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A concise vector notation for describing
rigid—body velocity, acceleration, inertia,
etc., using 6D vectors and tensors.

fewer quantities
fewer equations

less effort

fewer mistakes



Velocity

Spatial velocity:

(V0=Vp+0_f))><00)

N
V




Acceleration

. IS the rate of change of velocity:

A dh_
a= V= --

— but this I1s not the linear acceleration of
any point in the body!




Force r

o] o

force f through P: f‘\= OPfX f
N\ - T -
pure couple T: f= 0




Rigid Body Inertia

mass:. m

CoM: P
Inertia

y (ﬁ’) at CoM: I*
AT :
spatial inertia tensor: I = ITH
H M|

where M =ml1
H=m OPx
I =TI* - m OPx OPx



Operations on Spatial Quantities

e Composition of velocities

N\

If w4 = velocity of body A

N\

vz = velocity of body B

Vs = relative velocity of B w.r.t. A

N\ N\ N\
Then Vg = Va + Vpa



e Composition of accelerations

If

N\
as — accCe
N\
ap — adcCCe
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y B

N\ .
az, = acceleration of B w.r.t. A

N\

N\ N\
Then ag=as + ags

Look, no Coriolis term!



e Composition of forces

N\ N\
If forces f; and f; both act on the same
body then their resultant Is

A A A
fioe =1 + 1,

e Composition of inertias

N\ N\
If two bodies with inertias I, and Iz are
connected together then the inertia of
the composite body Is

N\ N\ N\
Liot = 14 + I



Mathematical Structure

spatial vectors inhabit two vector spaces:

M® — motion vectors
F¢ — force vectors

with a scalar product defined between them

m.f = work

. “7:M°x F* >R



Bases

If {d,, ..., d¢} is an arbitrary basis on M°
then there exists a unigue basis {ey, ..., €}
on F° satisfying

In this basis, the scalar product of two
coordinate vectors Is

m . f =[m]" [f]



Plucker Coordinates

A Cartesian coordinate frame Oxyz defines
twelve basis vectors:

dea dOya dOZ: dxa dy, dZ :
rotations about the Ox, Oy and Oz axes,
translations in the x, y and z directions

€x, €y, €z, €0y, €0y, €0: -
couples in the yz, zx and xy planes, and
forces along the Ox, Oy and Oz axes



: : A N\
Equations like v = and f=

really mean

N\
V=(L)xd0x+wyd0y+wzd02+
+ UO.?C dx + UOy dy + UOZ dz

N\

+ fx €0y + [y €oy + [z eo,




Equation of Motion

d

f = cﬁ(lv) = Ja+vxlv
f = net force acting on a rigid body
I = Inertia of rigid body
v = velocity of rigid body
I v = momentum of rigid body
a = acceleration of rigid body



Example 1. Robot Kinematics

= joint 1 joint 2 joint n

+—0 O oo O——1_

—| base link 1 linkn
Vi = Vi1 + Sj Qi (Vo = 0)

a;,=a;1+Siq;+s;iq; (a,=0)

Vi, Q; link velocity and acceleration

qi, q;, S; joint velocity, acceleration & axis



Example 2: Inverse Dynamics

(Calculate the joint torques @); that will
produce the desired joint accelerations g;.)

Vi = Vi1 + Si qi (Vo = 0)
a;=a;.1+S;q; +S; (ap=0)
fi=fian+Lai+vixLivi (fha==~Fe)

Qz—sz

(The Recursive Newton—Euler Algorithm)



