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Abstract

Substructural logics are traditionally obtained by dropping some or all of the structural rules from
Gentzen’s sequent calculi LK or LJ. It is well known that the usual logical connectives then split into
more than one connective. Alternatively, one can start with the (intuitionistic) Lambek calculus,
which contains these multiple connectives, and obtain numerous logics like: exponential-free linear
logic, relevant logic, BCK logic, and intuitionistic logic, in an incremental way. Each of these logics
also has a classical counterpart, and some also have a “cyclic” counterpart. These logics have been
studied extensively and are quite well understood.

Generalising further, one can start with intuitionistic Bi-Lambek logic, which contains the dual of
every connective from the Lambek calculus. The addition of the structural rules then gives Bi-linear,
Bi-relevant, Bi-BCK and Bi-intuitionistic logic, again in an incremental way. Each of these logics also
has a classical counterpart, and some even have a “cyclic” counterpart. These (bi-intuitionistic and
bi-classical) extensions of Bi-Lambek logic are not so well understood. Cut-elimination for Classical
Bi-Lambek logic, for example, is not completely clear since some cut rules have side conditions
requiring that certain constituents be empty or non-empty.

The Display Logic of Nuel Belnap is a general Gentzen-style proof theoretical framework designed
to capture many different logics in one uniform setting. The beauty of display logic is a general
cut-elimination theorem, due to Belnap, which applies whenever the rules of the display calculus
obey certain, easily checked, conditions. The original display logic, and its various incarnations, are
not suitable for capturing bi-intuitionistic and bi-classical logics in a uniform way. We remedy this
situation by giving a single (cut-free) Display calculus for the Bi-Lambek Calculus, from which all the
well-known (bi-intuitionistic and bi-classical) extensions are obtained by the incremental addition of
structural rules to a constant core of logical introduction rules.

We highlight the inherent duality and symmetry within this framework obtaining “four proofs for
the price of one”. We give algebraic semantics for the Bi-Lambek logics and prove that our calculi are
sound and complete with respect to these semantics. We show how to define an alternative display
calculus for bi-classical substructural logics using negations, instead of implications, as primitives.

Borrowing from other display calculi, we show how to extend our display calculus to handle
bi-intuitionistic or bi-classical substructural logics containing the forward and backward modalities
familiar from tense logic, the exponentials of linear logic, the converse operator familiar from relation
algebra, four negations, and two unusual modalities corresponding to the non-classical analogues of
Sheffer’s “dagger” and “stroke”, all in a modular way.

Using the Gaggle Theory of Dunn we outline relational semantics for the binary and unary inten-
sional connectives, but make no attempt to do so for the extensional connectives, or the exponentials.

Finally, we flesh out a suggestion of Lambek to embed intuitionistic logic using two unusual
“exponentials”, and show that these “exponentials” are essentially tense logical modalities, quite at
odds with the usual exponentials.

Using a refinement of the display property, you can pick and choose from these possibilities to
construct a display calculus for your needs.
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1 Introduction

Substructural logics [2-2_:] are logics which are obtained by dropping some of Gentzen’s
original structural rules from his calculi LK and LJ. It is well known that the usual
logical connectives then split into more than one connective. Alternatively, one can
start with the (intuitionistic) Lambek calculus [{f4], which contains these multiple
connectives, and obtain numerous logics like: exponential-free linear logic, relevant
logic, BCK logic, and intuitionistic logic, in an incremental way. Each of these logics
also has a classical counterpart. Whether the logic is intuitionistic or classical usually
depends on whether we allow the right hand side of sequents to contain single formulae
or multiple formulae.

Traditionally, these logics have been studied from different philosophical viewpoints
which focus on particular structural rules, such as “logics without weakening” (rele-
vant logics) ['f_ﬂ, “logics without contraction” ['r_“)-l:], or as “logics with limited weakening
and contraction” (linear logic) [30]. Each of these communities has collected a vast
number of results about their favourite logics.

Augmenting the Lambek calculus with the duals of the traditional logical connec-
tives gives the Bi-Lambek calculus [#3]. The addition of the structural rules then
gives Bi-linear, Bi-relevant, Bi-BCK and Bi-intuitionistic logic, again in an incremen-
tal way. Each of these logics also has a classical counterpart. The logics without
exchange also have cyclic counterparts. Most of the traditional communities men-
tioned above have investigated the dual connectives which seemed interesting, from
their particular viewpoint, to varying degrees of success. Examples are: the study of
“right-difference” and “left-difference” in relevant logic [g, page 357], the unsatisfac-
tory attempt to add a dual intensional disjunction to BCK-logic [5(_)'], the question of
cut-elimination in non-commutative substructural logics [:_74], the intricacies of cut-
elimination for full intuitionistic linear logic [A1, 2], and the (unsettled?) question
of full cut-elimination in classical Bi-Lambek logic ['(_L-C_)‘] Only recently have we seen
attempts to obtain a general picture of these logics using uniform calculi, specifically
designed to cater for these “structural” variations [E_;, :_l-éi, Ej-g:, g-g, E)-fj:, :_1-33, f_)-ég E[E_; :_5-_7:, :_7-5_’]

The Display Logic [g} of Nuel Belnap is one such general (Gentzen-style) proof
theoretical framework designed to capture many different logics in one uniform setting.
The beauty of Display Logic is that display calculi enjoy a general cut-elimination
theorem, which applies whenever the rules of the display calculus obey certain, easily
checked, conditions. The original display logic 6, :_l-Q:] and its various refinements are
designed for particular logics like linear logic ], modal and tense logics (79, U3, 34,
relevant logics [p7], or the logic of relation algebras [35]. Although all these logics can
be seen as substructural logics, these display calculi are not suitable for capturing
bi-intuitionistic and bi-classical substructural (modal) logics in a uniform way. We
remedy this situation by giving a single generalised (cut-free) display calculus for
intuitionistic Bi-Lambek logic, from which all the well-known extensions are obtained
by the incremental addition of structural rules to a constant core of logical introduction
rules. The addition of four further structural rules gives the classical counterpart of
each of these logics.

Specifically, we obtain cut-free display calculi for intuitionistic and classical versions
of: non-associative Bi-Lambek logic, non-commutative full linear logic (= Bi-Lambek
logic), cyclic Bi-Lambek logic, Bi-linear logic, Bi-relevant logic, Bi-BCK logic, and
Bi-Intuitionistic (Heyting) logic. By adding only some of the “classicality” structural
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rules we obtain Lambek’s BL1a and BL1b [45]. In Section j[3 we also outline an idea
which may allow us to display the Basic Logic of Sambin, Battilotti and Faggian [:_7-3]

By extending the algebraic semantics [59] for the Lambek calculus to the intuition-
istic and classical extensions of Bi-Lambek logics, we prove that our display calculi
are sound and complete with respect to these algebraic semantics.

Our general display calculus enjoys a refinement of the display property which allows
us to pick and choose from (slight variants of) the various existing display calculi to
construct a display calculus for specific needs, allowing extensions of our display
calculus to handle intuitionistic or classical substructural logics extended with the
forward and backward modalities familiar from tense logic, the exponentials of linear
logic, the converse operator familiar from relation algebra, four negations, and two
unusual modalities corresponding to the non-classical analogues of Sheffer’s “dagger”
and “stroke”, all in an incremental, modular way. For example, we show how to
define a display calculus for bi-classical substructural logics using negations, instead
of implications, as primitives.

Using the Gaggle Theory of Dunn [2-43 we outline relational semantics for many of
the binary and unary intensional connectives, but make no attempt to extend these
semantics to the extensional connectives, or to the exponentials. Finally, we flesh out a
suggestion of Lambek to embed intuitionistic logic into any of our substructural logics
using two unusual “exponentials”, and show that these “exponentials” are essentially
tense logical modalities, quite at odds with the usual exponentials of linear logic.

As far as I am aware, there is no other unified account of all of these bi-intuitionistic
and bi-classical, substructural, modal/tense, “exponentiated” logics, in a cut-free
manner. However, in a companion paper [:_’;f_i'} we show how to generalise these ideas
and obtain these display calculi using the Gaggle Theory of Dunn [2-4:]

The major innovation in this paper is the use of additional structural connectives
to capture the inherent duality of every logic using dual sets of display postulates [36']
By doing so, we obtain a refined display property and complete a quest begun in [5]_:]
and [:_’)2:] Discussions with numerous people have helped (see the acknowledgements),
but the most important sources of inspiration have been Lambek’s [45] categorial
analysis of Bi-Lambek logic, and Dunn’s [2-(_5] instructions on how not to get confused
by residuation and Galois connections.

The display calculus presented here allows you to pick and choose certain sets of
logical connectives at will, according to your needs, as long as you respect the (limited)
display property. But the choice is not totally free since some connectives come in
non-divisible collections (partial- gaggles) Further work is required to give a system
with total freedom, but see Section .13 for a tentative solution.

The paper is structured as follows: In Section .1 we describe the syntax of our
logics. In Section -2: we describe display logic, the modifications that we need for
handling substructural logics, and the actual rules of our calculus for the binary
connectives. In Section '3 we describe the symmetry and duality inherent in the
logics and the display calculi. In Section 4. we describe bi-intuitionistic substruc-
tural logics. In Section E we describe bi-classical substructural logics, and also
the semi-classical logics BL1la and BL1b of Lambek (_lg In Section ';_3._ 1y we extend the
algebraic semantics for substructural logics to substructural logics with dual con-
nectives, and prove that our calculi are sound and complete with respect to these
semantics. We also outline an alternative syntactic method that simply simulates the
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traditional intuitionistic systems given by Ono [59_‘] In Section 5._2: we consider rela-
tional semantics for the intensional binary connectives. In Section :_7. we show that
explicit negations can also be brought into the generalised display framework. In
Section E_s’ we consider the non-classical versions of Sheffer’s “dagger” and “stroke”
operations. In Section g we show how to add modalities and converse. In Sec-
tion :_l-(j we flesh out Lambek’s suggestion for obtaining exponentials (essentially from
modalities) in order to embed Intuitionistic logic into any of the substructural
logics displayed here. In Section :l-]_; we show how to obtain the exponentials of
linear logic. In Section :_1-2 we discuss related work on general proof systems. In
Section :1-3_; we mention some further work. In Section :l-ég we discuss our results and
conclude. )

Acknowledgements: This work began in 1995 [31]. Since then, numerous people
have helped to crystallise those ideas into what is presented here. In particular, I am
extremely grateful to: Nuel Belnap for encouragement, J Michael Dunn for numerous
email discussions on gaggle theory and for pointers to the literature; Hiroakira Ono
for encouragement, pointers to the literature and for many enlightening discussions
on cut-elimination; Giovanni Sambin for inviting me to Padua to speak on display
logic, for encouraging me to “write down all you know about display logic” and for
many lively discussions on duality, distribution and nested turnstiles; Lev Gordeev
for pointers to the literature; two anonymous reviewers for suggesting many many
improvements; Jeremy Dawson for machine-checking many of the proofs; Stéphane
Demri for kindly proof-reading an earlier version; and James Harland for showing me
how to write upside-down ampersands. Thanks also to Greg Restall (whose paper
[66] also broached some of these issues) for many useful discussions.

1.1 Bi-Intuitionistic and Bi-Classical Substructural Logics

The formulae of our logics are built from a set of propositional variables {p, ¢, r,---}
and four constants 1,0, T, L with the help of numerous logical connectives using the
following BNF grammar where A and B stand for formulae:

AB == p|T|L|1]|0|CA|OA | A |MA|-A|1A|7A]
A—B|A—B|A®RB|A®B|A<B|A>B|
AANB|AVB|A><B|A<>B

In the first row above, the white diamond and white box are the traditional for-
ward looking modalities, the black diamond and black box are their backward looking
tense logical counterparts, and the curved “smile” is converse. The exclamation mark
and question mark are O-like and O-like modalities from linear logic [30]. In the
second row, the two arrows without tails are substructural versions of classical impli-
cation, the two arrows without heads are their algebraic duals. Some authors have
investigated these connectives under the name of “co-implication”. Negations can be
defined from the arrows and their duals using the constants 0 and 1 respectively. The
circled times and circled plus connectives are types of conjunction and disjunction.
In the third row, the wedge-like and vee-like connectives are types of conjunction
and disjunction, and the two strange connectives with two tails and two heads are
non-classical analogues of Sheffer’s “stroke” and “dagger”.

In the sequel we often speak of “intensional” and “extensional” connectives since the
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n-ary intensional connectives have Kripke-style semantics in terms of, usually n + 1-
ary, “accessibility relations”, and the extensional connectives often, but not always,
have semantics in terms of the usual set-theoretic notions of union and intersection.
The following map shows some of these properties. The “but-not” reading is suggested
by Lambek [45]:

symbol type reading symbol type reading
— intensional  if ... then ... > intensional not ... but ...
— intensional ... if ... ~< intensional ... but not ...
® intensional conjunction @ intensional disjunction
A extensional conjunction \% extensional disjunction
— intensional converse
& intensional  sometime future O intensional always future
¢ intensional ~ sometime past | intensional always past

Since substructural logics are motivated by proof theory, the logics are usually
formulated using Gentzen systems. Standard Gentzen systems for intuitionistic sub-
structural logics can be found in [:_1-9', :_2-(_):, 59_:] The systems for classical substructural
logics can be deduced from these, although the cut rule is usually not so easy to de-
duce. I am not aware of a good source for traditional Gentzen systems for substruc-
tural logics containing dual logical connectives, but there seems to be some question
as to their exact (cut-free) formulation [il, 40, {1, {[4]. The display calculi presented
here hopefully fill this gap.

2 Display Logic
Display Logic [8] is a very powerful Gentzen-style formulation, due to Nuel Belnap,
which generalises Gentzen’s notion of structures using multiple, complex, structural
connectives. The name comes from a fundamental property of all display calculi which
allows us to choose any particular constituent of a sequent and to make it the whole
of the right or left side by moving other constituents to the other side. There are now
numerous display calculi in the literature, each specialised to capture some specific
family of logics like: classical tense logics [79, 3, 84], various intuitionistic logics
(38, 81], relevant logics [57] and even the logic of relation algebras [35]. Needless to
say, we must assume that the reader is familiar with display calculi to some extent.
In our display calculi, structures are built using the following structural con-
nectives and BNF grammar rules where A stands for any formula and X, Y, and
later V', W and Z, stand for structures:

structural connectives

nullary I & XY= A|D|T]|

unary (o e £ b © oX | eX |£X |bX | ©X |
binary ;o< > XY | X>Y | X<Y

Note that, unlike in standard Gentzen systems, comma is not a structural connec-
tive in the sequel, and no structural connective is automatically polyvalent.
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A sequent is simply an expression of the form X Y with X the antecedent and
Y the succedent. A sequent rule is defined from sequents in the usual way with
the premisses above the line and the conclusion below the line.

2.1 Display Postulates

The “display property” is a by-product of special, reversible rules, called the display
postulates (also called display equivalences), which allow us to manipulate struc-
tures. These are shown in Figure :1: All these display postulates can be derived using
the procedure outlined in [36).

In Figure :J:, the notation rp(.,.), gc(.,.) and dgc(.,.) respectively stand for the
algebraic notions known as “residuated pairs”, “Galois connections” and “dual Galois
connections”, all restricted to operations that are unary [2-4] The ternary notation
rp(.,.,.) is just a generalisation of “residuated pairs” to “residuated triples” when
the operations under consideration are binary, and the notation drp(.,.,.) is its dual
[24_1] In the unary case, we cannot distinguish between “residuated pairs” and “dual
residuated pairs” hence there is no drp(., .).

d (ﬁb) EXFY (ﬁb)Xl_ﬁY
geld, gell,

Y + X Y FbX

oXFY XY

I‘p(o,o) _ I‘p(.’.) =

X koY X oY

X+HZ<Y Z<YFX

(> <) X;YFZ drp(;,>,<) ZF X ;Y

YHFX >Z X>ZFY

Fic. 1. Display Postulates

The rules rp(e, o) and rp(o, o) are from [79], the ge(4,b) and dgc(4, b) rules are from
[553‘], and the rules rp(;, >, <) and drp(;, >, <) are from [',_3-1:} Not all of these
structural connectives or display postulates will be used immediately.

These rules allow us to dis-assemble and re-assemble any structure bigger than a
formula so that any particular part of the structure can be made the whole of the
antecedent, or the whole of the succedent, depending on its “polarity”. The exact side
where a particular occurrence of a substructure finally rests depends upon whether it
is an “antecedent part” or a “succedent part”. We formalise this as follows.

Let +; stand for one of 4+ and —, j > 1. For every n-ary structural connective s,

we assign a tonicity vector tn(s,+1,---, %, ) according to the table below:
tl’l(;,—}—,—}—) tl’l(<,+,*) tl’l(>,7,—|—)
tn(e,4)  tn(e,+)
tl’l(ﬁ, *) tl’l(b, *)
tn(®, +)

Sometimes, we abuse notation and write tn(s, j, =;) to indicate that “s has tonicity
+; at the j-th place”, 1 < j < n. For example, tn( < ,2, —).
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In a sequent V F W, the structure V is an antecedent part and the structure W
is a succedent part. Then, given that the structure s(X1, ..., X,) with outermost
structural connective s is an antecedent [respectively succedent] part, the substructure
X is:

1. an antecedent [respectively succedent] part if tn(s, j,+)

2. a succedent [respectively antecedent] part if tn(s, j, —).

Intuitively, if s(X1,---,Xy) is an antecedent part, then its j-th argument is an
antecedent part [succedent part] if s has tonicity + [—] in its j-th position.

Two sequents s and s’ are structurally equivalent if we can pass from one to the
other (and back) using only the display postulates shown above. The name Display
Logic comes from the following theorem (which does not hold for subformulae!).

Theorem 2.1 (Belnap) For every sequent s and every antecedent/succedent part
X of s, there is a structurally equivalent sequent s’ that has X (alone) as its an-
tecedent/succedent. X is said to be “displayed” in s’ [8].

PROOF. By inspection of the display postulates. [ |

Example 2.2 The following derivation, read upwards, shows how to display the (succe-
dent part) B in the sequent (A > B) > C F D as the whole of the succedent in
A ; (C < D) &k B where the annotations at the right name the rule used:

A;(C<DHEB
p(;, >, <)
C<DFA>B
drp(;, >, <)
CH(A>B);D
drp(;, >, <)
(A>B)>CHFD

In the sequel, we just use (dp) as an annotation to mean “some display postulate”.

2.2 Logical Rules
Once we have the display postulates and the display theorem, we can give a core set
of logical and structural rules which will be common to all our display calculi.

In Figure ?: we give the logical rules that introduce the logical constants and the
binary logical connectives into the antecedent and the succedent. Note that every
introduced principal formula is “displayed”. We extend this set to include unary
modalities, exponentials, negations, and Sheffer’s stroke and dagger in later sections.
Thus some structural connectives are not used in Figure ?

Also, for every intensional logical connective ¢, one rule is always a simple “rewrite”
in which some structural connective in the premiss turns into the logical connective ¢
in the conclusion, with everything else remaining the same [:_3-1:] For example, in the
rule (® k), the structural connective ; turns into the logical connective ®, while in
the rule (F @), the structural connective ; turns into the logical connective @.

Thus the logical connectives come in pairs, with each component of a pair captured
by the same structural connective, but in different (antecedent or succedent) positions
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Intensional Introduction Rules

0F) OF &

an T

COR

@®h) %
AFX YFB

) TBFrx-v

A< B&RZ
(=) T=BFZ
X+HFA BFRY
A—-BFX>Y

(=F)

A>B&FZ

(=" I BFrz

$®)XFA Y+ B
X ;YFA®B

Z+A;B
F®) Zraes
Z+HA<B
=) Zra—s

= XFA BFRY
<) X—vra<s
Z+FA>B

=) Zva=5
AFX YFB

F>) x=vra-5

Extensional Introduction Rules

ArZ BrZ
AVBFZ

A Z BFZ
(AF)

(FVv)

ANBFZ AANBFRZ

(=M

(FT) IFT

ZFA Z+B
Z+FAVB ZFAVB

Z+FA ZFB
Z+-ANANB

F1G. 2. Logical Rules: Intensional and Extensional Connectives
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as shown below. Unlike in traditional Gentzen systems, antecedent and succedent
positions do not correspond exactly to left hand and right hand sides of sequents.

Structural Overloading

structural connective > < ;

antecedent position > <

o4 -
o =B

&
succedent position - o~ O
There is a simple mnemonic for remembering this overloading: the shape < ap-
pears in both the shapes «+ and <, while the shape > appears in both the shapes
— and >. Similarly, the shape of ® is a superposition of the shapes of the two
logical constants 1 and 0, and the shape of I is a superposition of the shapes of the
two logical constants T and L (well ... almost).

The rules for the intensional connectives —, «—, >, <, ®, @ all involve one of
the structural connectives. The rules for the extensional connectives A, V involve no
structural connective. Since no residuals for the extensional conjunction or disjunction
are postulated, the extensional connectives do not obey any distribution principle [:_7.]
That is, we do not have AA(BVC)F (AAB)VC or AN(BVC)E (AANB)V(ANC)
[:Z:, page 32]. However, due to the nature of the extensional rules and the display
postulates, we do have A® (BVC) F (A® B)V (A®C), but do not have A® (BVC)
(A®B)VC, which we leave as simple exercises for the reader (requiring approximately
ten rule applications each). For a historical discussion regarding the blocking of
distribution see also [i, page 34].

2.3 Limited Display Property

The ability to display any substructure has been the primary focus of extant display
calculi, but this need not be so. We now formalise a notion of a limited display prop-
erty based on the observation that each of our display postulates contains structural
connectives in only certain (antecedent, succedent or both) positions.

Given a sequent X F Y we can adorn every antecedent/succedent part occurrence
¢ of a structural connective with “a”/“s”. Doing so gives us the adorned structural
connective occurrences in X F Y. This notion is extended to sequent rules in the
obvious way. Intuitively, if ¢ is adorned with “a” then it will be displayed as the main
connective on the antecedent side.

An adorned connective occurrence ¢®/c® respects a display postulate if the struc-
tural connective ¢ appears as the outermost structural connective in an antecedent/
succedent position in that display postulate. That is, this display postulate can be
applied to display the substructures of this occurrence of c. For example, ; ¢ respects
rp(;, >, <), but both e® and e® respect rp(e,e).

Then, a given sequent V = W respects a collection of display postulates if every
adorned structural connective occurrence of V' F W respects some display postulate
in the collection.

Proposition 2.3 (limited display) For every collection C of display postulates, for
every sequent s that respects C, and for every antecedent/succedent part X of s, there
is a structurally equivalent sequent s’ that has X (alone) as its antecedent/succedent.
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PROOF. By definition. [ |

It may seem that the above definitions are just tricks since they restrict sequents to
those that will obey the limited display property. But there is a point to this limited
display property as shown below.

Consider the display postulate rp( ; , >, <) only from Figure -1:, the introduction
rules for ®, —, « from Figure ::a’, and a sequent X F Y which respects rp( ;, >, <).

Suppose that we now attempt to obtain a proof for this sequent by using these
introduction rules and the display postulate rp(;, >, <) in a backward manner.
Since all occurrences of the structural connectives ;, > and < in X F Y respect
rp( 5, >, <), we will be able to unravel substructures until we display some formula
A. Tf all formulae in X Y are built from primitive propositions and logical constants
using only ®, —, <, then the main connective of the displayed A will either have
an applicable “rewrite” introduction rule which (read upwards) converts the main
connective into a structural connective respecting rp(;, >, <), or will have a non
“rewrite” rule that may or may not be applicable. The upshot is that if a derivation
fails, then it is not because of the missing display postulates from Figure :_]:

Thus rp( ;, >, <), together with the introduction rules for ®, —, « is a display
calculus on its own right for sequents X F Y that respect rp(;, >, <) and which
contain formulae from the language restricted to ®, — and < only. In particular, it
is a display calculus for all end-sequents of the form A+ B where A and B are built
from primitive propositions and constants using only ®, —, and «.

Similarly, the display postulate drp( ;, >, <) and the introduction rules for @,
>, <, form a display calculus for sequents X F Y that respect drp( ;, >, <) and
that contain formulae from the language restricted to &, >, <.

The ability to separate the larger calculus into smaller calculi and still retain the
(limited) display property is not possible in previous display calculi since they build
in the inherent duality using .

If, for example, you do not need @, > and —<, then just leave out drp( ;, >, <),
and leave out the introduction rules for &, > and <. But beware! You now only
have a limited display property, so you must restrict yourself to end-sequents that
respect the collection C of display postulates that are present. Needless to say, in this
example, your formulae must not contain any occurrences of @, > and —<.

2.4 Structural Rules
The two rules shown below are common to all Display Logics. Note that we can cut
on formulae only.

XFA AFRY

(id) pFp (cut)
XkFY

The structural rules shown in Figure :_; imbue the structural connectives with the
properties that are shared by their corresponding logical entities. For example, as-
sociativity of ® and @ come from the rules (F Ass) and (Ass ) while their com-
mutativity comes from the rules (F Com) and (Com F). The associativity of ; in
an antecedent position does not imply the associativity of ; in a succedent position
since the display postulates rp(;, >, <) and drp(;, >, <) cannot interact. In
the display calculi of Belnap [g, Z_j] and Wansing [:Z-Q_:], such properties are intimately

tied together due to an extra structural connective x, see [:_1-(_):, 52_:, :1_1-3_;]
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Basic Structural Rules

I-X XEI
(VerD) y7x (Bfa-D) 7+
X:0oFY XFo,Y
(@F) XFrY Fet) Xxry
d:XFY XFY ;@
Further Intensional Structural Rules
X+Z YFHZ Z+X ZFY
(W ) X:YFZ X.YFZ (- Wk) ZFX.Y ZFX.Y
X:XFZ ZFX: X
(Crh) 77— (Fetr) —
X;Y;2)FW WkH(X;Y); Z
(Ass F) (- Ass)
(X)), Z+W WkEX; (Y ;2
Y. XFZ ZFY: X
(Comb) 3 r7 (F Com) v

F1G. 3. Basic and Intensional Structural Rules

The basic structural rules of Figure B are standard since they force 1 and 0 to behave
as identities for ® and @ respectively, and make T and L the familiar “verum” and
“falsum” constants respectively.

Associativity is included via the rules (- Ass) and (Ass F) in most of the logics we
mention, so we rarely mention this in their names. Omitting these structural rules
for associativity immediately gives the non-associative versions of all of our logics.

2.5 Grishin’s Rules, Yetter’s Rules and Derived Rules .
The rules shown in Figure:ff are originally due to Yetter [5-4:] and Grishin ['32_)‘] 2 Yetter’s
rules capture “cyclic” but non-commutative versions of linear logic while Grishin’s
rules turn all our intuitionistic substructural logics into classical ones.

We can add various parts of Grishin’s rules, if we wish. But if all of them are
present, we can add the invertible versions shown at the bottom of Figure :Ml: instead.

2.6 Various Display Calculi
Let 0BiL be the display calculus consisting of (in reverse order of appearance):

3 =

Notice that all these are forms of “associativity”, a fact also noticed by Allwein and Dunn [E, page 518].
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Yetter’s Rules in Structural Form

Vi:XF®

Yeth) ¥ vre

DY ; X

Yot o+ xv

Grishin’s Rules in Structural Form

X>Y; ; 2)rW
(X>Y);ZFW

(Grna(i) F)

(X;Y)<ZFW

(Grna(ii) ) X V<2 W

X>Y);ZFW
X>Y ,Z2)FW

(Grnb(i) F)

X;(Y<2)FW

(Grnb(ii) +) X V) <ZF W

WEX:Y)<Z
WkEX;(Y<2)

(F Grna(7))

WEX>(Y;2)

(F Grna(ii)) WE(X>Y): 2

WkEX; (Y <2)
Wr(X;Y)<Z

(F Grnb(7))

WhH(X>Y); Z

(- Gmb(ii)) 5~ 71 2)

Compact Form of Grishin’s Rules

Crnli) - X>Y; ; 2)rW - Cen(i
(Grn(i) F) Xov) .zt W (- Grn(i))

WE(X;Y)<Z
WkEX;(Y<Z2)

Genlii) - (X;Y)<ZEW - Grnlii
(Grn(i7) )X;(Y<Z)|—W (F Grn(i7))

WEX>(Y;Z2)
WH(X>Y); Z

F1G. 4. Further Structural Rules

- the basic structural rules from Figure ::3’,
- the rules (id) and (cut) from Section 2.4
- the intensional and extensional logical rules from Figure -_2

- the display postulates rp( ;, >, <), drp(;, >, <) from Figure -rl:

We can now form a display calculus for a particular substructural logic (extending
Lambek’s original Sentential Calculus) in a modular, incremental way by choosing
further structural rules from Figure E and Figure 2_1:, according to Table :!:, where: a
rule name like Com means the pair of rules (- Com) and (Com I), the rule (- Com)
stands for just the latter of this pair, and where “drvd” indicates that these rules
are derived (from the rules Com). Similarly, Grn(a) means all the rules Grna(i) and
Grna(ii), and Grn(b) means all the rules Grnb(i) and Grnb(is).

(Associative) Bi-Lambek logic and Non-commutative Bi-Linear logic are different
names for the same logic [:24-?] Lambek’s BL2 is Classical Bi-Lambek logic, while
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Version of Logic Intuitionistic Classical
Choice of structural rules Ass | Com | Ctr | Wk | Yet Grn
Non-associative Bi-Lambek v
BL1 = Bi-Lambek = v v
Non-commutative Bi-Linear BL2
Lambek’s BL1a v Grn(a)
Lambek’s BL1b v Grn(b)
Cyclic Non-commutative v v v
Bi-Linear
Bi-Linear logic v v drvd v
Non-commutative Bi-Relevant | v v
(Semi-Commutative) v | (FCom) | v v
Bi-Relevant
Bi-Affine (or Bi-BCK) v v v
Bi-Heyting v v v v | drvd v

TABLE 1. Various Displayed Substructural Logics

Lambek’s BL3 (not shown) is Cyclic Classical Bi-Lambek logic and is obtained by

adding Yet to BL2 [43].

Any display calculus extending dBiL by the addition of any collection of structural
rules from Figures E and :ff enjoys the following theorems.

Lemma 2.4 For any formula A, the sequent At A is provable.

PROOF. By induction on the formation of A.

Theorem 2.5 Every “rewrite” rule is invertible: if the conclusion of the rule is prov-
able then so are each of the premisses /',_?4, ::’)’2:/

PROOF. We give only the case for (® F) since the others are all analogous:

A;B+-Z

©F) T9B8FZ

A+A BFB hypothesis
———(F®)
A;BHFA®B AR BFZ
cut)
A;B+rZ

Invertibility of (® F)

The beauty of Display Logic is the following generic cut-elimination theorem.
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Theorem 2.6 (cut-elimination) If there is a proof of the sequent X 'Y, then there
is a cut-free proof of X Y (in the same display calculus) 4].

PROOF. The rules obey Belnap’s conditions C1-C8 [:_g] [ |

Belnap’s proof eliminates any application of cut, not just the highest one, as is
traditional in most cut-elimination proofs. Such a view of cut-elimination was inde-
pendently initiated by Mints [56]. An instance of Belnap’s proof to eliminate highest
cuts can be found in [35, Appendix]. Wansing [80] has proved strong cut-elimination
for Display Logic using ideas from the strong-normalisation proofs for lambda cal-
culi. That is, Wansing first shows how to “reduce”, or eliminate completely, a (not
necessarily highest) cut instance, as long as in one of the subproofs of this cut, the
sequence of inferences between the introduction of the cut-formula and this cut is
cut-free. There is always one such cut instance since the highest cut is guaranteed to
meet this restriction. Wansing then shows that any sequence of such reductions must
terminate, and that the resulting proof is cut-free.

3 Symmetry and Duality Rules O.K. ?

As stated previously, the intensional logical connectives come in pairs, with each com-
ponent of a pair captured by the same structural connective, but when the structural
connective is in different (antecedent or succedent) positions.

Below we define three maps 4, A and o that capture three transformations on
formulae, structures, rules and proofs. The Greek letter o is for “symmetry” and the
two deltas are for “duality” ['(_l-?j All missing entries are assumed to be the identity
map.

(X cY):=(Y°c® X% | (A)°
— — | AN | ® > 1
—< > |V | & < 0

§: (XFY)Y:=(YF X%

clcd

-
1

Summary of §: exchange antecedent and succedent, swap the order of the argu-
ments of every binary connective, replace ¢ by ¢, and replace the constant A by the
constant A%, using the correspondences shown in the vertical columns of the table
above right. All other connectives, constants and primitive propositions are mapped
to themselves by §. This transformation is also present in Basic Logic [:_7-3], where
it is called “symmetry”. For an explanation of why the two terms are different, see

Section :_1-2 5.7

(XcY)d:=(X2 cAY2) | (A2
A: (XEY)R:=(Y2FX*) [ et R A T|1
Al | <|v]e 110

Summary of A: exchange antecedent and succedent, replace ¢ by ¢*, and replace

the constant A by the constant A%, using the correspondences shown in the vertical
columns of the table above right. All other connectives, constants and primitive
propositions are mapped to themselves by A. In particular, do not swap the order of
arguments of any binary connective. This transformation is explicitly mentioned in
[gé‘, page 214].
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(XeY):=(Y7¢° X7) | (A)°

o: (XFY):=(X°FY?) — >

cle?

—
— > <

Summary of o: swap the order of the arguments of every binary connective, and
replace ¢ by ¢?, using the correspondences shown in the vertical columns of the table
above right. All other connectives, constants and primitive propositions are mapped
to themselves by o. In particular, do not exchange antecedent and succedent of a
sequent. This distinction is not present in Basic Logic, see Section :_1-2.-_5-._7:.

For o € {6, A, 0}, we extend these maps in the obvious way to sequent rules:

[e3

Xll_Yanl_Yn (Xlkyrl)a(XnFYn)a
Xty = (X FY)

thereby extending the “transforms” (maps) to proofs.
We can formalise these dualities and symmetry as follows.

Proposition 3.1 For every structure X, sequent s, and rule p, we have (X*)* = X,
(s)*=s, and (p*)* = p for a € {6,A,0}.

Proposition 3.2 For every logical connective c,

1. for every o € {6, A}, the rule p is the rule for (- ¢)/(c ) iff the rule p™ is the
rule for (¢® ) /(F ¢®) respectively (note switch of sides w.r.t. =)

2. the rule p is the rule for (F ¢)/(c &) iff the rule p° is the rule for (F ¢)/(c° F)
respectively (note no switch of sides w.r.t. ).

PROOF. Pure case analysis, all checked by the implementation of Jeremy Dawson. Wl

Proposition 3.3 For every structural rule with name Str

1. for every o € {8, A}, the rule p is the rule for (- Str) /(Str ) iff the rule p® is the
rule for (Str ) /(- Str) respectively (note switch of sides w.r.t. )

2. the rule p is the rule for (- Str) /(Str &) iff the rule p° is the rule for (& Str) /(Str F)
respectively (note no switch of sides w.r.t. ).

PROOF. Pure case analysis, all checked by the implementation of Jeremy Dawson. In
some structural rules with two parts like the rule Wk, one part of the rule maps onto
another part of the same rule under some transforms. [ |



466 Substructural Logics on Display

Theorem 3.4 If I is a proof of X F Y then (IN® is a proof of (X F Y)*, for
aec{dn, o}

PROOF. By induction on the length of the given proof II. The base cases are the
introduction rules for the constants T, L, 1 and 0, which fall under Proposition 3.2,
and the rule (id), which is invariant under each transform. The cut rule is also
invariant under all transformations. Now apply Proposition 3.2 and Proposition 3.3l

For the transformation §, an analogous theorem is also proved for classical displayed
tense logic in r.flg:] and for Basic Logic in [L?Zi;] The following theorems, found in
conjunction with Jeremy Dawson, appear to be new.

Theorem 3.5 Let “” be composition of the transformations 6, A, o when they are
applied to sequents of  BiL, and let v be the identity transformation on sequents. Thus,
if s is a sequent of BiL, then 6. A represents the sequent (s°).

Then,

(a) for all z,y,z € {6, A,0}: (x.y).2 = x.(y.2)

(b) forallx € {6,A,0}: z.x =1

(c) for all x,y,z € {6, A,0}: z.y = y.x

(d) for all distinct (choices of) x,y,z € {0, A,0}: z.y=z
(e) for all distinct (choices of) x,y,z € {§,A,0}: (x.y).z =1

(a) follows immediately from the definition of composition

(b) follows by the definitions of the transformations

(c) is proved by induction on formation of sequents

(d) is proved by induction on formation of sequents
)

(e) follows from (d) and (b).
||

Since the application of any transformation to rules is just its application to the
premisses and conclusion, we obtain:

Corollary 3.6 In words:

(a) composition of proof transformations is associative from the very notion of com-
position itself

(b) the proof transformations are self inverses (w.r.t. t)

(¢) composition of proof transformations is commutative

(d) composing any two distinct proof transformations from §, A and o gives the third
transformation

(e) composing, in any order, any three distinct proof transformations from 6, A and
o does nothing.
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Corollary 3.7 The proof transformations {6, A, o, v }, together with the operation
“7 form an (Abelian) group of order four.

Thus, we can obtain “four proofs for the price of one”, as also observed by Lambek
[45). We make use of this phenomenon in later sections.

Currently, I can offer no further insights, although category theorists will no doubt
be able to do so since this is obviously a commuting diagram of morphisms on proofs.
The irony here is that we will later show strong connections between our display
calculi and Dunn’s Gaggle Theory, so named because it is a name that “is like a
group, but which suggests a certain amount of complexity and disorder” [:_24_1‘, page 2].

4 Intuitionistic Substructural Logics

We now briefly summarise the properties of various intuitionistic substructural logics
and map out some relationships between the various connectives. These relationships
are well-known, particularly to the researchers working in the various substructural
communities. But it may be of interest to see them spelled out in one setting.

There are four natural negations within the generalised display framework [§#3]. The
easiest way to gain access to them is via the following definitions [43]:

A% = (A—0) %4 = (0 A4)
4 = (1<A) Al = (A>1)

We include them in the discussion below since some of the structural rules affect
them, but do not affect the binary connectives from which they are defined.

4.1 (Associative) Bi-Lambek or Non-Commutative Bi-Linear Logic

The Lambek Calculus can be obtained from Gentzen’s LK by dropping all structural
rules, and adding two extra constants 1 and 0 [*,_S-E_i, @-Eﬂ, although this was not how
it was originally formulated [:Z_IZE By adding the dual of every logical connective we
obtain (Associative) Bi-Lambek logic 5, 8%. This intuitionistic Bi-Lambek logic
contains the following connectives where the vertical pairs are A-duals:

S | —|®|A|l1|T]|].0|0

> | <|®|v/| 6o|L||L

We also have gc(.9,%) and dge(.1,1) giving

AFO0+— (A—0)and AF(0—A)—0
1<(A>1)FAand (1<A4)>1F A

JFrom here on, the addition of further structural rules causes some of the con-
nectives to collapse (become indistinguishable proof theoretically). In our tables, we
show this by omitting the vertical line between indistinguishable connectives.

4.2 Cyclic Non-Commutative Bi-Linear Logic

The addition of Yetter’s rules [54:] gives us commutativity for ; in certain contexts,
namely when the whole of the other side is ®, see Figure '{_1: Consequently we get a
horizontal collapse of the negations, indicated by the absence of a vertical line between
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the indistinguishable connectives in the table below, but not the full collapse of the
residuals of ® and @ from which these negations are defined:

-S| |®|A|21|T].00

> | < |@e|v|io|L|t 1L

4.3 Bi-Linear Logic

The addition of commutativity Com for ; on both sides (Figure 't_l:) destroys the
distinction between the two residuals of ® and @ giving the following distinct con-
nectives:

- «— | ®|Al1]|T|]OO

>~ < |e|vl|lo|L]. 1

There is thus only one “implication”, but there is also a dual from the but-not family.

Basic Logic also contains “—” (our — and <) and “~” (our > and <). Bi-
Linear logic has also been proposed and studied by Hyland and de Paiva ['(_fl_:] and
Braiiner and de Paiva [:_1-2:]_, who call it Full Intuitionistic Linear Logic (FILL). The
cut-elimination proof in [:_12.'] takes some thirteen pages.

4.4 (Non-Commutative and Semi-Commutative) Bi-Relevant Logic
Since we have Com, we get the collapse described in Bi-Linear Logic. The addition of
contraction Ctr for ; on both sides gives us A - A® A as well as A® A+ A [45, 26].

Many relevant logics have a non-commutative ® but a commutative @, which is
why Belnap’s original display calculus [§], and Restall’s modification of it [p7 both
have (- Com) built into the display postulates. Our display calculus is more liberal
since we can obtain the same effect using only structural rules. That is, postulating
(F Com), but not (Com F), makes ; commutative in succedent positions (on the
right hand side), but does not automatically force commutativity for ; in antecedent
positions (on the left hand side), giving us:

—>‘<—®/\1T.°°.

>~ < |e|vl|lo|L].T 1

Mike Dunn has pointed out to me that the duals of the arrows have been studied by
the relevant logic community under the names “right-difference” and “left-difference”
[3, page 357], [5@'] As one of the referees pointed out, most relevant logics assume
distribution of A over V, so we do not actually get relevant logics unless we regain
distribution. For ways to do so, see [id], [35] or [B7.

4.5 Bi-BCK or Bi-Affine Logic
The addition of Com gives us the picture of Bi-Linear Logic. The omission of Ctr
but the addition of Wk gives us A® AF Aand AF A® A, and the collapse of the

constants:




CLASSICAL SUBSTRUCTURAL LOGICS 469

I
e e o e o e e e e e e e e e o e e

5.

Hiroakira Ono has informed me that he and Y Komori tried to introduce @ into
BCK but were not able to do so to their satisfaction. Thus our formulation may be
of interest to this community.

4.6 Bi-Intuitionistic Logic
The addition of Com, Ctr and Wk gives us an almost complete collapse of the inten-
sional and extensional connectives:

- «— |® A|l1 T]|].00

> < |@® v|o L |1 1L

T his logi_c has been studied extensively, predominently by Polish logicians. See [:_7-5],
(58], and [5, page 216] for references.

5 Classical Substructural Logics

Having sketched the various bi-intuitionistic substructural logics we can display, we
now examine the effects of Grishin’s rules. We work mostly in classical dBiL, so most
of our comments apply to all bi-classical extensions.

Generalising a notion from Ono [59], a substructural logic is classical if both:

1. (0<—A)—>04FA4F0<—(A—>0)
221<(A>1) A4 (1<A)>1

The directions

(0%A)~>O—|A|—OH(A~>0)
1<(A>1)FAH4(1<A)>1

follow by simple (dp) moves since our built-in negations from the implicational family
are Galois connected, and our built-in negations from the but-not family are dually
Galois connected, as mentioned in Section #.I. The other directions require Grishin’s
rules as shown below.

;From Grn(a) and Grn(b), by pultiplying on the outermost or innermost side of -
by ® we can derive the following®:

X>®)>dFY
( ) (dp) X—'_Y(Ftbf)
dF (X >d);Y X;0Hd;Y
(- Grnb(ii)) (dp)
dHX > (DY) (X;@)<YEQ® y
(dp) (Grna(ii) )
X;0F0;Y X;(@<Y)Fo
——(+ o) (dp)
XFY XFo<(®<Y)

3Multiplying asymetrically does not seem to be useful.
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There are two analogues which are not shown in detail. All four derivations are
invertible, and the directions shown require Grn(a), so call them (Grna®?), while the
reverse directions require Grn(b), so call them (Grnb®T) as shown below:

(Grna®®) and (Grnbd™)

XkFY XkFY XkFY XkFY
(X>P)>dFY < (P<X)FY XFO<(P<Y) XHY>0)>d

Now the four missing directions of points 1. and 2. for classicality are easy to prove,
as shown next. The proof for (0 «— A) — 0 F A is shown below, on the left. This
proof can be converted into a proof of (0 « A®) — 0 - A% where A® is one of A%,
A% or A¢ simply by uniformly replacing A by A%*. Now, the required directions for
classicality come for free via duality, symmetry and Theorem 3.4 since

(AF1<(A>1))=((0 A% —0F A%)°
(AF(1<A)>1)= (0« A%) - 0F A2)~
00— (A—-0FA =((0—A°)—>0F A%)°

For example, the proof shown below right is the §-dual of the proof below left:

AP |- AS

Grna®®
A4 (Gmaot) O < (B < A%) | AP ( -
AF(A><I>)><I>(d) (dp)
P 5. 5
U-o);are o PrA<A)
- . [ )
A>@F0<A(Fp) EUED ek R U
B — —
A>Or0—A ore . 201 A-1be<d
R
(0—A) —-0F(A>d)>d D<(®<A)F1<(A>1)
(Grnb®™) (Grnb®d7)
(0—A)—0FA AP F1<(A°>1)

Note that both proofs make essential use of both Grn(a) and Grn(b), hence they
need (full) Grn. All other rules used in the proofs are rules of the basic calculus 0BiL,
hence these proofs also suffice in all extensions that include Grn. But, since we do not
use Ass in any of them, they hold even in non-associative classical Bi-Lambek logic.
That is, (our formulation of) Grishin’s rules convert every intuitionistic substructural
logic into its classical counterpart.

Lambek ['f_f?_:] points out some lattice models for Classical Bi-Linear logic and notes
that such logics have also been investigated in [39, i, 59, [ T].

5.1 Effect of Grishin’s Rules

Using Grishin’s rules we can prove each of the following in all our calculi [:fl-g, page 222]:
A—-B 4+ (A—-0®B B—A 4 B®((0— A
B<A + B®(1<A) A>B + (A>1)®B
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In particular, in Classical (Bi-Intuitionistic) logic, the two negations of Bi-
Intuitionistic logic collapse into one “not”, with A — B and B «+ A collapsing
to “not-A or B”, and B < A and A > B collapsing to “not-A and B”, as expected.

5.2 Further Derivations Using Grishin’s Rules
;From (Grnb®") and (Grna®") we can derive:

P<YFHX > Y>OoFHD < X

(dp) (dp)
(I)P—(X>(I));Y (Y>(I>);X|—(I)
(dp) (dp)
(X>®)>d+Y XEY >o)>a
(Grnb(I)f) (Grnb@f)
XFY XFY

using only (dp) moves. We get only two derivations since the others give the same
derived rules. Furthermore they are invertible (in the presence of all Grn rules) since
we use only (dp) moves giving:

P<YFHX>® Y>OFHd< X
(GI‘H< >) _ (Grn> <) =
X+Y XkFY

It is also possible to derive these directly by multiplying on the outermost or innermost
side of = by ®. Multiplying on asymmetric sides does not seem to be useful.

These are essentially laws of contraposition since we can instantiate X + Y as
A F B and derive:

1B+ A° B R4
AFB AFB

5.3 Lambek’s BL1la and BL1b
Lambek ['(_15 216-219] considers two semi-classical non-commutative substructural log-
ics under the names BL1a and BL1b, which he axiomatises using two equations (a)
and (b) due to Grishin. Our version of Grishin’s rules capture these equations exactly,
and so we can display these logics as well, as shown in Table -i:

In BL1a, we have

ICrCO Cl+%C
and in BL1b, we have
CO+H1C C+ct

although Lambek ['(_l-g only considers the first of each row. To prove the sequents in
the first row, use the laws of contraposition mentioned above by putting A = B = C,
but remember that these are invertible only when all Grn rules are present. To prove
the sequents in the second row use (Grnb®™) to build up the succedent [antecedent]
in the first [second] sequent, then simplify using introduction rules and (dp) moves.

We thus have Lambek’s result [Ef@:, page 222] that in Classical Bi-Lambek logic,
there are only two negations, since C - C® and °C - C*.
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6 Semantics

The search for semantics for substructural logics is now a major field of research
[21]. There are four major traditions in this work: algebraic semantics, relational
semantics, (pre)topological semantics and categorial semantics.

We begin with algebraic semantics from Ono [‘._59‘] since Ono explicitly connects these
algebraic semantics with many of the other semantics. We then use the Gaggle Theory
[24_:] of Dunn to work out a ternary semantics for each collection (partial-gaggle) of
operations we have seen. Allwein and Dunn [-2 page 543] have also considered this
aspect, but have also given semantics for the extensional connectives, and this aspect
is the most difficult (when distribution is missing).

6.1 Algebraic Semantics

Algebraic semantics for substructural logics have been investigated by DoSen [:_1-9‘, 2-(_)'],
and Ono and colleagues [59]. We generalise definitions from [59] to cater for the
duality inherent in our display calculi. We use the same connectives for the algebraic
and logical parts to minimise clutter. Ono uses the term “Full Lambek algebra” and
shortens it to FL-algebra. But “full” is also used by the linear logic community to
mean the presence of dual connectives, so we avoid FL, and use BiL instead.

A structure

A = <A’§7*>’<7’/\’®717T’ >’ <’v’®’07J_>
is a Bil-algebra (short for Bi-Lambek algebra) if:

1. (A, <V, A, T, 1) is a lattice with least element L = T> T =T < T and greatest
element T=1— 1 =1+« 1

2. (a) (4, ® 1) is a monoid with identity 1 € A

(b) (A, ®,0) is a co-monoid with co-identity 0 € A
3. ()z®(x\/y)®w—(z®x®w) (z @y ®@w) for every z,y, z,w € A
b)zo(zAy) dw=(2dzDw)A (2 Dy ®w) for every z,y,z,w € A
4. () zey<zife<z—yiff y <z — z, for every z,y,z € A
(b)

z<zyiffc>z<yiff z <y <z, for every z,y, z € A.
Let A be a BiL algebra. Then [59]:

1. A is a BiL, algebra if (4, ®,1) and (A, ®, 0) are commutative
2. A is a BiL,, algebra if
(a)0=_Land 1 =T and
b)zy<zrandy®z <zand z <ydzand z <z @y for every z,y € A
3. A is a Bil,; algebra if z ® z <z and x < x @ x for every x € A.
4. A is classical if (0 «—2z) - 0)=2=(0« (x —0)) and (1 <z)>1) =z =
(1< (x>1)), for every z € A.

To prove soundness of §BiLL with respect to Bil-algebras we translate sequents to
equations using the function 7 shown below:
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n(X;Y) = nX)en) (X ;Y) = nX)on®)
(X <Y) = nX)<n®l) (X <Y) = nX)—n®)
X >Y) = nX)>n)) X >Y) = nX)—-nl)
71(1) = T T2(T) = L
Tl((I)) = 1 TQ((I)) = 0
Tl(A) = A TQ(A) = A

Theorem 6.1 (soundness) If the sequent X Y is provable in 0 BiL then the equa-
tion T(X FY) is BiL-valid (true in all BiL-algebras).

PROOF. The proof is by induction on the length of the given proof of the sequent
X F Y. The base cases are the sequents ® - 1, I+ T, 0 - ® and L + I, which
respectively become the Bil-valid equations 1 <1, T < T,0<0and 1L < 1. For
the induction step we show for every sequent rule that: if the 7-translations of the
premisses are Bil-valid then so is the 7-translation of the conclusion.

We give only the case for one of the display postulates since the other rules are
fairly obvious. Thus the triple rule below left T-translates into the equation-triple on
the right, and this is part of the definition of BiL-algebras.

X+Z<Y (X)) <712(Z) «— 7 (Y) iff
(3, >,<) X, YFZ (X)) @n((Y) < n(2) ift

VEX>Z 1 (Y) <71 (X) — m2(2)

Theorem 6.2 (completeness) If the equation 7(X F Y) is BiL-valid (true in all
BiL-algebras) then the sequent X Y is provable in 0 BiL.

PRrROOF. We prove that the Lindenbaum algebra formed from the provably equivalent
formulae of §BiL is a Bil-algebra [35, 59_:]

A more insightful alternate proof is to show that dBiL. can simulate Ono’s [525
pages 261-262] sequent system. The proof proceeds by induction on the length of the
given proof in Ono’s system, modulo some complications necessary to handle different
notations, namely the replacement of Ono’s “—”, “” and “2” by our “+”, “;” and
“7 respectively (see [:_3-:3] for details). For example, below we show how Ono’s rule
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for (OF), our («F), can be simulated in éBiL:

Induction Hypothesis
(A;pB);EH0 1

D)
Induction Hypothesis A;BFO<X ()
- ___\p
N-a BEA>(0<X)
<—|—)

B—aFA>H<X)<T
B—a);TFA>(0<X)
A;(f—a;T)FO <X

I'ta ABXHE ()
A,aDBT.XHE (A;Be—a;l);XH0

(dp)

(dp)

(o)

Note that the end-sequent above right requires a particular way of associating the
elements of the antecedents, but we know that we can obtain this particular way of
associating by repeated application of associativity Ass.

Adding further structural rules like Com, Wk and Ctr will give the obvious exten-
sion of this completeness result with respect to the algebras BilL., BiL,,, and BiL,,
respectively. DoSen [:_1-9', page 371] gives many examples of further structural rules and
their algebraic counterparts, but does not consider the classical substructural logics
in any detail [[9, page 365].

6.2 Relational Semantics

As noted by DoSen F_2-]_4'], substructural logics have been motivated by proof-theoretical
considerations rather than semantical considerations. But relational semantics for
substructural logics have also been considered in the literature. Most trace their
origins to various semantics for Relevant Logic [[9, 20,170, 28, 76, 53| or to the work
of Jénsson and Tarski on Boolean algebras with operators [:42‘-] In this section we use
Dunn’s Gaggle Theory [:24.'] to outline a ternary Kripke-style semantics for our display
calculi. In a sequel [:_’)-@T we show how to display a “gaggle”, thereby completing a
proof-theoretic, model-theoretic and algebraic picture for substructural logics.

Dunn’s Gaggle Theory [}_24] is a general method for obtaining Kripke-style semantics
for algebraic logics, where an n-ary logical connective is associated with an n 4+ 1-ary
relation over a set U of points or possible worlds [42).

The following definitions are a slight modification of those from Dunn [24]. Dunn’s
definitions do not quite work out since he sometimes forgets to multiply the signs of
a “trace” by the output sign in order to obtain the “tonicity” (explained shortly).

Let (A, <, 1, T) be a lattice with least and greatest elements T and L, respectively.
Let f be an n-ary operation on this lattice. The operation f is isotonic in the j-th
position if for all a,b € A,

(CLS b) :>f(ala"' s A1,y Aj41, " :an) S f(ala"' aaj—labaaj+1;"' aan)
and is antitonic in the j-th position if for all a,b € A,

((1 S b) = f(a‘la o aa'jflab: Qi1 :a'n) S f(ala 051, Ay Q541 aa'n)'
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Let tn(f, 7, +) and tn(f, j, —) stand for the fact that the operation f is isotonic or
antitonic in the j-th position respectively, and let + stand for one of + or —.
Then, for any n-ary operation f, the notation
(:l:l,zlzg,... ,:l:j,... ,:l:n) l—>:|:n+1
is a trace ty for f iff, forall 1 < j < n:
(+,4+) if tn(f,j,+) and (a; =T = f(a1,...,a5,...,a,) =T)
(—,—) if tn(f,j,+) and (a; =L = f(a1,...,a5,...,a,) = 1)

(:l:ja:l:TH’l):
(—,+) if tn(f,j,—) and (a; =L = f(a1,...,a5,...,a,)=T)

(+,—) if tn(f,j,—) and (a; =T = f(a1,...,a5,...,ay) = L).

Depending on the tonicity of f at the j-th place, the second part of each condition
in the definition above just states that f must behave in a particular way when its
j-th argument takes one of the values T or L. Some intuitions, suggested by one of
the reviewers, may be useful. Intuitively, the first two entries above say that, if the
operation f is isotonic in its j-th position, then it can behave in two ways. One way
is that if we make its j-th argument T, then the value of the whole operation becomes
T. The second is that if we make its j-th argument L, then the value of the whole
operation becomes L. An operation that is antitonic in its j-th position behaves in
exactly the opposite way. Since these values are the greatest and least elements of
the lattice, the operation f is said to “respect the bounds” [2-4:]

Note that for each 1 < j < n, the operation f has tonicity tn(f, j, £;+5,4+1) where
the product of two signs is obtained using +— = —+ = —, and ++ = —— = +. That
iS, f has tOl’liCity (ilin+1; :|:2:I:n+1, . ,:I:jin+1, ceey inin+1)-

Since we have already explored algebraic semantics for substructural logics we abuse
notation by sometimes speaking of our symbols as operations, sometimes as functions,
and sometimes as logical connectives. For example, the “functions” that interest us
have the following traces and tonicities:

Binary Functions

function tonicity trace
® (+’ +) (_’ _) = =
- (_’ +) (_’ +) =+
— (+’ _) (+’ _) =+
@ (++) () =+
> (_’ +) (+’ _) ==
< (+a *) (*a +) = -

Following Dunn [24]:

1. A structure 7 := (A, <, OP) is a tonoid where
(a) (4, <) is a non-empty partially ordered set, and
(b) OP is a collection of n-ary operations, each having a trace (so that each
function respects the bounds in at least one way).
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2. The n-ary function g is a contrapositive (with respect to the j-th position) of
another n-ary function f when their traces ¢y and t, satisfy:

lf tf = (:l:l,:lzg,...,:l:j,...,:l:n)}—>:|:n+1
then tg = (:l:l,:l:Q, . ,—:l:n+1, . 7:tn) = — :I:j .
3.If £ 41 = —, we write S(f, a1,a2,...,an,b) for f(ai,...,a,) <0.

If £,41 =+, we write S(f, a1,a2,...,an,b) for b < f(ai,...,an).
4. Two functions f and g satisfy the Abstract Law Of Residuation (in their j-th
place) when:
(a) f and g are contrapositives (with respect to their j-th place), and
(b) S(f,a1,a2,...,a5,...,a,,0)iff S(g,a1,az2,...,b,... an, aj).
5. Two functions f,g € OP are relatives when they satisfy the Abstract Law Of
Residuation in some position.

6. The family of operations OP is founded when there is a distinguished operation
f € OP, the head, such that any other operation g € OP is a relative of f.

7. And finally, a partial gaggle is a tonoid 7 := (A4, <,OP) in which OP is a
founded family.

Given a tonoid T := (A, <,OP), a frame for 7 [26] is a structure (U, C, (R;)icr)
where U is a non-empty set (of points, worlds or setups), C is a partial order over

U, and each R; is a relation such that there is a 1-1 correspondence between OP and

I%. and for each f € OP, if the degree of f is n, then the corresponding relation
R; C U™ Thus each n-ary operation is associated with an n + 1-ary relation [13].
To describe tonoids in terms of frames, Dunn uses the following conventions [24]:

1. If R is an n + l-ary relation, then for 1 < j < n:
R (a1, ... aj, .. yan, ) = Rlat,...,03 ... ,an,q;)
R(at, ...y, an, B) = U\ R(aa,...,qj,...,an, 3).

2. Two traces t and ¢’ of the same arity agree if they have the same output sign,
and they clash if they have different output signs.

3. Given an n-ary operation f with trace

t= (£1, %2, E0) = Enr
(a) If £,,11 = + then Ci(ay € X1,...,an € X;, R(a1,...,ap,0)) is
VYo, ...,ap:0(a; € Xy)or ... or o(a, € Xp,) or R(aq,...,an,0)
a; € X if £ =+

where each component o(a; € Xj) is L
02 S Xj if :l:j = —

4

This I has nothing to do with the structural connective I from our display calculi.
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(b) If +,41 = — then Ci(a1 € X1, ..., an € Xp, R(a, ... ,an,0)) is
Jag, ... ,an:0(ag € X1) and ... and o(ay € X,) and R(aq, ... , an, 3)

02 S Xj if :l:j = —
where each component o(a; € Xj) is L
o € Xj if :|:j =+

Theorem 6.3 (Dunn [::223.']) Let T be a family of n traces, all of the same arity n,
where there is some trace tg in T such that every trace t' in T can be obtained from
to by contraposition. Let (U,C, Rg) be a frame, where Ry is a relation on U of degree
n + 1. Define the n-ary operation Fy on subsets of U as follows:

FO(Xla-" aXn) = {66U|Ct0(al EXla--- :anEXn:RO(aa--' aan:ﬂ))}

For a given trace t that is a contraposition of to in the j-th place, define the n-ary
operation G; on subsets of U as:

Gi(X1,....X,) ={BeU|Cilar € X1,...,ap € Xp,R{(cr, ..., 0, 0))}
where

Ry, is Raj if the trace outputs of to and t agree, and
R}, is (Ro) ™ if the trace outputs of to and t clash.

Then the operation Fy has trace tg, G; has trace t, and Fy and G satisfy the
Abstract Law of Residuation with respect to their j-th place.

Once we do this for every j, 1 < j < n, we have a partial-gaggle of operations with
traces assigned appropriately.

This theorem gives us a way to construct a set of operations Fy, G1,---,Gp—1, On
subsets of U, that match the given family of traces T. Since the operations from a
partial-gaggle form such a family of traces, we have
Corollary 6.4 (Dunn [?-(_i]) Every partial-gaggle T := (A, <, OP) can be represented
using a frame (U, C, (R;);er) for T.

The relations (R;);ecs are constructed using the recipe of Theorem 5_3 where Fj is
the operation on U which comes from the trace ¢ of the head f; of the given OP.

To see how all this is connected to our display calculi observe that

1. If a function/logical-connective ¢ has a trace output 4,41 = +, then that con-
nective’s right introduction rule (F ¢) is a “rewrite” rule. Conversely, if a func-
tion/connective ¢ has a trace output +,11 = —, then that connective’s left intro-
duction rule (cF) is a “rewrite” rule.

2. Since every “rewrite” introduction rule is invertible, the structural connective is
an exact proxy for the logical connective introduced from it ['gé_i]

3. The logical connectives we deal with form families (partial-gaggles) of operations
with some operation as the head. The necessary contraposition (read residuation)
conditions which these connectives must satisfy are captured indirectly by their
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structural proxies via the display postulates. But since the structural connective
is an exact proxy for the head connective, the logical connectives all inherit the
residuation properties via the “rewrite” introduction rules. Below we show these
partial-gaggles with the head as the first operation, and also associate a relation
with that operation:

partial-gaggle (head first) | associated ternary relation
(®:—>7<_) R®(x:y7 Z)
(@’ >, <) S@(Jf,y,Z)

We can thus give a relational semantics for all these intensional connectives as below
where X and Y are subsets of U and «, 3, and x are elements of U:

XY = {x€eU|Ja€e X and I €Y and Rg(a, B, x)}
X—=Y = {xeU]|Va,p, if Rg(a,x,) and o« € X, then €Y}
X«Y = {x€eU|Va,p, if Rg(x,B,«) and B €Y, then o € X}
XY = {xeU|Va,ps, if Sg(a,B,x) then, a € X or B € Y}
X>Y = {x€U|3aeX andIB€Y and Sg(a,x,H)}

X <Y = {xeU|3BecY andJa € X and Sg(x, 5, @)}

Since gaggle-theory grew out of relevant logics, it is not surprising that the first
three of these are the traditional clauses from the Routley-Meyer [7(] semantics for
relevant logics. The last three are for their duals, but their definitions are couched
in terms of Sg. Aesthetically it would be nice to have the dual of ® “look forwards”
with a relation since ® itself “looks backwards” against one. Defining

S'e = ((Se)™) "

gives us
XoY = {xeU|Vop0, if Yg(x,a, () then,a € X or S €Y}
X>Y = {xeU|3daceXand IF€Y and 95 (5,a,x)}
X <Y = {xeU|3pecY and Ja€ X and S (a,x, )}

Other authors have also given ternary relation semantics for many of these logical
operators. Some of them treat ® as a “forward” looking binary modality while we
have treated it as a “backward” looking binary modality. There is nothing deep in
this difference, this is just the ternary analogue of the fact that ¢ can be given an
interpretation as a forward looking modality, or as a backward looking modality. As
Dunn [24] (Section 5) says, “one person’s relation is another person’s converse”. The
crux is to keep the same perspective uniformly.

Dunn [2-@‘, page 85] shows that each of our structural rules corresponds to a certain
property of the ternary relation. For example, commutativity is reflected by a condi-
tion on frames which says: R(«, 8,7) implies R(3, «, ). The existence of 1 and 0 as
identities for ® and @ respectively can also be accommodated.
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For the logics with distribution, we can give simple semantics for A and V as set
intersection and union respectively. For the logics without distribution, there are
various alternatives [&, 7|2 but the details must await another occasion. A simple
alternative is to use the fact that many of these logics can be characterised by semi-
lattice-ordered monoids [f1, 4, 9] as is done by MacCaull [4§]. MacCaull treats A
in a similar manner to ® using another ternary relation I(z,y, z) with the meaning
x Ay < z just as we can read Rg(z,y, z) as meaning x @ y < z. For our setting we
would need another ternary relation J(z,y, z), say, to interpret V as x <y V z.

6.3 Pretopologies

Giovanni Sambin has given semantics for many substructural logics using pretopolo-
gies [73, ¥1]. Ono [59, page 259] concludes that “We have finally reached the con-
clusion that quantales, (intuitionistic) phase structures, pretopologies and complete
semi-lattice-ordered-monoids are essentially the same thing.”. Since, in Section !_3:1',
we have made fairly detailed connections between our work and the work of Ono ['{)Q],
we omit a detailed comparison with pretopologies.

6.4 Categorial Semantics

It is clear (see [#3]) that all of the preceding sections can be described in categorial
terms since we started with residuation and Galois-connections which are instances
of the categorial notion of adjunctions. It is also well-known that substructural logics
have categorial semantics [#6, #5, 68, 51]. But currently I can offer no deeper insights
in this respect, except the following naive intuitions.

The intensional parts of our display calculi consist of two dual halves, each initially
independent of each other. One half is defined in terms of ; in an antecedent position,
and the other in terms of ; in a succedent position. But they cannot interact.

Once we add the rules (®), and the rules (Ver-I) and (Efq-T), we begin to make
connections between these two dual halves. And the more structural rules we add,
the more they interact. In the end, they become a Bi-Heyting algebra. And if we add
Grishin’s rules then even this collapses to a Boolean algebra.

Lambek [{6] already speaks of variables and co-variables. T have no idea if this is
related to the notions of positive and negative knowledge of Allwein and Dunn [3_2!],
but the analogy is tempting. That is, suppose that the variables p; of our language
told us about the things that are (known) true. Then the co-variables ¢; would tell us
about the things that are (known) false. A state of our knowledge would be composed
of a set of pairs (p;, ¢;), one pair for each index i.

7 Explicit Negations
It is well-known that we can define Classical Lambek logic using implications, or
negations, as primitives [:l:, 'ﬁl-(_j] But there is some controversy as to the exact formu-
lation for cut-elimination. To clarify these issues, and to show how to introduce other
negations into our display calculi, we now consider explicit negations.
There are four natural negations within Intuitionistic Bi-Lambek logic. The easiest

way to gain access to them is via the following definitions ['{_1-5_:]

A% = (A—0) %4 = (0« 4)

4 = (1<A4) Al = (A>1)

5Thanks to Mike Dunn for pointing this out to me.
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Introduction Rules for Negation

ZFA oy ZFbHA
OF) oz (F%) Zrog
ZFA ZFtA
0 0
h) o2z &5 77
DA F Z L AFZ
SR vy %) szra
1 M2 1y AFZ
Structural Rules for Negation
( X>doFY - YFX >
X FY Y FiX
P< XFY YF® < X
bF) —— () —
bXEFY Y FbX

Fia. 5. Logical and Structural Rules for Negations

An alternative approach is to use explicit structural connectives for these negations
[5@ with appropriate introduction rules as shown in the top part of Figure B. These
negations can be turned into the “natural” negations mentioned above by adding
structural rules which enforce the above definitions for these negations, as shown in
the bottom half of Figure :5 Alternatively, these rules can be seen as derivations of
the display postulates ge(f,b) and dge(f,b) rules from our more general set up.

The structural overloading, tonicities and traces are shown below:

Structural Overloading Unary Negations
function tonicity trace
structural connective § b 0 (-) (=) —+
0 _
antecedent position .1 1 1 (=) (- )H +
- =) )~
succedent position .0 © 1 (-) (+) —

The relational semantics obtained from Gaggle Theory gives the clauses:

X% = {xe€U|Va, ifa€ X, then R(a,x)}
% = {x€U]|Va, ifac, then R(x, )}
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which are explained by Dunn [E-Z:] in terms of a relation “perp”. That is, R connects
“incompatible” points. Their duals are:

X! = {xe€eU|Jae X and S(a,x)}
y = {x€U|JaeY and S(x, )}
7.1 Yetter’s Rules Using Explicit Negations

Inspecting the structural rules for § and b in Figure E}', observe that the following are
all derivable and invertible:

iXFY Y FiX
X>0FY YFX>®
dPFXY X;YH®
dFY ; X Y; XH®
dP<XFY YF®< X
bX FY Y FbX

But then, in the presence of Yetter’s rules (Figure :ﬁf), we can pass from the bottom-
most sequents of the top pair, to the top-most sequents of the bottom pair (respec-
tively), or vice-versa. For example, from ® F X ;Y to ® F Y ; X in the left column.
The derived rules are:

XY Y X
(Yet-£b 1) (F Yet-bt)
bX FY Y EFbX

as an alternative formulation of Yetter’s rules in the explicit negation framework.
Why alternative ? Because Yet can be derived via the inverted derivations using
(Yet-fb F) and (- Yet-bf).

Referring to Section 'ﬁI._-Z, the reader is invited to now prove 14 - Al and A® Y4,
using (Yet-fb), but without using (Yet), thereby illustrating the collapse of two of the
negations as mentioned in the table of Section '(_l-_i:

7.2 Grishin’s Rules Using Explicit Negations
Using the derived rules, (Grn < > ) and (Grn > <), from Section 'é-_i;, together with
the structural rules for (- ), (4 ) and (- b), (b ), from Figure &, we can obtain:

XrY XrY
DY kX 8Y FbX

These two immediately give 1A -+ A°® and A' -HF %4 so we again have only two
negations, but due to a different collapse of connectives relative to that given by
Yetter’s rules. See Section :4-_-2

We can now immediately use the display postulates for § and b to derive:

GrnDNeg
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XFY XFY XkFY XkFY
X EFY X FbbYy bbX Y X Y

as an alternative formulation of Grishin’s rules in the explicit negation framework.
The name GrnDNeg indicates the visual nature of “double negation”, which is
the traditional way of obtaining classical logic from intuitionistic logic. We have
shown that the principle is quite general when viewed from the perspective of explicit
negations. This does not imply an involution because the structural connectives are
overloaded, so for example, the two occurrence of § mean different things in £1.X.

7.3 Classicality Using Explicit Negations
Finally, using Grn, and multiplying on the outermost and innermost sides of - by ®,
we can derive:

X+ Z;06Y) ZFX:Y
XFZ;(@®<Y) ;7 XY
Grn)
XF(Z;®)<Y X>(@;Z)FY
(Grn)
X YFZ;d (X>0): Z)FY
X YFZ (tX); ZFY

Analogously we can derive rules to display the other components as well, deriving
a new set of display postulates with classicality built into them:

XFZ:by Z by F X
(GmDPF) XY Z (FGmDP) Z+-X:Y
YFiX; Z (X5 ZFY

At first glance it may seem that we do not have the display property since we
cannot immediately display the Y/ in X’ ; Y’ F Z’ directly using the above only. We
can display #Y” as shown below left

X 2 Y |

e p
&Y' X' 7 &YX 2 @)
e — e — p
X Y+ 2 X Y+ 2

Then appealing to the display postulates for b and £ from Figure :11' gives us the display
property as shown above right.

What have we achieved ? There is some controversy regarding the exact form of the
cut rules, and their elimination, in the traditional Gentzen systems for Classical Bi-
Lambek logic. The system of Lambek ['(_1-55] uses implications as primitives, and does
not seem to enjoy cut-elimination [:24-@, page 256,footnote 3]. The system of Hudelmaier
and Schroeder-Heister [40], uses negations instead of implications as primitives, but
enjoys only a limited cut-elimination theorem.
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We have presented two solutions.

The first is our formulation of Classical Bi-Lambek logic from Table :1: since it enjoys
cut-elimination. It uses implications as primitives.

The second is outlined next. Take the display calculus for Classical Bi-Lambek
logic from Table :14' and:

1. replace rp(;, >, <)and drp(;, >, <) by (Grn DP F) and (- Grn DP)

2. replace the original Grishin’s rules (Grn) by (GrmDNeg) from Section 7.2

3. replace the introdl'lction rules for —, «, > and < by the negation introduction
rules from Figure &

4. defineC — A :=CO'QA, A C:=ApCL,C>A:=C'%Aand A <(C := ARC*
as indicated by Lambek ['4_5, page 222].

The resulting display calculus not only uses negations as primitives, but also “builds-
in” classicality via the new display postulates (Grn DP). Since it also obeys Belnap’s
conditions, it also enjoys cut-elimination. These rules generalise the displayed classi-
cal substructural logics of Wansing [79, Section 5] in which there is only one negation,
obtained using *, since uniformly putting # := * and b := * gives exactly Wansing’s
display postulates.

8 Sheffer’s “stroke” and “dagger”

There are two unusual connectives >< and <~> with the traces:
< () o — <> (=) — 4+

in the binary display set up which dg not appear to have been investigated in depth,
at least in terms of sequent systems®. These symbols are supposed to represent the
“negative” nature of these connectives via the common ~ part. The other parts,
arrow heads or arrow tails, come from the implication family or the but-not family.

If we use the structural connective —— to stand for these connectives in antecedent
and succedent positions, then the associated display postulates are [32_5, page 30]:
Z—-YFX X+Z--Y
dge(——,——) X - Yz ge(—————) ZFX - Y
X—-——7ZFY YEFX —-—Z
Thus, —— is its own (dual) Galois-connection, in all places.
These connectives can be given the following introduction rules:
A——-BrZ AFX BFRY
(1) I=Brz ) x—Vra-—~sB
XHFA YG®B ZFA—-—-B

(<> k) (F <)

A<>BFX-—--Y Z+FA<>B

The functions have the following tonicities and traces:

g
6Michael Dunn has informed me that Allwein and Dunn ﬁ‘a, page 543] mention them explicitly as substructural
analogues of the classical logic “truth functions” NAND and NOR. They also give the residuation conditions (effec-
tively our display postulates) mentioned here. He has also informed me that Curry, and Gonzalo Reyes have studied
the intuitionistic version (there is only one) of these connectives.
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Binary Functions
function tonicity trace
< (_a _) (+’ +) ==
<> (=) (=-)—+

Then, the display postulates shown here and the introduction rules for these con-
nectives form a display calculus in their own right, which enjoys cut-elimination a la
Belnap. Adding them to the previous set up preserves cut-elimination and the full
and limited display properties. .

Proposition .1, Proposition 3.2 and Theorem 3.4} can be extended to these connec-
tives using the “duality” maps:

o § A o
Sl O/ D> <>

These connectives form a partial-gaggle on their own, as shown below, and hence
have a ternary semantics in terms of the two associated ternary relations R < for
<> and S s« for > :

partial-gaggle (head first) | associated ternary relation
(<) R «» (2,9, 2)
( > ) S >l (.T, Y, Z)
X <«>Y = {xeU|Va,B, if R <> (a,3,x) then, a € X or B €Y}

{x €U |Va,pB, ifa€ X and B €Y then, R «» (o, 3, x)}
{xeU|Jae X and IB €Y and S > (o, 3, %)}

X >~<Y

Jeremy Dawson has pointed out the following simple derivation showing that these
connectives are inherently commutative:

X--Yt+Z
———— (dp)
Z—--YFX
———— (dp)
foXFY@)
Y Xrz "

9 Modalities

Wansing F_?ES:] has given a display calculus for classical tense logic (see also [@’i‘, 54])
Here we show how to generalise Wansing’s framework so that modalities can be added
to any substructural logic.

Consider the structural and logical introduction rules given in Figure '(_3 These are
different from the traditional display rules for classical modal logics F_Y-E_):, %_l-?ﬂ because
there is no direct connection between ¢ and O, and between 4 and M, via *, since
there is no *. There is, however, a direct connection between ¢ and O, and between
< and W

These operations have the following tonicities and traces:
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oA X XFA

() Vi X by (F4) X ¢4
rp(e, o)

@h) AF X X oY - o) X+ oA

OAF eX X +FOA

AF X X FoA

®F) @irox XLy ™ Yrma
rp(o, o)

(oh) oAF X X oY o) XFA

CAF X oX FCA

F1G. 6. Display Rules for Modalities

Unary Modalities

function tonicity trace
¢ ) )=
0 ) (e
O +) ()=
B ) (e

Once again, they form a display calculus in their own right, and enjoy cut elim-
ination and both the display and the limited display property. Furthermore, their
addition to any other display calculi from this paper preserves all these properties.

Since there is no way to distinguish between rp(.,.) and drp(., .) when the operations
are unary, the duality maps are quite liberal. For each duality map there are two
possibilities that preserve Proposition r,_)’-._i:, Proposition 3_2 and Theorem r,_)’-_z-l:

5 either C+— MW ¢«+«—— 0 e<—e o+—o0
A or Ce—0 ¢+—— M e+——o0

either C+«— ¢ O«— MW e«—o
or the identity map

These pairs of connectives also form partial-gaggles of their own:

partial-gaggle (head first) | associated ternary relation
(¢.0) Ry(x.y)
(<>a .) S<> ('T7 U)

. From the gaggle-theory we obtain:

124 {xeU |3 €Y and R(B,x)}
Oy = {xeU|V8if R(x,0) then €Y}
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Display Postulates for Converse

©XFY
I‘p(@y@) _
X FoY
Structural Rules for Converse

XFY XFY
(©OF) ——— (FOO) ———
©OX FY X FoeY

Introduction Rules for Converse

©AFZ 7+ ®A
&0 TAFZ ) 7723
Additional Structural Rules for Converse
dHX X+H®
©dF X XFod
IFX XFHI
(@IF) (- ©I)
©IF X XFel
OX;Y)FZ ZFO(X;Y)
(dist F) (F dist )
(@Y); (0X)FZ ZF(®Y); (0X)

Fic. 7. Logical and Structural Rules for Converse

which are the standard clauses we expect from the binary Kripke semantics for tense
logics. The clauses

BY = {xcU|V3 if S(3,x) then, 3 €Y}

QY = {xeU|3IBe€Y and S(x, )}

seem non-standard but defining S’ := S gives

BY = {xeU|Vp, if (B, x) then, 3 €Y}
QY = {xeU|3Be€Y and S (x,H)}

as we expect from the binary Kripke semantics for tense logics. See also Dunn’s [2-5J
for further details.

9.1 Converse
Many substructural logics admit a natural analogue of the converse operation « famil-
iar from relation algebras ['.?Q:] The display rules shown in Figure :_7: for this operation
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10.

essentially come from [35], although you will need to make some adjustments. Thus
converse is an isotonic, self-dual operation of period two. That is, it has the tonicity
and traces shown below:
Unary Converse
function tonicity trace

- ) ()=t

- ) )=
and also satisfies «~ A = A.

Further structural rules [35] can be added so that converse satisfies:

T = T ol = 1

Note that most of these additional structural rules can be unidirectional since their
inverses can be derived with the help of the (dp) rules because converse is self-dual.
Since v« is a self-dual and is isotonic, all duality maps must use the identity map to
preserve Proposition 5.1, Proposition 3.2 and Theorem §3.4.

10 Embedding Intuitionistic Logic Via Modalities

Lambek ['(_1-5, page 233] and Belnap [:_?:, page 38| have observed that the main purpose
of the “modalities” ! and ? of Girard’s linear logic [5@ is to embed intuitionistic logic
into linear logic. Belnap ['ng] has already given a display calculus for such modalities,
and also observed that the embedding is really a trick since a true residual implication
for extensional conjunction immediately gives distribution [:_ﬁ, page 38]. Here we follow
Lambek, who suggests that Girard’s “!” should be left adjoint to “?” [:1_1-5, page 233]
when viewed from the perspective of category theory.

We have already seen two sets of unary connectives which form “adjoint func-
tors”, namely (¢,0) and (O, W). The upshot is that under Lambek’s suggestion, the
modality ! is really a diamond-operator (either 4 or <) and the modality ? is really
a box-operator (respectively either O or M): the colour switch here is crucial since
neither (¢, M) nor (¢, 0) are adjoint functors.

Thus Lambek’s ! and ? are not true duals, but residuals. These modalities are
at odds with Girard’s ones where ! can be seen as a O and ? as a <©. Moreover,
given our introduction rules for A and V from Figure 'Q:, Lambek’s modalities obey
1(AV B) 4+ (1 AV I B), which as one referee pointed out, should make “linear logic
people squirm”. We therefore avoid Girard’s notation and use (¢, 0) instead of “!”
and “?”. We could equally well have used (<, ) instead.

In Figure :'8 we give the rules for the modalities. The display postulates make e
into a unary, isotonic structural connective [79]. The structural rules Dens and
Pers are sufficient to enforce ¢ A — ¢4¢A and ¢A — A as well as their “resi-dual
contra-positives” OOA — OA and A — OA [43]. These structural rules for e force
the underlying Kripke,seachability relation to be “dense” 79, é3, 34| and “persistent”
[38], hence the names.?

Now, following Lambek [:24-5], we define a new metalevel turnstile |; to simulate

I suspect that using “persistence” may be using the Godel translation as is done in [Ed]
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Display Postulates for Lambek’s Modalities

XY
X oY

rp(e,e)

Structural Rules for Lambek’s Modalities

( Dens o F) % (- Dens o) %
(Pers o F) % (- Pers o) %
Introduction Rules for Lambek’s Modalities
*") §ir7 8 o
A+ Z - o) %

Chy) OAF eZ

Additional Structural Rules for Lambek’s Modalities

dHX XEHO
(6@ 1) (Fodt) ——
b X XFed
oY . XFHZ ZEFeY : X
(.COIn '—) _ (l_ OCOIn) _
X; eYHFHZ ZEX; oY
oXH+H7 ZFeX
(Wk1F) X evrz (FeWkl Zrx ey
oY 7 Z F oY
(F oWk 2) ZF (eX); (oY)

WD ez

e e R

Fia. 8. Logical and Structural Rules for Lambek’s Modalities
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10.
intuitionistic turnstile, and also define intuitionistic implication =:

(A1 Fi A2) = (®ALF Ay) (10.1)
(A1 = 42) = (¢A1 — O4y) (10.2)

As Belnap [-'_ﬁ, page 38] and Lambek [%_1-5 page 233] observe, we have embedded
intuitionistic logic if we can create a “residual” for extensional conjunction. That is,
if the invertible rule (F;—), shown below left, is admissible. Via the above translation,
this requirement is really as shown below right:

AANBHF C $AAB)FC
BH A=C B+ (¢4A) — (OC)

(Fi—

The proofs of the right hand side derivations are easy:

crC
¢AH QA OCF oC
B 4A - 0C A - TOCH GA > (eC)
OB @A < (e0)
¢A; @B eC
¢AR B oC
(dp)
c(¢ARWB)FC H shown as (a)
¢(¢ARGB)FC ¢(ANB)F 4(#A® $B)
¢(ANB)FC (

Proof of 4(A A B) F C assuming éB - ¢ A — OC

@F)

—h)

(cut)

(dp)

cut

shown as (b) trivial
CPARGB)-FG(AANDB) o(A; 4B ¢(¢AR &B) )
cut
o(¢A; ¢B) - #(ANDB) ¢(ANB)FC
*(¢A; #B)FC
A ¢BF oC - o)
¢A; ¢BFHOC
————— (dp)
4B+ $A<OC -
4B+ ¢A— OC
Proof of B ¢A — OC assuming ¢(AAB)+F C

(cut)

p)

-)
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eA; eBFHX
BF(A)>X(dp)
AFA Cpers 1) BEB (peas 1) m(’k)
oA A (Wk 1) eB+ B (Wk 2 ) (dp)
eA; eBF A eA; eBFB oA $BHX
————— (é¢F) ———— (¢ ) —— (dp)
VAR OB A ¢454BEB oA X < (4B) e
$ASOBEANE WAL X < (#8)
A B - 8ANE) oA B X (I;)
$($AS8B) - $(ANB) saoenrx
(b) derived rule (¢ @ ¢ F)
AFA AL BFB (A F)

ANBFA n AANBFB (+#)

«(ANB)F4A (ANB) 4B |

2y

o(ANB); e (ANB)F4AR 6B
(Ctré )
«(ANB)F 4A B ‘e
ee (ANB) - 4(¢AR &B)
o(ANB) - 4(¢A® &B) Deus » )
(¢F)

¢(ANDB) - 4(4A® $B)
(a)

Note that each of Pers , Dens , Wk 1, Wk 2 and Ctre are absolutely essential. The
commutativity rules eCom are needed to prove A F; ((A = 0) = 0). The reader is
invited to check that ((A = 0) = 0) ; A fails. Since all other moves in these proofs
use rules of §BiL, this embedding works in all our displayed substructural logics.

Ono [‘._59'] gives a sequent system for Girard’s exponentials together with associated
algebraic semantics. MacCaull ['{_18] has given a semantics for this system using binary
Kripke relations. MacCaull uses two binary relations with ! interpreted as a diamond
“looking backward” along F' as in tense logic, but with ? “looking forward” along G
in a complex way.

11 Adding Exponentials

It is clear that Lambek’s suggestion for adding exponentials is not completely satis-
factory since the distribution property !(AV B) 4 (! AV ! B) is a by-product of the
syntactical form of the rules and the display property. It should be possible to mimic
MacCaull’s [{_L-Eé] relational calculus by using two binary relations F' and G to display
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the exponentials via two independent structural connectives op and og say, each with
display postulates of the form rp(op, or) and rp(og, o). But there is an existing so-
lution due to Belnap [i_):], although Belnap uses a form of display logic which depends
upon an involutive operation *x. We follow his suggestion to “add the exponentially
restricted rules we liked” [ff, page 21] to show that his solution works in our more
general framework.

We now use ! and 7 since these modalities are like the exponentials of Girard [:_3-(_1]

We require an explicit notion of “polarity”. In a structure Z, a substructure Y is
a positive [negative] part if

1. Y is an antecedent [succedent] part when Z is an antecedent part and

2.Y is a succedent [antecedent] part when Z is a succedent part.

Following Belnap [‘g, page 18], a structure Y is [dual] exponentially restricted
if whenever Y contains a formula B, if B is a positive part of Y, then B has the
form [? A] 1A, and if B is a negative part of Y, then B has the form [! A] 7 A.
Furthermore, Y must not contain ® as a [positive| negative part.

(Com® ) % (+ Com) %
(TR Y Fou)
(WIE2H) et (FW'2) 2
(WIELE) o (WD) A
(7 F) % (=7) %
(k) % =1 %

Y is exponentially restricted.

Y4 is dual exponentially restricted.

Fic. 9. Structural and Introduction Rules for Exponentials

The introduction rules in Figure :g give the exponentials as studied by Ono [525
page 279], who also shows that they generalise Girard’s exponentials in a substructural
setting. Ono also gives many results connecting these calculi to quantales and phase
structures. But notice that our rules are equally viable without commutativity or
associativity for ;, and furthermore, are not affected at all by whether the logic



492 Substructural Logics on Display

is classical or intuitionistic. The reader is invited to verify the formula versions of
each of the algebraic properties 1-10 on page 280 of [',_5-9] They are all provable in the
display logic framework outlined above. By working through the details given by Ono,
it should be possible to obtain a completeness theorem for our modal substructural
logics with respect to “modal unital quantales” and “modal phase structures” [E-E_l']

Theorem 11.1 The addition of exponentials does not perturb cut-elimination.

PROOF. The calculi obtained by adding the exponential rules to the basic display
calculi of previous sections obey Belnap’s modified conditions of “regularity” [@]. W

Notice that now we speak of whole calculi since the “regularity” conditions must
be checked with respect to each calculus, rather than with respect to each individual
rule. But see [d] for details.

12 Background and Related Work

As one referee has pointed out, the literature in this field is vast. Here I attempt to
review other work which is related to this work. My background in category theory is
limited so I am sure that I have omitted a vast amount of work from this community.
The following quote from Lambek ['_.ZIS, page 210] is worth remembering:

In fact, the passage from syntax to semantics may be viewed as introducing the
three structural rules.

12.1 Logical Variation Via Structural Rules

As far as [ am aware, the initial proposal to separate structural rules from logical
rules, and obtain many different logics by varying the structural rules, seems to be
due (independently) to Dosen [i7, IS:, 9] and Belnap [§]. Dosen seeks to “characterize
logical constants® syntactically” [:_15, abstract] whereas Belnap’s motivation is more
practical: “Display Logic is essentially a proof-theoretical tool” [;_Cf'., page 379] so that
“you can make up hybrid logics by mixing families as you wish” [:_S, page 395]. For
DogSen, the separation is a way to “provide an illustration of how alternative logics
differ only in their structural rules, whereas their rules for logical constants are iden-
tical.” [:l-g, abstract]. For Belnap, the fact that “the same set of formula connective
postulates is used for every family” is “Display Logic’s way of making sense out of
everyone’s sense of family resemblance.” [:_g, page 382].

12.2 The Display Postulates rp(;, >, <) and drp(;, >, <)

Belnap [S] credits the idea of using multiple structural connectives to the independent
work of Mints [',_5-5:| and Dunn [2-3_;] But, as we have seen, the original display logic
rules do not quite suffice, primarily because of the presence of Boolean negation in
the form of the * connective. For a discussion of how much can be done with * see
[32]. Our rules for extensional conjunction and disjunction come directly from Belnap
since he explicitly mentions “the possibility of ‘structure free’ formula-connectives”
['§:, page 410], where he also notes that “distribution cannot be obtained for these
formula-connectives without appeal to structural elements”. For a more detailed dis-
cussion of distribution and its failure, see also [:_?:, page 34]. Our structural connectives

our logical connectives



12. BACKGROUND AND RELATED WORK 493

< and > trace their origins to [:_7)1_1‘] where they appear as r1 and rs2, and were mo-

tivated by residuation and dual-residuation for binary connectives, and a desire to
“display” Dunn’s Gaggle Theory [:_2-@'] However, a re-reading of Belnap shows that
he had anticipated the possibility to “replace * in each family by a pair of binary
structural connectives X —Y and X — =Y, thinking of X as positive and Y as neg-
ative substructures” [3_3, page 409]. Although Belnap builds commutativity into the
associated display postulates [Ei, page 409], he immediately suggests that “one might
look at the case when one refuses to postulate commutativity for o2 on the right of
turnstile” [3_3, page 409]. The idea of using such display postulates, together with their
duals, in one uniform, yet modular, framework [,r_)’-l_:] seems to be new.

12.3 Symmetry, Duality and Dual Logical Connectives

A first attempt at displaying a substructural logic containing dual logical (and struc-
tural) connectives can be found in [;’)ij] . The fact that display calculi exhibit symmetry
and duality can be found in Kracht’s [43:} The results from Section & were found while
extending Kracht’s notions of duality and symmetry to handle the extra connectives
of Bi-Lambek loglc [45]. Although I did not realise this at the time, the o transforma-
tion of Section B. can be seen as a manifestation of Lambek’s desire that “the order of
two letters was never to be wantonly interchanged, yet all rules were to be preserved
under left-right symmetry, the guiding slogan being ‘symmetry without commutativ-
iy’ ['45, page 207]. Similarly, the A transformation can be seen as a manifestation
of Lambek’s “invariance under arrow reversal, replacing ... by ... and vice-versa’ ['{_Lé‘,
page 214]. The results of Section & are thus manifestations of the categorial notions
underlying Bi-Lambek logic.

12.4 Traditional Gentzen Systems for Classical Substructural Logics
Intuitionistic and classical substructural logics without dual connectives have been
studied extensively by Dosen [, 20]. Intuitionistic substructural logics contain-
ing dual logical connectives have received some attention [d1, 58], but I know of no
uniform study of classical substructural logics containing all the dual connectives.
Abrusci [:1:] and Hudelmaier and Schroeder-Heister [:4-@ restrict themselves to classical
exponential-free Bi-Lambek (= pure non-commutative classical linear) logic. The ease
with which we obtain these classical versions from the intuitionistic versions, using an
already known rule (Grishin’s rule) indicates the close fit between substructural logics
and our generalised display calculus. A further advantage is the simplicity of our rules
compared with the rules in [:Z_IQ', page 254]. Incidentally, Lambek [:34-5, page 209] points
out that Grishin [34] seems to have anticipated the axioms for Bi-Linear logic in 1983
(in Russian).

12.5 General Proof Systems

There are numerous generalised “proof-theoretic” frameworks for substructural logics.
Here, we briefly discuss their relationships to our work. A good discussion of various
Gentzen formulations for modal logics is contained in Wansing’s [:_7-9']

12.5.1 BELNAP’S DiSpPLAY LoGIC
The original display logic of Belnap [1_9?.] was designed to display relevant logics where
the connective we call @ is usually commutative, although “fusion” (our ®) is not.

9

our “ ;7



494 Substructural Logics on Display

This explains why Belnap’s original calculus builds-in commutativity for o (our “; )
in succedent positions. In a subsequent paper, Belnap [:_1-(_)'] attempts to dissect the
intricacies of using *, but some of his subsystems actually fail to have the display
property, see [33). Restall [57] remedies many of these anomalies, but also builds in
commutativity for & in succedent positions. Wansing [:_7-9‘] simplifies display logic to
handle unary (modal) connectives, but also uses the * connective since it is a natural
way to capture classical modal logics.

12.5.2 DOSEN’S SYSTEMS

As stated already, DoSen [:_1-5_5'] has also considered sequent systems where logical vari-
ations are obtained from changes only in the structural rules. The main tool there
is the use of nested turnstiles up to arbitrary depths, and the use of (double line)
introduction rules which are explicitly stated as-being invertible. Dosen concludes
that “the double-line rules for logical constants®? could show that logical constants
serve, so to speak, as punctuation marks for some structural features of deductions

. Implication is up to a point a substitute for the turnstile at level 0: it can reduce
a deduction of level 1 to a formula of level 0. Conjunction and disjunction serve
to economize: they reduce to one deduction two deduction which differ only at one
place.” [28 page 166]. Masini [53] uses a similar idea for intuitionistic modal logics.

In [.19 :20} Dosen gives sequent systems for many substructural logics, albeit without
dual connectives, using “G-terms” built from formulae using the binary structural
connective “,” and the nullary structural connective @. DoSen’s rules build in a
notion of substitution since they are applicable to an arbitrarily nested occurrence of a
structure within another structure. In this way, the need for the display property does
not arise. Since the only binary structural connective “,” is isotonic in both arguments,
there is also no need to worry about whether the occurrence is an antecedent or
succedent part. It is an antecedent [succedent| part if it appears in the left [right]
hand side of a sequent. Structural rules, also couched in terms of occurrences at an
arbitrary nesting depth, then give different logics.

DosSen’s cut rule explicitly builds in the notion of substitution, thereby avoiding
the need for display postulates. Cut-elimination is proved on a case by case basis,
and there is no analogue of Belnap’s conditions. See [,'_74] for a correction to the
cut-elimination proof in some cases.

12.5.3 HYPERSEQUENTS

Hypersequents, invented independently by Pottinger [:_6-24:] and Avron ['i_l:] have been used
to obtain cut-free formalisations of many non-classical logics [, 6]. Wansing [83] shows
that, at least for some logics, display calculi have some advantages over hypersequents.
Wansing gives a thorough description of hypersequents, so we omit details here. But
I am not aware of a general cut-elimination theorem for hypersequents.

12.5.4 LABELLED DEDUCTIVE SYSTEMS

Gabbay’s Labelled Deductive Systems [2-9‘] have been applied to obtain labelled tab-
leaux systems for intuitionistic and classical substructural logics [:133:] and also to the
implicational fragments of substructural modal logics [:_14] I am not aware of any
extensions to handle dual connectives in the same framework.

10

our logical connectives
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The biggest advantage of the labelled deductive systems of D’Agostino and Gabbay
[:_l-?ﬂ is that they make no attempt to eliminate cut. Instead, they use it in a demand
driven and analytic manner which cannot be simulated polynomially using the tra-
ditional rules [:_1-5_:} Hence, Labelled Deductive Systems lend themselves to decision
procedures and automation much more easily than display calculi, although the cur-
rent work of Jeremy Dawson [:_1-@ shows that display calculi can also be mechanised
using existing automated deduction tools. Note however, that the labelled deduc-
tive systems of D’Agostino and Gabbay [:_1-53’] essentially compile the logical deduction
problem into the algebra of labels, and then seek a solution to an algebraic equation
(constraints) among the labels. Of course, the algebraic equational problem will have
the same degree of difficulty as the logical problem.

12.5.5 CATEGORIAL TYPE LoOGICS

The plethora of work on Categorial Type Loglcs-- [@7 ,58 conducted by Kurton-
ina, Moortgat, Morrill, Oehrle, van Benthem, and many many others [E?_’] covers
Gentzen systems, natural deduction systems, lambda calculi, term rewriting systems,
and even labelled deductive systems for many of the logics we have “displayed”. Some
are even refined versions of display logic [57, Section 4], which, following Dosen [119],
avoid the display postulates altogether by “compiling” them into the rules, but which
still enjoy cut-elimination. There are also modular “residuation calculi” to handle
substructural multi-modal multi-dimensional logics, with “interaction postulates” for
connecting them together, and numerous completeness results with respect to ternary
relational semantics [5?] However, classicality, dual connectives, the various nega-
tions, and the Sheffer “stroke” and “dagger” connectives of Section § do not seem
to have been investigated by this gommunity, possibly because such notions may not
have a clear linguistic applica‘ciom.12 They also do not seem to have pursued a general
cut-elimination theorem. Their ideas on “compiling” residuation into the rules, and on
building hybrid logics using residuation calculi should benefit our studies immensely.

12.5.6 RELATIONAL PROOF SYSTEMS

Orlowska’s Relational Proof Systems [53] have been extended to (at least) modal log-
ics [B3] and to the traditional substructural logics 8] with exponentials. Relational
Proof Systems encode the semantics for these logics directly, using object level formu-
lae of the form R(z,y, z) where the variables x, y and z range over the points of the
underlying Kripke models. The resulting proof systems are traditionally formulated
as dual-tableaux systems. In a sense, Relational Proof Systems can also be seen as
Labelled Deductive Systems, since the variables x, y and z name the points in the
underlying semantics. I am not aware of any Relational Proof Systems for substruc-
tural logics with dual connectives, although it is obvious that adding decomposition
rules for another relation S, in addition to those for R, does the job.

Relational Proof Systems also split the rules into logical and structural ones, with
the logical rules remaining constant and all variations coming through the “specific
rules” for the logic in question. These rules are particularly easy to invent since
they are directly determined by the special properties of the underlying relational
semantics we wish to capture.

11Pointed out to me by one of the reviewers.

12

I am not a linguist so this is just a guess.
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Some relational proof systems require no cut rules at all, but the systems presented
by MacCaull [:34-8;:] require an analytic cut rule for completeness. That is, it may be
necessary to apply cut on certain formulae of the form R(z,y, z) or I(z, y, z), although
these applications are restricted to (the finite number of) variables which already occur
on the tableau branch. However, the question of general cut-elimination has not been
fully resolved for Relational Proof Systems for substructural logics containing both
the intensional and extensional connectives [:iig]

12.5.7 Basic LoGic

The Basic Logic of Sambin, Battilotti and Faggian [:_fiﬂ is another powerful Gentzen
framework for substructural logics with dual logical connectives. Below, I use quotes
to introduce technical terms of Basic Logic since space forbids detailed definitions.

Basic Logic is motivated by a philosophical “principle of reflection” showing how
to obtain the introduction rules for a logical connective by solving a “definitional
equation” between a meta-level concept and that logical connective. Basic logic also
has a general notion of “symmetry”, which is identical to our §-transform. Cut is
viewed as a form substitution, and implication — is seen as an object level counterpart
of the turnstile.

In Basic Logic, for every connective, one introduction rule p can be used to derive
the other using “reflection”, which, put simplistically, demands that p be invertible.
Symmetry then gives the dual connective rules for free. The idea that one introduction
rule can be derived from the other using invertibility considerations also appears
independently in [:;5-1:], as does the idea that “duality” gives the other half for free.
The first idea is also touched upon in [g, page 415, note 14] and appears to be folklore.

Basic Logic contains rules for introducing (a formula containing) each connective
into the right and left of turnstile, using comma as the only additional structural con-
nective. The introduced formula is always “visible” as the whole of the antecedent or
the succedent. Extensions of Basic Logic are obtained by “liberalising” this condition
to allow the rules to introduce formulae into antecedents and succedents (contexts)
which are non-empty. Liberalising contexts on the left of turnstile gives intuitionistic
logics, liberalising contexts on the right of turnstile gives dual intuitionistic logics,
while liberalising contexts on both sides, gives classical logics. The traditional struc-
tural rules of exchange, contraction and weakening then give further variations within
these types of substructural logics.

Basic Logic enjoys a cut-elimination theorem for highest cuts which is also general
in that the cut-elimination proof is easily extended to the extensions obtained by
liberalising contexts or by adding further structural (in the sense of Basic Logic) rules.
Moreover, since it is not dependent upon any display postulates, it immediately allows
access to the usual decidability arguments. Such arguments are also possible in display
logic r@ﬂ, but are not as easy. In some ways, Basic Logic can be seen as a “compiled”
version of display logic since Belnap’s conditions are essentially built into the rules
of Basic Logic. The cut-elimination procedure of Basic Logic involves tracking the
“history” of a formula occurrence until the formula becomes principal, which is exactly
Belnap’s notion of tracking the “congruence class” of a formula occurrence [g, :_3-5]
Whether Basic Logic enjoys strong cut-elimination, or enjoys cut-elimination for any
cut as discussed at the end of Section 5_2, appears to be an open question.

Basic Logic does not contain all the binary logical connectives we have presented,
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although they can be added. In particular, Basic Logic does not make a distinction
between our “—” and “«—”, nor between their duals. Consequently, in Basic Logic,
0 =A and o = 1, see Section g Any comparison of Basic Logic and (our incarnation
of) Display Logic is fraught with danger because of the differences in the symbols.
Here is a map to help:

Basic Logic & @

1 1L T 0 — —
Display Logic AV 0

®Q ®
® @& 1 T 1L < > —«

It is clear that Basic Logic and Display Logic have many common aspects. Perhaps
the best view is to follow Belnap’s advice that it is generally a “good idea to let quite
a few flowers bloom” [:j, page 35].

13 Further Work

We now outline some avenues for further work.

13.1 Breaking Residuation Using Residuation

The major disadvantage of our display calculus is that it enforces rp(®, —, <) and
drp(®, >, < ). We have seen that we can have one, without the other. But what
if we want to break even the connections inherent in rp(®, —, <) ? This is possible
by using multiple connectives, with indices, say ;,, >; and < ; (see [57_:] for similar
independent ideas) and the following display postulates and rules, for 1 <i < 3:

rp(;ia >i’<i)

A;, BFZ ZFA>9B Z+HA<3B
©F) T2BrZ =) 7 a=5 =) Zra—s
We no longer have rp(®, —, < ). But if you want full residuation again, just add the
display postulate rp( ; 1, > 2, < 3).

Similar methods work for breaking and regaining drp(®, >, <).

In a sense, this is the ultimate substructural logic since all connectives are com-
pletely independent. Such additions should enable us to obtain hybrids of substruc-
tural logics as is done in Categorial Type Logics [E?j

13.2 Can Display Logic Simulate Basic Logic ?

Suppose that we abandoned the display postulates of Figure:}: but kept all the logical
introduction rules of Figure :'2, and the structural rules for contraction Ctr, weakening
Wk and exchange Com, as desired from Figure :'3 Then, in these rules, suppose we
put the following restrictions:

(i) for every rule of the form (¢ F), all substructures in the structures forming the
succedent of the conclusion must be succedent parts, and

(ii) for every rule of the form (F ¢), all substructures in the structures forming the
antecedent of the conclusion must be antecedent parts.

The intuition is that (i) restricts our introduction rule for (c F) so that the succe-
dent of the conclusion cannot contain any substructure that “really belongs” on the
antecedent side. Condition (ii) restricts our introduction rule for (- ¢) so that the
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antecedent of the conclusion cannot contain any substructure that “really belongs” on
the succedent side. It is important that the notion of substructure be disallowed from
looking inside formulae! Thus a subformula is not considered to be a substructure.
The introduced formula is not only displayed, but it is also visible in the sense of
Basic Logic. The Basic Logic rule for (F—) can be simulated by demanding that the
antecedent be just ®.

Our “side conditions” (i) and (ii) are similar to the “exponentially restricted” con-
dition on structures used by Belnap in [I_I], and in Section :_1-1_: So it would seem that
Belnap’s modified conditions and cut-elimination proof [i_):] may be sufficient. But,
currently, this remains a suggestion since I have not checked the details.

13.3 Can Display logic Simulate Higher Order Sequents 7

The motivation for our display postulates is based upon the desire to capture residu-
ation and co-residuation, and their current form is clearly stated in [31]. In the light
of Dosen’s higher-order sequents, we can also view rp(; , >, <) anddrp(;, >, <)
as “nested turnstiles” viz:

X+ (Z4Y) (ZAY)F X
X YHZ ZEX Y
YH(XFZ) (XFZ)FY

Can we now simulate DoSen’s higher-order sequents in this display calculus ? In
particular, does this reading of our formulation of Grishin’s rules give us a way to turn
Dogen’s higher-order sequents for intuitionistic logic into those for classical logic ?

13.4 Can Basic Logic Simulate Display Logic 7

Here is an idea of how we may be able to simulate Display Logic using Basic Logic. The
essential difference between Basic Logic and Display Logic are the display postulates
of Figure -rl: Basic Logic does not contain extra “structural connectives” at the object
level, but keeps them as “meta-linguistic signs” at the meta level. So to simulate
Display Logic in Basic Logic, we have to find a way to simulate rp( ;, >, <), but
at the meta level rather than the object level. But if we take the “nested turnstile”
idea seriously then it is clear that the display postulates will take the form already
mentioned in Section 13.3. Basic Logic does not contain a reverse “nested turnstile”
since it is seen as just a manifestation of the “symmetry” of Basic Logic. But since -
can be seen as the relation “yields”, why not view - as “excludes” ? Extending Basic
Logic with this notion should enable Basic Logic to simulate Display Logic.

13.5 Display Directly Using Explicit Negations
Rather than “introducing” the negations via the rules (£ ), (- 1), (b F) and (- b), is
it possible to build them into the general display framework from the start ? That
is, can we capture bi-intuitionistic substructural logics using negations rather than
implications as primitives. I could be wrong but the following seems a tentative
argument that this cannot be done. See [gg‘] for similar ideas.

The current display set-up uses ; *, <® and > * with the first on one side (z is
“a” for antecedent or “s” for succedent) and the others on the opposite side (2’ is “s”
for succedent or “a” for antecedent). There is no direct connection between the two

resulting display postulates rp(;, >, <) and drp(;, >, <).



13. WURTHER WORK 499

The obvious idea is to express < ® and > ° by some combination of ; ° and the
negations #° and b*. And analogously for < ¢ and > ¢ by some combination of ; ¢
and the negations §* and b®. But by doing so, we immediately bring in a link between
the two sides, which was previously absent.

A more subtle way [:_S-Q] is to express < ® and > ° by some combination of ; ¢ and
the negations £* and b® by embedding the ; under one of §* and b*. For example:

X+H40bZ;Y)
X:Y+Z

gives us the correct polarities for Y and Z, and the ; on the right is actually a ; ¢

since it is embedded by §. But the § itself is §° whereas we really want §%.
Thus it seems as if any attempt to define < and > in terms of the new negations
will bring in some unwanted connections.

13.6 Miscellaneous

As pointed out to me by Giovanni Sambin, the absence of distribution is one of the key
features of Quantum Logics. Thus it should be possible to obtain a display calculus
for Quantum Logics using our display calculus.

Wansing [:_7-23:] has given sequent systems for extensions of many intuitionistic sub-
structural logics with various forms of constructive negation. It should be possible to
capture these negations using Restall’s display rules from Figure I_i'

Dual intuitionistic logics can be seen as “refutation systems” to enumerate the
“counter-theorems” of a logic [33]. Further work needs to be done to relate these to
existing “refutation systems” for non-classical logics.

The title of this paper is stolen from Wansing’s [g?_;] where he gives a display calculus
for many first-order classical logics using the fact that the quantifies Vo and Jz form
a residuated pair. It should be fairly straightforward to extend both these works to
obtain “First-Order Substructural Logics on Display”.

Kracht [:fl-g] has shown that display calculi can be extended by encoding a vast
number of additional axioms, meeting certain criteria, as structural rules, while still
preserving general cut-elimination. Kracht’s techniques should be extended to our
display framework.

Lambek [45, page 214] mentions that some models for intuitionistic Bi-Lambek
logic are “bi-quantales”. Thus it should be possible to obtain a display calculus for
the logic of bi-quantales.

The three transforms é, A and o clearly form a commuting diagram in a categorial
setting. Further work is needed to connect our work to the vast amount of work on
categorial models for substructural logics. There also seem to be strong connections
between these transformations and the combinators from Combinatory Logic.

Jeremy Dawson and I are currently trying to find translations from Relational
Proof Systems to and from Display Logic. This would give a way to check general
cut-elimination for Relational Proof Systems.

It is clear that display calculi are quasi-equational systems in some sense. Are all
logics displayable using our calculi quasi-equationally definable ?
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14 Discussion and Conclusion

As Belnap [Q, page 21] points out “The known formulations of linear logic seem to
depend on the associativity and commutativity of ®, which is in certain respects a
defect. ... We can drop these postulates and still have a coherent concept of all the
connectives, including exponentials”. We have shown how to extend these arguments
to a huge class of substructural logics, with or without dual connectives, modalities,
converse, various negations, exponentials, Sheffer’s stroke and dagger, both intuition-
istic and classical, in a single uniform framework.

Categorial insights are no doubt useful, but using them to obtain traditional cut-free
Gentzen systems is not straightforward as witnessed by a gap in the cut-elimination
claim of ['ﬁl-é], see [:34-@, page 256,footnote 3]. Display calculi seem to sit somewhere in
between category theory and traditional Gentzen systems, capturing the symmetries
and dualities inherent in the underlying categorial notions, but in a single, uniform,
Gentzen-style format. Is the generalised display calculus of any use ? Hopefully we
have demonstrated that it is.

Having extolled the virtues of display calculi, we must mention that display calculi
are not a panacea. Kracht [43] has shown that current display calculi can only handle
a certain subset of Sahlqvist logics. Whether display calculi for non-Sahlqvist logics
can be invented is an open question.

The dependence on display postulates is often touted as a weakness of display logic.
But, on the contrary, the Display Property is actually a very desirable property in
many circumstances. For example, when staring at a complex sequent, it is some-
times very useful to focus on some particular substructure and ask “What does this
mean ?”. By displaying this substructure we can separate it from the context in which
it is embedded. Often this gives some insights into what is going on. A practical,
independent, demonstration of this phenomenon is the Window Inference calculus of
Robinson and Staples [64].

There are four ways in which we can evaluate our work:

1. As a contribution to the study of display calculi. In this regard, our display
calculus has many advantages over previous display calculi since it captures the
duality inherent in substructural logics, in a modular way. The resulting limited
display property allows you to build (cut-free) display calculi to suit your needs.

2. As a contribution to a general picture of bi-intuitionistic and bi-classical substruc-
tural (tense) logics with or without exponentials. In this regard we have shown
how various rules achieve their effects in one uniform framework, and have also
shown (or exploited) deep dualities and symmetries which give us “four proofs for
the price of one”. I know of no general picture of such a diverse range of logics in
one uniform setting.

3. As a contribution to specific logics like relevant logic or linear logic. Here our
contribution is limited since the respective communities are usually more knowl-
edgeable. We have, however, shown how to add @& to BCK-logic, and given double
sided cut-free formulations for Classical Bi-Lambek logic, using implications or
negations as primitives, albeit in a display framework.

4. As a contribution to generalised proof systems. In this regard, we believe we have
made a significant contribution. It should be possible to extend the other general
formalisms using these insights.
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