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Abstract

We consider sorting data in noisy conditions. Whereas sorting itself is a well stud-
ied topic, ordering items when the comparisons between objects can suffer from
noise is a rarely addressed question. However, the capability of handling noisy
sorting can be of a prominent importance, in particular in applications such as
preference analysis. Here, orderings represent consumer preferences (“rankings”)
that should be reliably computed despite the fact that individual, simple pairwise
comparisons may fail.
This paper derives an information theoretic method for approximate sorting. It
is optimal in the sense that it extracts as much information as possible from the
given observed comparison data conditioned on the noise present in the data. The
method is founded on the maximum approximation capacity principle [2, 3]. All
formulas are provided together with experimental evidence demonstrating the va-
lidity of the new method and its superior rank prediction capability.

1 Introduction

Sorting items into ascending or descending order defines a fundamental topic studied in the context
of algorithm design. This topic arises frequently in many real-world problems. General-purpose
sorting routines are well studied over the past 100 years. A very good and in-depth overview of
sorting algorithms is provided by [1], starting with an elementary discussion on permutations. In
fact, sorting technologies can be understood as mechanisms that operate on the symmetric group
Sn (the space of all permutations over n items = rankings/orderings). At the beginning of a sorting
procedure, every element of Sn (each ordering) is equally likely. With increasing run-time, the sort-
ing algorithm gathers more and more information, i.e. paired comparisons are sequentially queried
and provided by an oracle. Thereby, the set of possible orderings is reduced. Finally the algorithm
outputs one ordering that is (maximally) compatible with the observed pairwise comparisons. In
other words, sorting algorithms aim at constructing a set of partial orders, reducing its cardinality so
as to ultimately end up with a single total order indicating the sorting result (see figure 1(a)).

There are a lot of different sorting algorithms proposed in the literature. Sorting approaches can be
schematically classified into sorting by insertion, exchanging, selection, and merging [1]. Techni-
cally, they differ in the order that the pairwise comparisons are queried from the oracle. The various
sorting techniques offer different computational complexities (typically eitherO(n2) orO(n log n)),
but also different level of robustness to errors that can occur during the sort.

We propose a new method to optimally sort data in noisy conditions. In this setting, the pairwise
comparison provided by the oracle might be contaminated by noise, i.e. the algorithm might receive
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Figure 1: A paired comparison-based sorting algorithm reduces the number possible orderings until
the final order is obtained (Figure 1(a)). As it is illustrated in Figure 1(b), when noise is involved
in the pairwise comparisons, sorting from a data source accounts for computing an approximation
set of orders (where applicable, the orders are weighted). The more noise in the data, the larger the
approximation set will be.

an inverted result for its query “<”. Several generative scenarios are imaginable: (i.) The items are
very similar to each other. Therefore, their relative order is confused. (ii.) Features are underlying
the items, and comparing items involves sampling from the feature distribution. (iii.) When eliciting
preferences of users or customers, people state wrong comparisons because they are unsure, indif-
ferent, tired, or unaware of consistent decision dimensions. (iv.) In sports games (tournaments), it is
natural to observe no absolute order of the teams’ performances.

Our approach takes such noise into account by not commiting to a single final order, but rather de-
termining a set of orderings that exhibit statistically equivalent (or weighted) approximate sortings
of the items (see figure 1(b)). The output of our algorithm hence is a set of orderings, called the
approximation set. Its cardinality is a function of the noise level in the data. In the limit of vanisi-
hing noise, we can shrink the approximation set down to one element (which constitutes the special
case of standard sorting). We wish to automatically adjust the cardinality of the approximation set
based on the noise type in the data in an effort as to extract as much reliable partial order infor-
mation as possible without being adversely affected by noise. Thereby, there is a tradeoff between
informativeness (favors a small approximation set) and stability (advocates a large approximation
set).

In order to optimally balance this tradeoff, we rely on an information theoretic model validation prin-
ciple called Approximation Set Coding (ASC) [2, 3]. The principle benefits from a generic set-based
coding and communication scenario. However, there exists a conceptual analogy between commu-
nication and learning: For communication, one demands a high rate (a large amount of information
transferred per channel use) together with a decoding rule that is stable under the perturbations of
the messages by the noise in the channel [4]. In this paper, we formulate sorting as a communication
problem by setting up a protocol that uses sorting solutions as codewords. Optimal communication
then prefers total orders which imply maximal partial order information but still are stable under
the noise. We demonstrate how to transform a sorting task to a communication setting and how to
compute the capacity of sorting solutions.

1.1 Relevant work

Sorting in noisy environments, despite its fundamental importance, is rarely discussed in the litera-
ture. [5] derives a lower bound on the number of comparisons required to approximate an arbitrary
ranking within a certain expected (Spearman’s footrule) distance. In [6], the robustness of sorting
and tournament algorithms against faulty comparisons is analyzed - asserting that in general, there
exists a tradeoff between the number of comparisons and the accuracy of the result. The work of [7]
examines ranking a collection of objects using pairwise comparisons, where the goal is to minimize
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the number of comparisons (by exploiting an assumed embeddability of the items into an Euclidean
space).

1.2 Application to preference learning

A set of items can be characterized in the most elementary form by a preference relation. Such
pairwise comparisons, that yield so-called paired comparison data, encode the preferences of items
in many different contexts. Comparing two items with an operator <, i.e. measuring whether an
item is bigger, higher, more preferred, ... than the other item endows an otherwise unstructured
pair of items with a very elementary piece of information (1-bit). The data comes from paired
comparison experiments: Many situations naturally produce pairwise comparisons such as sporting
events which involve two teams (e.g. football, basketball). Then, the record of wins and losses for
the teams constitute the data. In other situations, such as food tasting, pairwise comparisons are
helpful due to the difficulty of distinguishing preferences when more than two items are considered
simultaneously. An approach to preference modeling is the use of rankings, where e.g. items,
values, products or websites are ordered according to their degree of preference or importance.
Although direct rankings are popular e.g. in music, movies and food, giving a ranking of more than,
say, 5 items poses quite a difficult and time-consuming challenge for an interviewee to complete.
Deciding between just 2 items at a time is easier than immediately eliciting complete rankings and
thus generates data of superior quality. Thereby, pairwise preference data arises often naturally or
implicitly, e.g. click data. With many items up for consideration (e.g. products or websites), one
should expect missing or noisy entries in the reported pairwise preference data. Sorting then refers
to learning the complete preference structure, i.e. the reconstruction of the total order from pairwise
observed and potentially error-prone preferences.

2 Approximate Sorting

2.1 Problem formulation

Let n be the number of items to be sorted. From a mathematical point of view, ordering is a permu-
tation denoted by π. In an optimization context, the problem of sorting then technically rephrases
as: Among all permutations π, find the one that orders the items best. In learning terminology we
say that, consequently, the hypothesis class is the symmetric group of order n, i.e. H = {π ∈ Sn}.
The pairwise comparisons (the actual data) that a sorting algorithm can query/has access to are
provided in a pairwise comparison matrix X = (xij) ∈ {0, 1}n×n, i, j = 1, . . . , n. In order to stay
within the standard conditions of sorting, it is assumed that multiple queries to the same pairwise
comparison are not possible. A value of xij = 1 means that item i is larger than/preferred over item
j. W.r.t. the ranking-based notation, I[πi > πj ] indicates that the rank of item i (as induced by the
ranking π) is higher than the rank of item j, meaning that item i is smaller/less preferred (i.e. please
note that a ranking contains the ranks of items, not their order!). We can now write down a cost
function, which specifies good sorting solution

RSorting(π|X) =
∑
i,j

xijI[πi > πj ] (1)

This cost function counts the number of disagreements between the provided pairwise comparisons
{xij} and the pairwise comparisons I[πi > πj ] induced by a proposal ranking π from the hypothesis
class of orderings Sn. It optimizes for a ranking that exhibits the least number of contradictions
between the ordering and the pairwise comparisons.
For inference, we will have to evaluate sums over the hypothesis space (partition sums) such as

Z =
∑
π∈Sn

exp

(
−β(

∑
i,j

xijI[πi > πj ])

)
=

∑
π∈Sn

∏
i,j

exp

(
−β(xijI[πi > πj ])

)
, (2)

which is intractable for large n due to its non-factored nature. Also, item-rank assignments (the
assignments of items to ranks) are statistically dependent in this non-factored model.
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2.2 Mean-field equations for Sorting

However, we can set up a mean-field approximation which approximates average item-rank as-
signments qik = E{I[πi = k]} with other assignment variables by a mean-field Eik. Within an
E-parametrized family of factorial distributions Q(E), the most similar one is determined by mini-
mizing the Kullback-Leibler divergence as

DKL(Q||PSorting) =
∑
π∈Sn

Q log
Q

exp(−β(RSorting −FSorting))

=

n∑
i=1

n∑
k=1

qik log qik + βEQ{RSorting} − βFSorting (3)

An upper bound of the free energy FSorting is given by the non-negativity of the KL-divergence.
Upper bound minimization is performed under the constraint

∑n
k=1 qik = 1,∀i, yielding

0 =
∂

∂qik

n∑
j=1

n∑
k=1

qjk log qjk + βEQ{RSorting}+
n∑
j=1

λj(

n∑
k=1

qjk − 1)

=
∑
π∈Sn

∏
j≤n:j 6=i

qj,πj
I[πi = k]RSorting +

1

β
(log qik + 1) + λi (4)

Subject to the constraint of assigning item i to rank k, the expectation over all assignments is
EQi→k

{RSorting}. For the extremum of the bound, the necessary condition determines the mean-
field assignments

qik =
exp(−βEik)∑
k′ exp(−βEik′)

, with Eik = EQi→k
{RSorting}. (5)

To calculate the mean-fields, RSorting is decomposed into contributions which depend on item i and
on the costs of all other items. Each qik is influenced uniquely by the part which depends on the
item i. For sorting, meanfield approximation yields the parameters

Eik =
∑
j 6=i

(
(xij(

k+1∑
k′=1

qjk′)) + (xji(

n∑
k′=k+1

qjk′))

)
+ const. (6)

An iterative EM-like procedure computes the mean-fields and the probabilities by mutual condition-
ing. The tth iteration of the algorithm consists of two main steps. First, q(t)ik is estimated as a function
of E(t−1)ik (the qik’s can be used to determine the ranking by placing item i on rank argmaxk qik).
Second, E(t)ik is calculated for given q(t)ik .

Thereby, given the mean-fields and the assignment probabilities, an equivalent cost function for the
sorting problem can now be written as

RSorting(M |E) =

n∑
i=1

n∑
k=1

MikEik, (7)

where rankings are now represented via the item-rank assignment matrix M (Mik = 1 iff item i is
on rank k, Mik = 0 otherwise, i.e. Mik = I[πi = k]), and the mean-fields Eik have been computed
from the data (cf. with equation 1). In this factorial model, partition functions can be calculated in
a computationally efficient way:

Z =
∑
M

exp

(
−β(

n∑
i=1

n∑
k=1

MikEik)
)

=
∑
M

n∏
i=1

exp

(
−β(MikEik)

)
=

n∏
i=1

n∑
k=1

exp

(
−βEik

)
(8)

With a cost function that captures the problem at hand (here: sorting), and being able to compute
the associated partition sum over the hypothesis space computationally efficient, we now have all
ingredients to turn to the problem of approximate sorting.
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2.3 The principle of Approximation Set Coding for Sorting Problems

The sorting model is characterized by its cost function RSorting(π|X), where the solution (order of
the items) is captured in π.
Let X(m),m ∈ {1, 2} be two datasets from the same total order, but with different noise instantia-
tions. In most cases, their empirically minimal total orders are different due to different noise realiza-
tions. Hence, sorting the data by determining the empirical optimal total order lacks robustness. The
Approximation Set Coding (ASC) framework [2, 3] suggests to rank all sorting solutions by approxi-
mation weights w(π,X). ASC uses the family of Boltzmann weights w(π,X) := exp(−βR(π,X)),
parameterized by the inverse computational temperature β. Thereby two weight sums are defined

Z(m) := Z(X(m)) =
∑
π∈Sn

exp

(
−βR(π,X(m))

)
, m = 1, 2 (9)

and a joint weight sum is defined as

Z(12) =
∑
π∈Sn

exp

(
−β
(
R(π,X(1)) +R(π,X(2))

))
(10)

Essentially, Z(m) defines the resolution of the solution space. Very large β renders selecting the
empirical minimizer, which lacks robustness. Smaller β indicates involving more solutions which
yields to a coarser resolution of the solution space, i.e. a more stable solution set. Therefore,
the key problem of learning is to find the optimal resolution, i.e. the optimal tradeoff between
informativeness and stability. To answer this question, the ASC principle requires to optimize the
mutual information Iβ defined as

Iβ(X(1),X(2)) =
1

n
log(
|{σ}|Z12

Z1 · Z2
). (11)

The cardinality |{σ}| is the number of all distinct sorting solutions on X, i.e. the entropy of the type
of the empirical minimizer π⊥(X(1)). The maximum of Iβ with respect to β is called approximation
capacity. It determines the best tradeoff between stability and informativeness. Using these entities,
sorting solutions π are ranked according to their approximation capacity. The ordering π with the
maximal capacity is chosen as superior one.

2.4 Approximation Set Coding for Sorting

Consider a sorting task of n given items. The potential Eik (as derived in section 2.2) indicates the
cost of placing item i on rank k. In our sorting problem, the potentials Eik, 1 ≤ i ≤ n, 1 ≤ k ≤ n
are provided from the mean-field (see section 2.2). Given the potentials, approximation capacity is
computed by (i.) calculating the weight sums Z(m),m = 1, 2, and the joint weight sum Z(12) and
(ii.) maximizing Iβ (Eq. 11) with respect to β.
The weight sums are

Z(m) =
∑
π∈Sn

exp

(
−β

n∑
i=1

n∑
k=1

MikE(m)
ik

)

=

n∏
i=1

n∑
k=1

exp

(
−βE(m)

ik

)
(12)

M withMik ∈ {0, 1} and
∑
kMik = 1,∀i denotes the item-rank assignment matrix which encodes

the sorting solution π.
Similarly, the joint weight is calculated by

Z(12) =
∑
π∈Sn

exp

(
−β

n∑
i=1

n∑
k=1

Mik(E(1)ik + E(2)ik )

)

=

n∏
i=1

n∑
k=1

exp

(
−β(E(1)ik + E(2)ik )

)
(13)
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Thus, the mutual information Iβ yields

Iβ =
1

n
log |{σ}|+ 1

n

n∑
i=1

log

n∑
k=1

exp

(
−β(E(1)ik + E(2)ik )

)

− 1

n

n∑
i=1

log

( n∑
k=1

exp(−βE(1)ik )

n∑
k′=1

exp(−βE(2)ik′ )

)
. (14)

The approximation capacity is defined as the maximum of the mutual information Iβ over β, pro-
viding us with the corresponding βoptimal. With this technology at hand, data drawn from a noisy
pairwise comparison source can be sorted. The sorting results are sampled from the Gibbs distribu-
tion associated with the cost function given at the temperature Toptimal = 1/βoptimal). They optimally
balance the tradeoff between extracting as much reliable order information as possible from the data,
while at the same time being maximally robust against the noise type actually present in the data.

2.5 Experimental validation

First experimental results demonstrate that the new approximate sorting technique is capable of
sensibly sorting noisy data. Experiments were performed for n = 50 items with varying noise
levels. For generating the synthetic data, a simple noise model was assumed: the order between
items which are close to each other is confused with the noise fraction specified in the respective
experiments, whereas comparisons between distant items (e.g. between the first and the last item
in the correct order) are corrupted with vanishing probability. Flip probabilities are interpolated
between these extremes. This is a basic noise mechanism.

Figure 2: The resolution, at which we can look at orderings (as reflected in β), decreases with noise.

Figure 2 demonstrates that βoptimal (as inverse computational temperature) decreases with an
increase in the noise level. The more noise in the data, the higher the temperature must be at which
we analyse the data (the less order information we can extract). With little noise, on contrary, one is
able to extract much structure (high beta/low temperature).
The following diagnostic plots visualize the mutual information Iβ versus β for noise contingents
of 1%, 10%, and 25%, respectively. We can see that the mutual information strictly increases with
β (in a setting with as little noise as 1%), then, for increasing noise (10% and 25%) its maximum
shifts to the left and less mutual information is found, declining again after βoptimal is passed. For
data highly contaminated with noise, the mutual information decreases for too high choices of β
(too low temperature, resolution at which we look at the sortings is inadequately high given the
noise).
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We then investigated the prediction performance of our ap-
proximation set in comparison with the global minimizer so-
lution. To check the ability of recovering ranks, pairwise
comparisons were impurified with noise by comparing two
random draws from Normal distributions centered around the
true ranks of the items under comparison (i.e. π̃i ∼ N (µ =
πi, σ

2) and π̃j ∼ N (µ = πj , σ
2), xij = I[π̃i < π̃j ]. In

figure 3, the standard deviation σ adjusting the noise was
increased from 0 to 1. For a fair comparison, the global
minimizer was computed over both datasets X(1) and X(2),
i.e. the ranking π which minimizes RSorting(π|X(1),X(2)) =

RSorting(π|X(1)) +RSorting(π|X(2)) was chosen for predicting
ranks. The approximation set was fully automatically deter-
mined as proposed in this article. As we can see in figure
3, rank predictions based on approximate sorting are sub-
stantially better than considering only the global minimizer
(which corresponds to cooling down to zero temperature).
The proposed method is particularly helpful when there is a
portion of noise in the data (as we can expect in many real-
world situations, e.g. soccer matches). In the noise free case,
both approaches naturally perform the same.
In an analysis of real-world data, we exploited the superior
rank prediction capability of the new method to determine
both robust and informative ranks of German soccer teams
based on records of wins and losses.

Figure 3: The error in predicting ranks versus noise present in the data. This result promises that
predictions based on the approximation set outperform the global minimizer substantially! The
superiority in particular is more pronounced when more noise is involved. In the noise free case,
both cases fall together.
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3 Outlook

D. E. Knuth [1] believes that “virtually every important aspect of programming arises somewhere
in the context of sorting or searching”. This contribution considers sorting items under noisy condi-
tions. An optimal sorting procedure based on information-theoretic model validation was derived so
as to extract as much reliable order information as possible from the data. Our approach also exem-
plifies how Approximation Set Coding is employed to extract both informative and robust structure
in a context sensitive way. The search for optimal structures is guided by a problem dependent cost
function.

Future work includes the design of new sorting algorithms that actively choose paired comparisons
adaptively to the data (and their noise types) with the goal of minimizing query costs while maxi-
mizing information content and robustness. Such studies will also shed new light on the relationship
between computational complexity and statistical complexity. The hypothesis that robust solutions
can be efficiently found [8] can also be tested in the context of approximate sorting.
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