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Introduction to Boosting

Setup for Boosting
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Introduction to Boosting

Weak hypotheses

@ weak hypotheses:

g e e ] decision stumps on two
features

06 .. ° ° one can't do it
~ @ goal:
2o @ P 1 find convex combination
< [ of weak hypotheses that

o o 1 classifies all
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Introduction to Boosting

Boosting: 1st iteration

First hypothesis:
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Introduction to Boosting

Update after 1st

Misclassified examples
@ increased weights

{ After update

~ o @ edge of hypothesis
oe o 'Y decreased
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Introduction to Boosting

Before 2nd iteration

Hard examples
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Pick hypotheses
with high (weighted) edge

feature 2
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After update

@ edges of all past

hypotheses should be
small

feature 2
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Introduction to Boosting

Final convex combination of all hypotheses

Decision: S/ weht(x) >07?

feature 2
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Positive total weight - Negative total weight
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Introduction to Boosting

Protocol of Boosting [FS97]

@ Maintain distribution on N +1 labeled examples

o Atiterationt=1,...,T:
- Receive “weak” hypothesis h* of high edge
- Update d®~! to d more weights on “hard” examples

@ Output convex combination of the weak hypotheses

>y We h(x)

Two sets of weights:
- distribution on d on examples
- distribution on w on hypotheses
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Introduction to Boosting

Data representation

examples x, labelsy, h(x,) u?

v
1
—_
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neutral 0
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Introduction to Boosting

Edge vs. margin

[Bro9|

Edge of a hypothesis h* for a distribution d on the examples

accuracy of example

N
> ? d,

n=1
>

~~
weighted accuracy of hypothesis
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Introduction to Boosting

Edge vs. margin

[Bro9|

Edge of a hypothesis h* for a distribution d on the examples

accuracy of example

N
> ? d,

n=1
>

~~
weighted accuracy of hypothesis

depV

Margin of example n for current hypothesis weighting w

accuracy of example

. t
E u, Wy
t=1
7
-~

weighted accuracy of example
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Introduction to Boosting

Objectives

Edge
@ Edges of past hypotheses should be small after update
@ Minimize maximum edge of past hypotheses

Margin

@ Choose convex combination of weak hypotheses
that maximizes the minimum margin

Which margin?
SVM 2-norm (weights on examples)
“® Boosting | 1-norm (weights on base hypotheses)

feature 2

* feature 1
Connection between objectives?

Warmuth (UCSC) MLSS 2010, ANU 20 / 61



Introduction to Boosting

Edge vs. margin

min max edge = max min margin

t—1
min max u?-d =  max min Z ul wyg
desSN g=12,..,t—1 S—~— weSt—1 n=12,...N

edge of hypothesis q q=1
——

Linear Programming duality

Warmuth (UCSC) MLSS 2010, ANU

margin of example n

21/ 61



Introduction to Boosting

Boosting as Zero-sum-game
Rock, Paper, Scissors game

column player
R P S
wy Wy W3
R 4 0 1 -1
P d& -1 0 1
S d4 1 -1 0
gain matrix
Single row is pure strategy of
row player and d is mixed strategy

row player

Single column is pure strategy of

column player and w is mixed strategy

Warmuth (UCSC) MLSS 2010, ANU

[FS97]

Row player minimizes
Column player maximizes

payoff = d’Uw
= Zi,j diU; jw;

22 / 61



Introduction to Boosting

Optimum strategy

R P S
741 Wo w3
33 .33 .33

R d .33 0 1 -1
P d .33 -1 0
S d; .33 1 -1 0

—

@ Min-max theorem:

minmax d’ Uw = minmax d’ Ueg
w d J

= maxmin d"Uw = maxmin ¢;,Uw
w d

w i

= value of the game ( 0 in example )

€j is pure strategy
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Introduction to Boosting

Connection to Boosting?

Rows are the examples
Columns u9 encode weak hypothesis h9
Row sum: margin of example

Column sum: edge of weak hypothesis

® 6 66 o o

Value of game:
min max edge = max min margin

Van Neumann's Minimax Theorem

Warmuth (UCSC) MLSS 2010, ANU 24 / 61



Introduction to Boosting

Edges/margins
R P S
Wi W, Wz margin
33 .33 .33
R d .33 o 1 1 0
P d .33 -1 0 1 0 min
S d .33 1 -1 -1 0
edge
max
value of game 0
Warmuth (UCSC) MLSS 2010, ANU
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Introduction to Boosting

New column added: boosting

R o
P d
S d;
edge

w1
44

.22 0
.33 -1
44 1

A1

-1
-.22
max

S

W3

22

-1
1
0

11

ws  margin

.33
1 A1
1 A1
-1 A1
11

Value of game increases from 0 to .11

Warmuth (UCSC)
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Introduction to Boosting

Row added: on-line learning

R P S
Wi W, W3 margin
33 44 22
R o 0 0 1 -1 22
P d 22 -1 0 1 -.11 min
S d; 44 1 -1 0 -.11
d, .33 -1 1 -1 -.11
edge -11 -11 -11
max

Value of game decreases from 0 to -.11
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Introduction to Boosting

Boosting: maximize margin incrementally

wi w? o owd wi o ows o ow
dl1 0 d12 0o -1 df’ 0o -1 1
d21 1 d22 1 0 dg’ 1 0o -1
d§ -1 d32 -1 1 d33 -1 1 0
iteration 1 iteration 2 iteration 3

@ In each iteration solve optimization problem to update d
@ Column player / oracle provides new hypothesis

@ Boosting is column generation method in d domain
and coordinate descent in w domain

Warmuth (UCSC) MLSS 2010, ANU 28 / 61
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What is Boosting?

Boosting = greedy method for increasing margin

Converges to optimum margin w.r.t. all hypotheses

Value

L I L I I L I I L
0 5 10 15 20 25 30 45 50

35 40
Number of Selected Hypotheses

Want small number of iterations
Warmuth (UCSC) MLSS 2010, ANU 30 / 61



What is Boosting?

Assumption on next weak hypothesis

For current weighting of examples,
oracle returns hypothesis of edge > g

Goal

@ For given ¢, produce convex combination of weak hypotheses
with soft margin > g — ¢

o Number of iterations O(*&")

Warmuth (UCSC) MLSS 2010, ANU 31 /61



What is Boosting?

Recall min max thm

Warmuth (UCSC)

min  max u’-d
deSN g=12,..,t ~
edge of hypothesis q

t
= max min E ul wy
weSt n=1,2,...,N 1
q:
—_———

margin of example n

MLSS 2010, ANU
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What is Boosting?

Visualizing the margin

feature 2
=} © =} IS4 =} o
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What is Boosting?

Min max thm - inseparable case

Slack variables in w domain = capping in d domain

min max u’-d
dESN,dgll q=1,2,...;t S~ )
v edge of hypothesis q

t LN
= max min E ul wg + U, | —— g U
weSt >0 n=1.2,...N v
g=1 n=1
g

~
soft margin of example n

Warmuth (UCSC) MLSS 2010, ANU
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What is Boosting?

Visualizing the soft margin

hypothesis 2

Warmuth (UCSC)

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

8.

L z

0.1

0.2 0.3 0‘.4 O‘.S 0‘.6 0.7 0.8
hypothesis 1

MLSS 2010, ANU

0.9

35 / 61



What is Boosting?

LPBoost

° o o o =
Y N @ © =3

Objective value
°

dy

Warmuth (UCSC) MLSS 2010, ANU

Choose distribution that
minimizes the maximum
edge of current hypotheses
by solving:

min max u?-d
S pd=1d<i1 g=12,.t
N >
TV
Pip

All weight is put on
examples with minimum
soft margin
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Entropy Regularized LPBoost

Entropy Regularized LPBoost

1
min max u?-d+ ~A(d,d°)

S, dh=1d<i1 g=12,.t n

exp*” soft margin of example n ) o
d, = soft min
Z

Form of weights first in v-Arc algorithm [RSS+00]
Regularization in d domain makes problem strongly convex
Gradient of dual Lipschitz continuous in w  [e.g. HL93,RW97]

(]

(4
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Entropy Regularized LPBoost

The effect of entropy regularization

Different distribution on the examples
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LPBoost: lots of zeros / brittle
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feature 1

ERLPBoost: smoother
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Overview of Boosting algorithms

AdaBoost [FS97]

A ep(cw)
no S d,f,_l exp(—w;ut,)’

where w; s.t. Y, d T exp(—w ut)) is minimized

e 0> d:fleXP(*W “Z/)l o Z ut di Y exp(—w: uf) —ut-dt =0
) ow w=wr n=ny> d:flexp(—wt‘ ut,) - -

e Easy to implement
@ Adjusts distribution so that edge of last hypothesis is zero

@ Gets within half of the optimal hard margin [RSDO7]
but only in the limit

Warmuth (UCSC) MLSS 2010, ANU 41 / 61



Overview of Boosting algorithms

Corrective versus totally corrective

Processing last hypothesis versus all past hypotheses

Corrective  Totally Corrective

AdaBoost LPBoost
LogitBoost TotalBoost
AdaBoost* SoftBoost

SS,Colt08 ERLPBoost

42 / 61
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Overview of Boosting algorithms

From AdaBoost to ERLPBoost

AdaBoost (as interpreted in ~ [KW99,La99])
Primal: Dual:
min A(d,dt 1) max —InY., di texp(—nulw;)
st. d-u"=0, [d|;=1 st. w>0
Achieves half of optimum hard margin in the limit
AdaBoost* [RWO5]
Primal: Dual:
min A(d,d*1) max —InY_ di~texp(—nulw,)
st d-ut <, —Yel|w||1
Id|ls =1 st. w>0

where edge bound ~; is adjusted downward by a heuristic
Good iteration bound for reaching optimum hard margin

Warmuth (UCSC) MLSS 2010, ANU 43 / 61



Overview of Boosting algorithms

SoftBoost [WGRO7]
Primal: Dual:
- 0
T A(d, d%) min InZd0 exp(—n Z udwy
st. |dl;=1,d< i1 W,
d-u? <, —Wn) SNl - %Hle
1§q§t s.t. WZO ’l,bZO

where edge bound ~; is adjusted downward by a heuristic

Good iteration bound for reaching soft margin

ERLPBoost [WGV08]
Primal: Dual:

min v+ 1A(d,d° . t
a7 (d,d) min —%Inzn:dgexp(—nqz::lugwq

st. dfy=1,d<!1 WY X
d-ul <~, —mn) — 1l
1<qg<t st. w>0, |w|;=1,¢%>0
where for the iteration bound 7 is fixed to max(2In % 1)

Good iteration bound for reaching soft margin
Warmuth (UCSC) MLSS 2010, ANU 44 / 61



Overview of Boosting algorithms

Corrective ERLPBoost

Primal: ' . . .
min D g1 We(u? - d) + ~A(d, d”)
st. |d|l1=1,d< 11/1

Dual:

t
mJn —% In Zd?, exp(—n > ugwg — Mn) — %Hd’”l
n q=1
st. ¥v>0

where for the iteration bound 7 is fixed to max(2In £ 1)
Good iteration bound for reaching soft margin

Warmuth (UCSC) MLSS 2010, ANU

[5508]
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Overview of Boosting algorithms

[teration bounds

Corrective  Totally Corrective @ Strong oracle: returns
AdaBoost LPBoost hypothesis with maximum
LogitBoost TotalBoost edge

AdaBoost* SoftBoost

@ Weak oracle: returns

SS,Colt08 ERLPBoost hypothesis with edge > g

Iogﬂ . .
@ In O(—*>) iterations
within € of maximum soft margin for strong oracle
or within € of g for weak oracle
@ Ditto for hard margin case
e In O('°§2N) iterations consistency with weak oracle

Warmuth (UCSC) MLSS 2010, ANU 46 / 61



LPBoost may require Q(N) iterations

Overview of Boosting algorithms

wq Wo W3 Wy W margin
0 0 0 0 0
d; 125 +1 -.95 -.93 -.91 -.99 —
d, .125 +1 -.95 -.93 -.91 -.99 —
d; .125 +1 -.95 -.93 -.91 -.99 -
ds .125 +1 -.95 -.93 -.91 -.99 —
ds .125 -.98 +1 -.93 -91  +.99 —
dg .125 -.97 -.96 +1 -91  +.99 —
d; 125 -.97 -.95 -.94 +1 +.99 —
ds .125 -.97 -.95 -.93 -.92 +.99 -
edge .0137 -.7075 -.6900 -.6725 .0000
value -1
Warmuth (UCSC) MLSS 2010, ANU 47 / 61



Overview of Boosting algorithms

LPBoost may require Q(N) iterations

wq Wo w3 Wy Ws | margin
1 0 0 0 0
d 0 +1 -95 -93 -91 -99 1
d 0 +1 -95 -93 -91 -99 1
d 0 +1 -95 -93 -91 -99 1
d, 0 +1 -95 -93 -91 -99 1
ds 1 -98 +1 -93 -91 +99| -98
ds O -97 -9% +1 -91 +99| -097
d 0 -97 -95 -94 +1 +4+.99| -97
dg 0 -97 -95 -93 -92 +99| -97
edge -98 1 -93 -91 .99
value -1 -.98

Warmuth (UCSC)

MLSS 2010, ANU
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Overview of Boosting algorithms

LPBoost may require Q(N) iterations

wq Wo w3 Wy Ws | margin
0 1 0 0 0
d 0 +1 -95 -93 -91 -99 -.95
d 0 4+1 -95 -93 -91 -99 -.95
d 0 4+1 -95 -903 -91 -99 -.95
d, 0 +1 -95 -93 -91 -99 -.95
ds 0 -98 41 -93 -91 +.99 1
ds 1 -97 -9 +1 -91 +.99| -096
d 0 -97 -95 -94 +1 +99| -95
dg 0 -97 -95 -93 -92 +4+99| -95
edge -97 -9 1 -91 .99
value -1 -98 -.96

Warmuth (UCSC)

MLSS 2010, ANU
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Overview of Boosting algorithms

LPBoost may require Q(N) iterations

wq Wo w3 Wy Ws | margin
0 0 1 0 0
d 0 +1 -95 -93 -91 -99 -.03
d 0 +1 -95 -93 -91 -99 -.03
d 0 4+1 -95 -93 -91 -99 -.93
d, 0 +1 -95 -93 -91 -99 -.93
ds 0 +1 -93 -91 +99| -.93
ds O -.97 +1 -91 +.99 1
d 1 -.97 -.95 +1 499 | -.94
dg 0 -97 -95 -93 -92 +99| -93
edge -97 -95 -94 1 .99
value -1 -98 -96 -.94

Warmuth (UCSC)

MLSS 2010, ANU
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Overview of Boosting algorithms

LPBoost may require Q(N) iterations

wq Wo w3 Wy Ws | margin
0 0 0 1 0
d 0 4+1 -95 -93 -91 -99 -.91
d 0 +1 -95 -93 -91 -99 -.01
d 0 +1 -95 -93 -91 -99 -.01
d, 0 +1 -95 -93 -91 -99 -.01
ds 0 +1 -93 -91 +99| -91
ds O -.97 +1 -91 +99| -091
d 0 -.97 -.95 +1  +.99 1
dg 1 -97 -95 -93 +.99 | -.92
edge -97 -95 -94 -92 99
value -1 -98 -96 -.94 -92

Warmuth (UCSC)

MLSS 2010, ANU
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LPBoost may require Q(N) iterations

Overview of Boosting algorithms

Wi Wo W3 Wy Ws margin
5 .0026 0 0 4975
dy 497 +1 -9 -93 -91 -99 | .0051
d 0 +1 -9 -93 -91 -99 | .0051
d3 0 +1 -9 -93 -91 -99 | .0051
d, 0 +1 -9 -93 -91 -99 | .0051
d 0 +1 -93 -91 +.99 | .0051
ds .490 -.97 +1 -91 +.99 | .0051
d 0 -97  -95 +1  +.99 | .0051
ds .013 -97 -9 -93 +.99 | .0051
edge .0051 .0051 .9055 .9100 .0051
value -1 -98 -96 -94 -92 .0051

Warmuth (UCSC)

No ties!

MLSS 2010, ANU
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Overview of Boosting algorithms

LPBoost may return bad final hypothesis

How good is the master hypothesis returned by LPBoost compared
to the best possible convex combination of hypotheses?

Any linearly separable dataset can be reduced to a dataset on which
LPBoost misclassifies all examples by

@ adding a bad example
@ adding a bad hypothesis

Warmuth (UCSC) MLSS 2010, ANU 53 / 61



Overview of Boosting algorithms

Adding a bad example

wy Wo w3 Wy Ws margin
.5 .0026 0 0 4975
d 0 +1 -9 -93 -91 -99 .0051
d 0 4+1 -9 -93 -91 -99 .0051
d 0 +1 -9 -93 -91 -99 .0051
d, 0 +1 -9 -93 -91 -99 .0051
ds 0 -98 +1 -93 -91 +.99 | .0051
ds 0 -97 -96 +1 -91 +.99 | .0051
d 0 -97 -95 -94 +1 +.99 | .0051
dg 0 -97 -95 -93 -92 +.99 | .0051
dy 1 -.03 -.03 -.03 -.03 -.03 -.03
edge -03 —-03 —-03 —-.03 -.03
value -1 -98 -96 -94 -92 -—-.03

Warmuth (UCSC) MLSS 2010, ANU 54 / 61



Overview of Boosting algorithms

Adding a bad hypothesis

wq Wo w3 Wy Ws We | margin
0 0 0 0 0 1
d 0 +1 -9 -903 -91 -99 -01 | .0051
d 0 +1 -9 -93 -91 -99 -01 | .0051
d 0 +1 -9 -93 -91 -99 -01 | .0051
d, 0 +1 -9 -93 -91 -99 -01 | .0051
ds 0 -98 +1 -93 -91 +4.99 -01 | .0051
ds 0 -97 -9 +1 -91 499 -01 | .0051
d 0 -97 -95 -94 +1 +99 -01 | .0051
dg 0 -97 -95 -93 -92 +99 -01 | .0051
d 1 -03 -03 -03 -03 -03 -02] .0051
edge -03 —-03 —-03 —-03 -—-.03 -—-.02
value -1 -98 -96 -94 -92 -.03

Warmuth (UCSC) MLSS 2010, ANU 55 / 61



Overview of Boosting algorithms

Adding a bad hypothesis

wq Wo w3 Wy Ws We | margin
0 0 0 0 0 1
d 0 +1 -9 -93 -91 -99 -.01| -o01
d 0 +1 -9 -93 -91 -99 -.01| -.o01
d 0 +1 -9 -93 -91 -99 -.01] -.o01
d, 0 +1 -9 -93 -91 -99 -.01| -o01
ds 0 -98 +4+1 -93 -91 499 -.01| -.01
ds 0 -97 -9 +1 -91 499 -.01| -.01
d 0 -97 -9 -94 +1 +99 -.01| -.01
dg 0 -97 -9 -93 -92 +99 -.01| -.01
d 1 -03 -03 -03 -03 -03 -.02| —.02
edge -03 -03 —-03 —-03 —-.03 -.02
value -1 -98 -96 -94 -92 -03 -.02

Warmuth (UCSC)

MLSS 2010, ANU
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Overview of Boosting algorithms

Adding a bad hypothesis

wq Wo w3 Wy Ws We | margin
0 0 0 0 0 1
d 0 +1 -9 -903 -91 -99 -01| -.01
d 0 +1 -9 -93 -91 -99 -01| -—-.01
d 0 +1 -9 -93 -91 -99 -01| —.01
d, 0 +1 -9 -93 -91 -99 -01| -—-.01
ds 0 -98 +1 -93 -91 499 -01 | —-.01
ds 0 -97 -9 +1 -91 499 -01 | —-.01
d 0 -97 -9 -9 +1 +99 -01]| -—.01
dg 0 -97 -95 -93 -92 +99 -01| -.01
d 1 -03 -03 -03 -03 -03 —.02
edge -03 -03 —-03 —-03 —-.03 -.02
value -1 -98 -96 -94 -92 -03 -.02

Warmuth (UCSC) MLSS 2010, ANU 55 / 61



Overview of Boosting algorithms

Adding a bad hypothesis

wq Wo w3 Wy Ws Wg | margin

5 0 0 0 5 0
d 0 +1 -9 -93 -91 -.99 -01| +.005
d, 0 +1 -95 -93 -91 -99 -01| +.005
d3 0 +1 -95 -93 -91 -99 -01| +.005
d, 0 +1 -95 -93 -91 -99 -01| +.005
ds 0 -98 +1 -93 -91 +4.99 -01| +.005
ds 0 -97 -9% +1 -91 +4.99 -01| +.01
d 0 -97 -95 -94 41 +4.99 -01| +.01
ds 0 -97 -95 -93 -92 4.99 -01| +.01
dg 1 -.03 -03 -03 -03 -.03 -02| -.03

Warmuth (UCSC)

MLSS 2010, ANU
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Overview of Boosting algorithms

Synopsis

LPBoost often unstable

For safety, add relative entropy regularization

®

Corrective algs

e Sometimes easy to code
o Fast per iteration

©

Totally corrective algs

e Smaller number of iterations
o Faster overall time when € small

@ Weak versus strong oracle makes a big difference in practice

Warmuth (UCSC) MLSS 2010, ANU 56 / 61



Overview of Boosting algorithms

O(I%N) iteration bounds

Good
@ Bound is major design tool

@ Any reasonable Boosting algorithm should have this bound

Bad
| 2N
@ Bound is weak e=.01 [ N<1210°
e=.001|N<1.7107

@ Why are totally corrective algorithms much better in practice?

Warmuth (UCSC) MLSS 2010, ANU 57 / 61



Overview of Boosting algorithms

Lower bounds on the number of iterations

e Majority of Q('°§2N) hypotheses for achieving consistency with

weak oracle of guarantee g [Fro5]

e Easy: Q(%) iteration bound for getting within € of hard margin
with strong oracle
o Harder: Q(“&") iteration bound for stron oracle [Ne837?]

€

Warmuth (UCSC) MLSS 2010, ANU 58 / 61
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Conclusion and Open Problems

Conclusion

e Adding relative entropy regularization of LPBoost
leads to good boosting alg.
@ Boosting is instantiation of MaxEnt and MinxEnt principles
[Jaines 57,Kullback 59]
@ Relative entropy regularization
smoothes one-norm regularization

Open
@ When hypotheses have one-sided error then
O(@) iterations suffice [As00,HWO3]
o Does ERLPBoost have O(*%2") bound when hypotheses
one-sided?

@ Replace geometric optimizers by entropic ones
@ Compare ours with Freund's algorithms that don’t just cap, but
forget examples
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