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Abstract—A critical assumption in applying Godard CMA
algorithm for blind deconvolution and equalization is the as-
sumption of an independently distributed source. Almost all the
applications in the literature have based their implementations
on this assumption. To our knowledge, no research has been done
on the effect of source correlation on adaptive blind deblurring of
images through CMA, and this paper addresses that gap, coming
up with a novel model of addressing the source correlation
problem in the image deblurring through CMA.

Index Terms—blind equalization, blind deconvolution, image
processing, blind image restoration, Constant Modulus Algo-
rithm, CMA, Godard algorithm, kurtosis.

I. INTRODUCTION

A. Background

In image restoration, blind image restoration is considered
as a challenging problem because it is hard to uniquely define
the original image, specially without any prior knowledge.
Nevertheless, researchers have come up with various methods
in addressing this problem [1].
Constant Modulus Algorithm (CMA) is one of the most pop-
ular, computationally simple, tested and best performing blind
equalization algorithm in the signal processing domain [2].
More than two decades of research has been done on applying
CMA in communication systems, establishing a strong theoret-
ical base and it has been shown that CMA works with non-CM
sources as well [3].
Recently some research have been done on employing CMA in
image processing, specially on image deblurring. Applying the
classical CMA technique in the image deconvolution problem
was introduced in [4]–[6] and was further developed in [7].
While CMA as an image restoration technique is compared to
other existing techniques in [4], [6], [8], they have not empha-
sized the importance of the higher order statistics measurement
on the CMA technique. On the other hand few other papers
could be found in the literature employing kurtosis for blind
image restoration such as [9], [10], where they have taken
the kurtosis as a standard for the smoothness of the whole
image. As shown later in this paper, we have used kurtosis
measurement more effectively by taking into consideration,
the variation of the value of kurtosis within the image.
Most of the previous work in the equalization literature of
applying CMA details out a set of conditions which guarantee

a perfectly equalizing performance and are known as Perfect
Blind Equalization (PBE) conditions [3]. One of those con-
ditions is the independently distributed source sequence. The
research so far on blind image restoration through CMA is also
based on this condition and in this paper we detail out how
this assumption relates to natural image data and how we could
overcome the issues related with this unrealistic assumption.

B. Contributions

The paper contributes in:
i) Investigating the effects of violation of the condition of

independently distributed source condition on blind image
deconvolution through CMA.

ii) Developing a novel model to address the spatial correla-
tion of an image for blind deconvolution through CMA.

iii) Studying the issues related to applying the new model for
blind image restoration.

C. Paper Structure

In this paper, section II, details out the main problem
we came across while image deblurring through the CMA
algorithm. This problem motivated us to come up with a
novel model for CMA deconvolution, which is demonstrated
in section III. Section IV points out some of the issues
we came across on implementing our new model of CMA
deconvolution.

II. PROBLEM FORMULATION

A. Adaptive System

Fig. 1 shows the system used for adaptive blind deblurring,
where x is the source to be estimated, y is the known distorted
source and z is the output of the deconvolution process which
estimates the source. This system of a blur-blind deblur system
in image processing context can be considered as equivalent to
a channel - blind equalizer system in communication context.
In the communications context the source x is the transmitted
signal and the output z becomes the equalized signal, while in
the image processing context, source x refers to the original
image and the output z is the deblurred image. In both
contexts, CMA algorithm can be applied to recover an estimate
for the unknown source x from the known distorted source
y. For simplicity, we have not considered the effect of noise
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Fig. 1. Adaptive blind deblur model: x is the unknown source, y is the
known distorted source, and z is the deconvolved source.

in our blur-deblur model. In order to come up with the best
estimate for the deblur, the weights of the “Adaptive Blind
Deblur” are adjusted according to the CMA cost minimization,
assuming the deblur to be a linear filter. The CMA cost
function in general is given by

Jp(z) ! 1
2p

!
|z|p " !p

"2
(1)

where p is a positive integer. When p = 1, the cost function
given in (1) is called the Sato Algorithm [11] [12], while p = 2
gives the widely used Godard algorithm [13]. In this paper,
we focus on the Godard algorithm, hence the general equation
in (1) becomes

J (z) ! 1
4
!
z2 " !

"2
(2)

where ! # R is the dispersion constant which depends on the
source image histogram and z is the output.

B. Source correlation

The effect of source correlation on CMA has been studied
in the communication domain by many researchers. Leblanc in
his paper gives an added emphasis on the source independence
demonstrating that correlations in the source not only perturb
the error surface but introduce additional poorly performing
minima [14].
Source correlation does not inhibit the equalization in the
communications context, as the source could be arranged in
such a way that results in a more independent distribution with
less correlation. In image processing context, reducing source
correlation for adaptation becomes a challenging task. Almost
in all the natural images, the pixels are correlated in some way
or other and removing this correlation changes the structure
of the image.
The following test results verify that spatial correlations in
images inhibit performing a perfect blind deconvolution. Fig. 2
shows the results of CMA deconvolution carried out on a
natural image. It shows the difference (d) between the actual
(wactual) and estimated (westimated) deblur kernels when
going through the adaptive blind deblur system.

d = $wactual " westimated$F (3)

where F stands for Frobenius Norm. The figure clearly shows
that the system does not perform perfect blind deconvolu-
tion for the natural image. The next experiment of CMA
deconvolution was carried out for a less spatially correlated
image, by randomizing the pixels of the image used in Fig. 2,
which preserves the histogram. The test results shown in Fig. 3,
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Fig. 2. Difference between the actual and estimated deblur kernels for natural
‘Lena’ image.

verifies that the system performs a perfect blind deconvolution
on the randomized natural image, and the resulting blur kernel
is similar to the actual deblur kernel with almost perfect
accuracy.
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Fig. 3. Difference between the actual and estimated deblur kernels for
randomized ‘Lena’ image

III. CMA DECONVOLUTION THROUGH KURTOSIS

MINIMIZATION

Though there are various techniques which could be used to
remove image spatial correlation such as whitening, these tech-
niques cannot be used in CMA adaptation as those techniques
change the blur kernel and the adaptation will not identify
the correct unknown blur kernel of the system. Hence we
came up with a novel method of addressing the image spatial
correlation issue on CMA deconvolution, based on kurtosis
minimization.
The dispersion constant, ! # R in equation (2) is based on the
higher order statistics of the source x and is mathematically
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Fig. 4. Minimum kurtosis testing system diagram: x is the randomized
natural image, y! is the smoothened source, y is the known blurred source
and z is the adaptive deblurred source.

defined by

! =
E{|x|4}
E{|x|2} (4)

which was shown in [4].
Kurtosis is a concept which has a close relationship with the
dispersion constant and has a profound effect on the CMA
error surface [14]. Kurtosis of a random variable is defined as
the normalized fourth central moment assuming zero mean.

Kx =
E{|x|4}
E{|x|2}2

(5)

Then the relationship between the dispersion constant and
kurtosis becomes

! = "2
xKx (6)

where
"2

x = E{|x|2} (7)

The kurtosis measures the peakedness of a distribution. The
normal (Gaussian) distribution has a kurtosis value of 3.
Distributions which have kurtosis lesser than the value of 3 are
called platykurtic distributions while those with kurtosis values
higher than 3 are called leptokurtic 1. In CMA equalizers used
in communication systems, it is shown that when the source
is platykurtic, kurtosis reduction realizes inter symbol interfer-
ence (ISI) reduction while a leptokurtic source enhances ISI
[14].
Our model of an image is based on the concept of kurtosis,
such that when a random image with less correlation between
pixels goes through a bank of smoothing filters, the image
pixels will become more correlated and the image consists
of sections with various kurtosis values. The kurtosis of the
filtered image is higher than the kurtosis of the non filtered
image [10]. Based on this model of an image, we change
our CMA adaptation system to adapt only on the segmented
minimum kurtosis areas.
Several tests were carried out to validate the model we
propose. The modified system for testing is given in Fig. 4. As
per the diagram, one half of the randomized ‘Lena’ image was
sent through a smoothing filter and then the resulting whole
image was blurred with the blur function to be estimated. The
CMA adaptation of the system was done only on the minimum

1Some books and papers define kurtosis as Kx = E{|x|4}
E{|x|2}2 ! 3, making

the Gaussian distribution having a kurtosis of value 0. How ever we will
follow the definition of (5) as found in [15].

kurtosis areas.
A stochastic gradient descent minimization of J (z) given in
(2) was carried out on the system. Output z of (2) is defined
by

zr,s =
N#

i="N

N#

j="N

wi,j yr"i,s"j (8)

The parameters w % {wi,j} are the weights of the deblur
kernel to be estimated. The weights of the deblur kernel are
generalized from the concept of a tapped delay line structure in
communication algorithms [4], and can be estimated through
direct parametrization or separable parametrization, where
separable parametrization gives more efficient results [7].
In classical CMA image deblurring, yr ,s represents the pixels
in the blurred image. With our new model, yr ,s denotes
the pixels of the segmented blurred image, in which, the
segmentation is based on the minimum kurtosis.
Let K(m,n) be the kurtosis for each pixel P(m,n) in the blurred
image y. K(m,n) is calculated for a #&# neighborhood window,
centering the pixel P(m,n). In order to segment the blurred
image based on the minimum kurtosis, K(m,n) is calculated
for all the pixels in the blurred image. Then the minimum
kurtosis for the image is defined as

Kmin = min(Km,n) 'm,n # I (9)

where I is the set of image pixels.
Let S(m,n) be the segmented areas based on the concept of
kurtosis minimization. Then

S(m,n) ! {ym,n|Km,n < (Kmin + T )}, 'm,n # I, (10)

where, T # R is the threshold, which can be chosen for
optimum results.
We carried out a series of experiments on our new model,
and Fig. 5 shows the results obtained through classical CMA
deconvolution and minimum kurtosis deconvolution on the
randomized ‘Lena’ image.
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Fig. 5. Difference between the actual and estimated deblur kernels for twice
blurred randomized ‘Lena’ image deconvolved via classical CMA adaptation
and minimum kurtosis adaptation
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(a) Original Image. (b) Blurred Image.

(c) Minimum Kurtosis CMA Deconvolution. (d) Classical CMA Deconvolution.

Fig. 6. The original image, blurred image and a comparison between our novel minimum kurtosis CMA deconvolution and classical CMA deconvolution.

As per the results, it is evident that when the image is more
smoothened, adapting on the segmented minimum kurtosis
areas gives far better results than the classical CMA deconvo-
lution.
The results of minimum kurtosis CMA deconvolution on a
natural image is given in Fig. 6.

IV. ISSUES

In practically implementing the above system for natural
images, we came across several issues which are discussed
below.

1) Limited data: As kurtosis is a higher order statistical
measurement, there needs to be enough data for a reliable
value of the kurtosis. The known blurred image might not
have sufficient data to get a reliable kurtosis value, which
is the basis of our model. The experiments we carried out
show that when the #& # neighborhood window used for
kurtosis calculation is larger (i.e., I is larger), the results
are better.
Fig. 7 below is the result of minimum kurtosis CMA
deconvolution for a 256 & 256 image with a 32 & 32
neighborhood window, while Fig. 8 shows the result for

the same image scaled to a size of 512 & 512 with a
64 & 64 neighborhood window.

0 1 2 3 4 5

x 10
6

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Number of iterations

D
iff

er
en

ce

 

 

Normal CMA adaptation
Minimum Kurtosis CMA adaptation

Fig. 7. Difference between the actual and estimated deblur kernels for
256x256 randomized ‘Lena’ image deconvolved via classical CMA adaptation
and minimum kurtosis adaptation
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Fig. 8. Difference between the actual and estimated deblur kernels for
512x512 randomized ‘Lena’ image deconvolved via classical CMA adaptation
and minimum kurtosis adaptation

The results verify that when the image is larger, deconvo-
lution results are better. Though in most of the practical
experiments, the image is of a limited size, this should
not be an issue as the higher order statistics are scale
invariant [16], [17], allowing us to scale the image for
better results.

2) Gaussian input: Considering our mathematical model in
section III, the input source x in Fig. 1 to the CMA
deconvolution algorithm can be regarded as a sum of
independent random signals convolved through a bank
of smoothening kernels. Then the partial sums of the
convolution have monotonically increasing kurtosis value,
asymptotically approaching the value of 3, in agreement
with the central limit theorem. Once the input to the
deconvolution algorithm reaches a kurtosis of value 3
(normally considered as a Gaussian input, but even non-
Gaussian distributions might have a kurtosis value of
three), then CMA will cause ill-behavior and would not
provide adequate deconvolution [18], [3]. Though most of
the natural image distributions are shown to be platykur-
tic, the blurred image might result in a distribution closer
to a Gaussian, in which case, we experienced that we
could not get better results.

3) Zeros on the unit circle: In communication systems,
linear equalizers are proved to be very inefficient as
well as ineffective when they are applied to channels
with zeros on the unit circle or to Single-Input-Multiple-
Output (SIMO) channels which have common zeros in
their z transform of the impulse response. [19]–[21]. This
applies to CMA equalization as well, resulting that CMA
gives perfect blind equalization results (in the absence
of noise), provided that the z-transform of the channel
impulse response has no zeros on the unit circle [22]. We
experienced similar situation in our experiments, when
the blurring function has zeros on the unit circle. Hence
for most of our experiments, we used a two dimensional

separable blur kernel with components

w =
$
1 0.5 0.25 0.125 0.0625

%!
(11)

where the zeros are not on the unit circle.

V. CONCLUSION

In this paper, we analyzed the ill-convergence of CMA algo-
rithm in image deblurring and showed that spatial correlation
in images results in not giving perfect blind deblurring which
is in consistency with the CMA blind equalization in com-
munication systems. In addition, we presented a novel model
which handles the spatial correlation problem in deblurring of
images when filtered through a bank of smoothing filters. We
conclude from our results that blind CMA deconvolution on
minimum kurtosis adaptation gives better results provided that
the blurred image is not of Gaussian distribution and the blur
kernels has no zeros on the unit circle.
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