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Tableau lemmas and definitions

To prove that relations |=p and >1R are identical, we must define
conditions that M and TR should satisfy, but before we need to
state some auxiliary facts that we will use in a proof of Tableau
Metatheorem.



Lemma on open tableaus

Lemma (On open tableaux)

Let TR be a set of tableau rules, X be a finite subset of For, and
A € For. If there is a maximal and open TR—-branch starting from
{(B,wi(i)) : B€ XU{(A,wi(i))}}, for some i € N, then all
complete TR-tableaux (X, A, W) are open.
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The first definition we employ in the context of tableau
metatheorem concerns so called sound tableau rules TR for some
class of models M. The word “sound” means that applying the
rules leads “from truth to truth".

Definition (Rules sound to models)
For any set of tableau rules TR and any class of models M, we say
that the set of rules TR is sound to M iff for all sets
Xi,...,Xi € Ex (where 1 < i), all models 9t € M and all rules
R € TR, if:
> <X1,...,X,'> €R
» and 9 suitable to Xj,

then 90 suitable to Xj, for some 1 < j <.



Lemma on maximal and open branch

Lemma
Let:
> M be a class of models

> TR be any set of tableau rules that is sound to M
> MeM

» X be any finite set of formulas and i € N.

If 9 = X, then there exists a maximal and open TR-branch
starting from X"1() = {(A wi(i)) : A€ X}.



Generating of model

Definition (Generating of model)
Let TR be a set of tableau rules. Let ¢ be a TR-branch.
The set AT (¢) is defined as follows: x € AT (¢) iff one of the
conditions holds
> XEU(ﬁﬁ({rL(ml,...,m,) cmy,...,meNIU{i=j:ij€
N})

> xeJoNn{{x,t1,...,tn) : x € Var, t1,...,t, € Te,n € N}.



Definition (Generating of model cont.)
Branch ¢ generates a model M = ({Wi}icm, {Rj}jen, V) iff:

(0) W; is such a minimal set that (h,...,/,) € W; iff:
» fornoh < k,o<I,: k=o€ AT(¢) and
</1, ceey /,,> c {<_jl7 A ,_j,,> : Win(jl, - 7j,7) € AT(¢)}
» for some h < k,o<I,: k=o€ AT(¢) and (I,...,/,) is the
result of replacement of all occurrences of k by o in some

<g17. .. 7gn> S {(j]_,. .. ;jn> : Wl-n(j]_7. .. 7_j,~,) S AT(QZS)}, for all
k=o0¢c AT(¢), where k <o
(1) <m1,...,m/> € R, C Wy x---x W iff:
» fornomy < k,o<m;: k=o€ AT(¢) and
rk(mlv"'am/) € AT(¢)
> for some my < k,o < m;: k=o€ AT(¢) and (my,...,my) is

the result of replacement of all occurrences of k by o in some
re(g1,--.,8) € AT (@), for all k =0 € AT(¢), where k < o



Generating of model

Definition (Generating of model cont.)

(2) V(x,t1,...,tn) =1iff (x,t],...,t,) € AT(¢) and
(t1,...,tn) is the result of replacement in (t],...,t,) defined
in (0), for all x € Var.



Collorary

Let TR be a set of tableau rules. Let ¢ be an open and maximal
TR-branch. Then there exists such a model 2 that ¢ generates

m.



Class of models M sound to rules TR

Definition (Models sound to rules)
Let
» TR be a set of tableau rules
P> ¢ be an open and maximal branch
» M be a class of models.

M is sound to rules TR iff branch ¢ generates such a model 901
that:

> MeM
> M= X.



Closure under rules

Definition (Closure under rules)
Let X C Ex. We say that Y C Ex is a closure of X under TR iff
Y is a set that satisfies conditions:

> XCY

» for any rule R of TR and any n-tuple (71, 2Z,...,2Z,) € R,
where n€ N, if X C Z; C Y, then Z; C Y, for some
2<j<n



Lemma on existence of open and maximal branch

Lemma

Let X C For and i € N. If for all finite Y C X exists a maximal
and open branch starting with Y"1() = {(A wy(i)) : A€ Y}, then
exists some closure of X*"1() = {(A w;(i)) : A € X} under TR
that is an open and maximal branch.



Theorem (Tableau Metatheorem)
For any set of tableau rules TR and any class of models M, if:

1. set of rules TR is sound to class of models M
2. class of models M is sound to rules of TR,

then for all X C For, A € For the following statements are
equivalent:

> X Em A
> X >R A
> there is a finite Y C X and a closed tableau (Y, A, ®).
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Summary

The presented machinery can — at first glance — seem quite
complex and complicated.

And in fact it is, especially comparing with a usual, popular
approach. But we do the whole job only once and generally, and
henceforth we have many things for free.

How to define a tableau system for some logic?

At the beginning we have a logic (For, =pm) defined by a set of
generalized models M.

Then we define a set of tableau rules TR as it was defined.
Next, we just check whether TR and M are sound to each other.

Finally, we apply Tableau Metatheorem, and we get a complete
and sound tableau system, that works.

Now it is easier.
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Local entailment

Let us take consequence relation =, for some class of models M,
and branch consequence relation >R, for some set of tableau
rules TR.

Let moreover: =m=>TR.

Now, we assume some X C For, A € For, which we want to know
about, whether true is:

if >1Rr X,then >1R A.

To decide this we check in the way presented here, whether
X >1rr A, where TR’ is set of rules TR plus an additional rule:
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. Y .
R: YU{(ChY" where:

1. Ce X and (C,j) € Y, for some j
2. iex(Y).



Local entailment

. Y .
R: YU{(ChT" where:

1. Ce X and (C,j) € Y, for some j
2. iex(Y).

Clause 1 is about a finitary character of tableau proof of
X >1r’ A, for some finite Z C X, we start a tableau with
{(B,wmi(k)) : Be Z} U {(~ A,wi(k))} C Y, for some k.



Local entailment

. Y .
R: YU{(ChT" where:

1. Ce X and (C,j) € Y, for some j
2. iex(Y).

Clause 1 is about a finitary character of tableau proof of
X >1r’ A, for some finite Z C X, we start a tableau with
{(B,wmi(k)) : Be Z} U {(~ A,wi(k))} C Y, for some k.

Clause 2 says that to any C in Z, we can add any index that
appears during the proof.



Future problems
Our metatheory can be considered as a methodology of
construction of adequate tableau systems, so it results in some
other practical consequences:

>
| 4

a natural problem of estimations of tableau proofs

problems of economy of formulating and proofs in deductively
equivalent tableau systems

a problem of reduction of labelled tableau systems to
non—labelled ones — a problem of a theoretical borderline of
such reduction

a comparison of different tableau systems in one theoretical
framework

a comparison of our approach to other approaches/paradigms
— in respect of a level of generality

a problem of automatization of producing adequate tableau
systems for semantically determined logics

a problem of scope of automatic transformations of our
tableau systems into other kind of deductive systems.
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