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(a.k.a. “estimator”)

O=
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What is Active Learning?

Data '

.  J
Learning Source % 7 Expert / Oracle
Algorithm
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Request for the label of a data point

The label of that point
Request for the label of another data point
The label of that point
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Algorithm outputs a function

O=
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What is Active Learning?




Example: thresholds

An Example: 1-dimensional threshold functions.

—_|+—
0 1
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Example: thresholds
How many random labeled points are sufficient to

find the threshold, to within £ €? (with prob 1-0)

|+ + +++ +
0 1
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Example: thresholds
How many random labeled points are sufficient to

find the threshold, to within + €? (with prob 1-0)

If we get a — and + both within ¢ of z,
any point between them is within ¢ of z.

Analysis .
0. |
Given m random points:
X1, X0, ..., X, € &

then]P(z<X <z—|—5)—6
soP(FF<m:2<X; <z4¢e)=1—-(1—-¢)">1—e .
Similarly, P(Ti<m:2—e< X; < 2z)>1—e ™M,
Foranym>1ln(5),

with prob > 1 —2e7¢" > 1 -9, 4 + and — within ¢ of z.
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Example: thresholds
How many active label requests are sufficient to

find the threshold, to within £ €? (with prob 1-0)

How can we use active learning to reduce the number of labels?

Take m random unlabeled data points
Repeatedly request the label of the median between closest known + and -
Take the mid-point threshold between adjacent +/- points

+ + ++++
1

Classifier is the same we get from m labeled data points

But requested only log(m) labels!
Label complexity: Recall m = iln (%) points suffice for passive.

So log, (% In (%)) label requests suffice.
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Topics We Will Cover

» Disagreement-based active learning algorithms for binary
classification

* Active learning with and without noisy labels

 Will focus on provable results (theory)
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Formal Definitions

There is a target distribution Dxy over X x {—1,1},
with marginal D over X.

There is also a hypothesis class C of classifiers
h:X — {—1,1}. (a.k.a. concept space)

Define the error rate of a classifier
er(h) = P[h(X) 7& Y] for (X, Y) ~ DXy.

There are iid data points (X1,Y7), (X2,Y3),... ~Dxy
but the Y, are hidden from the learning algorithm
until individually requested.

© Steve Hanneke 10



Formal Definitions

Define the error rate ot a classifier
er(h) =Plh(X) #Y] for (X,Y) ~Dxy.

There are iid data points (X1, Y1), (X2, Y2),... ~Dxy
but the Y; are hidden from the learning algorithm
until individually requested.
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Formal Definitions

Define the error rate ot a classifier
GT(h) = P[h(X) 75 Y] for (X, Y) ~ ny.

There are iid data points (X1,Y7), (X2,Y3),... ~ Dxy
but the Y; are hidden from the learning algorithm
until individually requested.

Algorithm chooses X; to request label, receives Y;;
repeat up to n times.

We will be trying to choose h

to achieve small excess error: er(h) — in((fj er(g).
ge&
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Formal Definitions

Definition: An algorithm A(n) achieves label complexity
A(e, 6, Dxy) if it outputs a classifier h,, after at most n

label requests, and Ve, d € (0,1), Vn > A(e, 0, Dxy ),

Pler(h,) <e] >1—0.
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Important Distinctions

e Noise-free, a.k.a. the “realizable case”:
Dxy € Realizable(C) means 4f € C with er(f) = 0.
f 1s called the target function.

e Noisy, a.k.a. the “agnostic case”:
Dxy can be arbitrary.

© Steve Hanneke 14



Background:
Passive learning in the realizable case
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Empirical Risk Minimization
For L = {(ajlayl)a R (xmaym)} S (XX{_L—'—l})m
and h: X — {—1,+1}, the empirical error rate is

ere(h) = o 012y Tlh() # vl

Definition: A passive learning algorithm takes as
input any finite sequence £ € | (X x {—1,4+1})"
and returns a classifier h : X — {—1,+1}.

Definition: For a fixed hypothesis class C, a passive
learning algorithm A is called an empirical risk
minimization algorithm (ERM) if, for any

Lel (Xx{-1,+41})", A(L) € argrgléigerg(h).
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Empirical Risk Minimization

For L = {(3313 yl)a R (xma y’m)} S (XX{_L —I—l})ma
and h: X — {—1,+1}, the empirical error rate is

ere(h) = o 012y Tlh() # vl

Some “shorthand” notation:
er,,(h) =erp(h) for L ={(X1,Y1),..., (Xm,Ym)}
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VC Dimension

Definition: C shatters {x1,z2,...,2,} € X" if
Yyi1,Y2, ..., Ym € {—1,+1}, b € C such that

vie{1,...,m} h(z;) = yi.

Definition: The V(' dimension of C is the largest
m € Ns.t. H{xq,..., 2} € X that C shatters.

We will denote the VC dimension by d.
If d < oo, then C is called a V' class.
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VC Dimension

Definition: C shatters {x1,z2,...,2,} € X" if
Yyi1,Y2, ..., Ym € {—1,+1}, b € C such that
Vied{l,...,m} h(z;) = y,.

Definition: The V(' dimension of C is the largest
m € Ns.t. H{xq,..., 2} € X that C shatters.

B b E—
Thresholds can shatter one point
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VC Dimension

Definition: C shatters {x1,z2,...,2,} € X" if
Yyi1,Y2, ..., Ym € {—1,+1}, b € C such that
Vied{l,...,m} h(z;) = y,.

Definition: The V(' dimension of C is the largest
m € Ns.t. H{xq,..., 2} € X that C shatters.

+
- — -0

1

No threshold agrees with these labels, for any two points

So d=1 for threshold classifiers

© Steve Hanneke 20



VC Dimension

-or intervals, d=2
~or unions of k intervals, d=2k

~or linear separators in k dimensions, d=k+1

For axis-aligned rectangles in k dimensions,

d=2k
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Label Complexity of ERM

Lemma 1 [Vapnik, 82]: For a constant ¢, € [1, 00),
V¢ € N, for any distribution P on X and X1,..., X}
iid P, with probability 1 — «,
if V={heC:Vi</lh(X)) = f(X!)}, then
}Sbu‘]g; P(z : h(z) # f(z)) < #(dIn(el/d)+1n(1/a)).

s
Corollary: For a constant ¢, € [1,00), for any Dxy
in Realzzable(@) ERM achieves label complexity

A(e,0,Dxy) = &: 2 (dln (%) +In(5)) =0 (1).

S
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Disagreement-Based
Active Learning

AT



A Simple Strategy



CAL

A simple idea from Cohn, Atlas & Ladner (1994).

Algorithm: CAL(C,n)

0. Vo «—C,t—0

1. Form=1,2,...

2. If dhq, hy € V; s.t. hl(Xm) 75 hQ(Xm),

3. Request Y,

4. t—1t+1

5. Vi—A{heVi_1:h(Xn) =Y}

6. If t = n, Return an arbitrary classifier ha € Vi,
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CAL

A simple idea from Cohn, Atlas & Ladner (1994).

Algorithm: CAL(C,n)

0. Vo «—C,t—0

1. Form=1,2,...

2. If dhq, hy € V; s.t. hl(Xm) 75 hQ(Xm),

3. Request Y,

4. t—1t+1

5. Vi—A{heVi_1:h(Xn) =Y}

6. If t = n, Return an arbitrary classifier ha € Vi,

0 1
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Disagreement Coefficient

For 'H C C, define the region of disagreement
DIS(H) ={x € X : 3h,g € H s.t. h(x) # g(x)},

the r-ball centered at f:
B(f,r) =1h € C:P(x : h(z) # f(z)) <},

and the disagreement coefficient ot f with respect to C:

0, (ra) — sup PRISBE))

T’>’T‘0 T

Sometimes abbreviate: 6y = 6,(0).
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Disagreement Coefficient

DIS(H) ={xz € X : dh,g € H s.t. h(z) # g(z)},

B(f,r) =1h € C: Pz : h(z) # f(x)) <7},

0, (1) — sup PPISBU )

T>7T0 r



Disagreement Coefficient
DIS(H) ={x € X : dh,g € H s.t. h(x) # g(x)},

B(f,r)=4{h e C:P(x: h(x) # f(x)) <r},
_ P(DIS(B(f,7)))
O¢(ro) = sup .

r>7ro r

Example: thresholds, uniform D 7

Y Y
I I

B(f,r) is set of thresholds within r of 2

DIS(B(f,r))) =z —r,z+ 7).
Since P(DIS(B(f,r))) = 2r, we have 6y = 2.
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Disagreement Coefficient
DIS(H) ={x € X : 3h,g € H s.t. h(x) # g(x)},

B(f,r)=4{h e C:P(x: h(x) # f(x)) <r},
_ P(DIS(B(f,7)))
O¢(ro) = sup .

r>7ro r

Example: linear separators, d dimensions, uniform D on sphere

If we do the calculations, for small r,

P(DIS(B(f,r))) = © (Vdr),
and thus 0y = © (\/E)
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Disagreement Coefficient
DIS(H) ={x € X : 3h,g € H s.t. h(x) # g(x)},

B(f,r) =1h e C:P(z: h(z) # f(x)) <},
_ P(DIS(B(f,7)))
O¢(ro) = sup .

’I">’I”0 T

Example: intervals, uniform D

o=%|=1



Label Complexity of CAL

Theorem: For a constant ¢ € (0,00), for any
Dxy € Realizable(C), if f € C is the target func-
tion, CAL achieves label complexity A(e,d, Dxy) =

c-6¢(e) (dlong(e) + log log(él/e)> log é
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Label Complexity of CAL
Proof Sketch:
Denote by m; the m for the t*# label request Y,,,, .

L= [cl 404 (e) - (dlog(0129f(5)) +log IOgZ?/‘S)ﬂ .

Fort <n—-L, {Xm,4+1,---,Xm,, } NDIS(V;)| > L.
First L of these in DIS(V};) are conditionally (given
Vi) iid with distrib (given V;) equal to conditional of
X ~ D given X € DIS(V}).

Lemma 1 = with prob 1 —§/log,(2/¢e), Vh € Viyp,
P(h(X) £ f(X)|X € DIS(V})

< % (dlog(eL/d) + log 222} < 1.

© Steve Hanneke 33




Label Complexity of CAL
Virr € Vi = Vh € Viyp, P(R(X) # f(X))
= P(h(X) # f(X)|X € DIS(V}))P(X € DIS(V}))
+P(R(X) # f(X)|X ¢ DIS(V4))P(X ¢ DIS(V4))

P(DIS(V;)) P(DIS(V;))
= 90,0 >0 VHLQB(f’ 205 (¢) )

If suppeyy,, P(A(X) # f(X)) > e,
P(DIS(V, P(DIS(V,

P(DIS(Vi4+r)) <P (DIS (B (fa (zef((s) ))))) < =,

Union bound = this happens with prob 1 — o0 for all

t=0,L,2L,...,[logy(1/e)] - L.

sup P(R(X) 7 f(X)) < P(DIS(Vn)),

s0n > L - [log,(1/€)| suffices to guarantee
sup er(h) = sup P(h(X) # f(X)) <e.
heV, heV,
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Passive Learning
with Noisy Labels
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Where does “noise” come from?

Stochasticity of nature
Feature space under-specification

Multiple labelers, differing interpretations

Incompetent labelers
Model mis-specification
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Tsybakov Noise
Definition (e-minimal set): For € > 0,
let C(e) ={heC:er(h) —v <&}

Definition: For u,x € [1,00),
Dxy € Tsybakov(u, k, C) means
Ve > 0, diam(C(e)) < p-ex.

Example: if Dxy € Realizable(C)
C(e) = B(f,¢), so diam(C(e)) < 2e.

© Steve Hanneke 37



Excess Risk Bounds for ERM

For H C C and « € (0,1), define
Em(H, o) =
= (\/diam(H)(dlogqglm)—I—log(l/a)) | log%/oz)).
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Excess Risk Bounds for ERM

Lemma 2 [Koltchinskii, 06]: For any a € (0, 1),
m € N, and 'H C C, with probability 1 — «,

if f = ' h), then Vh
if f argzrg%er( ), then Vh € H,

erm,(h) — 3&173 er,(g) <er(h) —er(f)+ &En(H, )

er(h) —er(f) <er,,(h) —er,(f) + En(H, a).

Corollary: With probability 1 — o,
if h = arg I}]Lai(ré er,, (h), then
3

er (h) ~ inf er(f) < €n(C.0),
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Excess Risk Bounds for ERM
Corollary: If Dxy € Tsybakov(u, k,C), then with

probability 1 — ¢, if h = arg ];Lnig er,,(h), then
c

er (iz) — inf er(f) < - (dlog(m)+log(1/5)) 2%1.
fecC - m

Corollary: If Dxy € Tsybakov(u,k,C) and f =

argmin er(h), then ERM achieves label complexity
heC

A(e+er(f), 0, Dxy) = e ~2(dlog(d/e)+log(1/5))
— O (e%72).

© Steve Hanneke 40



Data-Dependent Bounds
Let &1,&2, ... be iid Uniform({—1,+41}).

For H C C, define (Rademacher process)

Rm(H)=gS;1€pH s oo & - (9(X5) — h(X5)).

Define (empirical diameter)

Dy (H) = sup 53" |g(Xs) — h(X5)].
) g,heH

Un(H,0) =

K . (R _|_ \/D log(log(m /9) I log(l/é))

(can take K = 752 for our purposes)
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Data-Dependent Bounds for ERM
Lemma [Koltchinskii, 06]: For any o € (0,1), m
N, and ‘H C C, with probability 1 — «,
if f = argmin er(h), then Vh € H,

heH
ery,(h) — Igrélf}{[l erm(g) < er(h) —er(f) + Up(H, )
er(h) —er(f) < ety (h) — ey (f) + Un (M, @)
Un(H,a) N1 < &, (H, ).
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Active Learning with Noisy Labels




Agnostic Case Example: Thresholds

|++ ++ +|++ +++ +
0 1

Better classifier
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Agnostic Case Example: Thresholds

| ++|++++++ +
0 1
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Agnostic Case Example: Thresholds
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CAL Revisited

Algorithm: CAL(C,n)

0. Vo «—C,t—0

1. Form=1,2,...

2. If dhq, hy € V; s.t. hl(Xm) 75 hQ(Xm),

3. Request Y,

4. t—1t+1

5. Vi—A{heVi_1:h(Xn) =Y}

6. If t = n, Return an arbitrary classifier ha € Vi,
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Batch-based CAL

Algorithm: BatchCAL(C,n)

0. Vo «—C,t 0,70, L1 —{}

1. Form=1,2,...

2. If 3hy, ho € Vist. hi(Xm) # ha (X)),
3 Request Y,,

! t—t+1

D. Ei—l—l — Ei—|—1 U {(Xma Ym)}
6. If m=2¢"!
-

9.

Vite1 — {h eV, erg,,, (h) =0}

If ¢+ = n, Return an arbitrary classifier h,, € V;
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Data-dependent Bounds
Let &1,&s, ... be iid Uniform({—1,+1}).

For 7 € N, define

oi+1

é[z—l—l](v;) e % 2i£—1 Z fm'(g(Xm)_h(Xm))°
g,heV; m=2*+1

) 27,—|—1

D[z—I—l](VTL) = Sup 2%% E |g(Xm) — h(Xm)|
g,heV; m=2*+1

Uit1)(Vi,a) =

K . (R[:H—l _I_ \/D[z log(Qz/oz) | log(Ql/a)).

(can take K = 752 for our purposes)
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Data-dependent Bounds
Lemma: For o € (0,1), ¢ > 0, with prob. 1 — «,
lettmg Z’i—l—l — {(X2i+1, Y2i+1), cees ()(2?:4—1,Yv27;—|—1)}7

if f=arg }ILl’él‘I/l er(h), then Vh € V;,

rz 1 (h)_grél‘% ez, (g) < er(h)_er(f)_l_ﬁ[i—I—l] (‘/’M Oé).

For each i > 0, take o = §; = §/(4(i + 1)?).

n

T'hen this holds for every , with probability
1->226/(4(i+1)*)>1—4/2.
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Batch-based CAL

Algorithm: BatchCAL(C,n)

0. Vo «—C,t 0,70, L1 —{}

1. Form=1,2,...

2. If 3hy, ho € Vist. hi(Xm) # ha (X)),
3 Request Y,,

! t—t+1

D. Ei—l—l — Ei—|—1 U {(Xma Ym)}
6. If m=2¢"!
-

9.

Vite1 — {h eV, erg,,, (h) =0}

If ¢+ = n, Return an arbitrary classifier h,, € V;
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Robust CAL

Algorithm: RobustCAL(C,n)

0. Vo «—C,t 0,70, L1 —{}
1. Form=1,2,...

2. If dhq, hey € V; s.t. hl(Xm) 7& hQ(Xm}

3. Request Y, By induction, neve:
4. t—1t+1 removes the f with
5% Liv1 — L1 U{(Xm, YY)} min er(f).

6. If m = 2it! \- (
7. Viti+—qh eV erz,  (h) — minerz, (k')

(

< ff[-;-:+1] (Vi, 5@)}

8. i— i+ 1, and L1 «+ {}
9. If £t =n, Return an arbitrary classifier h,, € V;
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Data-dependent Bounds
For: e N, h,g eV,

erzi_|_1 (h) I erZz’—|—1 (g)

= % > (X)) # Y] =T{g(Xm) # Y

(X, Ym)E€EZi11

=1 >o  I[A(Xw) # Y] -1[g(Xim) # Yin]
(Xm ,Ym)EZit1:
X meDIS(V;)

=5 > I[R(Xm) # Yl -1[g(Xm) # Yol
(X, Ym)EL;11

Lit1
— |2—j| (er£i+1 (h) O (g)) .
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Robust CAL

Algorithm: RobustCAL(C,n)

0. Vo—C,t—0,710, L, —{}

1. Form=1,2,...

2. If dhq, hey € V; s.t. hl(Xm) 7& hQ(Xm),

3. Request Y,,

4. t—t+1

D. Liv1 < Liv1 U{(Xim, Yin)}

6. If m=2'"!

7. heVi:erz, ,(h)— min erz, ,(h')

h' € ‘rrz

< (A][?:H} (Vi, 5i)}

8. i— i+ 1, and L1 «+ {}
9. If £t =n, Return an arbitrary classifier h,, € V;
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Robust CAL

Algorithm: RobustCAL(C,n)

0. Vo—C,t—0,710, L, —{}

1. Form=1,2,...

2. If dhq, hey € V; s.t. hl(Xm) 7& hQ(Xm),

3. Request Y,,

4. t—t+1

5. Livi — Liv1 U{( X, Ym)}

6. If m=2¢t1

7. heV;:erg, (h)— min erg,  (h)

hev,

< (2/|Li1 )i Vi, 60) }
8. i<—1+1,and L;41 — {}
9. If t = n, Return an arbitrary classifier h,, € V;

© Steve Hanneke 55



Robust CAL

Algorithm: RobustCAL(C,n)

0. Vo —C,t—0,1—0,L; —{}

1. Form=1,2,...

2. If dhq, hey € V; s.t. hl(Xm) 7& hQ(Xm),

3. Request Y,,

4. t—t+1

D, Liv1 < Liv1 U{(Xim, Yin)}

6. Ifm=2'"!

7. Vig1 < {h cVirerg,,  (h) — ]3161‘1} erg,. . (R)
< (2 |L151 )0 (Vi 05) |

8. i+—i+1,and L;11 «— {}

9. Ift =n, Return an arbitrary classifier hn €V
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Robust CAL

* RobustCAL never eliminates f = argminer(h)
heC

 But what is its label complexity?
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Abstract Error Bounds
Lemma: For § € (0, 1), with prob. 1—0/2, Vi > 0,

if f = arg min er(h) and §; = 6/(4(i+1)?), Vh € V,
c

erz, ,(h) —ggi‘% erz,. ,(g) < ef(h)—ef(f)JrU[iH] (Vi, 04)

er(h) —GT(f) < Crz, ., (h) —er'z, ., (f)_I—U[H—l] (‘/,“ 52)
U[i—|—1](Vi> 5;) A1 < Exi(Vi, 6:).

L,
- | 2_7/!_1| (er£i+1 (h) = CILi (g)) '

Crz; (h) —erz, ., (g)
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Abstract Error Bounds
Lemma: For § € (0, 1), with prob. 1—0/2, Vi > 0,

if f = arg min er(h) and §; = 6/(4(i+1)?), Vh € V,
c

ez (h)—;rél‘I/l oz, (g) < er(h)_er(f)_l_(\][i—l—l] (‘/’M 5’6)
er(h) —67“(]() < Crz, ., (h) —er'z, ., (f) _I—U[H—l] (‘/,“ 52)

Uin)(Viy 85) A1 < E9i (Vi 6;).

If diam(V;) > log(i/6)/2¢, then
E5:(V;, 8;) < C\/diam(Vz’) & + log (1/9))

22
for some constant ¢ € |1, 00). © steve Hanneke 59



Robust CAL

Algorithm: RobustCAL(C,n)

0. Vo —C,t—0,1—0,L; —{}

1. Form=1,2,...

2. If dhq, hey € V; s.t. hl(Xm) 7& hQ(Xm),

3. Request Y,,

4. t—t+1

D, Liv1 < Liv1 U{(Xim, Yin)}

6. Ifm=2'"!

7. Vig1 < {h cVirerg,,  (h) — ]3161‘1} erg,. . (R)
< (2 |L151 )0 (Vi 05) |

8. i+—i+1,and L;11 «— {}

9. Ift =n, Return an arbitrary classifier hn €V
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Label Complexity of Robust CAL

Suppose Dxy € Tsybakov(u, Kk, C)

and f = arg %11%:1 er(h).

Theorem: For a (u,k)-dependent constant ¢y €
(0,00), RobustCAL achieves label complexity

1 2 d
Ale+er(f),8,Dxy) = c1-0;¢ (52) % 2d] 0g (55)

~

Recall passive learning has O ( . 2)
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Label Complexity Analysis: Sketch
Suppose the 1 —4§/2 prob. event (from the lemma).
Claim 1: Vi, f € V;. (proved already)

Claim 2: For some constant a € |1, 00),

ViV, C C (a- (di—I—log.(l/é))T&lw |

2’&

Claim 3: For any n > clé’fg%—Q log2 %7
the final value of ¢ is greater than

= [(2 — —) log, ( ) + log, (03dlog (—f)ﬂ
Therefore, V; C V; C C(e).
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Label Complexity Analysis: Sketch

Claim 2: For some constant a € |1, 00),

\V/Z., V., CC (CL . (di+102g(1/5)> mw |

Proof Sketch: (Induction) (base case i = 1)
Suppose true for . Then Tsybakov condition

dlam(‘/@) < kl . (di-HOg(l/(S))m.

21
Then V:i—l—l —
sheV;: ergiﬂ(h)—ﬂéi‘? erz,.,(9) Sﬁ[i—l—l](‘/ia 0;)
' geV;

C {h € V; : ex(h) —er(f) <2Un(Vi, 6:) }
CC (252@({/7;, 57;)) CC (kz \/diam(Vi)(di—Hog(l/é))

21
CC (kg . (d(i—l—l)—l—log(l/é)) m)Take a = k3

- © Steve Hanneke 63
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Label Complexity Analysis: Sketch
Suppose the 1 —4§/2 prob. event (from the lemma).
Claim 1: Vi, f € V;. (proved already)

Claim 2: For some constant a € |1, 00),

ViV, C C (a- (di—I—log.(l/é))T&lw |

2’&

Claim 3: For any n > clé’fg%—Q log2 %7
the final value of ¢ is greater than

= [(2 — —) log, ( ) + log, (03dlog (—f)ﬂ
Therefore, V; C V; C C(e).
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Label Complexity Analysis: Sketch
Claim 3: For any n > clé’fs%_z log? &%,
the final value of ¢ is greater than
I'=[(2-3)log, (2) +log, (cadlog (45))].

Proof Sketch:
Take © < I. Note

i+1
E [1£511|Vi] = S0 Zors1 P(Xm € DIS(V))|V)
= 2IP(DIS(V;)) < 2'0; - diam(V;)

< C5(9f2i (di—l—lo;(l/é)) 2r—1

— C5€f '2“_2 (dZ -+ log(1/5)) 2n1—1
< C5(9fQI (d] + log(l/&))2m1—1

S C6 Hf 8 K’ 2 d log (;% . © Steve Hanneke 65
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Label Complexity Analysis: Sketch
By Chernoff bound, with probability 1 — /2, Vi < I,
Liy1| < e70p-ex—2-dlog

Son > crly g2 dlog% i
suflfices to guarantee final ¢ > 1.

crlp-ex 2 dlog L - T <cgfy-ecx2-dlog” L.
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Current Hot Directions

* Efficiency [DHMO7,BDL09,BHLZ10]

* Improvements over the disagreement-based
approach [Das05,B8BZ207,BHV10,Han11]
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The End
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