsume or be subsumed by any other concept. See the
completeness proof for more information.

Note 4: We omit intensional subsumptionrulesfor InR.C, > nR, and < nR since the first
two can be converted to theform > nR.C and thelast can be convertedto theform < nR.C.
See the normalization section for more information.

Table 2: Intensional subsumption rulesfor £, and £»




4 Algorithm definition

The classification algorithm seeks to take a new concept and
insert it into the taxonomy such that the reflexive transitive
closure of all taxonomy links yields all subsumption rela-
tionships (with respect to the subsumption definition) while
ensuring that no links are redundant (i.e. the taxonomy is
minimal). Due to the presence of mutual recursion between
the normalization and classification algorithms, the algorithm
can appear somewhat complex at first. Conseguently, we will
first discuss the following general steps for performing taxo-
nomic classification of a concept:

1. Normalize the concept description: Given a target con-
cept, we must first ensure that all equivalent concepts
normalize to the same concept structure. If we skipped
this step, it would be impossible to necessarily deter-
mine whether two concepts were equivalent. For exam-
ple AN(BUC)and (ANB)U(ANC) are equiva
lent, but this cannot be determined by purely structural
rulesuntil both are converted to digjunctive normal form,
i.e. the form of the latter concept. For now it suffices
to mention that normalization yields a concept in dis-
junctive normal form with all possible role restrictions
merged and all redundant concept elements removed.

2. Find the most specific subsumers (MSS): Given a tar-
get concept, find the set of al concepts in the taxon-
omy that subsume the target such that no concept in this
set subsumes any other (i.e. discard subsumers that are
not most specific since they can beinferred viareflexive
transitive closure). Refer to this set asthe mss set.

3. Find the most general subsumees (MGS): Given a tar-
get concept, find the set of all concepts in the taxonomy
subsumed by the target such that no concept in this set
is subsumed by any other (i.e. again, the non-most gen-
era subsumees can be inferred via reflexive transitive
closure). Refer to this set asthe mgs set.

4. Insert the concept into taxonomy: Given atarget concept
and its mss and mgs sets, we now determine how to
add the concept to the taxonomy to minimize the number
of subsumption links and remove any redundant links if
present.

Having defined the basic ideas behind taxonomic
classification, we now formalize the algorithm in
the form of a number of subprocedures given in Al-
gorithms  1-5: ClassifyKb(), Classify(target),
NormalizeAndDe fine(target), MSS(target),
MGS(target).

4.1 Classification of a knowledge base

In Algorithm 1 we first define the agorithm for classifying
an entire knowledge base consisting of primitive conceptsand
relations, axioms, and concept and rol e restriction definitions.
This algorithm isrelatively straightforward, simply requiring
that the taxonomy be initialized by inserting the root concepts
T and L, the root relation T ,..;, al relations and primitive
concepts, and any stated and default axioms relating them. ”

A concept or axiom is not known in the taxonomy until it has
been added.

Figure 2: Example taxonomy showing different subsumption
link types (closed arrow) as well as concept referents of re-
strictions (open arrow). Primitive concepts are displayed in
rounded rectangles, defined concepts in normal rectangles.
Note the different structural subsumptions and their confor-
mance to the intensional subsumption definition.

After this, al structured concepts are inserted and classified
into the taxonomy. Once this procedure has completed, the
full subsumption taxonomy will have been built for the con-
tents of the knowledge base.

Itisfirst important to note that we use many different types
of subsumption links in this algorithm. These link types fol-
low:

e C, —Any directly asserted, axiomatic subsumption.

e C, —Any structural subsumption inference conforming
to the intensional subsumption definition that has not al-
ready been stated as an axiom.

e C. — A definitional link from a conjunctive concept to
its parent conjunctive constituents. Defines a subsump-
tion relationship as well as the definition of the conjunc-
tive concept (i.e. the conjunction of all of its parent C.
links).

e T, — A definitional link from a disjunctive concept to
its child digjunctive constituents. Defines a subsumption
relationship as well as the definition of the digunctive
concept (i.e. the digunction of al of its child C ;4 links).

Figure 2 shows an example compl ete taxonomy involving
these links.

It is also important here to mention a few issues regard-
ing the treatment of primitive concepts in this algorithm im-
plementation. Although it seems that we are not classifying
primitives according to the intensional subsumptional defini-
tion, it turns out in fact that we are. First, it should be noted
that primitive concepts can only be structurally subsumed by
conjunctive concepts and they can only structurally subsume



Algorithm 1: ClassifyKb(kb)

Algorithm 2: Classify(target)

begin
// Add all primitive concepts and axioms
Add T, T, and L to thetaxonomy ;
Add all primitive kb concepts to the taxonomy ;
foreach ((concept axioma C b) € kb) do
| Addthetaxonomylinka C, b ;

foreach (concept ¢ € tazonomy) do
if (¢ has no axiomatic parent) then
| Addthetaxonomylinkc Cs T ;

if (¢ has no axiomatic child) then
| Add the taxonomy link L C; ¢;

/I Add all relations and axioms

Add al kb relationsto the taxonomy ;

foreach ((relation axiomr C s) € kb) do
| Add thetaxonomy linkr C,, s ;

foreach ((relation r) € taxzonomy) do
if (r has no axiomatic parent) then
| Addthetaxonomy link r Cg T e

/I Classify and add defined concepts
foreach ((defd = ...) € kb) do
| Classify(d);

end

disunctive concepts. Consegquently when we classify defined
concepts, the conjunctive mgs algorithm and disjunctive mss
algorithm will respectively implement this definition by re-
spectively finding any primitive children of conjunctive con-
ceptsand any primitive parents of digjunctive concepts. Thus,
as we will see, this method of classifying al primitive con-
cepts and then classifying al defined concepts will still yield
a correct agorithm with respect to the intensional subsump-
tion definition.

4.2 Classification of a concept

Given the above agorithm for classifying an entire knowl-
edge base, we now define Algorithm 2 for classifying an
individual structured concept. This algorithm is straightfor-
ward, first normalizing the concept, then finding its mss and
mgs Sets, and finally inserting it into the taxonomy and re-
moving redundant structural links if necessary.® The only
non-obvious component of classification is that the normal-
ization algorithm must take care of recursively classifying
constituents of the concept such as restrictions and the con-
junctive components of the DNF definition. It is important
to point out that unlike languages such as Classic [Borgida
et al., 1989], this mutual recursion between classification and

8Note that some of the redundant links could be axioms or def-
initions. For the representation we will use here, it is important
to delete only structurally inferred links since axiomatic and defi-
nitional links carry important structural information in addition to
their subsumption interpretation.

begin

/I Recursively normalize and classify concept
if (target isprimitive) then return;

Add target to the taxonomy ;
NormalizeAndDe fine(target) ;

/I Determine position in taxonomy
mss «— MSS(target) ;
mgygs «— MGS(target) ;
if (mss Nmgs = () then
/I New structure so insert into taxonomy
foreach (p € mss) do
| Add the taxonomy link target C; p;

foreach (¢ € mgs) do
| Add the taxonomy link ¢ C 5 target;

foreach (p € mss) do
foreach (¢ € mgs) do
| Remove the taxonomy link ¢ C ¢ p;

else
I/l target is equivalent to any a
Choose any a € mss Nmgs;
Add the taxonomy link target C a;
| Add the taxonomy link a C ¢ target;

end

normalization is required for correctness of concept normal-
ization (thisis dueto the complex interactions than can occur
between role restrictions, conjunction, and digjunction).

4.3 Normalization algorithm

Normalization is required to ensure that structural compari-
son of two defined concepts will yield all extensionally com-
plete subsumption relationships. Here we discuss the indi-
vidual steps involved in normalization and then proceed to
specify the full agorithm.

1. Expand definitions: Any non-primitive concept must
be replaced by its definition until only primitive con-
cepts remain.  For example, given the definition
(A=BUC(C), the concept DM AM3R.A can be ex-
panded to D N (B LI C) M 3R.A. Note that the restric-
tion referent A in 3R.A is not expanded yet; We will
recursively apply thisalgorithmto all rolerestriction ref-
erentsin a subsequent step.

2. Convert to DNF: We convert the concept to disunctive
normal form (i.e. aadigunction of purely conjunctive
elements) by distributing LI over M. For example, given
the concept (A LI B) N C' we distribute the LI to obtain
(AncC)yu(Bna).

3. Convert restrictions to canonical form: For each role of
the following type, perform the given conversion:

a 3R.C — > 1R.C
b) >nR— >nR.T



) <nR— <nR.T

4. Merge conjoined universal role restrictions: If any V
role restrictions in the same conjunction are exactly the
same except for their referent concepts, we merge them
and conjoin their referent concepts. For example, we
rewriteVnR.C MVnR.D as¥VnR.(C' 1 D).

5. Classify all role restrictions: All role restriction refer-
ents should be classified.

6. Rewrite tautologous and inconsistent role restrictions:
All role restrictions determined by classification to be
equivalent to the following forms should be rewritten to
their equivalent T or _L definitions:

a VRT—T

b) <nR.L—T

¢) >20RC —T

d >nR.1Lwheren >1— L

7. Eliminate redundant conjoined elements. Constituents
that subsume other constituents within a conjunction
should be removed. For example, if it is known that
A' € A, thenthe concept (AN A’) U B can besimplified
to A’ LI B. As another example, if classification has in-
ferred that > n'R'.C" issubsumed by > nR.C then the
concept > n'R'.C'MM1 > nR.C will be simplified to
>n'R'.C".

. Merge, classify, rewrite, and eliminate disjoined uni-
versal role restrictions: If two different disoined sets
of conjunctions are equivalent in every way except
for a single universa role restriction in each which
agree on their restriction type and relation, we digjoin
the referent concepts in these restrictions and merge
the two conjunctions.® Next we classify the newly
digoined restriction referent and rewrite it according
to step 7 if it is equivalent to any of those forms. Next
we check if the restriction (or its rewrite) is redundant
with any other conjoined elements as in step 8 and
eiminate it if it is redundant. Finaly, we repeat
these steps until no further digunctive role merges
are possible. Following is an example which makes
use of many of these steps: Assume we are given
A" C A B' C B,and R C R, and the concept
(VR'.(A'UB)NVYR.A)U (VR'.(A' U B")NVYR.B).
We first notice that the two components of the con-
junction match except for the restrictions VR.A and
VR.B. Consequently we merge the two conjunctive
components to form VR'.(A'UB')MVR.(AU B).
Next we classify the newly formed restriction referent
VR.(AU B) and find that it subsumes VR'.(A' U B').
Thisleads usto remove the redundant subsumer, leaving
us with the final normalized concept VR'.(A' U B')
which is equivalent to the original concept.

9. Build and classify conjunctive substructure: Since
a DNF definition is broken down into two levels,

[o¢]

°It was important to first remove redundant conjunctive con-
stituents since this allows identical conjunctive constituents to be
structurally identified.

i.e. a digunction of conjunctions, we build formal
anonymous concepts for each of the conjunctions
and recursively classify them. For example, the DNF
concept D = (AN B)U (CN3R.(AU B)) isreplaced
with the following definitions: D = Anon, U Anons,
Anony = AN B, Anons =CMN3IR.Anons, and
Anong = AU B. Then for each anonymous con-
junctive concept, we add C. taxonomy links with
the anonymous concept as child and its conjunc-
tive congtituents as parents. For example, given
Anon,y = A M B, we add the two taxonomy links
Anon; C. A and Anony C. B. Once each anonymous
concept is defined, we then proceed to recursively
classify it.

10. Eliminate redundant disioined elements. Constituents
that are subsumed by other constituentswithin adisunc-
tion should be removed. For example, if it is known
that A’ C A, then the concept A LI A’ LI B can be
simplified to A LI B. As another example, if classifica-
tion hasinferred that > n' R'.C" C gegslantnR.C then
the concept > n'R'.C"U > nR.C will be simplified to
>nR.C.

11. Build disjunctive concept structure: Now that we have
the conjunctive components of the DNF definition built
and classified, we add C ; taxonomy links with the target
concept as parent and its disjunctive anonymous con-
stituents as children. From the above example, given
D = Anony N Anons, we add the two taxonomy links
D Cg4 Anony and D C; Anons. Oncethisis complete,
the target concept is normalized and ready for classifica-
tion.

Now that we have explained and provided examples for
each of the individual steps, we present aformalized version
of these steps in Algorithm 3.

4.4 Most specific subsumer (M SS)

Asnoted in the above explanation of taxonomic classification,
only defined concepts (i.e. those with conjunctive or disunc-
tive definitions) and restrictions are passed to the classifica-
tion algorithm. Consequently, in Algorithm 4, we define an
mss algorithm to handl e these respective concept structures.

First, however, we will provide a brief high-level descrip-
tion of the different components of this algorithm that effec-
tively implement taxonomic inference of the intensional sub-
sumption rules specified in Table 2. We give soundness and
compl eteness results for these implementations in a subse-
quent section.

e Conjunctively defined target: If we are looking for the
subsumers of a conjunctively defined concept, we can
do this in two steps. In the first step we mark the tar-
get and all parents up to T with a distinct mark. Now,
starting with a set containing the T concept, we simply
search down the taxonomy from all elementsin this set,
adding any marked concept or any conjunctively defined
concept that has al constituents marked. If during this
search, any concept is a subsumer but has no children
that are subsumers, this concept is a candidate mss.



Algorithm 3: Normalize AndDe fine(target)

begin

/I Note: For an in-depth discussion of each of the
/I following steps, please refer to section 4.3
if (target isof theform < nR.C or > nR.C) then

/I Just classify restriction referent (note: this
/I restriction will be classified upon return)
Classify(C);

else

I/ Expand concept structure, convert to DNF,
/I and normalize restriction definitions
Expand non-primitive elementsin target def;
Convert target def to DNF;
foreach (rolerestriction res € target) do

| Convert res to canonical form;

/I Merge, classify, rewrite and eliminate
Il redundant conjoined elements
Merge all possible conjoined role restrictions;
foreach (rolerestriction res € target) do
Classify(res) ;
Rewrite res if tautologous or inconsistent ;

Eliminate redundant conjoined elements;

Il Merge, classify, rewrite and eliminate

I/ redundant digjoined elements

while (a disjoined role restriction can be

merged) do
Mergethe restriction to form res™;
Classify(res*);
Rewrite res if tautologous or inconsi stent;
Eliminate res if redundant with conjoined
elements;

/I Define conjunctive substructure, classify,
/I and remove redundant disjoined elements
Build anonymous concept defs for conjunctions,
foreach (anonymous concept anon) do
Add C, taxonomy links from anon to to its
conjunctive constituents;
Classify(anon) ;
Eliminate anon if redundant with other
digoined elements;

/I Define disjunctive substructure (note - this
/I concept will be classified upon return

Add C; taxonomy links from the digjunctive
anonymous concept constituentsto target;

end

e Digjunctively defined target: If we are looking for the
subsumers of a disjunctively defined concept, we must
find other disjunctive conceptsfor which all constituents
are subsumers of the target’s constituents. To do this, we
mark up from each of thetarget’s constituentswith adis-
tinct mark and then collect all parent concepts of one of
the constituents that contain all marks.’® Additionally,
we need to check for the special case of an mss conjunc-
tive concept and we do this simply by checking to see
if any conjunctively defined child of a disjunctive mss
has all constituents within the mgs set. As a final note,
it should be apparent that this algorithm also finds prim-
itive parents of digunctively defined concepts. Conse-
quently, the disjunctivemssalgorithmfindsall primitive,
conjunctive, and disjunctive subsumers of a disjunctive
concept according to the intensional subsumption rules.

e Restriction target: There are a number of ways to find
parent subsumers of restrictions and here we present a
somewhat inefficient but relatively simple method for
doing this. We assume that al concepts have been clas-
sified in an extensionally complete taxonomy so that
finding a parent subsuming restriction according to the
intensional subsumption rules simply consists of two
steps. First, al restrictions making reference to the re-
striction referent or one of its parents is collected in a
set. Then, all restrictionsin this set are checked against
the intensional subsumption rules to prune out the non-
subsumers. (Thefinal filtering step will ensure that only
the most-specific relation subsumers are returned.)

Asafina step during MSS, it isimportant to filter the mss
candidate set for subsumers that are not most specific. It is
generaly difficult to order the subsumer search to guarantee
that such anomalous mss's do not occur. Thus it is easiest
as afina step to simply remove any superfluous concepts by
removing any subsumers of other concepts within the set.

Note that for the structural comparisons in the inten-
sional subsumption definition that seem to be ignored (i.e.
Primitive/Digunctive, Conjunctive/Primitive, and Conjunc-
tive/Digunctive), the intensional subsumption is inferrable
directly through the transitive closure of axiom and defini-
tion links. Thus, it only takes primitive concept classification
and definitional links to build a complete taxonomy for these
cases.

Next we proceed to define the MSS agorithm in Algo-
rithm 4. This algorithm makes reference to the following
helper functions:

e GetDirParents/Children(target,linkType): We
use this function to get the directly linked par-
ents/children of the specified link types for the target.
Link type refersto oneor moreof C,,C.,Cy4,C, and
isabbreviated with a, b, ¢, d respectively. Returns the set
of parents/children.

e GetAllParents/Children(target,linkType):  We
use this function to get the recursive transitive closure of

191t should be apparent that any disjunctive mss concept must be
asubsumer of every constituent of target, so it really does not matter
which constituent we initiate our search from.



all specified link types starting from the target (searching
upward for parentsand downward for children). Returns
the set of parents/children.

e MarkAllParents/Children(target,linkType,
markerID): We usethis function to mark therecursive
transitive closure of all specified link types starting from
the target (searching upward for parents and downward
for children). All concepts within this closure are given
the specified marker id. Returns nothing.

e ContainsMark(target, markerID): We use this
function to determine whether the specified target has
been marked with the specified marker id. Returnstrue
or false.

45 Most general subsumee (MGS)

Just as in the above MSS agorithm, we define the MGS al-
gorithm for conjunctively and disunctively defined concepts
and restrictions. One of the elegant symmetries in this algo-
rithm is that it essentially mirrors the MSS algorithm in that
it infers from the L concept upward (rather than T down-
ward) and the inference agorithms for conjunction and dis-
junction are effectively swapped. This similarity is no coin-
cidence in fact and reflects the symmetry of conjunctive and
disunctive subsumption for the intensional definition. First,
we will briefly discuss the details of inference for each type
of concept structure:

e Conjunctively defined target: The algorithm for finding
conjunctivemgs'sisthe same algorithm used to find dis-
junctive mss's except that now we pass a distinct mark
down from each of the conjunctive constituents and col-
lect all mgs's below one of the constituents. An addi-
tional subsumption check for digunctive mgs's is in-
cluded to fully implement the intensional subsumption
rules. Also, as in digunctive MSS, conjunctive MGS
can find primitive concepts as children since this algo-
rithm directly implements that rule from the intensional
subsumption rules.

e Digjunctively defined target: This agorithm is essen-
tially the same as conjunctive M SS except that we mark
down from target to L, initiate our search at L, and ex-
pand our search frontier upward.

e Redtriction target: This agorithm is essentially identi-
cal to the MSS algorithm for restrictions except that the
direction of inferenceis reversed.

And findly, as in the MSS algorithm, we must also filter
the candidate mgs set since there could be redundant elements
within this set.

We now proceed to define the MGS algorithm in Algo-
rithm 5 which refersto the same hel per functions defined for
the MSS agorithm.

46 Remarkson instance classification

We have omitted a discussion of instance classification but
this would simply require a slightly modified subset of the
algorithm given here.

The goa of instance classification is to find the most spe-
cific concept subsumers for a given instance. An instance

Algorithm 4: M SS(target)

begin
/I Find the subsumers of target
mss «— 0;
switch (type of target)
case (target is conjunctively defined )
MarkAllParents(target, alc|d|s,1);
frontier «+— {T};
while (frontier # () do
Removec € frontier;
dc <— GetDirChildren(c, alc|d|s);
foreach (cld € dc) do
if (cld is primitive and marked
with 1 or cld is conjunctive and
all GetDirParents(cld,c) are
marked with 1) then
| frontier <— frontier U cld,

if (no child subsumee exists) then
| mss «— mss U cld,

case ( target isdigunctively defined )
cons «— GetDirChildren(target, d);
for (i =1...|cons|) do

| MarkAllParents(cons;,alc|d|s, i);

frontier <— {cons; };
while (frontier # () do
Removec; € frontier,
if (¢, containsall |cons| marks) then
mss «<— mss U cy;
dc +— GetDirChildren(ci, ¢);
foreach (cy € dc) do
if (@l GetDirParents(cs,c)
contain all |cons| marks) then
| mss<+— mssUc \ c1;

else
frontier — frontier U
| GetDirParents(ci,alcl|d|s);

case (target isarestriction)
¢; <— { concept referent of target } ;
par <— ¢ U GetAllParents(cy, alc|d|s);
foreach (¢y € par) do
foreach (restriction r with concept ref-
erent ¢;) do
if (r # target and r subsumes
target according to intensional sub-
sumption rules) then
| mss<4<—mssUr;

/I Filter out non-most specific subsumers
foreach (¢ € mss) do
| mss «— mss \ GetAllParents(c, alc|d|s);

return mss,

end




Algorithm 5: M GS(target)

beg

end

n
[/ Find the subsumers of target
mgs +— {;
switch (type of target)
case (target is conjunctively defined )
cons «— GetDir Parents(target, c);
for (i =1...|cons|) do
| MarkAllChildren(cons;,alc|d|s,);

frontier «— {cons; };
while (frontier # 0) do
Removec; € frontier;
if (¢, containsall |cons| marks) then
mgs <— mgs U cy,
dp <— GetDirParents(c,d);
foreach (¢, € dp) do
if (al GetDirChildren(ca,d)
contain all |cons| marks) then
| mgs «— mgsUcz \ c1;

else
frontier — frontier U
| GetDirChildren(ci,alc|d|s);

ase (target is disjunctively defined )
MarkAllChildren(target, alc|d|s, 1);
frontier «— {L1};
while (frontier # 0) do
Removec € frontier;
dc «+— GetDirParents(c,alc|d|s);
foreach (par € dc) do
if (par is primitive and marked
with 1 or par is digunctive and
all GetDirChildren(cld,d) are
marked with 1) then
| frontier <— frontier U par,

Q

if (no parent subsumer exists) then
| mgs <— mgs U par,

ase (target isarestriction)
¢1 +— { concept referent of target };
cld <— ¢, U Get AllChildren(cy, alc|d|s);
foreach (c; € cld) do
foreach (restriction r with concept ref-
erent ¢;) do
if (r # target and r is subsumed
by target according to intensional
subsumption rules) then
| mgs «— mgsUJr,

Q

/I Filter out non-most specific subsumees
foreach (c € mgs) do
| mgs <— mgs\ GetAllChildren(c,a|c|d|s);

return mgs;

structure will simply be a primary instance with type-of links
to various concepts. In addition, this primary instance will
have relation links to other instances of the same general
structure. To classify such an instance, one need only run
the conjunctive portion of MSS classification using the in-
stance concept types as the congtituents instead of the in-
stances themselves. This should yield a structural algorithm
for instance classification with the same soundness and com-
pleteness guarantees as that of the language being classified.

47 Remarkson incremental classification

For reasons of simplicity of presentation and analysis, we
have chosen to provide a classification algorithm that requires
full knowledge of all kb contents prior to the start of classifi-
cation. Thisis a somewhat unreasonable assumption for the
real world since we would like to add knowledge incremen-
tally asit is encountered. It would not be difficult to add such
enhancements - one would simply need to add classification
rulesfor primitive concepts since their conjunctive subsumers
or disjunctive subsumees may have already been classified.
Otherwise, conversion of this algorithm to an extensionally
sound and complete incremental version for £, or a dightly
incomplete incremental algorithm for £, would be relatively
straightforward.

5 Algorithm properties
In the following sections, we prove various properties of this

a gorithm regarding soundness, compl eteness, and time com-
plexity.

5.1 Soundnessand completeness

Soundness for classification in £, and Lo
Before we prove soundness of classification, it isfirst impor-
tant to establish three important theorems:

5.1 Normalization preserves the extension of a concept if
classification is sound for its constituents.

5.2 The classification agorithm correctly implements the
intensional subsumption definition for normalized con-
cepts.

5.3 Theintensional subsumption definition is extensionally
sound.

From these theorems, it is relatively simple to prove the
following two additional lemmas:

5.4 The classification algorithm is extensionally sound for
normalized concepts.

5.5 All concepts are extensionally equivalent to their nor-
malized counterparts.

And from these lemmas, it is relatively straightforward to
show that the overall classification algorithm is sound.

Theorem 5.1 Normalization preserves the extension of a
concept (i.e. if concept A has normalized form A’ then
A = A') if classification is sound for its constituents.

To prove this, we show that each normalization step pre-
serves extensional equivalence to the concept before the step
was executed:
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. Merge conjoined universal role restrictions:

. Expand definitions. Since we are replacing concepts by

their equivalent definitions, extensional equivalence is
preserved.

. Convert to DNF: Since the DNF format is known to be

logically equivalent to the original format, extensional
equivalenceis preserved.

. Convert restrictions to canonical form: Based on the

previously stated role conversions, it is trivial to show
that every instance which satisfies the role restriction on
the left will satisfy that on the right and vice versa.

It is
straightforward to show that any instance which satisfies
VR.AMVR.B must aso satisfy VR.(A 1 B) and vice
versa. Clearly an instance of the former concept must
restrict all objectsrelated via R to be an instance of both
A and B and this is exactly what the second concept
states so equivalence is maintained.

. Classify all role restrictions: This step does not affect

concept structure and thereforetrivially maintains equiv-
alence.

. Rewrite tautologous and inconsistent role restrictions:

Obviously these role restrictions have the same exten-
sionasthe T and L concepts that replace them.

. Eliminate redundant conjoined elements. If one con-

stituent is found to be subsumed by another conjoined
congtituent via a sound classification procedure, the ex-
tension of that conjunction is at most the extension of
that of the subsumee. Since the extension of the sub-
sumer is a superset of the subsumee and cannot further
constrain the extension of the conjunction, the subsumer
can be safely eliminated from the conjunction without
changing the extension of the concept.

. Merge, classify, rewrite, and eliminate disjoined univer-

sal role restrictions. It is straightforward to show that
any instance that satisfies (C MYR.A) LU (CNVR.B)
must also satisty C MVR.(AU B) and vice versa
Clearly, an instance of the former concept must be an
instance of both C' and restrict any relations via R to
be an instance of A or B depending on which part of
the digunction is classified. This is clearly what the
second concept states so equivalence is maintained. To
show that equivalence is maintained for the classifica-
tion, rewriting, and elimination steps we refer to steps
6-7.

. Build and classify conjunctive substructure: Thisstepis

simply for defining the concept within the taxonomy and
has no effect whatsoever on concept structure.

Eliminate redundant disjoined elements. If one con-
gtituent is found to subsume another disoined con-
stituent via a sound classification procedure, the exten-
sion of that digunction is at least the extension of that
of the subsumer. Since the extension of the subsumeeis
a subset of the subsumer and cannot further contribute
to the extension of the disjunction, the subsumee can be
safely eliminated from the disjunction without changing
the extension of the concept.

11. Build digjunctive concept structure: Again, this step is
simply for defining the concept within the taxonomy and
has no effect on concept structure.

Since each step preserves extensional equivalence of the
concept if classification is sound, the overall normalization
algorithm must preserve extensional equivalence if classifi-
cation is sound for its constituents. O

Theorem 5.2 The classification algorithm correctly imple-
ments the provided intensional subsumption definition for
normalized concepts.

A formal proof of correctness would be quite involved so
we will instead provide a proof sketch that should make the
formalization relatively obvious.

We prove correctness of classification including normal-
ization with respect to the intensional subsumption definition
by showing that any subsumption returned by the classifica
tion algorithm*? satisfies the intensional subsumption defini-
tion and vice versa. Both proofs rely on structural induction
on the complexity of the concept being classified and make
the recursive case assumption that correctness holds for any
concepts of lesser complexity.

To make the proof easier, we assume that the concepts be-
ing compared via the classification algorithm and the inten-
sional subsumption definition have both been normalized —
this simplifies the correctness proof since concepts on both
sides can be assumed to have the same structure. Furthermore
this is a valid strategy since by structural induction, if the
agorithms agree on subsumption for al concepts less com-
plex than the ones being classified, they will also agree on the
structure of the normalized concept.'? This results from the
fact that normalization relies only on the subsumption rela-
tionshi ps between constituents of the concept being classified
(i.e. lower complexity concepts than the one being classified)
and by structural induction, we can assume that the classifica-
tion algorithm and intensional subsumption definition agree
on these subsumptions.

Inthefollowing proof, we start first with the base cases and
proceed to the recursive cases showing that both directions of
the equivalence classification «» intensional subsumption def
hold for each case. Furthermore, whenever two concepts are
listed separated by a/, the first concept denotes the subsumee
in question which welabel A and the second denotesthe sub-
sumer in question which we label B.

e (Base) Role restriction combination not mentioned in
Table 2:

+: Neither the algorithm or the intensional subsump-
tion definition make any subsumption inferences
for role restrictions not explicitly mentioned in Ta-
ble2.

o (Base) Primitive/Primitive:

“Here a subsumption returned by the classifiation algorithm is
any subsumption that can be inferred from the transitive closure of
subsumption links in the taxonomy.

2Note that the base cases do not require normalization, i.e. see
the first line of Algorithm 3. Thisis quite crucia to the validity of
the proof strategy given here.



< ClassifyKb() handles this inference and clearly
any concept A found to be subsumed viatransitive
role closureof C, and C; linksinserted by this pro-
cedure must satisfy theintensional definition. Like-
wise, theintensiona definitionis effectively imple-
mented by ClassifyKb().

e (Recursive) Primitive/Conjunctive:

<. When the conjunctive portion of the MGS algo-
rithm runs for concept B, it will clearly find any
concept A that is subsumed according to the inten-
sional subsumption definition. Thus, the conjunc-
tive MGS agorithm and this intensional subsump-
tion rule clearly compute the same thing.

e (Recursive) Primitive/Disunctive:

+»: This case reduces to a subsumption test between
the primitive concept and the primitive constituents
of the digunctive concept that is effectively han-
dled by the Primitive/Primitive case. Correspon-
dence for the Primitive/Primitive case has aready
been shown, therefore the classification algorithm
and intensional subsumption definition compute
the same subsumptionsfor this case.

e (Recursive) Conjunctive/Primitive:

. This case reduces to a subsumption test between
the primitive concept and the primitive constituents
of the digunctive concept that is effectively han-
dled by the Primitive/Primitive case. Correspon-
dence for the Primitive/Primitive case has aready
been shown, therefore the classification algorithm
and intensional subsumption definition compute
the same subsumptionsfor this case.

e (Recursive) Conjunctive/Conjunctive:

Sincethis structural comparison along with the Disjunc-
tive/Digjunctive comparison likely accounts for the ma-
jority of subsumptions between structured concepts, we
examine this case a little more in-depth to show infer-
ence equivalence of the intensional subsumption defini-
tion and the classification algorithm.

—: Thistype of subsumption inference can be madein
two places in the classification agorithm, i.e. the
conjunctive portions of the MSS and MGS ago-
rithms. For MSS, if a conjunctive concept is in-
ferred to be a parent then its constituentsmust al be
subsumers of the consituents of the subsumee. This
is exactly what the intensiona rule states for sub-
sumption between conjunctive concepts. If MGS
infers a conjunctive concept as child, the child’'s
constituents must contain subsumees of all the par-
ent concept’s constituents. Again, this is exactly
what the intensional rule states. Consequently, if
a concept is inferred to be a conjunctive subsumer
of subsumee via classification, it must satisfy the
intensional subsumption definition.

+: To show that no intensional rule inferences are
missed by the conjunctive portions of either the

MSS or MGS agorithms, it suffices to show that
both agorithms examine al possible candidates.
The MSS agorithm starts at T and examines all
concepts which satisfy the intensional rule (termi-
nating only in places where a concept is not a sub-
sumer and therefore neither are its children), con-
sequently, no concept could be missed. The MGS
algorithm examines all concepts that are children
of one of the target’s constituents. Since a sub-
sumee of this consituent is required to be a con-
stituent of all MGS subsumees, the MGS agorithm
also examines al possible MGS candidates. Given
that the M GS candidate checking algorithm exactly
implementsthe intensional semantics, no candidate
could be missed by MGS. Thus, any subsumption
between conjunctively defined concepts satisfying
the intensional subsumption definition can be in-
ferred through the classification algorithm.

¢ (Recursive) Conjunctive/Disjunctive:
. This case reduces to a subsumption test between

the primitive concept and the primitive constituents
of the digunctive concept that is effectively han-
died by the Primitive/Primitive case. Correspon-
dence for the Primitive/Primitive case has aready
been shown, therefore the classification agorithm
and intensional subsumption definition compute
the same subsumptionsfor this case.

¢ (Recursive) Disjunctive/Primitive:
<. When the disjunctive portion of the M SS algorithm

runs for concept A, it will clearly find any con-
cept B that is a subsumer according to the inten-
siona subsumption definition. Thus, the diunc-
tive MSS agorithm and this intensional subsump-
tion rule clearly compute the same subsumptions.

o (Recursive) Disjunctive/Conjunctive:
. Thisintensiona subsumption ruleis determinedin

two places in the classification algorithm. If con-
cept B isclassified after concept A, then A will be
found as a subsumee of B in the conjunctive por-
tion of the MGS algorithm (thereisa special testin
this algorithm for this subsumption). If concept A
is classified after concept B, then B will be found
as a subsumer of A inthe disjunctive portion of the
MSS algorithm (again, there is a special test in this
algorithm for this subsumption). A careful analy-
sis of both of these algorithms should reveal that
they both correctly implement the intensional sub-
sumption rule for this concept structure combina-
tion. That is, they examine al possible candidates
and correctly retain those that satisfy the definition.
Thus, this portion of the intensional subsumption
definition and the classification algorithm compute
the same subsumptions.

¢ (Recursive) Disjunctive/Disjunctive:
. Since the classification algorithm and intensional

definitions are completely symmetric with the Con-



junctive/Conjunctive case, we can use the exact
same proof structure for that case to prove equiva
lenceof thiscase. Thus, wewill omit further formal
proof of this case, instead referring to the Conjunc-
tive/Conjunctive proof with the direction of infer-
ence reversed.

o (Recursive) Rolerestriction/Rolerestriction:

+: Thisis the one part of the algorithm that was not
optimized for sake of brevity and thus it is rela
tively straightforward to prove equivalence of the
intensional subsumption definition and the algo-
rithm in this case. Clearly, the restriction portion
of the MSS and MGS algorithms examine al pos-
sible candidates that might conform to the inten-
sional subsumption definition. Thisis because the
examine any role restriction that concept referents
which are subsumers or subsumees of the target
concept being classified. Sincethisisareguirement
for role restriction subsumption (in either case), we
can be sure that al possible candidates are exam-
ined. From this point, al candidates are tested di-
rectly against the intensional subsumption defini-
tion. Thus the classification algorithm and inten-
sional subsumption definition infer the same sub-
sumptions.

Consequently, by structural induction we have shown that
the classification algorithm given in Algorithms 1-5 and the
intensional subsumption definition givenin Table 2 are equiv-
alent in terms of subsumption inference. Therefore, we can
deduce that the classification agorithm correctly implements
the intensional subsumption definition for £, and £-. O

Theorem 5.3 The provided intensional subsumption defini-
tion is extensionally sound.

For every structural comparison rule given in Table 2, it
is straightforward to show that any instance satisfying con-
cept B must also satisfy concept A. In the following listing,
we provide the type of concept A followed by the type of
concept B. Additionaly, if A or B are conjunctively or dis-
junctively defined, we refer to their constituents as A; or B;
respectively.

o Primitive/Primitive: Clearly by the constraint axioms
linking concept A and concept B, every instancein A7
must also bein BZ.

e Primitive/Conjunctive: If A is subsumed by every B;
then clearly every instance in A” is in every B} and
thereforein the intersection of all BZ.

e Primitive/Digunctive: If A is subsumed by some B;
then clearly the following relationship holds by defini-
tion and subsumption constraints: A C B} C B”.

e Conjunctive/Primitive: If some A; is subsumed by B
then clearly the following relationship holds by defini-
tion and subsumption congtraints: AZ € AT C BZ,

e Conjunctive/Conjunctive: This rule requires that every
B; subsumes some A;. Additionally, from the defini-
tion, any instanceintheintersectionof A7, i.e. A7, must

'

obviously beinevery AZ. Sinceaninstancein every A7
must necessarily be in each B? due to the subsumption
constraint, this instance must aso be in the intersection
B? Thus, any instance in A7 must necessarily be in
B*.

e Conjunctive/Digunctive: This rule requires that some
B; subsumes some A;. Since B subsumes B;
and A; subsumes A by default, clearly by transi-
tivity of subsumption, the following relation holds:
AT C AT C Bf C B”. Thus, any instance of A must
also be an instance of B.

e Digjunctive/Primitive: If B subsumes every A;, then
clearly every instance in the union of al A7, (i.e. A7),
is also necessarily in BZ.

e Digunctive/Conjunctive: This rule requires that every
B; must subsume every A;. It should aso be clear that
any instance in the disjunction AZ must be in one of
the AZ. Since every A7 must be a subset of every BZ,

clearly any instancein A} isasoin every B} and there-
forethe intersection BZ. Thus, any instancein A must
necessarily bein B7.

e Digunctive/Disjunctive: Thisrulerequiresthat every A;
must be subsumed by some B;. Additionaly, from the
definition, aninstancein AZ must bein some AZ. Since
an instance in A7 must be in B} by the subsumption

constraint, it must also bein the digunction BZ. Thus, it
should be clear that any instancein AZ must necessarily
bein BT.

e Rolerestriction/Rolerestriction: Giventherulesfor role
restriction subsumption, it is straightforward to show
that each part of the rule (i.e. relation subsumption, re-
striction referent subsumption, and number comparison
if relevant) restrict the set of instancesin A7 to be anec-
essary subset of thosein BZ.

e Concept/Role restriction or Role restriction/Concept:
There is no such rule for this combination. Conse-
quently, false is returned by default and this is trivially
sound.

e Role restriction combination not mentioned in Table 2:
Thisrule only returnsfalse which istrivially sound.

Consequently, each individual intensional subsumption
rule is sound, and false is returned otherwise, thus the inten-
sional subsumption definition is sound. O

Lemma5.4 The classification algorithm is extensionally
sound for normalized conceptsin £, and £s.

We know from theorem 5.2 that the classification algo-
rithm correctly implementsthe intensional semantics, assum-
ing both are using normalized concepts A’ and B’ derived
from A and B. Thus, if classificationinfers A’ C B’ then by
the definition in Table 2 A’ C; B’. Second, we know from
theorem 5.3 that the intensional subsumption definitionis ex-
tensionally sound. Thus, we know that A’ C B'Z. Thus, the
classification algorithmis extensionally sound for normalized
concepts. O



Lemma 5.5 The normalized version of a concept is exten-
sionally equivalent to its unnormalized version for all concept
structuresin £, and L.

To prove equivalence between al normalized and unnor-
malized concepts using the classification algorithm, we show
this by structural induction on the complexity of a concept:

e Base case: We start with a base case of primitive con-
cepts for which this trivially holds. Since classification
of conceptsis sound for al normalized concepts, it must
al so be sound for unnormalized primitive concepts since
they are syntactically identical to their normalized coun-
terparts.

e Recursive case: We assume that here we are trying to
classify sometarget concept for which we can assumeits
constituents are al equivalent to their normalized coun-
terparts via the inductive hypothesis. Since equivalence
holds for the constituents, we know that extensionally
sound classification as given in lemma 5.4 for normal-
ized congtituents yields extensionally sound classifica-
tion for the unnormalized constituents. Thus via theo-
rem 5.1, we know that equivalence must be maintained
for the target concept.

Thus, equivalence holds for al normalized and unnormal-
ized concepts using the provided classification algorithm. O

Theorem 5.6 Subsumption inference for conceptsin £, and
L+ using the provided classification algorithm is extension-
ally sound.

Given lemmas 5.4 and 5.5, it is a fairly straightforward
argument to show that the classification algorithm is exten-
sionally sound. We simply need to show that if classification
infers A C B thenit must hold that AZ C BZ.

Lemmab.4impliesthat if classificationinfers A C B, then
AT C B'T must hold for the normalized versions of the con-
cepts. And fromlemmab.5, it is straightforward to show that
we caninfer AZ C BT from A'Z C B'T. Thus, classification
is extensionally sound for £, and L. O

Completenessfor classification in £

To show completeness of subsumption inference in £, we
need to show one main property, i.e. that the intensional sub-
sumption definition given in Table 2 is complete for normal-
ized concepts. From this, it isrelatively straightforward from
previously proved theoremsand lemmasto establish that clas-
sification is complete for all conceptsin L.

Theorem 5.7 Subsumption inference for normalized con-
ceptsin £, using theintensional subsumption definition given
in Table 2 is extensionally complete.

Here we rely on the fact that we know that a concept is
normalized and proceed to show via structura induction that
if any subsumption inference is not made according to the
intensional subsumption definition, then there always exists a
countermodel for that subsumption inference.

In the following listing, we provide the type of concept
A followed by the type of concept B. Additionally, if A or
B is conjunctively or disjunctively defined, we refer to its
constituents as A; or B; respectively.
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Figure 3: Sample diagrams to illustrate parts of the com-
pleteness proof for the following subsumee(A)/subsumer(B)
concept structure pairs: @) Primitive/Conjunctive b) Dis
junctive/Primitive ¢) Conjunctive/Disjunctive d) Digunc-
tive/Conjunctive. Solid lines indicate the subsumptions due
to definitions, solid lines with a star indicate the intended
structural subsumption inference, and dashed lines indicate
the subsumptions of which al or a subset must hold true in
order for the intended structural subsumption relation to hold.
To avoid an excess of arrows, it is assumed that a verticaly
higher concept subsumes a vertically lower concept if alink
exists.

e Primitive/Primitive: Clearly, if a subsumption inference
was not made then there was no chain of axiomatic or
structural subsumption links leading from A up to B.
Consequently, if no such chain exists then it is easy to
construct amodel for A” that contains an instance not in
BT but is still consistent with the knowledge base con-
straints.

e Primitive/Conjunctive: If A is not subsumed by every
Bj then clearly not every instance in AZ is in every
BT . Thus, not every instancein A” isin theintersection

B? and this demonstrates a way to construct a counter-
model. Figure 3a helps one to visualize the constraints
for this proof.

e Primitive/Disjunctive: This rule requires that some B;
subsume A. If thisis not the case, then a countermodel
can be constructed by the following procedure: Simply
take a valid model and add a new instance i; to A but
not to any B;. Thisinstance clearly satisfiesi; € AZ.
However, since no B; subsume A, i; ¢ |J BY can hold

and by definitioni; ¢ B? canhold aswell. Thisclearly
violates A C B and thus a countermodel exists for any
subsumption failing to meet this rule. Figure 3b helps
oneto visualize the constraints for this proof.

e Conjunctive/Primitive: This rule reguires that some A;



be subsumed by B. If thisis not the case, then a coun-
termodel can be constructed by the following procedure:
Simply take avalid model and add a new instance i, to
each A; but not to B. Thisinstance satisfiesi; € () A?
and by definition, i; € AZ. However, since no A; are
subsumed by B, i; ¢ BZ can hold. This clearly vi-
olates A C B and thus a countermodel exists for any
subsumption failing to meet this rule. Figure 3b helps
oneto visuaize the constraints for this proof.

Conjunctive/Conjunctive: This rule requires that every
B; subsumes some A;. If this rule does not hold then it
is straightforward to build a countermodel. We simply
assume that A is non-empty and for the B; which does
not subsume some A;, we set sz = (. Then clearly
BT = B} = 0 while A" is not empty and thus B
does not subsume A in this model.

Conjunctive/Digunctive: This rule requires that some
B; subsumes some A;. If this does not hold then clearly
it is possible to construct a countermodel for this sub-
sumption. Figure 3c shows in part why this is the case:
If no A; is subsumed by a B; then it is easy to construct
amodel with an instance i, in al AZ but no sz such
thati; € M AZ buti; ¢ |JB%. (Thisis not perhaps as
straightforward asit sounds. ee the note below on why
this must hold for all normalized concepts.) Thus, by
the definition of A and B, a countermodel clearly exists
where an instance in AZ isnotin B and the subsump-
tion cannot hold.

There is one extremely important note to be made here;
Thisisthe one case of structural subsumption which re-
quires that the concepts be in digunctive normal form.
Otherwise, if both concepts had structured components,
they may not obey this rule but till indirectly constrain
each other to be subsumers. An example of thisis given
inFigure4. Inthiscase, A U (B M C) is not inferred to
beaparent of (AL C) M (AN B) and yet these concepts
are obvioudly equivalent. So, why does this occur? Be-
cause any instancein (AU C) M (AN B) must belong to
both (AU C) and (AU B). Consequently, if theinstance
belongsto either A inthesedisjunctions, AU (BN C) is
satisfied. And if the instance belongsto neither A in the
digunctionsthen it must belong to both B 1M C thus aso
satisfying AU (BN C).

Thus, extensionaly there clearly is a subsumption re-
lationship. However, with a little thought it becomes
apparent that if either conjunctions or disjunctions are
restricted to have primitive constituents as in DNF or
CNF, then such a structurally unidentifiable subsump-
tion is impossible (i.e. adding an instance to al prim-
itive constituents of a concept could not indirectly add
the instance to any other concepts without adding it di-
rectly to its constituents or a constituent of one of its
constituents).'® Consequently, this underscores the need
for DNF normalization to prove compl eteness here. 14

Figure 4: Example case where lack of DNF normalization
leads to a structurally unidentifiable subsumption. Dotted
linesindicate extensionally inferred subsumptions, solid lines
indicate definitionally inferred subsumptions. See the section
denoted with v for a discussion of this example.

e Digunctive/Primitive: If B does not subsume every A;,
then clearly every instance in the union of al A7, (i.e.
A7), isnot necessarily in BZ. Thusit iseasy to construct
a countermodel that demonstrates this. Figure 3b helps
oneto visualize the constraints for this proof.

¢ Digjunctive/Conjunctive: This rule requires that every
B; must subsume every A;. If this rule does not hold
then it is possible to construct a countermodel for this
subsumption. We demonstrate this by referring to Fig-
ure 3d: Clearly if thereis some A; in thisdiagram which
does not have a subsumption link to al Bj; then it is
easy to construct a model with an instance 7; such that
ir € A} buti, ¢ B. Thenclearly iy € |JA7 but
ir ¢ (B and by the definition of A and B, a coun-

termodel clearly existswhere aninstancein A7 isnot in
BT and the subsumption cannot hold.

¢ Disjunctive/Digunctive: Thisrulerequiresthat every A;
must be subsumed by some B;. If this rule does not
hold then it is straightforward to build a countermodel.
We do this with the following procedure: First, take a
valid model of A C B. Next, add some new instance
i1 hot mentioned anywherein the current model and add
it to AiI for the A; which breaks the subsumption rule
above. Now, clearly i; € |JAZ butiy ¢ |JBY. Thus,
by the definition of A and B, a countermodel clearly

BThisisahit tricky so it isworth taking the time to understand. would conflict with the upcoming discussion of the expected DNF
CNF normalization could have been chosen as well but this  structure of concepts on the Semantic Web.



existswhere an instancein AZ isnot in BZ and the sub-
sumption cannot hold.

¢ Rolerestriction/Rolerestriction: Giventherulesfor role
restriction subsumption, it is straightforward to show
that each part of the rule (i.e. relation subsumption, re-
striction referent subsumption, and number comparison
if relevant) restrict the set of instancesin A7 to be anec-
essary subset of thosein BZ. If asubsumptioninference
is not made then clearly one of these subrules does not
hold and it is easy to construct a countermodel which
disproves the subsumption.

Here we briefly discuss some issue involving normaliza-
tion and its completeness implications for subsumption
of rolerestrictions:

— Note that while role restriction merging is required
to achieve as much completenessas possiblein £,
itisonly used for the VR.C restriction which is not
inl.

— Role conversion is only important for inference of
> 0R.C — T and completenessimplications for
this normalization are discussed below in the Con-
cept/Rolerestriction section.

— Redundant role removal is only important for cor-
rect role restriction merging which does not apply
for £, and for inference of pure T and L. concepts
which is only important for role conversionin L.
In general, the presence of redundant role restric-
tions in £, does not affect completeness and this
can be easily seen by examining a few example
Cases.

Thus we will not discuss the effect of role restriction
normalization on completeness since it is not important
for this proof.

¢ Role restriction combination not mentioned in Table 2:
Note that we only provide subsumption rules for role
restrictions of the same type. Furthermore, we note that
in £, (i.e. the language we are proving completeness
for here), al of the role restrictions 3R.C, > nR, and
> nR.C can be normaized to > nR.C. Thus, after
normalization for £, this rule becomes vacuous and is
never used.’> Consequently, this rule has no effect on
completenessfor L.

e Rolerestriction/Concept or Concept/Role restriction: A
quick look at the extensional semantics for role restric-
tions and concepts should make it clear that it would be
quite easy to construct a countermodel for any subsump-
tion of this type, except for the case where a role re-
striction happens to be equivalent to T or L. However,
all of these cases have been accounted for in normal-
ization (actualy only one case is applicablefor £, i.e.
> 0R.C — T). Consequently, any other subsump-
tions between structures of this type would clearly have
a countermodel.

We did prove soundness of thisrule in theorem 5.3 but there we
were looking at both £; and £-

Since a countermodel always exists if the intensional sub-
sumption definition is not met for normalized concepts,
whenever a subsumption holdsin all possible models, it must
be inferred via the intensional subsumption definition. This
proves that the intensional subsumption definition is exten-
sionally complete for all normalized conceptsin L. O

Note that we did not discuss the need for al normalization
steps in the above proof, especially the completeness of con-
stituent classification or role merging. This is because these
steps were included to make structural classification of £- as
complete as possible although as we will see shortly, struc-
tural subsumption inferencein £, is still incomplete. How-
ever, these steps are not required for the completeness of
£, .18 For normalizationin £, the only partsthat are required
areexpansion, DNF conversion, canonical form conversion of
role restrictions, and role restriction rewriting. The necessity
of each of these normalization steps for compl eteness were
all discussed above.

Theorem 5.8 Subsumption inference for conceptsin £ us-
ing the provided classification algorithm is extensionally
complete.

We only need to show that if A7 C B” holdsthen the clas-
sification algorithm must infer A C B.

Lemmab5.4 tells usthat for normalized counterparts A’ and
B', it must hold that A7 = A7 and BT = B'~. From this
we know that if AZ C B holds then A’ C B'? must aso
hold. Then, from the correspondence between the intensional
subsumption definition and the classification algorithm from
theorem 5.2, we can infer that classification is extensionally
complete for normalized concepts. Thistells usthat we must
be able to infer A’ C B' if A2 C B'? holds. Furthermore,
given that we maintain a syntactic mapping between concepts
and their normalized counterparts, from A’ C B’, we can eas-
ilyinfer A C B using this mapping and the property given by
lemma5.4. Thus, if AZ C B holds, we canseethat A C B
is a valid inference that must be given by the classification
algorithm. This completes the proof that classification is ex-
tensionally complete for all conceptsin £; . O

It is interesting to note that by proving extensional
soundness and completeness of the classification in theo-
rems 5.6 and 5.8 respectively, we have effectively showed
the following equivalence: Extensional subsumption defini-
tion for £, < Intensional subsumption definition for £, <
Subsumptions inferred via classification for £,. Perhaps the
most remarkabl e part of this equivalenceis the efficiency and
elegance with which the structura classification algorithm
implements the other two definitions while performing clas-
sification into an entire taxonomy.

Incompletenessfor classificationin £,

Theorem 5.9 Subsumption inference for conceptsin Lo us-
ing the provided normalization and classification algorithm
is extensionally incompl ete.

®In general, these extra normalization steps can be removed if
subsumption is only required for £, but we left them in the general
algorithm for simplicity of presentation and under the assumption
that most implementers will want to use £, since inference is still
complete for the £ subset.



The language £, only adds the role restrictions < nR,
< nR.C, and VR.C but unfortunately these tend to interact
with the role restrictions already in £, to produce subsump-
tion casesthat are not structurally identifiable. Herewe givea
few counterexamples to compl eteness of the structura algo-
rithm and proceed to discuss why structural comparison alone
cannot remedy these problems:

e (VR.C;M3R.Cy) C IR.Cy: Obviously none of the
intensional subsumption rules accounts for this sub-
sumption case. However, this subsumption is ac-
tually valid due to the interaction of the con-
joined V and 3 role restrictions. Specifically,
(fOT(lllR.Cl M HRCZ) — E'R(Cl M 02) From this
implied role restriction it would be easy to structurally
infer the above subsumption. While it may seem that
this problem could be resolved simply by elaborating
the normalization algorithm with rules for inferring im-
plied role restrictions, there are an infinite number of in-
creasingly more subtle cases whereimplicationslikethis
could occur. Consequently, such role restriction infer-
ence would require full theorem-proving or equivalently
powerful inference such as satisfiability testing and this
would clearly obviate any claims of tractability that we
would expect to achieve with a structural classification
agorithm.

e (VR.CN < OR.CM3R.C) = L: Thisisasdlightly more
complex case of interaction between three role restric-
tions. Here (VR.CM < 0R.C') — VR.L whichisincon-
sistent with 3R.C' causing mutual subsumption to bein-
ferred with L. Again, one can construct increasingly
more complex cases for such role restriction interac-
tions and there is no general method other than theorem-
proving, satisfiability-testing, or some other computa-
tionally equivalent mechanism for performing complete
inferencein L.

Consequently, we have shown two counterexamples to
completeness of the structural classification algorithm thus
demonstrating that the algorithm isincomplete for £ ». O

However, we should generally point out that although such
incompleteness does exigt, it represents a number of fringe
cases for subsumption reasoning that we expect to occur
rarely on the Semantic Web. 1.e,, it is rather difficult to con-
struct natural concepts according to the above definition that
could not be better expressed with a more salient structure.
Conseguently, we expect that the majority of important sub-
sumption relationshipswill stem from structural relations be-
tween concepts and thus we argue that the types of subsump-
tions for which structural inferencein £, is incomplete are
unlikely to occur in practice.

This, thisincompl eteness does not necessarily pose athreat
to the utility of structural classification algorithms for lan-
guages such as L,. Furthermore, given the computational ef-
ficiency gains of structural classification algorithms, it seems
a small tradeoff to lose a few fringe subsumption inferences
in exchange for computational tractability.

5.2 Timeand space complexity

In this section, we prove some time and space complexity
properties of the classification and normalization algorithms.

Time complexity of normalized concept classification
First, we will examine the time complexity of normalized
concept classification with respect to the overall size of the
taxonomy. Note that when we refer to the size of the taxon-
omy, werefer to the combined size of al hormalized concepts
currently classified in the taxonomy where the size of a con-
cept is measured in the sum of al concepts, relations, and
constructors used in that concept.

We assume for this analysis that the concept is already
in normalized form and thus that normalization itself sim-
ply performs the task of classifying role restriction referents
whiI? 7'[aki ng additional time only linear in the size of the con-
cept.

Theorem 5.10 Classification of a normalized concept in £
or Lo runs in polynomial time in the total size of the nor-
malized concepts in the taxonomy (including the normalized
concept being classified).

It should be apparent that once a concept is normalized,
classification of a concept simply reguires performing M SS,
MGS, and link maintenance. For search in the MSS and
MGS agorithms, the constituents of the target concept may
be compared to the constituents of all concepts in the tax-
onomy in the worst case. We can bound the search for all
concepts by a constant times the number of concepts plus the
worst-case number of links betweenthem: ¢; - (|kb| + |kb|?).
And we can bound the number of constituents of a concept
by a constant times the size of the kb, i.e. ¢5 - |kb|. Conse-
quently, simplifying the product of these expressionsand per-
forming asymptotic analysis, we can bound the time for MSS
and MGS by O(]kb|?). Furthermore, link maintenance only
requires at most ¢4 - |kb|> operations (i.e. no more than the
total number of linksin the kb). Consequently, summing this
with the previoustimebound for MSS and MGS and perform-
ing asymptotic analysis still yields O(|kb|?) time complexity
for asingle classification pass.

However, this only covers classification of the top-level
concept and does not consider the fact that all of its con-
stituents must be recursively classified. As stated above, we
are assuming that since the concept has already been normal-
ized, normalization takes only linear time aside from that re-
quired for recursive classification of role referents. Conse-
quently, if we can show that at most a polynomial number of
recursive classifications occur, than we can show that normal-
ized concept classification is overall polynomial.

To bound the number of possible concepts that need to be
recursively classified, we note that we can build a tree with
each concept representing a node and children representing
constituents of that node. Clearly at the leaves we have only
primitive concepts which are bounded by the length of the
normalized concept. And at each non-leaf node we have

a composite concept or role restriction that consumes some

Y Thefact that normalization only takes linear time on an already
normalized concept outside of thetimerequired for subclassification
should be obvious from inspection of Algorithm 3.



number of the children below it (note this is strictly a tree
and not a DAG). Thus, at most we have to classify al of the
non-leaf nodes and thisis proportiona to the number of |eaf
nodes. Since the number of leaf nodes are linear in the size
of the normalized concept, we must perform at most a linear
number of recursive classifications in the size of the normal-
ized concept which is in the worst case proportional to the
total size of the knowledge base. 8

Thus, a O(]kb|®) per classification of a normalized con-
cept and performing at most O(|kb|) classifications, we can
bound the total cost of classification by O(|kb|*) constant
time operations. ° Thus, classification of a normalized con-
cept runs in time polynomial in the size of the knowledge
base. O

Space complexity of concept normalization

We know that classification of a normalized concept runsin
polynomial timeinthetotal size of the normalized knowledge
base, but this leaves open the question of the space complex-
ity of normalization. That is, is a normalized concept’s size
bounded to be polynomial in the size of the concept?

The immediate answer is no, and this stems from the fact
that the DNF expansion of a concept is known to have worst-
case exponential behavior. However, we make the claim be-
low that for the expected class of concept structures that we
will likely see on the Semantic Web, such worst-case expo-
nential blow-ups do not occur.

Hypothesis5.11 Normalization of a concept in £; or Lo
takes expected-case polynomial space in the size of the orig-
inal concept for the expected class of concept structures that
we expect to encounter on the Semantic Web.

First, let us quickly show that other than DNF expansion,
normalization takes linear space in the size of the concept:
Normalization has atotal of 11 steps aside from DNF expan-
sion. An insepection of each of these 11 steps demonstrates
that some of these steps shrink the size of the concept while
others do not affect the size at al. Consequently, the only
source of a non-polynomial expansion in size can come from
the DNF expansion.

Thus, let us examine the space properties of DNF expan-
sion: The case where DNF conversion will reguire exponen-
tial space to convert aformulafrom its given formto its nor-
malized formisfor aconjunction of several disjuncts. For ex-
ample, the DNF conversionof (4; U By) M (A U By) yields
(A1 [l Ag) (] (A1 [l BQ) L (Bl M Ag) L (BQ M BQ) In gen-
eral for n conjunctsin the original form, the normalized form
will yield 2™ diguncts.

We claim that such a concept structure is rare because
disoined concepts usually derive their constituents from

8This would only happen though if the concept being classified
happened to dwarf the size of al other concepts in the knowledge
base.

®Note that the classification algorithm istypically orders of mag-
nitude much more efficient than this but our only goa here is to
show that classification is polynomial. A more detailed algorithmic
analysis would involve a substantially greater amount of derivation.
However, empirically, algorithmslike the one presented here tend to
run in quadratic time in the size of the knowledge base.

heterogeneous knowledge bases and thus are likely to use
incompatible conjunctive restrictions. Thus, the conjunctive
restrictions are usually associated inside the disjunction asin
((Pencily M 3.colory.Redy ) U (Pencily M 3.colory . Redy))
rather  than outside the digunction as in
(Pencily U Pencils) M (3.colors.Redsy LI 3.colory. Reds).?°
While the latter definition could be used, in practice it seems
that concepts and restrictions from similar KB’s will be
composed with conjunction to achieve the right level of
concept specificity, and these conjoined concepts will then
be digoined at a higher level to group similar objects from
heterogeneous KB’s.  Such organizational principles lend
these concepts a natural format that is very similar to DNF
therefore tending to yield polynomial conversion space in
the expected case. While this is by no means a proof, we
have not found sufficient evidence to the contrary from our
empirical experiences working with knowledge bases on the
Semantic Web. However, is such evidence existed, it would
clearly require arevision of the assumptions here.

Thus, based on our assumptions that the expected type of
concept structure found on the Semantic Web will likely al-
ready exhibit a DNF-like structure, it follows that the normal-
ization of such conceptswill occur in polynomial space. ¢

Time complexity of knowledge base classification

Given the previously defined theorems and hypotheses, we
now state the overall time complexity result for the classifica:
tion algorithm givenin this paper.

Theorem 5.12 If Hypothesis 5.11 holds for a given knowl-
edge basein £, or Ls, then taxonomic classification of all
concepts in that knowledge base runs in time polynomial to
the size of the original (unnormalized) knowl edge base.

The proof of this theorem is relatively straightforward
based on the implications of theorem 5.10 and hypothe-
sis 5.11. From theorem 5.10, we know that classification of
anormalized concept runs in polynomial timein the normal-
ized size of the kb. And under the assumptions required for
hypothesis 5.11, we know that the size of a normalized con-
cept is polynomial in the size of the original concept. From
this we can easily infer that the normalized kb (including the
concept being classified) requires space polynomial in the
size of the original kb. Thus, under the assumptions of hy-
pothesis 5.11, classification of aconcept (i.e. not kb) requires
polynomial timein the size of the original kb.

From this previousresult for the time complexity of classi-
fication of asingleconcept, let us now infer thetime complex-
ity for classification of an entirekb: Let us denote the polyno-
mial timeto classify aconceptin akb of size s asp(s). Then
itistrivial to show that classification of a number of concepts
proportional to |kb| issimply p(1) + p(2) + ... + p(c - |kb]).
Clearly thissum is till polynomial in the size of the original
kb and thus under the assumptions of hypothesis 5.11, tax-
onomic classification of al concepts in that knowledge base
runsin time polynomial to the size of the original kb. O

Finally we note that this result aong with the expressivity
of languages £, and L is precisely what was required in

DThe subscripts 1 and 2 indicate the K B from which the concepts
and roles were drawn.



Section 1.3.

6 Conclusion

Before we proceed with our conclusions, we should reiterate
that we are not arguing for ageneral purpose subsumption al-
gorithm to tackle all description logic problems. Rather, we
are identifying an important use of description logics in the
context of reasoning over distributed knowledge bases on the
Semantic Web, identifying the major sources of intractabil-
ity for such reasoning, and fine tuning an agorithm based
on this analysis to achieve expected case polynomial-time
performance in the size of the kb. Since a sound and com-
plete algorithm for a language as expressive as L is likely
NP-Complete (although no formal complexity result has been
given for £1), in some sense, adapting and optimizing an al-
gorithm to its expected use cases is perhaps the best that can
be hopedfor. Furthermore, aswedidfor £ 5, webelievethat it
is desirable to allow some incompleteness to avoid exponen-
tial complexity cases if one can show that this is relatively
benign. We belive thisis far superior to working with an al-
gorithm for aless expressive language or using an algorithm
that is likely to exceed a reasonable running time on a large
knowledge base. Thus, it is our opinion that such tradeoffs as
described in this paper must be taken in order to achieve scal-
able and practical description logic classification algorithms
in practice.

6.1 Summary

In summary, let us review the basic motivations behind this
work and the results presented here.

In reasoning on the Semantic Web, it is likely that as
knowledge bases grow and make use of terms defined in other
knowledge bases, a large source of logically composed de-
scription logic concepts will begin to emerge. Consequently,
since these composed concepts make use of common primi-
tives, it will likely be useful to have some means of reasoning
about subsumption relationships between such concepts.

Autonomous taxonomic classification as pioneered in the
field of description logics seemsto pose an elegant solution to
this problem with the one caveat of computational intractabil-
ity. Specifically, for the language expressiveness needed for
representation on the Semantic Web (namely conjunctive and
disunctive composition aswell as many commonly used role
restrictions), it islikely impossible to achieve a sound and ex-
tensionally complete, polynomial-time inference algorithm.
Yet, given the size of the Semantic Web, a polynomial-time
inference algorithmisamost a necessity, soundnessisclearly
a necessity, and completeness is generaly desired unless we
can show that the sources of incompletenessin an agorithm
are benign.

Additionally, there is one other concern with reasoning on
the Semantic Web that underscores the limitations of current
approaches and is perhaps one of the most important points
in this paper. As previously argued by Woods, the primary
tractability concernin description logic reasoning over large
databasesis not the cost of subsumption, but rather the cost of
classifying into a large taxonomy. That is, efficient subsump-
tion techniques alone do not guarantee efficient taxonomic

classification and yet the latter should be our primary goal for
most real-world problems. Thus, in order to setisfy the above
reguirements of the Semantic Web while providing an algo-
rithm that focuses on efficient taxonomic classification, we
propose the following solution:

Intensional definitions of subsumption have traditionally
lent themsel ves to efficient taxonomic classification viastruc-
tural comparison. However, the drawback to these ap-
proaches has traditionally been that they could not handle ex-
pressive languages. Consequently, we have relied on three
arguments to make the case that intensional subsumption ap-
proaches can indeed provide the reasoning capabilities that
we reguire for the Semantic Web:

e Therearecertain language constructsthat arerarely used
and which can be omitted from consideration. For ex-
ample, axioms between two structured concepts (e.g.
AU B C CnD)arerarein practice and can be omitted
without a practical |0ss in expressiveness.

e While inference in more expressive description lan-
guages is incomplete, this incompleteness stems from
subsumptions that are often infrequent in practice and
therefore overall relatively benign.

e While in the general case, we cannot omit the possibil-
ity of any valid concept structure, in practice, we expect
to encounter concepts that are fairly similar to disunc-
tive normal form in compositional structure. This means
that normalization of these conceptsto DNF is likely to
be possible in polynomial space. Since we can show
that DNF conversion is the only source of exponential
algorithm behavior for structural subsumptionin £, we
can show that under the assumption of polynomial-space
DNF conversion, classification will run in polynomial-
timein the size of the knowledge base for £;.

With the above assumptions, we then proceeded to ex-
tend traditional intensional subsumption definitions to sup-
port both conjunction and disjunction. We provided a novel
structural subsumption algorithm to handle two languages
(£, and L) of differing expressivity, the latter providing a
major subset of the DAML+OIL language used on the Se-
mantic Web. We then proved soundness of the classification
agorithm for £, and £, and completeness for inference in
L1. We showed that the application of the inference algo-
rithm applied to £, yielded incompleteness, but was rela-
tively benign with respect to practical reasoning as argued
above. Finally, we showed that if DNF normalization of a
concept could be performed in polynomia space then the
overal algorithm required time polynomial in the size of the
taxonomy.

6.2 Futurework

The previousdecade of description logic research has seen lit-
tle focus on structural subsumption techniques likely due to
the traditional perception of its inability to handle expressive
languages in an extensionally sound and complete manner.
However, this work has intended to challenge some of these
perceptions by showing that structural subsumption could be
extended to handle sound and compl ete subsumption for con-
junctive and digjunctive definitions and a reasonable set of



role restrictions. Additionally this paper has intended to sup-
port the notion that some expressiveness (i.e. complement) is
not practically useful for some applications and some incom-
pleteness can be considered relatively benign (i.e. asfor £ 5).
Such ideas challenge previous beliefs about structural classi-
fication approaches thus paving the way for future research
in taxonomic classification as opposed to the recent focus on
subsumption testing between individual concepts.

One important question for future research is what addi-
tional expressiveness can be handled via an intensional sub-
sumption definition and an associated structural classification
algorithm? For example, could an augmented version of the
above agorithm alow for extensionally sound and complete
subsumption in £; augmented with full complement? Or is
better to only allow complement of primitive concepts? Also,
what additional restriction constructors or role constructors
can be added to the algorithm? For example, how easy would
it be to augment £, or £, with instance specific role restric-
tions such as fills? Such role restrictions prove quite useful
in practice but would require an extension to the previously
given intensional subsumption definition as well as an anal-
ysis of the completeness of such a definition with respect to
the other constructorsin £, or Ls.

Another important question for future research is that of
improving the efficiency of classification algorithms. For ex-
ample, for thelanguage £, minus digunction, researchin the
Conceptua Indexing group at Sun Microsystems Research
Labs has yielded structural classification algorithms that are
orders of magnitude more efficient than the basic algorithms
presented here (see [Woods, 1997] for an introduction to this
research domain). The optimizations in these algorithms al-
low much of the search to be pruned based on provable tech-
niques for constraining search. Furthermore, even more ag-
gressive partitioning techniques may allow us to prune many
more subsumption tests. Consequently, while the algorithm
presented here was chosen for simplicity, there is clearly
much potentia for further optimization of this algorithm that
can yield speedups of afew orders of magnitude.

At the very least, future work along both of these lines
will be a necessity to ensure that description logic classifi-
cation algorithms can practically apply and tractably scale to
the many applications of description logic reasoning that will
likely emerge as the Semantic Web matures.

7 Software

A limited implementation of the algorithms discussed here
has been implemented and integrated with JTP [Frank, 1999],
a Java-based theorem prover, developed at the Stanford Uni-
versiry Knowledge Systems Lab. The following sections in-
dicate how to obtain the software, its limitations compared
to the full algorithm given in this paper, directions for using
the subsumption reasoner from the JTP command line or inte-
grating it with other software, and finally asample application
demonstrating its usage.

7.1 Obtainingthe software

The latest release of the JTP software which includes
a special purpose DAML+OIL taxonomic reasoner based

on the ideas presented here can be downloaded from
http://ww. ksl . stanford. edu/ software/ JTP/ . In-
structions are available from this site for how to install JTP
and run it. To determine that the software and taxonomic
reasoner are running correctly, one can compare the sample
application output at the end of this section with the same
commands executed on the reasoner under test.

7.2 Implementation discussion

Theimplementation providedin JTP differsslightly from that
presented here. It isimplemented for £, which means that
it does have some incompleteness as discussed previoudly.
However this implementation additionally lacks two features
which lead to additional incompl eteness:

1. This software does not implement definition expansion
or DNF conversion although it does implement conver-
sion of role restrictions to canonical form. This means
that structural subsumptionis applied directly to thelog-
ical concept structure as it is was defined when it was
created. Consequently two concepts that would normal-
ize to the same structure are not guaranteed to be found
as mutua subsumers.

2. This software does not implement al of the intensional
subsumption rules as defined in Table 2. Specifically, it
does not implement all subsumption tests between prim-
itive and conjunctive or digjunctive concepts and it does
not implement the subsumption test between conjunctive
and digjunctive concepts (this latter subsumption occurs
so rarely in practice that it can be safely ignored).

In the future, we hope to add full normalization and all
intensional subsumption rulesto make the reasoner complete
for £;. Thenitwill only beincompletefor £ w.r.t. the previ-
ous section’s discussion of incompletenessfor the intensional
subsumption rules defined in Table 2.

7.3 Codeoverview

The Java code for the JTP classifier can be broken down into
two distinct portions. a JTP specific interface located in the
JTPpackagej t p. frame. cl assi fi er andagenera de-
scription logic classifier locatedindl . cl assi fi er which
isimported fromj t p\ | i b\ dI . j ar. We will discuss each
of these code portions in more detail:

e jtp.franme. classifier: This package contains
two classes which implement the telling and asking in-
terfaces for the description logic specia purpose rea
soner.  ClassifierTellingReasoner simply caches all
DAML+OIL RDF statements as JTP broadcasts the
statements to registered telling listeners. It aso imple-
ments an undo/redo mechanism for restoring the cache
to a given checkpoint state when requested by JTP.
ClassifierAskingReasoner is where the bulk of the in-
terface occurs and performs three main tasks. First,
it answers JTP queries concerning daml:subClassOf
and daml: digointWth statements. Second, whenever a
query is made, the reasoner attempts to recursively con-
struct and classify all classes and restrictions whose defi-



nition is complete.?! Thisinvolvesretrieving all relevant
RDF statements for a given class, restriction, or rela-
tion, and notifying the classifier inthedl packageof the
structure and names for these new objects. Once these
objects are added to the classifier, the classifier automat-
ically classifies them. Third, this class aso implements
an undo/redo mechanism that maintains and restores the
classifier state when reguested by JTP.

e dl.classifier: This package implements a
classifier for language L., that is independent
of the DAML+OIL syntax. This is why the
jtp.frane.classifier must take care of dl
trand ation between JTP and the classifier. The classifier
itself is quite complex and will not be discussed in its
entirety here. However there are two main classes that
one should be familiar with. Kblnterface implements
a Java Sring-based interface to the classifier. This
class is used exclusively by Classifier AskingReasoner
for both adding concepts and restrictions to the clas-
sifier and for the querying the classifier's taxonomy
structure. Classifier implements all of the classification
algorithms and is basically egquivalent to a direct imple-
mentation of Algorithms 1-5 with the exception of the
afore-mentioned missing normalization steps. It also
implements all required helper functions outlined in
section 4.4. All other classes in this package implement
basic functionality for the classifier and should not
require modification.

7.4 Command lineinterface

Since the taxonomic reasoner interacts with JTP as a
backchaining reasoner, it will be dispatched any time a sub-
sumption or disointness query is made. %> Consequently,
one can invoke the taxonomic reasoner simply by asking a
daml: subClassOf or daml: disjointWith question from the JTP
command line interface.

For a more versatile interface, one can invoke a text-based
taxonomy browser from the JTP command line interface by
using thet ax command. While there is an extensive set of
commandsfor viewing the taxonomy structure, the following
commands are likely to prove most useful:

e hg <conc-nane> <dept h>: This is perhaps the
most useful command which allows one to browse the
taxonomy in an hourglassformat (i.e. centered on a pro-
vided concept and showing the parents above and chil-

Zlgincea DAML +OIL knowledge baseisread one RDF statement
at atime rather than as awhole, it is possible that a definition may
not be complete when a query is made. Consequently the reasoner
takes a lazy approach to class and restriction building by adding all
complete definitions to the classifier at query-time. Incomplete def-
initions are not compiled into their respective classes or restrictions
and are checked on each subsequent query until their definition is
complete.

22gbsumption is invoked for disjointness reasoning since taxo-
nomic structure can be used to determine whether the superclasses
of any two concepts have a digjointness relationship asserted. Note
however that this type of disjointness reasoning is very simple and
is extensionally incomplete.

dren below to the given depth). In the output, . . . indi-
cate that more concepts exist but are not being displayed
since the depth limit has been exceeded. And [ *] in-
dicates that a concept has already been seen and its par-
ent or child structure will be truncated since it has been
printed elsewhere. Note that in text form, TOP stands
for T, BOTTOM for L, and MOD for T ,..;. Seethe ap-
plications section for sample commands and output from
applying this to aweb-accessible DAML+OIL kb.

e showc c <none|direct|all> <conc-nanme> :
This command allows one to view the detailed structure
of a concept.

e showc m <none|direct|all> <conc-nanme> :
This command allows one to view the detailed structure
of a modifier including it's type, relation, and concept
referent.

e listc <none|direct|all>: This command al-
lows one to browse all concept names that have been
loaded into the taxonomy. This is useful for finding a
concept name once a kb has been loaded.

e hel p: This command gives an extensive help printout
on all commands available from the taxonomy broswer.

e exi t: This command exits the taxonomy broswer and
returns control to JTP's command line interface.

7.5 Integration with other software

Figure 5 provides a brief introduction to the Taxonomy API
in JTP. And figure 6 provides sample code for using the Tax-
onomy API.

7.6 Sampleapplications

Figure 7 provides an excerpt of the Dogs kb used in the fol-
lowing examples. Figures 8 and 9 demonstrate the applica
tion of JTP's taxonomic reasoning facility to a sample web
accessible DAML+OIL knowledge base. This application
demonstrates use of the taxonomy browser on a kb with a
wide variety of subsuming concept structures. Such a struc-
ture could also be retrieved directly through the Taxonomy
API discussed in figures 5 and 6.

Acknowledgments

The author would like to thank Bill Woods for providing
the foundational motivationsfor subsumption, taxonomy, and
the design of classification algorithms; none of this work
could have been accomplished without the knowledge ac-
quired from many summer internshipsworking for Bill at Sun
Microsystems Research Labs. The author would aso like to
thank Richard Fikes for his guidance, support, and sugges-
tions throughout the completion of this work. This work was
primarily completed at and funded by the Knowledge Sys-
temsLab (KSL) at Stanford University.

References

[Bemers-Leeet al., 2001] Tim Bemers-Lee, Jm Hendler,
and OraLassila The semantic web. Scientific American,
284(5):34-43, 2001.



[Borgidaet al., 1989] Alexander Borgida, Ronald J. Brach-
man, Deborah L. McGuinness, and Lori Alperin Resnick.
CLASSIC: a structural data model for objects. In Pro-
ceedings of the ACM SSGMOD International Conference
on Management of Data, pages 58-67, Portland, Oregon,
1989.

[Brachman et al., 1991] Ronald J. Brachman, Deborah L.
McGuiness, Peter F. Patel-Schneider, and Lori A. Resnick.
Living with CLASSIC: when and how to use a KL-ONE-
likelanguage. In John Sowa, editor, Principlesof Semantic
Networks: Explorations in the Representation of Knowl-
edge. Morgan Kaufmann, San Mateo, US, 1991.

[Donini, 2002] Francesco M. Donini. Complexity of reason-
ing. In Franz Baader, Diego Calvanese, Deborah McGuin-
ness, Daniele Nardi, and Peter F. Patel-Schneider, editors,
The Description Logic Handbook: Theory, Implementa-
tion, and Applications, chapter 3. Cambridge University
Press, 2002.

[Frank, 1999] Gleb Frank. A general interfacefor interaction
of special-purpose reasoners within a modular reasoning
system. In Papers from the AAAI Fall Symposium, pages
57-62, 1999.

[Horrockset al., 2000] lan Horrocks, Ulrike Sattler, and
Stephan Tobies. Practical reasoning for very expressive
description logics. Logic Journal of the IGPL, 8(3):239—
264, 2000.

[Horrockset al., 2001] lan Horrocks, Frank van Harmelen,
and Peter Patel-Schneider. DAML+OIL language spec-
ification, March 2001. Document located on-line at
http://www.daml.org/2001/03/daml +ail-index.html.

[Levesque and Brachman, 1985] H. J. Levesque and R. J.
Brachman. A fundamental tradeoff in knowledge repre-
sentation and reasoning (revised version). In R. J. Brach-
man and H. J. Levesque, editors, Readings in Knowledge
Representation, pages 41-70. Morgan-Kaufmann, Inc.,
1985.

[Woods and Schmolze, 1992] William A. Woods and
James G. Schmolze. The KL-ONE family. Semantic
Networks in Artificial Intelligence, 23(2-5):133-178,
1992. Published as a specia issue of Computers &
Mathematics with Applications.

[Woods, 1991] William A. Woods. Understanding subsump-
tion and taxonomy: A framework for progress. In John
Sowa, editor, Principles of Semantic Networks: Explo-
rationsin the Representation of Knowledge. Morgan K auf-
mann, San Mateo, US, 1991.

[Woods, 1997] William A. Woods. Conceptual indexing: A
better way to organize knowledge. Technical report, Sun
Microsystems Laboratories, 1997.



The core of the description logic utilities are located in the package 'dl.jar’. To interface with the taxonomy API
in Java, you'll first need to get the classification kb itself which is an instance of dl.classifier.Kb. Thisis
"public static’ in the JTP interface so you can access it via the following code:

import dl.classifier.*; // The source of class 'Kb’

import jtp.frame.classifier.*; // The source of class
/1’ CassifierAski ngReasoner’

Kb _nyKb = d assifierAski ngReasoner. _Cl assifi erKb;
Once you have an instance of Kb, it isimportant to realize that the dl utilities use the class dl.classifier.Concept
as the primary object for talking about DAML classes. So, everything will need to be translated to and from
dl.classifier.Concept in order to interact directly with the taxonomy.
To get a Concept from a String "str’:

/1 Note that str has be in the sanme format used in the taxonony

/1 browser ("kb#::classnane"). So for exanple,

/1 "http://dogs.con dogs. danl #: : Dog"

Concept ¢ = Concept. Cast ToConcept (Resource. Get Resource(str));
To get a Concept from a JTP symbol "sym’:

Concept ¢ = Concept. Cast ToConcept ( Resour ce. Get Resour ce(
Cl assi fi er Aski ngReasoner . Convert SyntCbj ect ToStri ng(sym));

To get the string from a Concept 'conc’:
String s = conc.toString();

Now that we have the classification kb as well as the methods for Concept transation, one can use the following
interface method to access the taxonomy links:

java.util.Set s = nyKb.getTransitiveLi nkCl osure(conc, rel,
link _type, direct_only);

where the parameters are the following:
conc: (Concept) The root concept whose |inks we are |ooking at

rel: (Relation) Either Relation. KIND OF (subsuners) or
Rel ation. | NV_KIND OF (subsunees)

link_type: (int) A bitwise OR of one or nore of the follow ng:

Kb. A LINK - links to axi omati c subsumers/subsunees
Kb. I LINK - links to or fromconjunctive constituents
Kb. D LINK - Iinks to or fromdisjunctive constituents
Kb. S LINK - links to structural subsuners/subsunees

Kb. R LINK - redundant links to or from conjunctive
constituents

direct _only: (boolean) Do we want just direct links (true), or the
full transitive closure (false)

Note that the above link names are dightly different than those referenced in the paper. For all intents and
purposes, | and R links should be considered equivalent to the C links discussed in the paper.

Figure5: Introduction to the Taxonomy API




Following is some sample code to print out the direct subsumers and all subsumees of a’Dog’ concept that has
been loaded into JTP:

/1 Assuming dl.classifier.*, jtp.frane.classifier.*, and java.util.*
/1 have been inported.

/1l CGet the taxonony
Kb _nyKb = d assifierAski ngReasoner. _Cl assifi erKb;

/1l CGet a concept object for the followi ng DAM. cl ass
Concept myConc = Concept . Cast ToConcept (
Resour ce. Get Resource("http://dogs. com dogs. dam #:: Dog"));

/1 Get a set of the direct subsunmers of myConc

Set dir = nyKb.getTransitivelLi nkCl osure(nmyConc, Rel ati on._ KI ND_CF,
Kb. A LINK| Kb. | LINK| Kb. D LINK ||
Kb. S LINK | Kb. R LINK true);

/1l Get a set of *all* subsunees of myConc

Set all = _nyKb. getTransitivelLi nkCl osure(myConc, Relation._INV_KIND_COF,
Kb. A LINK| Kb. | _LINK]| Kb._DLINK |
Kb. S LINK | Kb. R LINK false);

/1 Print out the answers

Iterator i = dir.iterator();

Systemout. println("Di splaying direct subsuners of Dog:");

while (i.hasNext()) {
Systemout.println(((Concept)i.next()).toString() + " ");

}

i =all.iterator();
System out. print|n("Displaying all subsumees of Dog:");
while (i.hasNext()) {

Systemout. println(((Concept)i.next()).toString() + " ");
}

Figure 6: Sample usage of Taxonomy API




Source kb: http://mww.kdl.stanford.edu/peopl e/sscott/dogs.daml

<r df : RDF
xmns:rdf ="http://ww. w3. org/ 1999/ 02/ 22-r df - synt ax- ns#"
xm ns: rdf s="http://ww. w3. or g/ 2000/ 01/ r df - schema#"
xm ns: dam ="http://ww. dan . org/ 2001/ 03/ dam +oi | #"

xn1 ns ="http://ww. ksl . stanf ord. edu/ peopl e/ sscott/dogs. dam #"

<l-- =========== Primtive class/relation definitions ========== -->
<dam : Cl ass rdf: | D="Aninmal "> </danl: C ass>

<dam : Cl ass rdf: | D="Dog">
<rdfs:subd assOf rdf : resource="#Ani mal "/ >
<dam :disjointWth rdf: resource="#Cat"/>
</dam : d ass>

<dami : Obj ect Property rdf: I D="with">
<rdfs: subPropertyOX rdf:resource="#nod"/>
</ dam : bj ect Property>

<dam : Cl ass rdf: | D="Bl ackSpots">
<dam :intersecti onOf rdf: parseType="daml :coll ection">
<dam : d ass rdf: about ="#Spots"/>
<dam : Restriction>
<dam : onProperty rdf:resource="#nmod"/>
<dam : hasC ass rdf:resource="#Bl ack"/>
</dam : Restriction>
</ daml :intersectionCf >
</ dam : C ass>

<dan : Cl ass rdf: | D="DogWthM nFi veBl ackSpot s" >
<dam :intersecti onOf rdf: parseType="damnl : col | ection">
<dam : C ass rdf: about ="#Dog"/ >
<dam : Restriction dam : m nCardi nalityQ"5">
<dam : onProperty rdf:resource="#w th"/>
<dam : hasC assQ rdf: resource="#Bl ackSpots"/>
</ danl : Restriction>
</ daml :intersectionCf >
</ dam : Cl ass>

<dan : C ass rdf: | D="DogOr Br ownFur Or Bl ackFur ">
<dam : uni onOf rdf: parseType="danl : col | ecti on">
<dam : C ass rdf: about ="#Dog"/ >
<daml : Restriction>
<dam : onProperty rdf:resource="#w th"/>
<danl : hasC ass rdf:resource="#Br omnFur"/ >
</danl : Restriction>
<daml : Restriction>
<dam : onProperty rdf:resource="#w th"/>
<danl : hasC ass rdf:resource="#Bl ackFur"/>
</danl : Restriction>
</ dam : uni onCOf >
</dam : d ass>

</ r df : RDF>

Figure 7: Excerpt from the DAML+OIL Dogs kb used in the following examples.




Taxonomy from Dogs Kb centered at 'Dog’ (note use of different restrictions - existentia,
qualified cardinality, etc...).

Source kb: http://www.ksl.stanford.edu/peopl e/sscott/dogs.daml
Command: hg http://www.ksl.stanford.edu/peopl e/sscott/dogs.daml#::Dog

|- TOP
|- http://.../dogs.dam #:: Thi ng
| |- TOP [*]
|- http://.../dogs. danl #:: Ani mal Or Dar kFur
http://.../dogs. dam #. : Ani nal

| - http;)}.../dogs.darﬂ#::AnirraIOrDarkFur [*]
| - http://.../dogs. danl #:: DogOr Br owmnFur Or Bl ackFur
- http://.../dogs. danl #: . DogOr Br ownFur

http://.../dogs. dam #:: DogOr BrownFur Or Bl ackFur [ *]
p://.../dogs.dam #: : Dog
http://.../dogs.dam #::Littl eDog
|- http://.../dogs.dam #::Littl eDogbdd d
|- http://.../dogs. danl #:: Doghbodd dModLittl e
|- http://.../dogs.dam #: :Littl eDoghodd d [ *]

h

o=

http://.../dogs. danm #: : Bi gDog
|- http://.../dogs. danl #: . Bi gDogW t hDar kFur
|- http://.../dogs. danl #: . Bi gDogW t hBr ownFur
|- BOTTOM
http://.../dogs. dam #: : DogW t hSpot s
| - http://.../dogs. dam #:: DogW t hM nFi veSpot s
| |- http://.../dogs. dan #: . DogWt hM nFi veBl ackSpot s
I |- BOTTOM [*]
|- http://.../dogs. danl #: . DogW t hDar kSpot s
| - http://.../dogs.dam #:: DogW t hBr ownSpot s
| |- BOITOM [*]
|- http://.../dogs.dam #:: DogW t hBl ackSpot s

|
|
|
|
|
|
|
t
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
| | - http://.../dogs. danl #: : DogWt hM nFi veBl ackSpots [ *]
|

|

[- ...
http://.../dogs. dam #: : DogW t hFur
|- http://.../dogs. dam #: : DogW t hDar kFur
|- http://.../dogs.dam #: : Bi gDogW t hDar kFur [ *]
[- ...

Figure 8: DAML+OIL taxonomy generated by the JTP taxonomy browser.




Taxonomy from Dogs Kb centered at ' BigDog' (note the mix of digunctive and conjunctive concept structure).
Source kb: http://mww.kdl.stanford.edu/peopl e/sscott/dogs.daml
Command: hg http://www.kdl .stanford.edu/peopl e/sscott/dogs.daml#::BigDog

|- TOP
| - http://.../dogs.danl #:: Thi ng
| |- TOP [*]
|- http://.../dogs. danl #: : Ani mal Or Dar kFur
- http://.../dogs.dam #: : Ani mal
| |- ...
|- http://.../dogs.dam #: : Ani mal Or Dar kFur [*]
| - http://.../dogs. danl #:: DogOr Br owmnFur Or Bl ackFur
- http://.../dogs. danl #: : DogOr Br ownFur
- htthII.../dogs.dam #:: DogOr Br ownFur Or Bl ackFur [ *]
http://.../dogs. dam #: : Dog

I
I
I
I
I
I
I
t
|- [_GEN_ < MOD >]

- [ _EXISTS <http://.../dogs.danl #: : nod,
http://.../dogs.dam #:: Bi g, 1>]
| -

|
|
|
|
| |- http://.../dogs.dam #:: DogOr Br ownFur [ *]
| - http://.../dogs. danl #: . Bi gDogOr Br ownFur
http://.../dogs. dam #. : Bi gDog
| - http://.../dogs. dan #:: Bi gDogW t hDar kFur
|- http://.../dogs.dam #:: Bi gDogW t hBr ownFur
| - BOTTOM

Figure 9: Another DAML+OIL taxonomy generated by the JTP taxonomy browser.




