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Abstract

This papemresentananalysisof frictionlesscontactbe-
tweenarigid bodybelongingto arobotmechanisnandone
belongingo its ervironment.Accordingto thisanalysisijt is
possibleto designa hybrid motion/forcecontrollersuchthat
the motion andforce subsystemsire instantaneouslynde-
pendenbf eachother andbothareinstantaneouslindepen-
dentof the ervironmentaldynamics.Sucha control system
shouldbe ableto operatein an ervironmentwith unknown
dynamics.

1. Introduction

This papermpresents& mathematicaanalysisof the dy-
namicsof arobotmechanisnin whichasinglebodyis
makingfrictionlesscontactwith abodyin its erviron-
ment. Thelatteris assumedo be part of anarbitrary
rigid-body systemwith unknavn dynamics.Thecon-
tactis modelledasa generaholonomicconstraintoe-
tweenthetwo bodies;andit is assumedhatthedegree
of constrainiis constanat the currentinstant.

It is also assumedhat the contactconstraintsare
known, andthatthe positionsandvelocitiesof thetwo
participatingbodiesareknown andareconsistentvith
thecontactconstraints.

In additionto the above assumptionsthe method
usedin this paperrequiresthatthe participatingrobot
body have six degreesof motion freedom (DMF).
Apartfrom this, the methodis completelygeneraland
is applicableto ary kind of robot,includingserialand
parallel robots arms, mobile robots and robots with
non-rigidmechanisms.

The analysisemploysarticulated-bodyequationgo
modelthe dynamicsof the two participatingbodies,
and the change-of-basisechnique[l] to resole the
equationsnto two independensubsystemsTheanal-
ysis is conductedn a dual systemof vector spaces,
which assureghe invarianceand dimensionalconsis-
teng of theresultingequations.

The outcomeis a pair of equationspnedescribing
the behaiour of the contactingrobotbodyin the sub-

spaceof motionfreedomsandonein the subspacef
contactforces. At the currentinstant,theseequations
are decoupledrom eachother andthe motion equa-
tion is independenof ervironmentaldynamics. Fur-
thermore,althoughthe actual contactforce doesde-
pendon the ervironment,the sum of this force with
thatrequiredto maintaincontactwith the moving en-
vironmentdoesnot.

It is therefore possibleto designa hybrid mo-
tion/force controllerin which the motion and force
subsystemareinstantaneouslgecoupledandtheen-
vironmenthasnoinstantaneousffectonthecontrolled
behaiour of either subsystem. Therewill be non-
instantaneoueffects, of course,but theseare all felt
atthe positionandvelocity levels,nottheacceleration
level, so it may be possibleto treatthem as slowly-
varyingdisturbance$or the controlsystemto reject.

Suchacontrollershouldbeableto operaten contact
with anernvironmenthaving unknovn dynamics.

Theremainderof this paperis organizedasfollows.
First, alittle backgroundnaterialis presentedn order
to putthispapelinto context. Thisis followedby anin-
troductionto themathematicsf system®f dualvector
spaceswhichformsthe mathematicabasisfor all that
follows. The remainingsectionsdescribethe contact
model,theanalysisanda possiblecontrol strateyy.

2. Background

The main contribution of this paperconcernghe de-
greeto whichthemotionandforcecontrolsubsystems
of a hybrid motion/forcecontrollercan be decoupled
whentherobotis in contactwith anunknavn dynamic
ervironment. The problemsof dynamicscompensa-
tion anddecouplincghave alreadyreceved muchatten-
tion; for example,see[2, 3, 4,5, 6, 7, 8,9, 10, 11].
In particular it is alreadyknown that a hybrid mo-
tion/force controller with full compensatiorfor the
robot mechanisns dynamicswill exhibit decoupled
behaiour whentherobotis in contactwith arigid en-
vironment[12]; andit is known that decouplingcan



alsobe achi&ved whenthe robotis in contactwith a
generaldynamicernvironment,providedthe controller
hasatleastpartialknowledgeof theervironmentaldy-
namics[13, 14]. This papershows that the decou-
pling propertyextendsto the caseof contactwith an
unknavn dynamicervironment.

The subjectmatter of this paperis probablyclos-
estto thatof [13], sinceboth papergackleessentially
the sameproblem. The differencedie in the analyti-
calmethodtheresultsobtainedandtheproposedon-
trol scheme.This paperusesarticulated-bodynodels
for both the robot and the ervironment. The former
is closely relatedto the operational-spacapproach
[6, 15]; andthelatteris functionally equivalentto the
second-ordemodelin [13] for instantaneoudynam-
ics.

The analysisis carried out using the change-of-
basistechniquedescribedn [1]. The nearessimilar
ideais the modal decouplingof [3], which involves
an eigewvalue-basediecompositiorof the productof
an inversemassmatrix and a stiffnessmatrix. The
change-of-basitechniqueusesa differentkind of de-
compositionthat reducesmassmatricesandtheir in-
versesto block-diagonalform. Mathematically the
distinctionis thatmodaldecouplingworksona matrix
that transformsvectorswithin a single vector space,
whereaghe change-of-basidecompositiorappliesto
matriceghatmapvectorsfrom onespaceo another

Finally, this paperusesthe conceptof duality (or
reciprocity) betweenmotion andforce vectors,in or-
der to obtain an invariantformulation. It follows the
formalapproactadwcatedn [16], in whichthesevec-
tors are assignedo two distinct vector spacesgeach
beingthe dual of the other Many papersalreadyuse
notionsof duality and reciprocity but oftenin a less
explicit or lessformal mannerthanhere. (For exam-
ple, generalizedrelocitiesandforcesform a dual sys-
tem.) More informationon this topic canbe foundin
[17, 18, 19, 20, 9.

3. Dual Vector Spaces

A systemof dual vectorspacespr ‘dual system’for
short,is a mathematicastructurecomprisingtwo vec-
tor space®of equaldimensionanda scalarproduct(a
nondgeneratebilinear form) thattakesone algument
from eachspace Eachvectorspaceés consideredo be
thedualof theother

A dual systemcan be definedby listing its con-
stituentparts sowe shallusetheexpressionU, V, -) to
denotethe dual systemconsistingof the vectorspaces
U andV andthe scalarproduct'.’. If u € U and

v € V thenthe scalarproductmay be written either
u - v or v - u, bothmeaningthe same but the expres-
sionsu - u andv - v arenotdefined.

Dual systemsarise naturally in the mathematical
modellingof physicalsystemsn which a scalamphysi-
cal quantityequatesvith the scalamproductof two dif-
ferenttypesof vector In the caseof rigid-body sys-
tems,the scalaris work (or power, virtual work, etc.)
andthetwo typesof vectoraremotionsandforces.We
thereforedefineadualsystem(M™, F*, .) in whichM"
is a spaceof n-dimensionalmotion vectors,F” is a
spaceof n-dimensionalforce vectors,and the scalar
productis the work done by a force vector acting
on a motion vector Examplesof motion vectorsin-
clude (generalizedyelocities,accelerationsinfinites-
imal displacementanddirectionsof motionfreedom;
and examplesof force vectorsinclude (generalized)
forces,momentaandcontactnormals.

The samebasic structureappearsn bond graphs,
whereeffort andflow vectorscombineto form enegy
scalars,and alsoin tensorcalculus,where covariant
and contravariant vectorscombineto form invariant
scalars.In hybrid motion/forcecontrol, dual systems
supportinvariantformulationg16, 9].

3.1. Reciprocal Coordinates

A basison a dual system(U, V, -) is a setof vectors,
half of which form a basison U, while the otherhalf
form abasison V.

Let P be a basison (M"” F" .), andlet P
{Pwm, Pe} wherePy = {d4,...,d,} C M” isabasis
onM™ andPr = {ey,...,e,} C F” isabasisonF".
In P coordinatesmotion vectorsare expressedising
Py andforcevectorsusing Pr.

If theelementof Py and Pr satisfy

(1 ifi=j
di'ej_{ 0 otherwise

then Py is saidto be reciprocalto Pr, and P defines
a reciprocalcoordinatesystemon (M” F",.). (The
term‘dual coordinatesis alsoused.)Thespecialprop-
erty of reciprocalcoordinatess thatthe scalarmproduct
takesthe form m - f = m” f andis invariantwith
respecto ary changeof basisfrom onereciprocalco-
ordinatesystemto another
Reciprocalcoordinatesare the dual-systenequiva-
lent of orthonormal(or Cartesiangoordinatesn aEu-
clideanvectorspaceput thereis oneimportantdiffer-
ence:therearen? freedomgo chooseareciprocalba-
sison a dual systemcomparedvith only n(n — 1)/2
freedomsto choosean orthonormalbasison a Eu-
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Figurel: Thedifferencebetweeranorthonormabasison a
2D Euclidearspacdga)andareciprocabasisona 2D system
of dualvectorspacegb).

clidean n-space. Theseextra freedomsencompass
generalizedoordinatesandthey provide the change-
of-basistechniquewith enoughfreedomgo work.

The differenceis illustratedin Figure 1. The or-
thonormabasisin Figurel(a)consistf two unit vec-
tors at right angles. Sinceneitherthe lengthsof the
vectorsnor theanglebetweerthemcanbealteredthe
only parametethat canbe variedfreely is the overall
orientationof thebasis.In contrastthereciprocabasis
shavn in Figure 1(b) consistsof four vectorsin total,
twoin eachspaceln generalpnemaychooseary two
of thesevectorsfreely, leaving the othertwo to be de-
terminedby the reciprocity conditions;so thereare a
total of four freedomso choosea reciprocalbasison
thisdualsystem.

Although Figure 1(b) usesthe visual cuesof angle
and magnitudeto suggestthe reciprocity conditions
(for example,d; is shawvn atright anglesto e; to sug-
gestd, -e; = 0), it shouldberealizedthattheconcepts
of angleandmagnitudeareusuallyundefinedn adual
system.

3.2. Coordinate Transforms

In generalmotionandforcevectorsobey differentco-
ordinatetransformatiorrules. If P and( aretwo re-
ciprocalbaseson (M” F",.), andmp, mq, fp and
f, arecoordinatevectorsrepresentingn € M” and
f € F” in P and@ coordinatestespectiely, then

mg =X,mp, fo=X;fp,

rnp:)(:n1 mg , fp:X;lfQ,

whereX,,, andX; arethe coordinatetransformation
matricesthat performthe transformationgrom Py to
@wm coordinatesand Pr to Q¢ coordinatesrespec-

mapping | transformation transform
rule type

M™ - M* | Ag =X,, Ap X,,,' | similarity

M™— F* | Bg = X;BpX;,' | congruence

F*— M" | Cg =X, CpX;' | congruence

F* » F" | Do =X;DpX;' | similarity

Tablel: Transformatiomulesfor linearmappinggdefinedon
adualsystem.

tively. Thereciprocitypropertyensureshat
X; = XH7,

which is sufficient to guaranteehe invarianceof the
scalamproduct.

The two vectorspacef a dual systemgive rise to
four typesof linearmapping:M” +— M”, M* — F",
F* — M" andF" — F". They canall berepresented
usingn x n matricesput eachhasits own transforma-
tion rule, asshown in Table1. (They are essentially
the sameastherulesfor transforminghefour typesof
dyadictensor) Obsere thattwo mappingsobey sim-
ilarity transformswhich presere eigevalues,while
the othertwo obey congruencéransformswhich pre-
sene symmetryanddefiniteness.

3.3. Subspaces

Any subspacef avectorspacecanbeexpresseasthe
rangeof a suitablematrix. If S is an m-dimensional
subspacef ann-dimensionalectorspacehenit can
be expressedas the range of an n x m matrix S

whosecolumnsarethe coordinate®f ary m linearly-

independentectorsthatspanS. Thesevectorsform a
basison S, so S senesto defineboth a subspacend
abasis.Thematrix transformdike its columnvectors;
andary elemenbf S canbeexpressedn theform S a,

wherea isanm x 1 vectorof coordinates.

Subspacegan be usedto define linear decompo-
sitions of the parentspace. If a vector spaceV is
the direct sum of two subspaces; and S (written
V = S @ S,) thenary vectorv € V canbedecom-
poseduniquelyintov = v; + v, wherev; € S; and
vy € S3. Any two subspacewill direct-sunto V' pro-
vided they have no nonzeroelementin commonand
their dimensionsumto thedimension®of V.

Thedecompositiortanalsobewrittenin theform

(8]

(8 ) ’

In thisequation]S; S, ] is asquarematrixthatcanbe
interpretechsacoordinatdransformand[ a? ol 17 is

V:S1a1+5202:[5152][



arepresentationf v in the coordinatesystemdefined
by thecolumnsof [S; S5 ].

If two subspaces C M™ andT C F" have the
propertythats -t = 0 for everys € S andt € T
thenwe saythat they arereciprocal,andwrite S |
T. If, in addition, they satisfydim(S) + dim(7") =
n (i.e., their dimensionssumto n) thenwe say that
T is thereciprocal complement of S, andwrite 7' =
S*. Reciprocalcomplementsre unique,and satisfy
(SHt = 5.

Notice that the word ‘reciprocal’ has a different
meaningn ‘reciprocalcomplementtothatin ‘recipro-
calbasis’.In theformer, it refersto thescrav-theoretic
definitionof reciprocitybetweerntwistsandwrenches;
while in thelatter, it refersto the factthatthe product
of thetwo setsof basisvectorss theidentity matrix. In
multilinearalgebra,S* wouldbecalledtheannihilator
of S.

34. M® and F®

Thedualsystem(M®, F .} isideally suitedto describ-
ing rigid-body dynamics;andmostexisting 6D vector

notationscan easily be translatednto a dual-system
format,sothatexisting formulasandequationcanbe

re-usedln generalthetranslatiomprocessnvolvesthe

following steps:

1. Formallyassigreachvectorquantityto theappro-
priatevectorspaceg(M® or F®), andclassifymap-
pingsanddyadicsasper Tablel.

2. Adoptareciprocakoordinatesysten(seebelow).

3. Corvert corventionalacceleration$o spatialac-
celerationg21], sothatthey behae like vectors.

4. Abandoncertainconceptsthat are incompatible
with duality (e.g.innerproductsprthogonatom-
plementsandthecommon-scre relationbetween
twistsandwrenches).

Most 6-D vector notationsuse Plucker ray and/or
axiscoordinategsee[20Q]). If ray coordinatesreused
for M® andaxis coordinategor F%, or vice versa,then
thecoordinatesrereciprocal.

4. Dynamic Model of Contact

This sectionpresentsa dynamic model of a general
stateof contactbetweerarobotbody B” andanenvi-

ronmentbody B°. Themodelconsistof anequation
of motion for eachparticipatingbody (in the absence

Figure2: Contactbetweerrobotbody B” andervironment
body B®.

of contact)anda descriptionof the contactconstraint.
Theequationsre:

a’ =" (f" —f°)+b", 1)
a®=®°f°+b°, 2)
a"—a°=S8°a+S°a 3)
and
(89Tt =0. (4)
(SeeFigure2.)

Eqgs.1 and2 expressthe dynamicbehaiour of B”
and B¢ in the form of articulated-bodyequationsof
motion [21]. This type of equationallows eachbody
to be a memberof an arbitraryrigid-body systemof
unlimited size and compl«ity. Neitherequationde-
scribesthe dynamicsof an entire rigid-body system,
but eachdescribeghe totality of dynamiceffectsthat
arefelt attherelevantbody They arethereforefully
generafor thetaskathand.

a” anda® arethe spatialacceleration®f B" and
B¢, respectiely; ®" and®* aretheirarticulated-body
inverseinertias;andb” andb® aretheir biasaccelera-
tions. b” is definedasthe acceleratiorthat B” would
haveif " —f< = 0, andthereforeaccountgor thesum
of all forcesactingon B” otherthanf™ — f¢. b® is
definedsimilarly. " and®¢ are SPSDmatriceswith
ranksequalto the DMF of their respectre bodies. At
oneextreme,if B¢ hadno freedomto move thenthe
rankof ®¢ wouldbezero(whichimpliesthat®¢ = 0).
At theotherextreme,if B" hadafull 6 DMF then®”
would have full rankandhencebe anSPDmatrix.

f" isaforcetransmittedo B” from otherpartsof the
robotmechanismandf® is the forcetransmittedrom
B to B throughthecontactf” is assumedo contain
all controllableforcesactingon B", but its exactdef-
inition canbe choserto suitindividual circumstances.
Any forcethatis notincludedin £” will haveits effects
incorporatednto b” instead.



Figure3: A rigid robot mechanism(a) and a robot with a
compliancebetweertheendeffectorandthearm (b).

5S¢ C MS is the subspace®f instantaneousnotion
freedomspermittedby the contactconstraintsat the
currentconfigurationand S¢ is a matrix representing
S¢. If thecontactimposesd constraintontherelative
motionof B” and B¢ thenS*“ hasdimensiors — d and
S¢isa6 x (6 — d) matrix.

Eq. 3 expresseshe acceleratiorconstrainimposed
by the contact,which is simply the time-deriative of
the velocity constraintequation:v” — v® = S a. At
the acceleratiorevel, all velocitiesareassumedo be
known; soa is treatedasa vectorof unknovnacceler
ationvariableswhile « is treatedasknown. S¢ is also
assumedo beknown.

Finally, Eq. 4 expresseghe fact that the constraint
force doesno work in ary directionof motionthatis
compatiblewith themotionconstraints.

Eq. 1 is capableof modellingthe dynamicsof ary
body in a generalrigid-body system. It is therefore
applicableto practically ary robot, including mobile
robots parallelrobotsandsoon. A coupleof examples
areshavn in Figure3. Both areserialrobotarms,and
in bothcasesB” is theendeffector

Figure3(a)shavsarobotwith arigid mechanism—
onecomposecentirelyof rigid bodiesandideal joints.
In this example,Eq. 1 canbe equatedwith the oper-
ational-spacdormulation of end-efector dynamics,
suchasEqgs.14or 50in [6] or Egs.3, 9 or 23in [15].
If wetake

Ax+p+p=F
to be a representate operational-spacérmulation,

where A is the operational-spaciertia of the end-
effector and ¢ and p contain velocity-productand

gravitational terms,respectiely, then®” = A~! and
b" = —A~!(pn +p).

Therobotin Figure3(b) consistof anend-efector
body connectedo the end of a rigid robot arm via
a generalizedspringanddamper A systemlike this
could be usedto modela robotwith a wrist-mounted
6-axisforcesensorTheendeffectorin this exampleis
kinematicallyindependenof thearm,soEg. 1 should
be the equationof motion of just this one body. &
shouldbe the inverseof the end-efector’s rigid-body
inertia; f” shouldbe the force transmittedto the end-
effectorthroughthespringanddamperandb” should
accountfor gravity andvelocity-productterms. Bear
in mind thata” refersto the acceleratiorof the end-
effector, nottheendof thearm.

5. Analysis

This sectionderivesan equationof motionfor B”, in-
cludingthe effect of the contact,usingthe change-of-
basistechniquedescribedn [1]. This methodrequires
®" to beanSPDmatrix, soit is applicableonly to sys-
temsin which B” has6 DMF in the absenceof the
contactconstraintlf B” hasfewer DMF thena differ-
entanalyticalprocedurenustbeusedwhichis outside
the scopeof this paper

Thefirst stepis to definefour subspacess;, Ss, 71
andTs, thatsatisfythefollowing equations:

S]EBSQZM6, T1EBT2:F6,
S1=5°, Ti=(®")"" S,
Sy =@ Ty, Ty = (S°)*t.

Thesespacesaredefineduniquelyby S¢ and®”, and
they have the effect of decomposingM® F¢, .} into
a pair of dual subsystems(Sy, T3, -) and(Ss, Tz, -),
which are alignedwith the directionsof freedomand
constraintasspecifiedby S¢ and(S°¢)*.

Thesecondstepisto definematricesS,, S,, T1 and
T, to representhe above four subspaceandsimulta-
neouslysatisfy

[S1S2]7 [T1 Ta] = 1loxs -

This conditionensureghat the columnvectorsof the
four matricesform a reciprocalbasison (M®, FS,.).
In this special basis, the coordinatesfall naturally
into two groups: one associatedvith (S;, 73, -) and
one with (S, 7%, ). Furthermore,®” takesblock-
diagonalform, with one blockin (S;, T}, ) andone
in (Sa,T5,-). If S; andT areary two matrix repre-
sentation®f S; andT; thenthereciprocitycondition
canbesatisfiedby choosing

Ty = (®7)7' 8 (ST (27)7'8y)~!



and
Sy =®" T, (T] & Ty)~".

Thenext stepis to transformEqs.1-4to thespecial
basis. If we defineX,,, andX; to be the coordinate
transformatiormatricesfor motion andforce vectors,
respectiely, from the givenbasisto the specialbasis,
then

X, =[T T2]F, X;'=[S:S:],
X;=[818:]", X;'=[T:T,].

If [ (a])7 (a})T ] isthecoordinatevectorrepresenting
a” in thespecialbasisthen

x|

:| :Slag—{—Sgag.

TT a
T7T a

and

All othermotionvectorstransformsimilarly; andforce
vectorsobey similar equationswith X; in place of
X,,.

TransformingEgs.1 and?2 to the specialbasispro-

duces
ar @ o [f-£] [
ay | 7| 0 @5, || f5 £ b;
(5)
and
aj | _ | 7, @5 7 b} 6
[as]‘[% @32][1‘5]*[1); - ®

where®}; = T{ ®" T; and®; = T] ®°T;,i,j €
{1, 2}, from theappropriatdormulain Tablel.
Transformingeq. 3 to thespecialbasisproduces

al—af | _[1]. b§

Ao ]=la ] [3]
whereb® = §¢ a. (Notethe specialform of S¢ in the
speciabasis.)As a is afreevariable thereis actually
no constrainbnthevalueof aj — a$; sotheconstraint
equationcanbe simplifiedto

a, —aj; = bj. (7
Finally, transformingEq. 4 to the specialbasis,and
simplifying theresult,produces

ff=0. (8)

Now thatthe equationsareall expressedn the spe-
cial basis,all thatremainsis to solve them. Substitut-
ing Eqg. 8 into Egs.5 and6 produces

aj = @, f] + b7, 9)
a; = @5, (£ — £5) + by (10)

and
a5 = ®5,f5 +b;. (11)

(We arenotinterestedn af.) Substitutingegs.10and
1linto Eq. 7 produces

5, (f5 — £5) + by — @5, f5 — b5 = b3,
from which we obtain

£ = (@5, +®5,) 7" (B3, €5 + b5 — b5 —bg) . (12)

Egs.9, 10 and 12 betweenthem describethe dy-
namicbehaiour of B", takinginto accountthe effect
of the contact. Eq. 9 describeghe behaiour of B”
in {S1,T1, ), while Eq. 10 (with £5 givenby Eq. 12)
describests behaiourin (Sa, 75, -).

The moststriking featureof theseequationds that
Eq.9is independendf ervironmentaldynamics.This
meanghatthebehaiour of B” in (S3, T4, -) is instan-
taneoushjindependenof ervironmentaldynamics al-
thoughthe environmentwill, of course,have an in-
tegral effect thatis evident over time. Anotheruse-
ful featureis that Egs.9 and 10 are decoupledrom
eachother which meansthat the behaiour of B”
in (S1, T, -) is instantaneouslindependentf its be-
haviour in (S3, Ty, -); andathird interestingfeatureis
thatof all the quantitiesappearingn Eq. 6, only ®¢,
andb§ have ary instantaneousffecton B”.

To summarizethe equationof motionof B” canbe
expressedasthe sumof two instantaneouslindepen-
dentsubsystemsonein (S;, T3, -), which is aligned
with themotionfreedomf thecontactconstraintand
onein (S, Ty, -), whichis alignedwith the directions
of constraint. The formeris instantaneouslyndepen-
dentof ervironmentaldynamics,while the latter de-
pendson only a subsetof the dynamicsof B¢. The
only assumptiomeededo achieve theseresultsis that
®" isanSPDmatrix.

6. Control

This sectionappliesthe resultsof the previous sec-
tion to the analysisof a controllaw for a hybrid mo-
tion/force controller It is showvn that the motion and
force subsystemsare instantaneouslylecoupledand
that the former is decoupledirom the environmental



dynamics. A modificationto the force subsystems
suggestedhatdecouplest alsofrom the environmen-
tal dynamics.

Considetthe following controllaw:

7= (®")"" (S1um — b)) + Touy, (13)
whereu,, andu; arevectorscomputedy themotion-
and force-controlsubsystemstespectiely. Obsere
thatit doesnot requireary knowledgeof the environ-
ments dynamics. Transformingthis equationto the
speciabasisproduces

7] _

fI |~
andsubstitutingheexpressiondor £f7 andf; from this
equationinto Egs.9 and10 produces

((1)11)_1 (um - b’i)

u; — (®4,)7'b5 |

al =u,, (14)

and
f5 + (B5,) "L ab =uy . (15)

Thesearetheequation®f motionfor B” underclosed-
loopcontrolvia Eq.13. Eq.14 describeshebehaiour
of B” in (S1,T1, -) asafunctionof themotioncontrol
signalu,,; andEq. 15 describeshe behaiour of B”
in (S2, T3, -) asafunction of the force control signal
IIf.

Theseequationsdescribea pair of decoupledsub-
systems,in the sensethat u,, hasno instantaneous
effectin (S,,73,-) andu; hasno instantaneougf-
fectin (S, 73,-). Thereforea hybrid motion/force
controllerthat useskg. 13 to combinethe outputsof
theforceandmotioncontrollaws exhibits no instanta-
neouscrosstalkbetweerthe motion andforce control
channelsTherewill, of coursestill be somedegreeof
cross-couplindgpetweerthe two subsystemshut these
effectsarecarriedvia position-andvelocity-dependent
terms,so it may be feasibleto treatthemas slowly-
varyingdisturbance$or the controlsystemnto reject.

Obsere thatneitherEq. 14 nor Eqg. 15 containsary
instantaneouslependeng on the ervironment. We
have alreadyestablishedhis propertyfor Eq. 9, soit
is not surprisingif it is inheritedby Eq. 14; but Eg. 15
demonstratethatthe ervironmentaldependencof £§
exactly cancelghatof (®%,)~" a7, sothatthe expres-
sionfs + (®%,) ! aj is independentf environmental
dynamics.This quantitycanbe thoughtof asthe sum
of thecontactforceandtheforcerequiredto accelerate
the robot so asto maintaincontactwith the erviron-
ment.

If theforcecontrolsubsystenis designedsothatthe
objective is to control the value of f5 + (®5,)~! a}

ratherthan fs, thenthe controlledbehaiour in both
the motion andforce subsystemsvill be independent
of ervironmentaldynamics.The ervironmentwill, of
coursestill have aneffectontherobot'sbehaiour, but
it doesso via position-andvelocity-dependenterms
which thecontrolsystencouldtreatasslowly-varying
disturbances.A control systemthat seeksto control
fS+(®5,)~" af in thefirstinstancestill hastheoption
of controllingfs via anouterloop operatingat alower
frequeng.

Finally, notethat Eq. 13 is not a new control law;
sotheresultsin this sectionapply alsoto ary existing
control schemethat happengo usethe samecontrol
law, or anequivalentone.

7. Conclusion

This paperhas presentedan analysisof frictionless
rigid-body contactbetweera generalrobotanda gen-

eral dynamicernvironment, which assumesnly that

the participatingrobotbody hassix degreesof motion

freedom.Theanalysisusesarticulated-bodyquations
to describethe dynamicsof the participatingbodies,
andthechange-of-basitechniqueo resohe the equa-
tionsinto independensubsystems.

It wasshawn thatthe equationof motion of the par
ticipatingrobotbody canberesolhedinto two subsys-
tems,onein the spaceof motionfreedomsandonein
the spaceof contactconstraintsandthatthe formeris
instantaneouslindependendf environmentaldynam-
ics.

A hybrid motion/forcecontrollerbasedon thesere-
sultsis free of instantaneousross-couplingbetween
the motion and force control channels,and the con-
trolled motion behaiour is instantaneouslyndepen-
dentof environmentaldynamics. If the force-control
subsystemis designedto control the sum of the ac-
tual contactforce andthe force requiredto accelerate
the robot in pursuit of maintainingcontact,then the
controlledforce behaiour is alsoinstantaneouslyn-
dependentf environmentaldynamics.

An experimentainvestigatiorof thistheoryis being
planned.
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