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1. Introduction

Constrained quadratic optimization problems form an important area of research and
arise in many practical applications. Many of the problems that have been studied in
this area fall into the category of linearly constrained, convex quadratic programming
problems. A wealth of effective techniques are available for solving such problems,
in particular we mention active set methods (Fletcher, 1987) and various interior-point
methods (Faybusovich, 1991; Tits and Zhou, 1993; Nesterov and Nemirovskii, 1994).
The situation is not as tractable when one allows nonlinear equality constraints, see for
example Thng et al. (1996). Such constraints inherently lead to non-convex feasible sets
which often consist of a number of disconnected components.

An important area of current research closely related to constrained quadratic op-
timization is that of semidefinite programming. Semidefinite programming is a convex
optimization method that unifies a number of standard problems such as linear and
guadratic programming and has a wide variety of applications from engineering to com-
binatorial optimization. Importantly, there exist many effective interior-point methods to
solve semidefinite programming problems. These methods have polynomial worst-case
complexity and perform well in practice (Vandenberghe and Boyd, 1996).

In this paper we consider the problem of minimizing a quadratic cost subject to
purely quadratic equality constraints. Such problems are non-convex and their geometry
is such that in many cases the resulting constraint set consists of the union of a number
of disconnected subsets, each with their own local minima. To overcome the problem
of multiple minima, we reformulate the problem in a novel manner. The reformulation
involves the consideration of a sequence of linear optimization problems on the boundary
of the positive definite matrices. Each of these problems is nested together in a manner
that leads to a standard semidefinite programming problem on the interior of the positive
definite matrices. The approach taken leads to the formulation of a gradient descent
flow which can be used (in theory at least) to solve semidefinite programming problems.
Though our reformulation of the initial problem as a semidefinite programming problem
does not in general lead directly to a solution of the original problem, the initial problem
is solved by using a modified flow incorporating a penalty function. The optimum of
the semidefinite programming problem is used as the initial condition for this modified
flow.

Our aims in this paper are twofold. We present both a method for minimizing a
guadratic cost subject to quadratic equality constraints and we provide an analysis of
semidefinite programming from the non-standard though very interesting viewpoint of
dynamical systems. Though it is unlikely that the gradient flow developed will pro-
vide a practical approach to solving semidefinite programming problems, the analysis
undertaken provides an interesting perspective into the geometry of such problems.

The paper is structured as follows. In Sent®a quadratic optimization problem
subject to pure quadratic equality constraints is introduced and then related through a
number of steps into a semidefinite programming problem. In Section 3 the geometry of
this problem is analyzed. A gradient flow to solve semidefinite programming problems
is developed and analyzed in Section 4; Section 5 contains some further analysis. In
Section 6 a modified version of the gradient flow incorporating a penalty function is
introduced. In Section 7 various methods of solving the original quadratic optimization
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problem based on the flow of Section 6 are discussed and a simulation example for one
of the methods is presented. The paper ends with some concluding remarks.

2. Problem Formulation

In this section a quadratic optimization problem subject to purely quadratic equality
constraints is presented. This problem is then reformulated as a sequence of linear
optimization problems on the boundary of the positive definite matrices. Each of these
problemsis nested togetherin amanner thatleads to a standard semidefinite programming
problem.

Consider the quadratic optimization problem:

Problem 2.1. GivenAg, A1, ..., An € R™Mandcy, ..., ch € R,

minimizep(x) := X' AgX
subjectto x € R", (2.1)
Yix) i=x"Ax =g, i=1,....,m. (2.2)

The feasible set, those points which satisfy the constraints (2.1), (2.2), will certainly
not be convex, and in general will have a number of separate connected components.
Indeed, without considerably more knowledge of the matrigs. ., A, € R™" and
the scalargy, ..., ¢y € R it is unclear whether the feasible set is non-empty. To avoid
dealing with a null problem of this form the following assumptions are made:

Assumption 2.2.

(i) The matricesAy, Ay, ..., Ay are symmetric.
(i) The set of points satisfying the constraints (2.1), (2.2) is non-empty.
(i) The matricesAq, ..., Ay are linearly independent.

The first of these assumptions can be made without loss of generality due to the
symmetry of the functiong andyr, . .., ¥m. The second assumption is for convenience
while the third assumption ensures that the constraints (2.2) are non-redundant.

Remark 2.3. Itis important not to require implicitly the structure of the feasible set to
be known prior to the solution of Problem 2.1 being undertaken. Computing the set of
feasible points is itself a difficult and time-consuming task.

The approach taken is to reformulate Problem 2.1 as a matrix optimization problem
on the boundary of the positive definite matrices. Let tr denote the trace operator. Then,
given any matrixA € R"™" and any vectok € R", one has

xT Ax = tr(x" Ax) = tr(Axx") = tr(AX),

whereX := xx'. The set of reah x n matrices that can be written in the fodh= xxT,
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X # 0, is the set of symmetric, positive semidefinite matrices of rank 1. Let

S(1,n) ={XeR™" | XT =X >0, rankX) = 1}
denote this set of matrices. Consider the set

Mi={XeSLn | VX))  =trtAX)=¢,i=1...,m}.

My is the set of all rank 1 matrices of the fomx™ wherex is a feasible point for
Problem 2.1. This leads to the following optimization problem:

Problem 2.4. GivenAg, A4, ..., An € R™"andcy, ..., ¢y € R satisfying Assump-
tion 2.2,

minimize ®(X) := tr(AgX)
subjectto X € M;.

Observe that in the new formulation both the cost and the explicit constraint func-
tions,¥; (X), are linear inX. The nonlinearity in the problem is confined to the geometry
of the setS(1, n). Much is known about the geometry 8{1, n). In particular,S(1, n)
can be thought of as a homogeneous orbit of the general linear group under congru-
ence transformation (Helmke and Moore, 1994). The addition of linear constraints in
the definition of M will generally divide the set into a number of separate connected
components. However, the reformulation allows one to consider the generalized sets

Sr,n) ={XeR™ | XT=X>0, rankX) =r} (2.3)
and

M, ={XeSrn|trtAX)=c¢,i=1...,m}. (2.4)
This leads directly to the nested set of optimization problems:

Problem 2.5. GivenAg, A, ..., Am € R™"andc,, ..., ty € R satisfying Assump-
tion 2.2 and some integer r <n,

minimize ® (X)
subjectto X € M,.

In fact eachM; suffers from the same difficulty a&1, with potentially several
connected components. As the numbés increased the number of potential separate
components reduces until= n. In this final case then it is easily seen thet, is
simply the intersection of a set of affine constraints with the convex cone of positive
definite matrices. Thug\,, consists of only a single connected component and by
solving Problem 2.5 for = n one avoids the complication of local minima due to the
geometry of the constraint sets. Unfortunat@lf;, is not a closed set and hence the
problem could be ill posed.
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To avoid this problem we consider the set

M=My= (] M., (2.5)

where M, denotes the topological closure 6f,,. Note thatM is a closed subset of
R™" with a single connected component. This leads to the well-posed optimization
problem:

Problem 2.6. GivenAg, Ay, ..., Am € R™™andcy, ..., ¢ty € R satisfying Assump-
tion 2.2,

minimize ® (X)
subjectto X € M.

Problem 2.6 is a standard semidefinite programming problem (Alizadeh, 1995).
There exist many practical interior-point methods to solve such problems (see Vanden-
berghe and Boyd, 1996). While classical linear programming theory ensures that the
optimum of Problem 2.6 always lies on the boundarypu¢f{and hence that the optimum
is rank degenerate), unfortunately, as will be discussed later in Section 5, the optimum
will not in general be rank 1. In the next sections we introduce a gradient flow to solve
Problem 2.6. Problem 2.4, and hence Problem 2.1, is then solved using a modified ver-
sion of this flow incorporating a penalty function designed to penalize solutions of rank
greater than 1. Simulations indicate that solution to Problem 2.4 lies close in terms of
the cost t¢AgX) to the solution of Problem 2.6.

3. The Geometry of the Feasible Sets

Inthis section the geometry of the st is investigated. Itis shown that, excluding a set

of singular points of zero measure, each/&étis a Riemannian manifold. Background
material on differential geometry, Lie groups and related material used in this paper can
be found in Boothby (1986) and Helmke and Moore (1994). The homogeneous space
structure ofS(r, n) is discussed in Chapter 5 of Helmke and Moore (1994).

An advantage of dealing with semi-algebraic Lie groups and group actions (such as
the general linear group and its group actionSgn n)) is that the linearization of the
group action can be used to provide an explicit algebraic representation of the geometric
properties of the homogeneous spaces considered. Following the notation presented in
Chapter 5 of Helmke and Moore (1994), denote the symmetric bracket of two matrices
A, B € R™" by

{A,B}:= AB+BTAT.
Theorem 3.1. The set

Sr,n) ={X eR™ | X" = X >0, rankX) =r}
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(as previously definedeg(2.3))is a smooth manifold whose tangent space at an element
X € S(r, n) is the vector space

TxS(r,n) = {{A, X} | A € R™"}.

Proof. Consider the map
o GL(n, R) x R™" — R™", a(Z,X)=2XZ".

It is straightforward to show that
(i) If 1 is the identity matrix ofG L(n, R), then
a(l,X) =X forall X e R™".
(i) If A,B e GL(n,R), then
a(A a(B, X)) =a(AB, X)  forall X eR™".

Hencex is a left group action. Lek, denote the x r identity matrix and leE, be the
n x n block matrix

(1l 0

e (5 9).
Then

Sr,n)={ZEZ" | Z € GL(n,R)}
and hences(r, n) is an orbit of the Lie group actioa. As this group action is semi-
algebraic, it follows tha§(r, n) is a smooth submanifold &"*" (Gibson, 1979, p. 224).

For anyX e S(r, n), consider the map

ax: GL(n,R) — S(r, n), Z—>a(Z,X)=2XZ".
As « is a smooth action of a Lie group on a smooth manifold and the &bitn)
is a smooth submanifold, it follows that the mag is a submersion (Gibson, 1979,
p. 74). Hence Duy|,, the differential ofxx evaluated aZ = 1, is a linear map from
T,GL(n,R) ontoTx S(r, n) and

Dax|; (A) = AX + XAT.

Noting thatT, GL(n, R) = R™" and thatX is arbitrary completes the proof. O

Consider the map

F: S(r,n) - R™, X > (tr(ArX) -« tr(AmX)T.
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The setM; (see (2.4)) is a fibre of this map given by, = F~1(cy, ..., cn). The
derivative ofF in direction{A, X} € TxS(r, n) ist
DFlx ({A, X}) = (tr(Af{A, X}) -+ tr(An{A, X})T
= 2(tr(ALAX) -+ tr(AmAX)T
= 2(vedAy) --- ved An) T (X ® ) vedA).

The Fibre Theorem (Helmke and Moore, 1994, p. 346) impliestitat= F~1(cy, ..., Cn)
is a smooth submanifold @&(r, n) if the derivative ofF is full rank at every point in the
fibre. That is, if

(Vea(Ay) --- vedAp) T (X ® 1) (3.1)

is full rank for all X € M,. In addition, at every poinK where the derivative oF is
full rank, M, is locally a manifold and the tangent spaceMdf at such points is

TxM; = ker DF |y
={{A, X} | A e R tr(A{A, X)) =0,i=1,...,m}.

Definition 3.2.  Any point X € M, for which (3.1) is not full rank is termedsingular
point

Unfortunately in practice it is difficult to know in advance when singular points
may arise. It follows from Sard’s theorem (Hirsch, 1976, p. 69) that the set of points
(C1,...,Cm) € RM for which M, is not a manifold has measure zeroRf'. Con-
sequently, for an arbitrary choice of matricAs, ..., An and scalarg, ..., Cy, itis
unlikely that M, will contain singularities.

1 Let A andB be realn x n matrices. Thevecof the matrixA € R™*" is then? length column vector

tr(AB) = (veqAT))T veqB).
Let Ajj denote thejth entry of the matrixA. TheKronecker producof the matricesA andB is defined by

A11B -+ AppB
A® B= : : e RM™x1?,
AnB - AmnB

Some readily verified identities involving the vec operation and the Kronecker product are (Helmke and Moore,
1994, p. 314)

veqAB) = (1 ® A) veaB) = (BT ® |) veqA)
and

(A B)T = (AT @ BT).
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Figure 3.1. A constraint set that is not a manifold.

The following is an example of the geometry of a deft that contains singular
points. Fomr = 1,n = 3 andm = 2 constraints, letM; be defined byA; = |, A, =
diag(1, £, 4) andc; = ¢, = 1.ltiseasily verified that the matrixed Ay) veaA2))T (X®
I) is rank degenerate & = diag(1, 0,0) € M;j. In local coordinates anX € M;
can be represented bye R" satisfyingX = xx'. The fact that the set is not a man-
ifold is clearly demonstrated in Figure 3.1 which is a plot of the constraint set in local
coordinates. The plot shows that the poi@td, 0, 0) are degenerate and hence that the
constraint set does not form a manifold.

Before proceeding we make the following definition:
Definition 3.3. W = (Ve A;) --- Ve Ay)) € R,

Assumption 2.2 implie®V has rankm. Using the definition ofV a singular point now
becomes a poinK € M, for whichWT (X ® 1) is not full rank.

Lemma3.4. Given A, As,..., An e R™"and g, ..., cy € R satisfying Assump-
tion 2.2,and W as in Definitior3.3,foreachr=1, ..., n, the set

Ny ={XeM, W (X®I)is full rank}

is a smooth submanifold ofiS n) that differs from the se¥1, by at most a set of measure
zera The tangent space df; at a point X can be represented by the vector space

TxN: = {{A, X} | A e R™", tr(A{A, X)) =0,i=1,...,m}.

Proof. The fact thatV; differs from M, by at most a set of measure zero is a conse-



A Dynamical Systems Analysis of Constrained Quadratic Optimization 199
guence of the fact thatt, — A} is a proper algebraic subset, defined by
det(WT (X ® 1)°W) =0,

of the semi-algebraic set1,. The remainder of the theorem follows from discussion
above using the Fibre Theorem (Helmke and Moore, 1994, p. 346). O

The manifoldsA;, r = 1,...,n, are submanifolds of the homogeneous spaces
S(r, n). It is possible to giveS(r, n) a Riemannian structure derived from the normal
metric on the general linear group (Helmke and Moore, 1994, Chapter 5). This metric
is known as the normal metric 0&(r, n). A key property of the metric used is that
the algebraic structure of the metric is equivalent for each of the manifids),

r = 1,...,n. The manifolds\; inherit this Riemannian structure as submanifolds of
S(r, n). The explicit form of the normal metric is given in the following discussion.

The proof of Theorem 3.1 indicates that the tangent spa&r, n) can be consid-

ered as the image of the surjective linear map

Day|; : R™" — Ty S(r, n), A= {A, X

The kernel ofDax|, is
K = ker Dax|, = {A € R™" | {A, X} = 0}.

With respect to the standard inner productisi",
(A, B) =tr(ATB),

the orthogonal complement of k&ax|, is
KL={ZeR™|tr(ZTA)=0VA e K]J.

This leads to the following orthogonal decompositiorR3f",
R™™ =K @ K*.

Hence, every element € R™" has a unique decomposition
A = Ax + A%, (3.2)

whereAy € K andAX € K+,

The mapDay|, is surjective with kerneK and hence induces an isomorphism of
KL c R"™" onto Tx S(r, n). Thus defining an inner product i S(r, n) is equivalent
to defining an inner product ok +. For{A1, X}, {A,, X} € TxS(r, n), set

(({A1, X}, {Ag, X)) == 2tr((A) T AS), (3.3)

whereAi< andAg< are defined by (3.2). The factor of 2 is added purely for convenience.
This defines a positive definite, inner producfies(r, n). Since all the constructions are
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algebraic it is easily verified that the construction depends smoothiamd generates
a Riemannian metric o8(r, n) (Helmke and Moore, 1994). This metric is referred to
as the normal Riemannian metric &tr, n).

Finally, as\; is a submanifold ofS(r, n), the restriction of this metric tdv; is a
Riemannian metric opV; .

4. Gradient Flow

In this section Problem 2.5 is considered and a gradient descent flow of thé cost
the smooth manifoldd/; introduced. Existence and uniqueness of solutions of the flow
are established along with some convergence properties.

Theorem 4.1. Given A, Ay, ..., Am e R™andgq, ..., ¢y € R satisfying Assump-

tion2.2,let X € \V; forsomer 1 < r < n.Thenthereis a unique soluti@d, . .., dy)"
to the linear equation

tr(AtALXX) --- tr(AtAmXX) d; tr(Ar AgX X)
z : =1 (4.1)
tr(AnAIXX) -+ tr(AnAnX X)) \dn tr(AmAoX X)

and the gradient ofd (X) = tr(AgX) with respect to the normal Riemannian metric
(3.3)is given by

grad®(X) := {AgX + di At X + -+ - + dnAm X, X}
= onx+xxpo+2di(mxx+xxA-). (4.2)
i=1

Proof. For a unique solution to (4.1) to exist it is sufficient to show that

tr(AfALXX) -+ tr(AtAmX X)
tr(AmALXX) -+ tr(AmAmXX)

is full rank. Observing that

tr(A A X X) = tr((A X)T AjX) = (ved A X)) T ved( A X),
it can be verified that

D(X) =WT(X® H(X® HW.

Recall thatW™ (X ® 1) is full rank for all X € N; and hencé (X) is full rank.
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The gradient ofb: A; — R with respect to the normal Riemannian metric is the
unique vector field grad which satisfies the following conditions:

(i) grad®(X) € TxN; forall X € N;.
(i) D®|x (A, X}) = ({(grad®(X), {A, X})) for all {A, X} € TxN,.

The first of these conditions implies that, for Alle A%,
grad®(X) = {2, X}

for someQ € R™" which possibly depends oK. In addition gradb(X) must also
satisfy

tr(A; grad® (X)) =0 for i=1,....,m. 4.3)
Consider
Q= A X+d A X+ +dnAnX, (4.4)

whered,, ..., dm are given by (4.1). Witl®2 defined by (4.4) itis straightforward to show
that gradd (X) = {2, X} satisfies (4.3) and hence that gla@X) = {2, X} satisfies
condition (i).

The derivative ofd at X is

Dolx ({A, X} =1tr(AofA, X}D).

Condition (i) requires
tr(Ao{A, X}) = ((grad®(X), {A, X}))
= ({22, X}, {A, X}))
=2tr(QXTAX)
forall {A, X} € TxM,.
We now show thaf2 = Q. Let A € K. Then
tr(QTA) = tr(X Ao + X Ar + -+ - + A X Ap) A)
=tr(AX A+ diAXAL + - - + dnA X Ap)
= 2t (AX + XAT)Ag+ di(AX + XA AL+ - + dn(AX + XAT) Ay)
= 2tr({A, X} Ao+ dif{A, X}A1 + -+ + dm{A, X} An)
=0 as AekK
and hence2 € K+ andQ = QX. This implies t((Q2X)T AX) = tr(QT A). Finally we
showthat2 42T A) = tr(Ag{A, X}) forall {A, X} € TxM;. Let{A, X} € TxN;. Then
2t(QTA) = 2tr(X Ao + i X AL + - - - + A X An) A)
=tr(Ag(AX + XAT) + di AL (AX + XAT) + - - + dnAm(AX + XAT))
=tr(Ao{A, X} + di A{A, X} + - + dnAn{A, X})
= tr(Ao{A, X}) as twA{A,X}) =0 for i=1,..., m.

This completes the proof. O
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An important aspect of this construction is that the algebraic representation of the
gradient, (4.2), as a function froR™" — R"*" js independent of the rank of. Thus,
except at singular points, it is possible to consider the algebraic equation

X:-{on+2m:diAix,x} (4.5)

i=1

as a differential equation a1 (see (2.5)). There are several advantages in this interpre-
tation of the problem. In particular, the fact that the flow will be defined on a closed (and,
in most cases of interest, compact) set. However, before proceeding with the analysis it
is necessary to consider how to deal with singular points should they occur.

Observe that, whenever the matricls ..., Ay satisfy the linear independence
requirement of Assumption 2.2, X > 0 the matrix given by (3.1) is always full rark.
Thus, if a singular point does occur it will always occur on the boundary of the positive
definite cone.

SupposeX is a non-singular point that approaches a singular pginvia some
continuous path. Consider the coefficiedis. . ., dy, defined by (4.1). Thesd's are
in fact simply projection coefficients that ensureArgrad® (X)) = 0,i = 1,..., m.
Hence the functiond,, . . ., dn, must be continuous. Now, even though the mari)
becomes singular a8 — Xs, the gradient direction- grad® (X) remains bounded
and has a well-defined limit. Consequently, along any soluXi¢n of the gradient flow
(4.5) for which there exists a tintg > 0 such thaiX (t;) = Xs, the continuous limit of
the gradient

grad®(Xs) = lim gradd (X (1)) (4.6)

exists. Since the solution up to this point is unique, the extension of the gradient field
in this manner is unique for a given initial condition. Of course if a different initial
condition is chosen, the gradient extension may be different. Considering a single initial
condition and applying classical existence and uniqueness theory of ordinary differential
equations, it follows that a solution of (4.5), extended via (4.6), must continue to exist
beyond times. The convention of choosing the gradient extension as mentioned above
ensures that the solution obtained in this way is unique and (due to continuity) will
continue to satisfy the constraints that preserve the solutioktjn Since the cost is
analytic, the solution will pass through the singular surface instantaneously atstime
and then continue evolving iN;.

Recall the definition ofM (see (2.5)). The seé!! is a closed subset of the symmetric
positive semidefinite matrices. While it can be readily verified théis convex,M may
not be bounded and hence there may exist trajecteti€swhich are unbounded. Such
solutions correspond to the case where the infimum of the®oX) = tr(AqgX) over
M is negative infinity. This possibility is of little interest and its analysis is beyond the
scope of the present paper. In what follows we assume that théds$tounded below
on M. Indeed, we assume the slightly stronger condition, which considerably simplifies

21f A,B € R™ andaq, ..., Anandug, ..., un are the eigenvalues ok and B, respectively, the
eigenvalues oA ® B arex; uj foralli, j. Hence ifX is invertible, soisX ® |.
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the analysis, that the cogthas compact sublevel sets, i.e., that, for eaehR, the set
{X e M| ®(X) < c}is a(possibly empty) compact subset/of.

Remark 4.2. A common condition encountered in practice is that one or more of the
constraint matriced\y, . . ., An, is positive definite. In this case it can be shown that
is compact and hence th@&thas compact sublevel sets.

Theorem 4.3. Given A, Az, ..., Awe R™andg, ..., cy € R satisfying Assump-
tion 2.2,let X(0) = Xg € M be any non-singular poir(see Definitior8.2). Assumeb
has compact sublevel sefhen the solution ®) to

X = —grad®(X)

= —AoXX — XX A = Y A (AXX+XXA), (4.7)
i=1

extended to all points itM via the extensiof¥.6), satisfies

(i) The solution Xt) exists and is unique for all time=t 0 and remains inM.
(i) The rank of the solutiorank(X (t)) remains constant for all time
(iii) The equilibria of(4.7) are characterized by those pointseXM such that

(A0+d1A1+"'+dmAm)x =0. (4-8)

(iv) The costb(X(t)) isamonotonically decreasing function of tirfidne solutions
X(t) converge to a connected component of the set of equilibria givéh &)y

Proof. Existence and uniqueness of the solution of (4.7) over a small time around a
point X (t) is guaranteed by classical ODE theory and the discussion of the extension
of the flow onto singular points. (Note that singular initial conditions, for which the
extension (4.6) is unclear, are excluded from consideration.) Thebdeating compact
sublevel sets implies that the solution remains bounded and it follows<ttiatexists
and is unique for all timé > 0.

The preservation of the rank of(t) for all time is a direct consequence of the local
existence results and the fact that locatlyt) remains inM;.

To verify the characterization of the critical points consider a critical pXirt M.
Then

grad®(X) = {AX, X} =0, 4.9

whereA = Ag+ diA; + - - - + dnAn. Expanding (4.9) and multiplying byl on the
left implies

AAXX 4+ AXXA = 0.

Taking the trace of the above equation and using properties of the trace operator implies
that

tr ((AX)T(AX)) =0
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and hence thatt X = 0. Substituting fot4 in this equation recovers the characterization
in the theorem statement. Sufficiency of the condition is easily verified.
Part (iv) is a consequence of the gradient nature of the flow on all but a set of measure
zero inM. The convergence result follows by considerd@X) as a Lyapunov function
for the flow. O

5. Further Analysis

In this section a phase portrait analysis of the flow (4.7) is developed.

In the generic case thdt is not constant ovei, any critical point of Problem 2.6
will occur on the boundary of the positive definite cone and hence will be rank degenerate.
This follows in a straightforward manner from the cost and constraint functions being
linear.

Remark 5.1. The situation that the cost functiondlis constant oveM will occur if
one has a degenerate situation suci\gbeing a linear combination of the constraint
matricesAy, ..., An.

In addition, any minima of Problem 2.6 are global minima and the set of all such
minima form a convex subset @1 (Luenberger, 1969). In fact, generically, there is a
unique solution to Problem 2.6 (Alizadeh et al., 1996).

Classical dynamical systems theory now ensures that the attractive basin of the set
of global minima is almost all of the s@tt. Indeed, the authors believe that the attractive
sets of the non-minimal critical points are confined to the boundary of the positive definite
cone, however, we have no satisfactory proof for this claim.

It is of interest to study more carefully the characteristics of the critical points.
Consider (4.8). In the case where there is a single constraint, the critical point condition
becomes a standard generalized eigenvalue problem:

Ao X = —di A1 X.

Furthermore, wher, is positive definite, the one constraint case can be solved ana-
lytically. SupposeA; > 0 and recall the original problem statement, Problem 2.1, with
m = 1 constraintsminimize ¥ Agx subject to X A;x = c¢;. As A; > 0, there exists
an invertible, symmetric square root &f, denotedAl’?. Definey := c¢; /*Al*x and
Ay = clAil/onAIl/Z. Then the optimization problem can be rewrittennaisimize
yT Ayy subject to Yy = 1. The solution to this problem is well known: it is the unit
length eigenvector corresponding to the minimal eigenvalu&oHowever, this is just
the same as claiming thatis the solution corresponding to the smallest eigenvalue of
the generalized eigenvalue problem for the matrix pairA;.

Denoting the minimal generalized eigenvalue®gf A; by A, one has the following
conditions forX = xx' to be a global minimum of Problem 2.6:

() (Ao—AADXx =0,
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(II) xT Aix = c1,
(i) Ag— AAq > 0.

Equations (i) and (iii) are solved by choosir@s the eigenvector corresponding to the
minimal generalized eigenvalue 8§, A;. Equation (ii) can be satisfied by scalirg

In fact, in the semidefinite programming literature it is shown that this characteri-
zation of the global minima of the single constraint case generalizes to conditions for a
global minima in the multi-constraint case.

Theorem 5.2. X € M is an optimal solution to Probler.6if and only if

() (Ao+diAr+ -+ dnAm)X =0,
(i) r(AX)=g¢g,i=1...,m,
(i) Ao+ diA;+ -+ dnAn > 0.

Proof. See Alizadeh et al. (1996). O

The final issue that needs to be considered is the question of whether a minimum of
Problem 2.6 on the full se¥ relates to a minima of Problem 2.1, the original problem
onR". Unfortunately, a minimum of Problem 2.6 will not always be rank 1 and hence
one is not always able to solve Problem 2.1 directly from the solution of Problem 2.6.

The next theorem gives upper and lower bounds on the rakk ®he result is taken
from Alizadeh et al (1996). Before proceeding we introduce some notation. Let

n?:=n(n+1)/2.

Forh > 0, let| h| denote the largest integer less than or equal Befine

Yk =1|h]  wherehis the positive real root of h? = k.

Theorem 5.3. If X is an minima of Probler2.6,then generically

n—+n2—m<rankX) < Zm.
Proof. See Alizadeh et al. (1996). O

An example of the sorts of bounds produced by Theorem 5.3 are given in Table 5.1
(Alizadeh et al., 1996). Bounds are given foe= 20 and various values of.

Remark 5.4. From Theorem 5.3 it follows that, genericallynif> 2, then the solution
to Problem 2.6 isrank 1 i < 2.
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Table 5.1. Generic bounds on
rank(X) for n = 20.

m Bounds o = rank(X)
10 l<r<4
20 1<r <5
30 2<r <7
40 3<r <8
50 3<r<9

6. Gradient Flow with Penalty Function

In this section we consider a modified version of the flow that incorporates a penalty
function designed to encourage the solution of the flow to converge to a rank 1 matrix.
Consider the cost function

Q(X) = [IX[12 = [IX]13, (6.1)

where||X[|r = tr(X?®¥2 is the Frobenius norm oX and|| X||2 = maX, =1 || Xv|| is

the 2-norm ofX. If 0 < A; < --- < A, are the eigenvalues of, thenQ (X) = Y17 A2

and can be thought of as a measure of how close the métigxto being rank 1. If
Q(X) > 0is small, thenX is close to being rank 1 and inde&d X) = 0 if and only if

Xisrank 1 orX = 0. (Note that generall)X = 0 will not be a member aiM.)

Remark 6.1. The costQ is non-convex onM. All functions which are continuous on
M and are minimized only on the set of rank 1 matrices will be non-convex.

Consider the following optimization problem:

Problem 6.2. GivenAg, A, ..., Am € R™™andc,, ..., ty € R satisfying Assump-
tion 2.2, anck > 0,

minimize ® (X) := ®(X) + ¢log(2 (X))
subjectto X e M,

where® (X) = tr(AgX), the cost of Problem 2.6, arfd(X) is defined by (6.1).

The terme log(2 (X)) can be thought of as a penalty function that penalizes solutions
ofranklarger than 1. LeX,: denote an optimal solution of Problem 2.6 anddgtienote
a solution of Problem 6.2 for a given> 0. By varyinge one can trade off how close
D (X,)istod(Xgpy) versus how closi, is to being rank 1. (Note tha (Xopy) < P (X,)
foralle > 0.)

In order to solve Problem 6.2 we develop a gradient descent flow in the same way a
gradient flow was developed to solve Problem 2.6. We now proceed to do this. Consider
again (6.1) which can be rewritten as

Q(X) = tr(X?) —v" X%,
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wherev = v(X) isthe unitlength eigenvector corresponding to the maximum eigenvalue
of X. Inthe derivation that follows, we are required to take the derivativenth respect

to X. Thoughv will generally not be differentiable everywhetds differentiable almost
everywhere and this is sufficient for our purposes. The derivati¥e (o) in direction

{A, X} e TxM s

DQ[x ({A, X})

DO|x ({A, X}) =tr(Ao{A, X}) + ¢ 200 ,
where

DQIy (A, X} = 2tr(X{A, X}) — 20" X{A, X}v — 20" X? Dv|y ({A, X})
= 2tr(X{A, X}) — 20T X{A, XJv — 222 _(X)v" Dvlyx ({A, X}).

AsvTv =1, it follows thatv™ Duv|yx ({A, X}) = 0. Hence
DQIx ({A, X}) = 2tr((X — vv" X){A, X})

and

_ 2e(X —vuT X)
DOy ({A, X)) = tr<<A0+ W) (A, X}>.

This implies that the gradient flow that solves Problem 6.2 is the same as the one
that solves Problem 2.6, see (4.7), if one replasgwith

2e(X —vv' X)

Ayi= Ao+ Q00

Note thatAj is a function ofX. Explicitly, the flow is

m
X:—iAgX+ZdiSAiX,X , (6.2)
i=1
whered;, . .., d, satisfy
tr(ALArXX) -+ tr(AAnmXX) d; tr(AL AgX X)
tr(AnALXX) - tr(AnAnX X)) \d;, tr(Am A5 X X)

7. Solution Methods

If Problem 2.6 has a rank 1 optimal solution, a standard semidefinite programming
algorithm can be used to find the optimum solution of Problem 2.6 efficiently and hence
solve Problem 2.1. In this section we discuss how the modified flow (6.2) can be used to
solve Problem 2.1 in the case that Problem 2.6 does not have a rank 1 solution.
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Before proceeding we consider the problem of initial conditions. Before a semidef-
inite program or a gradient flow can be used, a makix= X' > 0 satisfying
tr(AX) = ¢, i = 1,...,m, must be found. This is a standard problem in semidef-
inite programming and many methods of solving this problem exist, see, for example,
pp. 86—88 of Vandenberghe and Boyd (1996).

Let Xqpt denote an optimum solution of Problem 2.6. One method of solving Prob-
lem 2.1 is to findXop Using semidefinite programming techniques and then toxdse
as an initial condition for the flow (6.2). Starting froXy, is an intuitively appealing
idea and this method has been found to work well in practiceXkgk 1 denote the limit
of the flow (6.2). By choosing sufficiently small, one can ensure that, to any desired
computational accurac¥rank 1 is indeed rank 1. Note thak(Xqp) provides a lower
bound on® (Xank 1. Indeed, if the differenced (Xopy — ® (Xrank 1| is small, then one
can be confident that a good solution to Problem 2.1 has been obtained. For many ap-
plications, obtaining a feasible solution which is guaranteed to be within a known small
margin of the actual optimal cost provides a good practical solution. The authors know
of no other “tractable” numerical method that yields this information for this problem.

Simulation Example. The following is a typical simulation example with= 20 and

m = 10. We denote the initial feasible point B4, the optimal solution of Problem 2.6

by Xopt @and the limit of the flow byXank 1. In this particular simulation the optimal
solution was found to be rank 2. The costs and eigenvalue spectruiy o6, and

Xrank 1 are displayed in Table 7.1 and Figure 7.1, respectively. It is interesting to note
that the flow does not appear to change the eigenvalue spectrigg.ekcept to reduce
those eigenvalues that were associated with additional rank.

The method described above is only one way of using the flow (6.2). Another method
would be the following. Starting with an initial feasible solution, one could start the flow
with ¢ &~ 0. Once the flow is close to converging for this value ¢g€onvergence could
be monitored by checking how close the norm of the gradient of the flow is to zero),
¢ could be increased by a certain small amount and the flow allowed to evolve further.
Again, once the flow is close to convergirgcould be increased further and the whole
process repeated until a solution was obtained witthel smallest eigenvalues of
X sufficiently small. In this manner the penalty function can be thought of as a sort of
pseudobarrier function. This method has not been tried in practice.

An area for possible future research could be to try to develop a more efficient
method of solving the modified gradient flow. Using a numerical ODE solver to solve
this flow is computationally quite expensive. Ideally, one would like to develop an explicit

Table 7.1. A cost comparison.

X Costd (X)
Xo 1.6000
Xopt —3.8126

Xrank 1 —3.1908
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Figure 7.1. The eigenvalue spectrums of &, (ii) Xopt and (iii) Xrank 1.

numerical scheme for solving the flow. For the present, consider again the flow
X = —{AX, X}, (7.1)

whereAd = Ag + di A; + - - - + dn Am. Exploiting the homogeneous structureSif, n)
(see Section 2), the matriX can be written aX = SXS' whereS € GL(n, R) and
Xo € R™" satisfiesXo = X{ > 0. Substitutingk = SXS' into (7.1) produces

{S, XoST} = —{ASXS'S, X,S'}.
Instead of a flow orX, one can now consider the following flow:
S=-ASXS'S

on S(t) € GL(n, R). This Sflow can be thought of as a sort of square root version of the
original flow and one would expect it to be numerically better conditioned. In fact, it has
a number of other numerical advantages over the old flow, for while in theory the solution
of (7.1), X (t), will always be positive semidefinite, numerical inaccuracies may possibly
lead toX (t) leaving the positive semidefinite cone. (Negative eigenvaluéqofoften

lead to unstable numerical behaviour.) ConverselySHew guarantees that (t) will
remain positive semidefinite. Furthermore, if the solution method encounters numerical
problems due t&(t) (and henceX(t)) becoming singular, it could be re-initialized. The
new value ofXy could be set to the current valueXft) = S(t) XoS(t)"T andS(t) could

be re-initialized to the identity matrix.

8. Conclusion

In this paper we have provided a dynamical systems analysis of semidefinite program-
ming. We have also developed methods of minimizing a quadratic cost subject to purely
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guadratic constraints based on a gradient descent flow incorporating a penalty function.
One of these methods was simulated and found to work well in practice. Despite the en-
couraging results, at present it is not known whether the methods developed will always
find the optimal solution. Further analysis is required in this area.
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