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Abstract

This paper presents a Newton–like algorithm for solving systems of rank constrained linear matrix inequalities. Though local
quadratic convergence of the algorithm is not a priori guaranteed or observed in all cases, numerical experiments, including
application to an output feedback stabilization problem, show the effectiveness of the algorithm.
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1 Introduction

The linear matrix inequality (LMI) problem is a well
known type of convex feasibility problem that has found
many applications to controller analysis and design. The
rank constrained LMI problem is a natural as well as im-
portant generalization of this problem. It is a nonconvex
feasibility problem defined by LMI constraints together
with an additional matrix rank constraint.

Interest in rank constrained LMIs arises as many impor-
tant output feedback and robust control problems, that
cannot always be addressed in the standard LMI frame-
work, can be formulated as special cases of this problem
[10], [37], [16], [30]. Examples include bilinear matrix in-
equality (BMI) problems, see [16] and [30], that are eas-
ily seen to be equivalent to rank one constrained LMI
problems.

In addition to their importance for control, rank con-
strained LMI problems also appear naturally in math-
ematical programming and combinatorial optimization
tasks: all optimization problems with polynomial objec-
tive and polynomial constraints can be reformulated as
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LMI optimization problems with a rank one constraint
[31], [5].

In general, if the set of points that satisfy an LMI is non-
empty, then a numerical solution to the LMI problem can
be efficiently found using well developed interior point
algorithms, see for example [40]. Lack of convexity makes
the rank constrained LMI problemmuch harder to solve.
Currently available algorithms for the rank constrained
LMI problem are largely heuristic in nature and are not
guaranteed to converge to a solution even if one exists.
Solution methods for this problem, or certain specializa-
tions of the problem, include those based on modified in-
terior point methods [8], [9]; linearization [11], [22], [25];
alternating projections [18], [4], [17]; trace minimization
methods that try to solve the problem by solving a re-
lated convex problem [34], [29]; augmented Lagrangian
methods [12], [2]; and sequential semidefinite program-
ming [13]. Aside from [13], these methods do not have
established superlinear convergence rates and the chal-
lenge remains to find numerical schemes with verifiable
local quadratic convergence rates.

In this paper we present a new heuristic method for solv-
ing the rank constrained LMI problem. The method is
closely related to existing alternating projection meth-
ods but is expected to have improved convergence prop-
erties due to a built-in Newton-type step. In [18] and
[17] alternating projection algorithms are proposed that
involve tangent-like ideas, similar to our approach. How-



ever, the implementation details are different and the
connection to the Newton method is neither mentioned
nor obvious. In fact, it is this established connection to
Newton’s method that distinguishes our approach from
earlier ones.

Our method is based on the “tangent and lift” method-
ology [6], a generalization of Newton’s method. While
the classical Newton algorithm can be used to find zeroes
of functions, the tangent and lift method is more gen-
eral and can be used to find a point in the intersection
of an affine subspace and a manifold. We show that the
rank constrained LMI problem can be formulated as a
problem of finding a point in the intersection of an affine
subspace and another set which, though not a manifold,
is a finite union of manifolds. Part of the contribution of
this paper is a demonstration that tangent and lift meth-
ods can be extended to this more general setting and we
present an algorithm for solving the rank constrained
LMI problem based on such an extension. Numerical ex-
periments show the effectiveness of this approach.

Since our method is based on a generalization of the
Newton method, local quadratic convergence to isolated
solutions is expected. However, complications arise due
to the non-smoothness of the constraints as well as the
possibility of continua of solutions. This makes a rigor-
ous convergence theory difficult to develop and in fact,
as some of our experiments show, local quadratic con-
vergence cannot be expected in all cases. The challenge
therefore is to single out a class of problems for which lo-
cal quadratic convergence can be rigorously established.

The rest of the paper is structured as follows. Section 2
contains a statement of the rank constrained LMI prob-
lem and a reformulation of this problem into an equiv-
alent form. Section 3 contains a discussion of the tan-
gent and lift method and details of how we extend this
methodology so that it can be applied to the rank con-
strained LMI problem. Section 4 discusses important ge-
ometric properties of rank constrained positive semidef-
inite matrices. Our algorithm for solving the rank con-
strained LMI problem is given in Section 5. Section 6
considers various numerical implementation issues. It in-
cludes a discussion of how the basic approach extends
to enable the solution of more general problems such as
those with multiple rank constraints. Section 7 reports
on some numerical experiments and includes an appli-
cation of the algorithm to an output feedback problem.
The paper ends with some concluding remarks.

2 Problem Formulation

Let R denote the set of real numbers and Sn denote the
set of real symmetric n×nmatrices. ForA ∈ Sn, letA º
0 denote the property that A is positive semidefinite.
The rank constrained LMI problem is the following:

Problem 1 Find x ∈ R
m such that

F (x) := F0 +
m
∑

i=1

xiFi º 0, (1)

G(x) := G0 +
m
∑

i=1

xiGi º 0, (2)

rank G(x) ≤ r. (3)

The problem data are the real symmetric matrices Fi ∈
SnF and Gi ∈ SnG , and the rank bound r, which is
assumed to be less than or equal to nG.

Problem 1 consists of two LMI constraints, (1) and (2),
and a rank constraint, (3). When r = nG constraint (3)
is always satisfied and the problem reduces to a standard
LMI feasibility problem. The more interesting case is
when r < nG. In this case the problem is nonconvex.

Let

Sn+ = {X ∈ Sn |X º 0}
and, for each integer s, let

Sn+(s) = {X ∈ Sn |X º 0, rank(X) = s}.

Define

Mr = SnF

+ ×
r
⋃

s=0

SnG

+ (s)

= {(X,Y ) ∈ SnF × SnG |
X º 0, Y º 0, rank(Y ) ≤ r}

(4)

and

L = {(X,Y ) ∈ SnF × SnG |
(X,Y ) = (F (x), G(x)) for some x ∈ R

m}.

Problem 1 can be stated in the following equivalent form.

Problem 2

Find (X,Y ) ∈Mr ∩ L.

Wewill see that, for each s, Sn+(s) is amanifold and hence
that the rank constrained LMI problem is equivalent to
finding a point in the intersection of an affine subspace
and another set which is a finite union of manifolds. This
structure will enable us to use the tangent and lift ideas
that are discussed in the next section.
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3 Tangent and Lift

In this section we discuss the tangent and lift methodol-
ogy and present an extension that can be applied to the
rank constrained LMI problem.

Before proceeding with the main discussion, a brief note
on projections is required. Let x be an element in a
Hilbert space H and let C be a closed (possibly noncon-
vex) subset ofH. Any c0 ∈ C such that ‖x−c0‖ ≤ ‖x−c‖
for all c ∈ C will be called a projection of x onto C. In
the cases of interest here, namely that H is a finite di-
mensional Hilbert space, there is always at least one such
point for each x. IfC is convex as well as closed then each
x has exactly one such minimum distance point [27]. A
function PC : H → H will be called a projection opera-
tor (for C) if for each x ∈ H,

PC(x) ∈ C and ‖x− PC(x)‖ ≤ ‖x− c‖ for all c ∈ C.

The tangent and lift method is a generalization of New-
ton’s method and can be used to find a point in the in-
tersection of an affine subspace and a manifold. It orig-
inated in [6] and is based on a geometric interpretation
of an algorithm appearing in [15].

Recall that Newton’s method for finding a zero of a func-
tion f : R → R is iterative in nature and is given by the
recursion

xn+1 = xn −
f(xn)

f ′(xn)
.

Geometrically speaking, xn+1 is the x-axis intercept of
the line which is tangent to the graph of f at (xn, f(xn)).
In tangent and lift, the role of the x-axis is replaced by
an affine subspace and the role of the graph of f is re-
placed by a manifold. More precisely, the method works
as follows. Let H be a real finite dimensional Hilbert
space and suppose L is an affine subspace of H and that
M is a submanifold of H. Given xn ∈ L, and assuming
it is possible to calculate projections ontoM, let yn be
a projection of xn ontoM. AsM is a manifold, it has a
tangent space T at the point yn. T has a canonical rep-
resentation as a linear subspace of H and yn + T can
be thought of as an affine subspace of H that is tangent
to the manifold at yn. Assuming yn + T and L intersect
uniquely, xn+1 is taken to be the intersection point of
yn+T and L. As xn+1 ∈ L, the scheme can be iterated.

A graphical representation of the algorithm is given in
Figure 1(a). Here the Hilbert space H is R

2, L is the x-
axis, andM is the graph of a function f : R → R. In this
case, finding a point in M∩ L is equivalent to finding
a zero of f . Newton’s method can also be employed to
solve this problem and for purposes of comparison is also
illustrated in Figure 1.

(a)

xn+1

yn

xn

(b)

xn+1

yn

xn

Fig. 1. Two different methods for finding a zero of a function:
(a)Tangent and lift; (b)Newton’s method.

Some points to note. For tangent and lift to work it must
be possible to calculate projections onto M. This step
replaces the process of ‘lifting’ x to (x, f(x)) in New-
ton’s method. In addition, at least for all points near a
solution, each yn + T must intersect L uniquely. This
essentially places a rather strong requirement on the di-
mensions of L andM:

dimL+ dimM = dimH. (5)

The reasoning is as follows. Firstly, note that if y ∈
M and T is its tangent space then dimM = dimT =
dim(y+T ). Hence (5) can be interpreted in terms of the
dimensions of the affine subspaces L and y + T . Now
if the dimensions of two affine subspaces sum to less
than the dimension of the ambient space then we would
not expect them to intersect; think of two lines in R

3.
Alternatively, if the dimensions of two affine subspaces
sum to more than the dimension of the ambient space
then we would expect them to have multiple intersection
points; think of two planes in R

3. It is only when the
dimensions of two affine subspaces sum to the dimension
of the ambient space that we would expect the affine
subspaces to intersect uniquely; think of a plane and a
line in R

3.

Suppose now that (5) is satisfied and that x is an in-
tersection point of M and L. If T is the tangent plane
of M at x, and x + T and L intersect uniquely (this
will generically be the case and in the Newton scheme
is equivalent to the requirement that f ′(x) 6= 0), then,
omitting the details, the tangent planes for all points in
M near x will have this property. Hence if xn ‘close to
x’ implies xn+1 is also close to x then the algorithm will
be well defined locally near x.

Though the dimension constraint (5) is not explicitly dis-
cussed in [6], it is satisfied by the problem studied in that
paper and application of the tangent and lift method to
that problem results in a (locally) quadratically conver-
gent algorithm. Other applications of tangent and lift
are given in [7]. As far as we are aware, tangent and
lift methods have only been employed for problems that
satisfy (5).

In Problem 2, Mr is not a manifold but rather a finite
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union of pairwise disjoint manifolds, see Section 4. This
means that each point in Mr lies in a manifold with a
well defined tangent space. However, as will be shown,
these manifolds are of varying dimensions. Depending
on y ∈Mr, it may therefore happen that y+T does not
intersect L uniquely. The intersection may be empty or
it may contain more than one point. This may happen
even arbitrarily close to a solution point.

In order to apply tangent and lift ideas to Problem 2,
the approach must be extended to deal with these in-
tersection issues. Our method of doing this is as follows.
We consider all points in L that are of minimum dis-
tance to yn + T and from these points choose xn+1 to
be the point closest to yn. As we will see in Section 5,
xn+1 can be found by solving a linearly constrained least
squares problem. Numerical experiments demonstrate
this methodology leads to a locally convergent algorithm
which, though it not always the case, often exhibits local
quadratic convergence.

Regarding rigorous convergence results, though our
method is based on a generalization of the Newton
method, analysis of convergence is complicated due to
the non-smoothness of the constraints as well as the
possibility of continua of solutions. We currently have
only partial results and the development of a rigorous
convergence theory presents a challenge for the future.
(The presence of the Newton step means that even in
the absence of rank constraints it is not a priori clear
whether or not the algorithm will converge. This com-
plication seems inevitable if one looks for an algorithm
with the potential of local quadratic convergence. In
the absence of rank constraints, convergence would
certainly hold if a standard alternating projection strat-
egy were used but such a scheme would only converge
linearly, even in the case of isolated solutions.)

4 The Geometry of Rank Constrained Positive
Semidefinite Matrices

Before proceeding to describe our algorithm for solving
the rank constrained LMI problem in greater detail, in
this section we collect together some geometric proper-
ties of rank constrained positive semidefinite matrices.
In particular, we show thatMr is a union of manifolds
and describe the tangent spaces of these manifolds.

Theorem 3 Sn+(s) is a connected smooth manifold of

dimension 1
2s(2n− s+1). The tangent space of Sn+(s) at

an element X is

TXSn+(s) = {ΩX +XΩT |Ω ∈ R
n×n}.

Proof. See for example Proposition 1.1 in Chapter 5 of
[19].

Corollary 4 Mr is a finite union of manifolds.

Proof. From (4) it follows thatMr is a finite union of
terms of the form SnF

+ (s) × SnG

+ (t). Theorem 3 implies
both SnF

+ (s) and SnG

+ (t) are manifolds and the result
follows as a product of manifolds is itself a manifold.

As the next theorem shows, after applying an appropri-
ate transformation, TXSn+(s) has a rather simple form.

Theorem 5 Given X ∈ Sn+(s), let

X = ΘX̄ΘT , X̄ =

[

Λ 0

0 0

]

,

where Θ ∈ R
n×n is orthogonal and Λ ∈ Ss is a positive

definite diagonal matrix. Then

ΘTTXSn+(s)Θ
= TX̄Sn+(s)

=

{[

Ω1 ΩT
2

Ω2 0

]

∣

∣

∣
Ω1 ∈ Ss, Ω2 ∈ R

(n−s)×s

}

.

Proof. Taking the space TXSn
+(s) and pre-multiplying

by ΘT and post-multiplying Θ gives

ΘTTXSn
+(s)Θ

= ΘT {ΩX +XΩT |Ω ∈ R
n×n}Θ

= {(ΘTΩΘ)(ΘTXΘ) + (ΘTXΘ)(ΘTΩTΘ) |Ω ∈ R
n×n}

= {Ω̄X̄ + X̄Ω̄T | Ω̄ ∈ R
n×n}

= TX̄Sn
+(s).

Here we have used the fact that Θ is orthogonal and that
ΘT

R
n×nΘ = R

n×n.

In order to show the second equality of the theorem, for
an arbitrary matrix Ω ∈ R

n×n, consider the following
partition into sub-matrices:

Ω =

[

Ω11 Ω12

Ω21 Ω22

]

.

Here Ω11 ∈ R
s×s and the remaining matrices are of the

appropriate sizes. Using this partition we find

ΩX̄ + X̄ΩT =

[

Ω11Λ + ΛΩT
11 ΛΩT

21

Ω21Λ 0

]

.

Clearly Ω11Λ + ΛΩT
11 ∈ Ss and Ω21Λ ∈ R

(n−s)×s. Con-
versely, given any Ω1 ∈ Ss and Ω2 ∈ R

(n−s)×s, tak-
ing Ω11 = 1

2Ω1Λ
−1 and Ω21 = Ω2Λ

−1 implies Ω11Λ +

ΛΩT
11 = Ω1 and Ω21Λ = Ω2.
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Note that Theorem 5 provides an alternate proof of the

dimension of Sn+(s): dimSs + dimR
(n−s)×s = s(s+1)

2 +

(n− s)s = 1
2s(2n− s+ 1).

The following useful fact is obvious from either Theorem
3 or Theorem 5.

Lemma 6 X ∈ TXSn+(s) for each X ∈ Sn+(s).

5 Algorithm

This section presents our algorithm for solving the rank
constrained LMI problem. It contains a description of
the algorithm at a conceptual level followed by details of
the various components of the algorithm, including the
required projections and initialization. The algorithm
described here has beenmade into a freely availableMat-
lab toolbox titled LMIRank [32]. LMIRank can be used
either directly or via YALMIP [26].

In order to do projections, we need to define an appro-
priate Hilbert space. From now on Sn will be regarded
as a Hilbert space with inner product

〈A,B〉 = tr(AB) =
∑

i,j

aijbij .

The associated norm is the Frobenius norm ‖A‖ =

〈A,A〉 1

2 . In addition, SnF × SnG will be regarded as a
Hilbert space with the usual inner product for a space
that is a product of Hilbert spaces.

We will have need to refer to the affine tangent space of
SnF

+ (s)×SnG

+ (t) at a point (X,Y ) as an affine subspace of
SnF ×SnG . For this purpose we introduce the following
definition.

Definition 7 For (X,Y ) ∈ SnF

+ (s)× SnG

+ (t), define

A(X,Y ) = (X,Y ) + T(X,Y )(SnF

+ (s)× SnG

+ (t)).

Lemma 6 implies that (X,Y ) ∈ T(X,Y )(SnF

+ (s) ×
SnG

+ (t)). Hence, A(X,Y ) = T(X,Y )(SnF

+ (s)×SnG

+ (t)) and
A(X,Y ) is in fact a linear subspace and not just an affine
subspace.

Definition 8 The distance between two non-empty
subsets V and W of a vector space with norm ‖·‖ is

dist(V,W ) = inf{‖v − w‖ | v ∈ V,w ∈W}.

Similarly, the distance between a point v and non-empty
subset W is

dist(v,W ) = inf{‖v − w‖ |w ∈W}.

At a conceptual level the algorithm can be stated as
follows.

Algorithm:

Problem Data. F0, . . . , Fm ∈ SnF , G0, . . . , Gm ∈ SnG ,
and 0 ≤ r ≤ nG.

Initialization. Either choose any (X1, Y1) ∈ SnF ×SnG ,
or use (X1, Y1) = (F (x), G(x)) where x is the solution
of the semidefinite definite program (6).

repeat
(1) Project (X1, Y1) onto Mr to give a new point

(X2, Y2).
(2) Define B = {(X,Y ) ∈ L |dist((X,Y ),A(X2,Y2)) =

dist(L,A(X2,Y2))}.
(3) (X3, Y3) = argmin(X,Y )∈B‖(X,Y )− (X2, Y2)‖.
(4) Set (X1, Y1) = (X3, Y3).
until (X1, Y1) converges to a solution of Problem 2. (See

Section 6.1 for a precise termination criteria.)

Here are some comments regarding the above algorithm.
Step 1 is readily calculated via eigenvalue-eigenvector
decompositions of X1 and Y1. This will be shown in Sec-
tion 5.2 below. In Step 2, B is the set of points in L that
are of minimum distance to A(X2,Y2). Step 3 is the pro-
jection of (X2, Y2) onto B. Note that as L and A(X2,Y2)

are closed affine subspaces, the distance between them
is zero if and only if they intersect. Whether the sets in-
tersect or not, B itself will always be either a single point
or an affine subspace. In the case that B is a single point,
Step 3 is trivial. In the case that B is an affine subspace,
Step 3 is equivalent to solving a linearly constrained
least squares problem. Details of how to solve this step
are given in Section 5.3 below. Finally, note that each
new (X1, Y1) is in L as (X1, Y1) = (X3, Y3) ∈ B ⊂ L.
Hence the termination criterion of the algorithm can be
replaced by ‘until (X1, Y1) ∈Mr’.

5.1 Initialization

There is no guarantee that the algorithm will converge
from an arbitrary initial condition (X1, Y1). While a ran-
dom choice for the initial condition does often work,
an alternative choice is to use (X1, Y1) = (F (x), G(x))
where x is the solution the following semidefinite pro-
gramming (SDP) problem:

min
x∈Rm

tr(G(x))

subject to F (x) º 0

G(x) º 0.

(6)

This is based on the heuristic that minimizing the trace
of a matrix subject to LMI constraints often leads to a
low rank solution. Applied to a special case of Problem
1, the same initialization scheme is used in both [17]
and [23]. This trace minimization heuristic also appears
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in [34] and [29], and nice insights into why it might be
effective can be found in [14].

As we will see in the results section, in some cases the
solution of (6) will satisfy rankG(x) ≤ r, in which case
the overall problem is solved. In general, however, the
solution of the SDP gives a singular matrix G(x) which
does not satisfy this rank constraint.

5.2 Projecting ontoMr

Step 1 of the algorithm is the projection of a point
(X1, Y1) onto the set Mr. This projection is equiva-
lent to componentwise projection of X1 onto SnF

+ =
⋃nF

s=0 SnF

+ (s) and Y1 onto
⋃r
s=0 SnG

+ (s).

The projection of X ∈ Sn onto
⋃r
s=0 Sn+(s) is given by

Theorem 9 below. More precisely, Theorem 9 gives a
projection of X onto

⋃r
s=0 Sn+(s) as, for r strictly less

than n, the set
⋃r
s=0 Sn+(s) is nonconvex and projections

onto this set are not always guaranteed to be unique.
While Theorem 9 is not new (see [28] and [39], and [20]
for the r = n case), as far as we are aware, our proof is
new.

Theorem 9 Given X ∈ Sn and 0 ≤ r ≤ n, let X =
Θdiag(λ1, . . . , λn)Θ

T with λ1 ≥ . . . ≥ λn and Θ a real
orthogonal matrix. Define Pr : Sn → Sn as follows,

Pr(X) = Θdiag(max{λ1, 0}, .. ,max{λr, 0}, 0, .. , 0)ΘT .

Then Pr(X) is a best approximant in
⋃r
s=0 Sn+(s) to X

in the Frobenius norm.

Proof. See also [19], Chapter 5, Theorem 1.3. In order
to prove the result, we will consider the function

f :
r
⋃

s=0

Sn+(s)→ R, Y 7→ ‖X − Y ‖2.

f is bounded below, radially unbounded, and its domain
is a closed subset of the symmetric matrices. Hence it
achieves a minimum value at some point Ȳ ∈ Sn+(s) with
s ≤ r. If fs : Sn+(s) → R denotes f restricted to the

set Sn+(s), then necessarily Ȳ will be a critical point of

fs. The derivative of fs at Ȳ in the tangent direction
ΩȲ + Ȳ ΩT is

Dfs(Ȳ )(ΩȲ + Ȳ ΩT ) = 2 tr((ΩȲ + Ȳ ΩT )(Ȳ −X))

= 4 tr(Ȳ (Ȳ −X)Ω).

The above derivative must be zero in all tangent direc-
tions. Hence, Ȳ (Ȳ −X) = 0 and Ȳ 2 = Ȳ X.

Both X and Ȳ are symmetric and hence XȲ =
(Ȳ X)T = (Ȳ 2)T = Ȳ 2 = Ȳ X. As X and Ȳ commute

and are symmetric, it follows they are simultaneously
diagonalizable, that is, that there exists a real orthogo-
nal S, and D and E diagonal, such that

X = SDST and Ȳ = SEST (7)

[21, Theorem 2.5.15]. Without loss of generality we can
assume D = diag(λ1, . . . , λn).

The orthogonal invariance of the Frobenius norm to-
gether with (7) implies ‖X − Ȳ ‖ = ‖D−E‖. The quan-
tity ‖D−E‖ as a function of E is minimal (over the set
of real diagonal positive semidefinite matrixes of rank
≤ r) if

E = diag(max{λ1, 0}, . . . ,max{λr, 0}, 0, . . . , 0).

The same minimum distance is achieved by Pr(X) and
this completes the proof.

We note without proof that ifX has either r or fewer pos-
itive eigenvalues, or λr > λr+1, then Pr(X) is the unique
best approximant in

⋃r
s=0 Sn+(s) to X in the Frobenius

norm. Otherwise, Pr(X) is a non-unique best approxi-
mant.

5.3 Projecting onto B

In this subsection, we will make use of the following
notation. Given X ∈ R

n×n and 0 ≤ s ≤ n, let Xs ∈
R
(n−s)×(n−s) denote the matrix consisting of the last

n− s rows and columns of X. That is, define Xs via

X =

[

? ?

? Xs

]

, Xs ∈ R
(n−s)×(n−s).

Theorem 10 Suppose (X,Y ) ∈ Mr and define
s = rank(X) and t = rank(Y ). Then X and Y have
eigenvalue-eigenvector decompositions

X = V DV T , D =

[

ΛX 0

0 0

]

, (8)

Y = WEWT , E =

[

ΛY 0

0 0

]

, (9)

where V ∈ R
nF×nF and W ∈ R

nG×nG are orthogonal,
and ΛX ∈ Ss and ΛY ∈ St are positive definite diagonal
matrices.

Using the Fi’s and Gi’s of (1) and (2), and V and W

from (8) and (9), define b ∈ R
(nF−s)2+(nG−t)2 and B ∈
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R
((nF−s)2+(nG−t)2)×m by

b =

[

vec((V TF0V )s)

vec((W TG0W )t)

]

,

B =

[

vec((V TF1V )s) . . . vec((V TFmV )s)

vec((W TG1W )t) . . . vec((W TGmW )t)

]

.

If F (·) and G(·) are the functions defined in (1) and (2),
and ‖·‖2 denotes the standard vector 2-norm, then the
projection of (X,Y ) onto B equals (F (x), G(x)) where x
is a minimizing solution of

min
x∈Rm

∥

∥

∥

∥

∥

[

vec(F1) . . . vec(Fm)

vec(G1) . . . vec(Gm)

]

x+

[

vec(F0 −X)

vec(G0 − Y )

]∥

∥

∥

∥

∥

2
(10)

subject to BTBx = −BT b. (11)

If (F1, G1), . . . , (Fm, Gm) are linearly independent, then
x is unique.

Proof. B is the set of points in L that are of minimum
distance toA(X,Y ). In order to characterize these points,
the following transformation is employed. Using V and
W from (8) and (9), define

f : SnF × SnG → SnF × SnG ,

(Q,R) 7→ (V TQV,WTRW ).

f is a linear isometry. As B is defined solely in terms of
distances, it follows that its points can be characterized
by using f(L) and f(A(X,Y )) to characterize f(B).

Theorem 5 implies

f(A(X,Y )) =
{[

Ω1 ΩT
2

Ω2 0

]

∣

∣

∣
Ω1 ∈ Ss, Ω2 ∈ R

(nF−s)×s

}

×
{[

Ω3 ΩT
4

Ω4 0

]

∣

∣

∣
Ω3 ∈ St, Ω4 ∈ R

(nG−t)×t

}

.

Hence, (Q,R) ∈ f(L) is a point in f(B) if and only if it
is a solution of

min
(Q,R)∈f(L)

‖(Qs, Rt)‖.

If ‖·‖2 denotes the standard vector 2-norm, then

‖(Qs, Rt)‖ = (‖Qs‖2 + ‖Rt‖2)
1

2

=

∥

∥

∥

∥

∥

[

vec(Qs)

vec(Rt)

]∥

∥

∥

∥

∥

2

,

and hence (Q,R) ∈ f(B) if and only if (Q,R) =
(V TF (x)V,W TG(x)W ) where x is a solution of

min
x∈Rm

‖Bx+ b‖2. (12)

The minimum solutions of (12) are exactly the points
that satisfy the normal equation (11). Aside from show-
ing uniqueness, the proof is now complete.

The linear independence of (F1, G1), . . . , (Fm, Gm) im-
plies the cost in (10) is a strictly convex function of x.
Uniqueness follows by noting that a strictly convex func-
tion is still strictly convex if it is restricted to an affine
subspace.

Hence projecting onto B is equivalent to solving the lin-
early constrained least squares problem (10), (11). Such
problems can be solved in a number of ways, see for
example [24]. A basic solution approach is as follows.
First parameterize the points in the constraint set (using
any particular solution and a basis for the null space of
BTB). Using this parametrization, transform the origi-
nal constrained problem into a (lower dimensional) un-
constrained least squares problem. Finally, use the solu-
tion of this new problem and the parametrization map-
ping to obtain a solution of the original problem.

6 Numerical Implementation Issues

In this section we mention some numerical implementa-
tion issues.

6.1 Convergence Criteria

Let εalg > 0 be a user chosen algorithm tolerance. The
convergence criteria is that the constraints (1), (2) and
(3) are ‘satisfied to a tolerance of εalg’, by which we
mean the following conditions are meet: F (x) º −εalgI,
G(x) º −εalgI and G(x) has nG− r eigenvalues of abso-
lute value ≤ εalg. While choosing εalg small guarantees
that the constraints (1), (2) and (3) will be almost ex-
actly satisfied, such a choice will lead to longer conver-
gence times. The choice of tolerance εalg will be dictated
by the problem being considered and it may be possible
to choose a relatively large value. An example of this will
be given in Section 7 when considering output feedback
stabilization problems.

7



6.2 Additional LMI Constraints and Multiple Rank
Constraints

Constraint (1) in Problem 1 can of course be used to
specify multiple LMI constraints by using appropriate
block diagonal matrices for the Fi’s. Numerically, how-
ever, it is better to consider multiple LMI constraints
individually rather than as a single LMI.

The methods described in this paper can be readily mod-
ified to deal with multiple LMI constraints. Indeed, it is
even possible to have multiple rank constraints. In the
rest of this subsection we briefly outline how the algo-
rithm can be modified to incorporate both additional
LMI constraints and multiple rank constraints. These
extensions are incorporated into our software package
LMIRank [32].

If there are q LMI constraints in total, and the ith LMI
contains matrices of size ni×ni, the optimization space
is Sn1 × . . .× Snq .

When projecting onto ‘Mr’, q (rather than 2) individual
projections must be carried out. As before, each projec-
tion is given by Theorem 9. Note that whether or not
the ith LMI is rank constrained influences the ith (and
only the ith) projection. The main computational com-
ponent of the ith projection is an eigenvalue-eigenvector
decomposition of a ni × ni symmetric matrix.

Projecting onto ‘B’ is very similar to before. The only
difference is that, in Theorem 10, rather than consider-
ing (X,Y ), we now have to consider a q-tuple of sym-
metric matrices. As a result, each column of b and B in
the theorem now consists of q (rather than 2) stacked
vectors. Similarly, each column of the block matrix and
block vector in (10) consists of q stacked vectors. Each
of these terms are calculated in an analogous manner to
the ones appearing in Theorem 10.

6.3 Linear Programming Inequality Constraints

Linear programming inequalities constraints in x of the
form

aTx+ b ≥ 0, a ∈ R
m, b ∈ R,

are just 1× 1 LMIs and hence, by the prior subsection,
can also be readily incorporated.

7 Numerical Experiments

This section contains some numerical experiments. Algo-
rithm performance is investigated using both randomly
generated problems and by applying the algorithm to a
particular output feedback problem.

All computational results were obtained using a 3 GHz
Pentium 4machine. Our algorithmwas coded usingMat-
lab 7.0. For each problem, the initial condition was found

by solving the semidefinite programming problem (6)
using SeDuMi [38].

7.1 Random Problems

All results in this subsection are for randomly gener-
ated problems. Each problem is generated as follows. Let
N (0, 1) denote the normal distribution with zero mean
and variance 1. Each entry of the matrices F1, . . . , Fm

and G1, . . . , Gm is drawn from N (0, 1). To ensure feasi-
bility, F0 and G0 are set to F0 = VFDFV T

F −
∑m

i=1 ξiFi

andG0 = VGDGV T
G −

∑m
i=1 ξiGi, where each ξi is drawn

fromN (0, 1); VF and VG are randomly generated orthog-
onal matrices; and DF and DG are randomly generated
diagonal matrices: each diagonal entry in DF is drawn
from N (0, 1) and set to zero if it is negative, while r di-
agonal entries in DG are drawn from the uniform distri-
bution on the interval [0, 1] and the others set to zero.

For the problems in this subsection, the algorithm tol-
erance was set to εalg = 10−12. (For the problems con-
sidered, typical non-zero eigenvalues have magnitudes
between 101 and 10−2.)

Table 1 contains results for nF = 10, nG = 10, r = 5 and
various values of m. For each value of m in the table, the
algorithm is given 1000 random problems to solve. Listed
are a distribution of the number of iterations taken for
the algorithm to converge, the average number of itera-
tions, and the average CPU time. Iteration 1 is the ini-
tialization step based on the trace minimization heuris-
tic.

Table 1
Experiments for random F and G with nF = 10, nG = 10
and r = 5. i denotes the average number of iterations and T

denotes average CPU time in seconds. i and T do not include
the problems that had not converged after 1000 iterations.
The number of such problems for each m is given in the ‘NC’
or ‘non-convergence after 1000 iterations’ column. Tolerance
εalg = 10−12.

m iterations i T

1 2− 10 11− 20 21− 1000 NC

10 965 35 0 0 0 1.1 0.16

20 333 448 84 112 23 21 0.36

30 279 559 70 71 21 21 0.48

40 756 214 19 9 2 3.2 0.46

50 967 26 6 1 0 1.5 0.54

For m = 10 and m = 50, solutions for all 1000 problems
were found. In both these cases the trace minimization
heuristic was very effective, finding solutions for almost
all the problems. Most of the few problems that were not
solved in this first iteration, were solved using a small
number of additional iterations. For both m = 20 and
m = 30, the trace minimization heuristic was no longer
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quite as successful though it did still manage to find a
solution in about 30% of cases. Overall, 95% of prob-
lems were solved in 20 iterations or less while less than
1% had not converged after 1000 iterations. Average so-
lution times were very small.

The results indicate that on average the problems that
are easiest to solve are those with either a rather small
number of variables or those problems with a rather large
number of variables. This situation is rather puzzling.
However, as we will now explain, theoretical rank bound
results do suggest why at least problems with a rather
large number of variables may be easier to solve.

We will use the notation4k to denote the kth triangular
number, 4k := (k+ 1)k/2. Consider a SDP of the form
(6) where the cost is replaced by a general linear cost
cTx. It follows from the results in [1] that for a generic
choice of c, Fi’s and Gi’s, a solution x of such a problem
satisfies

4rankF (x) +4rankG(x) ≤ 4nF
+4nG

−m. (13)

Hence, for a given rank bound r, if m is large enough,
the solution will satisfy rankG(x) ≤ r. The rank bound
(13) is certainly interesting however its practical value
as a means of ensuring low rank may be limited: for
our largest value of m, m = 50, (13) only guaran-
tees rankG(x) ≤ 10 (in the worst case scenario that
rankF (x) = 0) and hence does not even guarantee that
G(x) will not have full rank. Related rank bounds that
apply to all SDPs and not just a generic subset can be
found in [35] and [3]. (See also Section 6 of [36].)

Results for some larger problems are given in Table 2.
Here again, for each value of m, the algorithm was given
1000 random problems to solve. For all values of m,
performance was again very good. While average CPU
times understandably increased due to the larger prob-
lem sizes, in all cases they were about 2 seconds or less.
Also, as for the first set of results, the results in Ta-
ble 2 seem to indicate that on average problems with a
medium numbers of variables are the hardest to solve.

Table 2
Experiments for random F and G with nF = 20, nG = 15
and r = 10. Tolerance εalg = 10−12.

m iterations i T

1 2− 10 11− 20 21− 1000 NC

20 939 48 4 8 1 1.8 0.37

40 412 278 62 177 71 52 1.3

60 343 488 67 52 50 17 1.6

80 758 182 29 21 10 4.0 1.8

100 957 32 6 2 3 1.6 2.1

Lastly note that in both tables, average solution time T
tends to increase with m.

7.2 Reduced Order Output Feedback

Consider a continuous time, linear time invariant (LTI)
system

ẋ = Ax+Bu, y = Cx, (14)

where x ∈ R
n is the state, u ∈ R

m is the control, and
y ∈ R

p is the output.

A dynamic output feedback controller of order nc, 0 ≤
nc ≤ n, will be understood to be a controller of the form

[

ẋc

u

]

= K

[

xc

y

]

,

where K ∈ R
(nc+m)×(nc+p) is a constant matrix and

xc ∈ R
nc .

The problem that interests us in this subsection is the
following reduced order output feedback stabilization
problem.

Problem 11 Given a system (14) and a scalar α > 0,
find a dynamic output feedback controller of order ≤ nc
that places the closed loop poles of the system in the set

{z ∈ C | Re(z) ≤ −α}. (15)

Recall that a system with its poles in (15) is said to have
stability degree (of at least) α.

Define

Ã =

[

A 0

0 0nc

]

, B̃ =

[

0 B

Inc
0

]

, C̃ =

[

0 Inc

C 0

]

.

As is well known, K is an order nc solution of Problem
11 if and only if the augmented closed loop system ma-
trix Ã + B̃KC̃ has its eigenvalues in (15). In addition,
Problem 11 is solvable if and only if Problem 12, given
below, is solvable (see for example [17]).

Problem 12 Given a system (14) and a scalar α > 0,
find X,Y ∈ Sn such that

−B⊥(AX +XAT + 2αX)B⊥T º 0 (16)

−CT⊥(Y A+ATY + 2αY )CT⊥T º 0 (17)
[

X I

I Y

]

º 0 (18)

rank

[

X I

I Y

]

≤ n+ nc. (19)
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Here B⊥ is a matrix of maximal rank such that its rows
are orthonormal andB⊥B = 0. Similar comments apply
for CT⊥.

A solution of Problem 12 can be used to construct a
solution of Problem 11 (and vice versa). As discussed in
Section 6.1, our algorithm computes solutions to a user
specified tolerance εalg. Hence, an algorithm computed
solution to Problem 12 will not in general satisfy the
constraints exactly. We take this fact into account in
our method of controller synthesis. The first step of our
method is to use the algorithm to solve the following
perturbed problem.

Problem 13 Given a system (14), a scalar α > 0, and
a tolerance ε > 0, find X,Y ∈ Sn such that

−B⊥(AX +XAT + 2αX)B⊥T − εI º 0

−CT⊥(Y A+ATY + 2αY )CT⊥T − εI º 0
[

X I

I Y

]

− εI º 0

rank

([

X I

I Y

]

− εI

)

≤ n+ nc.

By choosing εalg equal to the ε of Problem 13, an algo-
rithm calculated solution to Problem 13 will satisfy (16),
(17) and (18). In addition, the constraint (19) will be
satisfied to a tolerance of 2ε, that is, at least 2n−(n+nc)
eigenvalues of the matrix in (19) will have magnitude 2ε
or less.

By the Schur complement result, (18) holds if and only
if Y Â 0 (Y is positive definite) and X − Y −1 º 0. If
X − Y −1 has eigenvalue-eigenvector decomposition

X − Y −1 = V diag(λ1, . . . , λn)V
T , (20)

with λ1 ≥ . . . ≥ λn, define

R = V (:, 1 : nc) diag(λ
1

2

1 , . . . , λ
1

2

nc)

and

X̃ =

[

X R

RT I

]

.

Notice that X̃ Â 0. The output feedback matrix K is
reconstructed via the following SDP,

max
γ∈R, K

γ

subject to (Ã+ B̃KC̃)X̃ + X̃(Ã+ B̃KC̃)T + 2γX̃ ¹ 0.
(21)

Remark 14 Note that the optimal γ of the SDP (21)
gives a lower bound for the stability degree of the result-
ing closed loop system. Furthermore, a lower bound for
this γ can be derived. Indeed, let εrof ≥ 0 be the small-
est scalar such that X −Y −1−RRT ¹ εrofI (εrof is just
λnc+1 from (20)). Considering the equality

[

X − Y −1 0

0 Y

]

=

[

I −Y −1

0 I

][

X I

I Y

][

I 0

−Y −1 I

]

,

we would expectX−Y −1 to have at most nc eigenvalues
that are not close to zero and hence that εrof will be
small. By using the same type of reasoning used to prove
Theorem 2.3 in [11] (we omit the details), it can be shown
that

γ ≥ α− εrof
‖A‖2 + α

λmin(B⊥XB⊥T )
. (22)

Here ‖·‖2 is the maximum singular value norm and
λmin(·) denotes the minimum eigenvalue. Hence, roughly
speaking, if εrof is sufficiently small, the stability degree
of the closed loop system will be at least nearly as large
as α. 2

We now consider a particular reduced order output feed-
back problem from [4] (see also [18], [37, Chapter 10]
and [17]). The system considered is a two-mass-spring
system with state space representation given by

A =















0 0 1 0

0 0 0 1

−1 1 0 0

1 −1 0 0















, B =















0

0

1

0















, C =















0

1

0

0















T

.

Given α > 0, we wish to find an order 2 dynamic con-
troller that places the closed loop poles in (15).

The problem was solved for two of the same values of
α given in [4], α = 0.2 and α = 0.42, and also an addi-
tional value, α = 0.46. For each value of α, the algorithm
was applied to Problem 13 with tolerances ε = 10−4 and
ε = 10−9. In each case the controller matrix K was con-
structed via (21). The results are listed in Table 3.

Table 3
Results for the two-mass-spring system. α denotes the de-
sired stability degree, α̂ the stability degree achieved, i the
number of iterations, and T the CPU time in seconds.

ε = 10−4
ε = 10−9

α α̂ i T α̂ i T

0.2 0.20 59 0.55 0.21 195 1.4

0.42 0.42 644 4.2 0.42 1536 9.5

0.46 0.46 1187 8.0 0.46 2846 19
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The first main point to note from these results is that it
took more than twice as many iterations and more than
twice as long to solve the problems using ε = 10−9 com-
pared to ε = 10−4. Hence, taking relatively large values
of ε such as ε = 10−4 may in general be a good solution
strategy for these types of problems. The second main
point to note is that, for both values of ε, convergence
time increases withα. Hence, speed of convergence seems
to be influenced by the size of the feasible set.

While α = 0.46 was the best stability degree that we
were able to achieve, it turns out this value is still not
the best possible. The second order controller

K(s) =
43
5 s2 − 54

√
15

125 s− 27
125

s2 + 6
√
15
5 s+ 7

(23)

achieves a stability degree of α =
√
15/5 ≈ 0.77. This

controller can be found by considering system and con-
troller transfer functions and requiring that the denomi-
nator of the closed loop transfer function equal the poly-
nomial (s+α)6. For comparison purposes, we also tried
the cone complementarity linearization algorithm of [11]
on the same problem. Our experience is that this algo-
rithm works quite well in general though for this partic-
ular problem the greatest stability degree we were able
to achieve using this algorithm was α = 0.20.

Finally we note that for the α = 0.46, ε = 10−9 solution,
the lower bound in (22) was found to differ from α by
less than 10−7 and hence was very tight. For the α =
0.46, ε = 10−4 solution, the bound was found to be
approximately 0.4548. This bound is still quite tight but,
as is to be expected from using a larger ε, it is looser
than the ε = 10−9 solution bound.

8 Conclusions

In this paper we have presented an algorithm for solving
the rank constrained LMI problem, as well as more gen-
eral LMI problems such as those with multiple rank con-
straints. Like all other algorithms that attempt to solve
the rank constrained LMI problem, convergence from
an arbitrary initial condition is not guaranteed. Though
the convergence properties of the algorithm are not yet
completely understood, as demonstrated by the experi-
ments, the algorithm can be quite effective. Given that
the algorithm is based on a Newton like methodology,
it is not completely apparent why the algorithm is not
always locally quadratically convergent and further in-
vestigations need to be made in this regard.
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