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Abstract—We consider the problem of minimizing upper bounds
and maximizing lower bounds on information rates of stationary
and ergodic discrete-time channels with memory. The channels we
consider can have a finite number of states, such as partial response
channels, or they can have an infinite state space, such as time-
varying fading channels.

We optimize recently proposed information rate bounds for
such channels, which make use of auxiliary finite-state machine
channels (FSMCs). Our main contribution in this paper is to
provide iterative expectation–maximization (EM) type algorithms
to optimize the parameters of the auxiliary FSMC to tighten these
bounds. We provide an explicit, iterative algorithm that improves
the upper bound at each iteration. We also provide an effective
method for iteratively optimizing the lower bound. To demonstrate
the effectiveness of our algorithms, we provide several examples
of partial response and fading channels where the proposed
optimization techniques significantly tighten the initial upper
and lower bounds. Finally, we compare our results with results
obtained by the conjugate gradient optimization algorithm and an
improved variation of the simplex algorithm, called Soblex. While
the computational complexities of our algorithms are similar to
the conjugate gradient method and less than the Soblex algorithm,
our algorithms robustly find the tightest bounds.

Interestingly, from a channel coding/decoding perspective, opti-
mizing the lower bound is related to increasing the achievable mis-
matched information rate, i.e., the information rate of a communi-
cation system where the decoder at the receiver is matched to the
auxiliary channel, and not to the original channel.

Index Terms—Finite-state machine channels, information rate,
lower bounds, mismatched decoding, optimization, stationary and
ergodic channels, upper bounds.

I. INTRODUCTION

A. Motivation and Background

C HANNELS with memory are common in practical com-
munication systems. The partial response channel is an

important example of a channel with memory with applications
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in magnetic and optical recording, as well as in communica-
tions over band-limited channels with intersymbol interference
(ISI) [1]. The time-varying multipath fading channel in wire-
less communication systems is another example of a channel
with memory [2]. Although the information rate of this latter
class of channels is formulated (we assume these channels to be
stationary and ergodic), the direct computation of the informa-
tion rate (under the assumption of no channel state information
(CSI) at the receiver or the transmitter) has remained an open
problem [3].

Partial response channels can be closely modeled by fi-
nite-state machine channels (FSMCs) [4]. Stochastic and
numerical strategies have been proposed in the literature
for efficient computation of information rates for FSMCs
[3], [5]–[7]. The numerical estimate of the information rate
converges under mild conditions with probability one to the
true value when the length of the channel input and output
sequences goes to infinity. Upper and lower bounds on the
capacity of FSMCs have been proposed in [8]–[10], where the
upper bound in [8] is based on Lagrange duality, the upper
bound in [9] is based on the FSMC feedback capacity, and
the lower bound in [10] is obtained by numerically optimizing
the parameters of the Markov input source to the channel.
From a practical viewpoint, information rates, the capacity,
and the capacity-achieving input distribution of FSMCs with
not too many states are numerically computable. However, for
more complex partial response channels with longer memories,
the large number of states in the FSMC prohibits efficient
computation of information rates. Physical multipath fading
channels are channels with an infinite (continuous-valued) state
space. Therefore, direct application of the techniques in [3],
[5]–[7] for computing information rates for fading channels is
not possible.

For the case of stationary and ergodic channels with memory
that are non-finite-state or where the number of states is large,
we would still like to efficiently (stochastically) compute upper
and lower bounds on the information rate. Such upper and lower
bounds were proposed in [3], [11] based on the introduction of
an auxiliary FSMC. The bounds are generally applicable to fi-
nite-state and non-finite-state channels with memory that are
stationary and ergodic. The lower bound in [3], [11] is a spe-
cial case of the generalized mutual information (GMI) lower
bound for mismatched decoding [12]. In other words, the lower
bound signifies achievable information rates when the receiver
is equipped with a decoding algorithm which is matched to the
auxiliary channel model and hence, usually mismatched to the
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original channel (over which the actual communication takes
place).

The maximum number of states and branches in the auxiliary
FSMC model is dictated by the computational complexity of
running the Bahl-Cocke-Jelinek-Raviv (BCJR) algorithm [13]
or the mismatched decoding budget. The number of auxiliary
FSMC states and branches, along with the FSMC state transi-
tion and output probabilities, affect the tightness of the bounds.
Therefore, for a given auxiliary FSMC trellis section, it is de-
sirable to optimize the remaining auxiliary FSMC parameters
to obtain the tightest information rate upper and lower bounds,
which is the topic of this paper.

B. Contributions and Organization

In this paper, we optimize the parameters of the auxiliary
FSMC model in order to tighten the information rate upper and
lower bounds that were introduced in [3], [11] for channels with
memory. Actually, the lower bounds that we use in the present
paper are slightly more general than the lower bounds in [3],
[11]. They are also more general than the lower bounds that were
optimized in the preliminary version [14] of this paper.

The original and auxiliary channels are reviewed in Section II
and the information rate bounds under consideration are re-
viewed in Section III. In our approach, we assume that we are
given a fixed trellis section of an auxiliary FSMC and that we op-
timize its remaining parameters (the state transition and output
probabilities). The general optimization idea is shown in Sec-
tion IV. Briefly speaking, we replace the optimization of a func-
tion by a succession of surrogate-function optimizations, an ap-
proach that can be seen as a variation of the expectation–maxi-
mization (EM) algorithm [15].

Five main contributions of the paper are summarized as fol-
lows.

1) In Section V, we propose an iterative procedure for the
minimization of the upper bound. For this purpose, we de-
vise an easily optimizable surrogate function. We estab-
lish that this surrogate function is never below the original
upper bound and that by minimizing it, we ensure nonin-
creasing upper bounds in each iteration.

2) In Section VI, we propose a similar iterative procedure
for the minimization of the difference between the upper
bound and a specialized version of the lower bound. The
parameters of the auxiliary FSMC that minimize this dif-
ference can be used as the initial point for the optimiza-
tion of upper and lower bounds, resulting in quicker con-
vergence or tighter bounds.

3) In Section VII, we propose an iterative procedure for the
maximization of the lower bound by devising an easily
optimizable surrogate function. The important property of
this surrogate function is that at the current point in the
auxiliary FSMC parameter space, the function value and
its gradient agree with the lower bound function value and
its gradient, respectively. However, we were not able to
establish analytically that this surrogate function is never
above the lower bound, which makes the approach rather
heuristic. Note though that our surrogate function of choice
will have a parameter which enables one to control the “ag-
gressiveness” of the optimization step. Adaptively setting

this parameter allows one to have a nondecreasing lower
bound after every step.

4) In Section VIII, we apply our optimization techniques to
several partial response channels and observe that they re-
sult in noticeably tighter upper and lower bounds. We an-
alyze the convergence properties and the numerical toler-
ance of the proposed algorithms. Moreover, we compare
our optimization results with those obtained using the con-
jugate gradient optimization algorithm and an improved
version of the simplex algorithm [16]. The improved sim-
plex method is called Soblex and was recently proposed
in [17]. In comparison, our proposed algorithms provide
the tightest bounds, while operating with a computational
complexity similar to the conjugate gradient method and
less than the Soblex algorithm.

5) In Section IX, we apply our optimization techniques to
time-varying fading channels. We also propose a tight
lower bound for the conditional entropy of the original
Gauss–Markov fading channel, which is required for
computing the upper bound. Compared to the widely used
perfect CSI upper bound, we have obtained significantly
tighter upper bounds, which together with the optimized
lower bound, successfully bound the range of fading
channel information rates.

Some of the proofs have been relegated to the appendices at
the end of the paper.

C. Notations

The following general notations will be used. Other special
notations will be introduced later in the paper.

• Alphabet sets will be denoted by calligraphic characters,
such as .

• Random variables will be denoted by upper case characters
(e.g., ), while their realizations will be denoted by lower
case characters (e.g., ).

• Random vectors will be denoted by upper case boldface
characters (e.g., ), while their realizations will be de-
noted by lower case boldface characters (e.g., ).

• Sequences like will be denoted by
. If , we will use the shorthand to denote the

vector .
• All logarithms are natural logarithms (base ); therefore,

all entropies and mutual informations will be measured
in nats. The only exceptions are figures and their corre-
sponding discussions, where the information rates will be
presented in bits per channel use (bits/channel use).

• All channel input and output alphabets are assumed to be
finite. Unless stated otherwise, we only deal with proba-
bility mass functions (pmfs) and conditional pmfs in this
paper.

• In order to avoid cluttering the summation signs, we will
use the following conventions. Summations like , ,

, and will implicitly mean , , ,
and , respectively. Summations like and will
implicitly mean and . Summations
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Fig. 1. Block diagrams of (a) the source and the original (forward) channel, (b)
the “output source” and the original backward channel, (c) the auxiliary forward
channel, and (d) the auxiliary backward channel under consideration.

like and will be over all valid channel state se-
quences and valid channel branch sequences, respectively.1

II. SOURCE AND CHANNEL MODELS

Before presenting source and channel definitions, it is useful
to define the following index set.

Definition 1 (The Index Set): We assume to be a positive
integer. We define the following index set:

Observe that the size of the set is . Note that in our
results, we are mainly interested in the limit .

Consider the block diagram in Fig. 1(a) which shows a source
and a channel, in the following also called the original forward
channel. We assume that both the source and the channel are
fixed and that we would like to find tight upper and lower
bounds on the information rate of this source/channel pair. Our
upper bounding technique will use a so-called auxiliary forward
channel (see Fig. 1(c)) whose input/output alphabets match the
input/output alphabets of the original forward channel. The
tightening of the upper bound will be achieved by optimizing
the parameters of the auxiliary forward channel. Similarly,
our lower bounding technique will use a so-called auxiliary
backward channel (see Fig. 1(d)) whose input/output alphabets
match the input/output alphabets of the original backward
channel (see Fig. 1(b)) that is associated to the original forward
channel. The tightening of the lower bound will be achieved by
optimizing the parameters of the auxiliary backward channel.

A. Source Model

Definition 2 (Source): In this paper, we only consider sources
that are discrete-time, stationary, and ergodic and that produce
a sequence , where for all .
We assume that the alphabet is finite and that for any
the probability of observing is . In the following, we

will use the abbreviation for any .

1The notions of “valid channel state sequence” and “valid channel branch
sequence” will be introduced later on.

B. Finite-State Machine Channels (FSMCs)

Many of the original channels that we will consider can be
described as FSMCs.2

Definition 3 (Finite-State Machine Channels (FSMCs)): A
time-independent, discrete-time FSMC [4] has an input process

, an output process ,
and a state process , where ,

, and for all . We assume that the alphabets ,
, and are finite. Let us define the following finite windows

of the FSMC states, inputs, and outputs as, respectively:

(1)

Unless otherwise stated, we condition all FSMC-related proba-
bilities on an initial state, such as . The joint FSMC condi-
tional pmf decomposes as

(2)

(3)

where and are referred to as the
FSMC state transition probability and FSMC output proba-
bility, respectively, and are independent of the time index . In
the following, we will use the notation

(4)

(5)

(6)

(7)

(8)

Fig. 2 shows how the finite-state machine underlying a typical
FSMC can be represented by a trellis. This specific FSMC has
four states, namely, , and two input symbols,
namely, . To a branch going from state to state

we associate a label like : it shows the probability
with which this state transition is chosen in case that the channel
input symbol is .

Example 4 (Partial Response Channel): The trellis in Fig. 2
actually represents the trellis of the finite-state machine under-
lying a so-called partial response channel. Such a channel can
be described by

(9)

2Note that Gallager [4] calls them finite-state channels (FSCs).
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Fig. 2. Trellis representation of the finite-state machine underlying an FSMC.
Because of the assumed time invariance, the branch labels in every trellis section
are the same. Therefore, we have shown these branch labels only in one trellis
section.

Fig. 3. Trellis section of the trellis representation of the finite-state machine
underlying a Gilbert-Elliott channel. State “1” corresponds to the bad state “b”
and state “2” corresponds to the good state “g.”

Here, is a quantization function that maps elements of to .
Moreover, , , , represent the channel input
process, the channel output process, an additive noise process,
and the filter coefficients, respectively. Assuming the channel
input alphabet to be and the memory length to
be , we see that in Fig. 2 the states , ,

, and correspond to, respectively,
, , ,

and .

Example 5 (Gilbert–Elliott Channel): The Gilbert–El-
liott channel [18], [19] has the state alphabet ,
i.e., a “bad” state and a “good” state, the input alphabet

, and the output alphabet . One defines
where

and , where is
a binary-symmetric channel (BSC) with crossover probability

when , and where is a BSC with
crossover probability when . A trellis section of
the trellis representation of the finite-state machine underlying
such a channel is shown in Fig. 3. (Here, , , , and
are arbitrary real numbers between and , where usually

.)
It is useful to introduce the FSMC branch random variable

and the set of all branches in a trellis
section. (Note that because the original FSMC is assumed to be
time-invariant, the set is also time-invariant.) The initial state
of a branch at time index will then be denoted by

, the channel input symbol by , and the final state
by . Without loss of generality, we can assume that for any

triple there is at most one branch in the trellis that
starts in state , has input symbol , and ends in state . In
that sense, in the following we will use the notation:

(10)

(11)

(12)

for . Similar to , , and , we also define
which helps us define

(13)

when . In this and upcoming similar expressions,
and are implicitly given by , i.e., and . The
sequence is called a valid branch sequence if the ending state
of equals the starting state of . Similarly, the sequence is
called a valid state sequence if there is a valid branch sequence

such that . As already mentioned in the Introduc-
tion, summations like and will always be over all valid
channel state sequences and all valid channel branch sequences,
respectively.

In this paper, we consider only FSMCs that are indecompos-
able, as defined by Gallager [4], i.e., channels where, roughly
speaking, the influence of the initial state fades out with time for
every possible channel input sequence. Feeding such a channel
with a stationary and ergodic source results in input and output
processes that are jointly stationary and ergodic. Therefore,
when feeding an indecomposable FSMC with a source as in
Definition 2 we will use the notation

(14)

Moreover, in order to be able to apply the results of [20] later
on, we will impose the following condition on : for all
and all , we require that is strictly positive, i.e.,
we require that any output symbol can potentially be
observed for any branch .

Definition 6 (Data-Controllable FSMCs): If an indecompos-
able FSMC can be taken from any state into any other state by a
finite number of channel inputs, which do not depend on the cur-
rent state, the channel is called controllable. (referring to [4, pp.
111 and 527], we note that there are also decomposable chan-
nels that could be called controllable and for which the uncon-
strained capacity is uniquely defined. However, in the following
we will not consider such channels because we deal exclusively
with indecomposable channels.)

Clearly, the partial response channel in Example 4 is data-
controllable, whereas the Gilbert–Elliott channel (cf. Example
5) is not data-controllable.

C. General Channels With Memory

We will allow the original channel to be a more general sta-
tionary discrete-time channel than an indecomposable FSMC,
namely, we allow the state-space size to be infinite, as long as
the following requirement is satisfied: it should be possible to
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approximate such a general channel to any desired degree by an
indecomposable FSMC.

D. Original Backward Channel Model

Reversing the usual meaning of and , i.e., looking at
as being the output of some channel which is fed by , which in
turn is produced by some source, we arrive at the “backward”
channel model in Fig. 1(b). Note that the mutual information

is a symmetric functional of the joint pmf of and
. Therefore, if and have the same joint pmf in both the

forward and the backward channel setup, then both channels
will have the same information rate. This can be achieved by
setting the pmf of the “output source” to be
and the “backward channel law” to be
because then .

E. Auxiliary Forward FSMCs

The information rate upper bound in Section III will be based
on an auxiliary forward channel law. By an auxiliary forward
channel law we will simply mean a conditional pmf on given

. In general, we will denote this conditional pmf by
and it fulfills the usual properties of a conditional pmf, i.e.,

for all and all , and for all .
In the following, we will focus on the case where the auxil-

iary forward channel is an auxiliary forward finite-state machine
channel (AF-FSMC).

Definition 7 (AF-FSMCs): A time-independent and dis-
crete-time AF-FSMC has an input process , ,

, an output process , and a state
process , , , where , , and

for all . We assume the set to be finite. Let us
define the following finite windows of the AF-FSMC states and
branches as, respectively:

(15)

The AF-FSMC conditional pmf decomposes as

(16)

(17)

where and are referred to as
the AF-FSMC state transition probability and AF-FSMC output
probability, respectively, and are independent of the time index
. The input–output conditional pmf will then be

(18)

It is useful to introduce the AF-FSMC branch (random) vari-
able and the set of all branches in a
trellis section. (Note that because the AF-FSMC is assumed

to be time-invariant, the set is also time-invariant.) The ini-
tial state of a branch at time index will then be denoted
by , the channel input symbol by , and the final
state by . In that sense, we will often write
instead of , and instead of

if . As in Section II-B, without loss
of generality we can assume that for any triple
there is at most one branch in the trellis that starts in state ,
has input symbol , and ends in state .

Similar to the original channel, we consider only AF-FSMCs
that are indecomposable and for which is strictly pos-
itive for all and all .

Remark 8 (Induced PMFs): Of special interest is the case
where is generated by the source in Fig. 1(a): the induced
joint pmf of , , and is then called and equals

. In that sense

(19)

(20)

(21)

(22)

(23)

(24)

(25)

where in the last expression we assume that is compatible
with .

F. Auxiliary Backward FSMCs

The information rate lower bound in Section III will be based
on an auxiliary backward channel law. By an auxiliary back-
ward channel law we will simply mean a conditional pmf on

given . In general, we will denote this conditional pmf by
and it fulfills the usual properties of a conditional pmf,

i.e., for all and all , and for all .
In the following, we will focus on the case where the auxiliary

backward channel is an auxiliary backward finite-state machine
channel (AB-FSMC).

Definition 9 (AB-FSMCs): A time-independent and dis-
crete-time AB-FSMC has an input process , ,

, an output process , and a state
process , , , where , , and

for all . We assume the set to be finite. Let us
define the following finite windows of the AB-FSMC states
and branches as, respectively

(26)
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The AB-FSMC conditional pmf is defined to be

(27)

with

(28)

Here, and are some arbitrary nonnegative integers3

and is a nonnegative function of
. Note that the

latter requirement on is sufficient for
to represent a conditional pmf of and given

and .4 The backward input–output conditional pmf will
then be

(29)

In the following, we will also use

(30)

(31)

(32)

(33)

It is useful to introduce the AB-FSMC branch (random) variable
and the set of all branches in a trellis sec-

tion. (Because the AB-FSMC is assumed to be time-invariant,
the set is also time-invariant.)5 The initial state of a branch

at time index will then be denoted by , the (back-
ward channel) output symbol by , and the final state by

. In that sense, we will often write instead of

, instead of

if , and instead of
if . As in Section II-B, without loss of generality,
we can assume that for any triple there is at most
one branch in the trellis that starts in state , has (backward
channel) output symbol , and ends in state .

3We will comment on the selection of suitable values for � and � at the
end of Section III and in Section IV-C. In the expressions �� ������ �������� �� � and
����� ������ ���� ����, it would actually be more precise to write ��� instead
of ��� �� ��� � in the case that � � � and/or � � �. However, in order
to keep the notation simple and because we are mostly interested in the limit
	 � �, we will not do so.

4The letter �� was chosen to show the closeness of the �� function to the ��
function, yet to remind the reader that the �� function is not properly normalized
to be a conditional pmf of ���� and ��� given ��� and �� .

5This definition of �� highlights an asymmetry in the definition of an
AF-FSMC and an AB-FSMC: namely, because of the way that branches are
defined for an AB-FSMC, it is clear that an AB-FSMC with input ��� and output
��� is not simply an AF-FSMC with input ��� and output ���.

Similar to the original channel, we consider only AB-FSMCs
that are indecomposable and for which is strictly
positive for all and all .

G. Remarks

Let us briefly point out some notational differences with the
notation used in paper [10] on the generalized Blahut–Arimoto
algorithm. Similar to that paper, we are using to denote
the source output/channel input sequence and to denote the
channel output sequence. However, in the current paper and
denote the state and branch sequence, respectively, in the trellis
representation of the channel, whereas in [10], and were
used to denote the state and branch sequence, respectively,
in the trellis representation of the source. Finally, note that
in both papers, the time indexing of the components of the
input, output, state, and branch sequences are done in the same
manner, however, is defined to be and not .

We have already mentioned that we will be mainly interested
in the limit . Because our setup is such that the limits
of the expressions of interest do not depend on the initial states

and (this can be justified using results like in [20]),
in the following we will assume that and are fixed to
some suitable values. In order to simplify the notation in all the
upcoming formulas, we will omit the explicit conditioning on

and , however, it should be kept in mind that such a
conditioning is still present.

In the following, a generic branch of an AF-FSMC/AB-
FSMC will often be denoted by instead of

. (Here, “p” stands for previous.) Similarly,
the generic output symbol corresponding to this branch will
often be denoted by instead of . Moreover, the generic
will be used instead of . In this manner, in
an AB-FSMC will simply be denoted by . Such sim-
plifications in notation are possible because of our stationarity
assumptions for sources and channels.

III. INFORMATION RATES AND THEIR UPPER AND LOWER

BOUNDS

In the following, the source pmf and the original (forward)
channel law will be assumed to be fixed, and we will only vary
the auxiliary forward and auxiliary backward channels. There-
fore, in order to simplify the notation, and will not appear
as arguments of information rates, upper and lower bound func-
tionals, etc. (Note that a fixed source pmf and a fixed original
forward channel law imply, according to our comments in Sec-
tion II-D, that the “output” source pmf and the original back-
ward channel law are also fixed.) Moreover, for the rest of the
paper, we will use the following abbreviations: IR-UB for “in-
formation rate upper bound,” IR-DF for “information rate differ-
ence function,” and IR-LB for “information rate lower bound.”

Definition 10 (Information Rate): For the type of sources and
channels that were considered in Section II, the information rate
is given by

(34)
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(35)

with asymptotic version .

Note that for any finite , the information rate depends
on the choice of , however, we will not mention this quantity
explicitly as an argument of . Similarly, we will not mention
it in upcoming functionals, along with not mentioning the initial
state of an auxiliary channel.

Definition 11 (IR-UB Based on an AF-FSMC): Using an
AF-FSMC as defined in Definition 7, an upper bound on the
information rate is given by

(36)

with asymptotic version . This
upper bound was also used in [3], [11] and we refer the inter-
ested reader to these papers for some historical comments.

The fact that is indeed an upper bound on can
easily be verified by writing the difference as a
Kullback–Leibler (KL) divergence [21, p. 18] and by using the
well-known fact that the KL divergence is never negative, i.e.,

(37)

It is noted that for computing the upper bound , an
analytical or numerical evaluation method for the conditional
entropy

(38)

of the output process given the input process in the original
channel is required. (The asymptotic version of will be
called .) Alternatively, a lower bound on can be used
to obtain an upper bound on . Later, in Section IX,
we prove an asymptotically tight lower bound on for
Gauss–Markov fading channels.

Let us briefly mention that the expression in (36) is still a valid
information rate upper bound also if is replaced by
some arbitrary pmf over .6 However, we will not pursue
this more general information rate upper bound any further in
this paper.

Definition 12 (IR-LB Based on an AB-FSMC): Using an
AB-FSMC as defined in Definition 9, a lower bound on the
information rate is given by

(39)

6Indeed, in this case the KL divergence in (37) reads �� �� ��� �� � �

� ��� ������ �� ����� � �.

with asymptotic version , and where
is implicitly defined by as shown in (27)–(29).

Again, that is a lower bound on can easily be
verified by writing the difference as a KL diver-
gence, i.e.,

(40)

On the side, let us remark that can also be
written as

(41)

The lower bound defined in (39) is linked with the GMI which
is defined as [12]

(42)

where is a mapping from to . Under
suitable time-invariance conditions on , this GMI has the
following interesting meaning: it is a reliable communication
rate that is achievable under mismatched decoding, i.e., when
the decoder uses the decoding metric instead of the
maximum-likelihood (ML) decoding metric .
(Maximizing the GMI over all possible sources gives a lower
bound on what is known as the mismatch capacity under the
decoding metric , .) Now, setting

and

(43)

where is an arbitrary positive function of , we see that the
mutual information rate lower bound in Definition 12 is a spe-
cial case of the GMI. This means that is a reliable com-
munication rate that is achievable under mismatched decoding
with the decoding metric as in (43), i.e., a decoder
that is matched to the AB-FSMC and mismatched to the orig-
inal channel.7

Remark 13 (First Special Case of IR-LB): A special case of
is obtained by setting

(44)

7Note that if there is a function ������ such that������ � ������ �	 ��������� for
all ���, then ������ �	 ���������
������ can be seen as a conditional pmf of ��� given ���.
In this special case, the mismatched decoder is the ML decoder that is matched
to the auxiliary channel.
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where is some arbitrary AF-FSMC channel law. The lower
bound then reads

(45)

This lower bound was also used in [3], [11] and we refer the
interested reader to these papers for some historical comments.
Please note that this specialized lower bound is the lower bound
that was optimized in the preliminary version of this paper [14];
this is in contrast to the present paper where we will optimize
the more general lower bound that was given in Definition 12.

Ideally, we would like to define the difference of the infor-
mation rate upper bound for any AF-FSMC channel law and
the information rate lower bound for any AB-FSMC channel
law . However, in order to obtain something tractable for op-
timization purposes, it turns out to be expedient to use a that
is implicitly defined through as in (45).

Definition 14 (IR-DF): Let be the channel law of
some AF-FSMC. The difference function is defined to be

(46)

(47)

(48)

with asymptotic version .

Minimizing this difference function would not be required if
we could directly find the global minimum of the upper bound
and the global maximum of the lower bound. Moreover, a mini-
mized difference between the bounds does not necessarily mean
that the individual upper and lower bounds are optimized. Nev-
ertheless, we will see that the minimization of the difference
function can give a useful initialization point for the iterative
optimization of the upper and lower bounds. Such an initial-
ization can result in faster-converging iterative algorithms or
tighter upper and/or lower bounds. This is especially the case for
partial response finite impulse response (FIR) channels, where
the AF-FSMC parameters that minimize the difference function
are found in closed form. For fading channels, using the parame-
ters of the optimized difference function for initializing the max-
imization of the lower bound often yields better lower bounds
compared to other initialization methods. However, using the
parameters of the optimized difference function for initializing
the minimization of the upper bound usually does not yield
better bounds compared to other initialization methods. We refer
the reader to Sections VIII and IX for more details.

Let us conclude this section with yet another special case of
the information rate lower bound.

Remark 15 (Second Special Case of IR-LB): In Definition
9, the only requirement on was that
it is nonnegative. Imposing additionally the condition that

for all , all , and all
, one can verify that for all and all

, see Appendix A. Therefore, the denominator in (27) is
which means that . Finally, this implies

, and so the lower bound (39) reads

(49)

Let us briefly comment on the number of parameters of
AB-FSMCs. From Definition 9 it follows that the number of
parameters is . It is clear that larger
and lead to better lower bounds but also to the need of
estimating and storing more parameters. Given the exponential
growth in , it is obviously desirable to choose
and as large as needed, yet as small as possible. Empirical
evidence shows that and (the smallest pos-
sible choice) is sufficient for the Definition 12 lower bound
to give good results. However, nonzero values of and
are usually needed for the Remark 15 lower bound to work
well. (Given typical sizes of , a positive sum of and
yields a significant increase in AB-FSMC model parameters.)
Although we will see in Section VII that it is more difficult
to get a handle on the optimization of the Definition 12 lower
bound, which is in contrast to the nice analytical properties of
the optimization of the Remark 15 lower bound, the Definition
12 lower bound will be the lower bound of choice. Indeed,
all examples in Sections VIII and Section IX will use it with

and .
At first, it might come as a surprise that the lower bound

in Definition 12, that is based on an unnormalized , works
better than the lower bound in Remark 15, that is based on a
normalized . We get a better understanding of this phenom-
enon by looking at (41): we see that we get a good information
rate lower bound, if for typical output sequences the con-
ditional pmf is close (in the KL divergence sense)
to the conditional pmf . Given that

is the a posteriori pmf of a forward
FSMC, better be the a posteriori pmf of a forward
FSMC itself, or close to such a pmf. Now, the condition

that is imposed for all ,
all , and all in Remark 15 is very useful when it
comes to optimizing the Remark 15 lower bound. However, it
turns out that the resulting pmf is further away from
an a posteriori pmf of a forward FSMC than without this
normalization constraint. (In fact, the resulting pmf
is the conditional output pmf (conditioned on the input) of a
suitably defined forward FSMC, where the input sequence is

and the output sequence is .) Note that with suitably large
choices of and , the Remark 15 lower bound would also
work well, however, the training process of the many more
parameters would take (much) more time. We leave it as an
open problem to find suitable modifications of the Remark
15 lower bound such that the desired analytical optimization
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properties are retained, yet less parameters are needed. (See
also our comments in Remark 36.)

IV. OPTIMIZATION METHODS AND DEFINITIONS

The first main objective of the present paper is the minimiza-
tion of the information rate upper bound that was presented
in Section III. This optimization takes place over the set of
all AF-FSMCs that have the same trellis section , i.e., for a
given we will optimize over all possible

.8 The second main objective of the present paper is
the maximization of the information rate lower bound that was
presented in Section III. This time, the optimization takes place
over the set of all AB-FSMCs that have the same trellis sec-
tion , i.e., for a given we will optimize over all possible

.9
Note that the direct optimization of the information rate upper

and lower bounds is in general intractable. This is mainly due to
the fact that , , and in the logarithms
are not readily decomposable into suitable products. This, in
turn, prevents their optimization in a mathematically tractable
manner.

As a way out of this problem, we will use iterative approaches
which after every iteration yield better bounds. As we will see,
each of these iterations can be seen as the optimization of a suit-
ably chosen surrogate function. The rest of this section is de-
voted to the presentation of the general ideas; the mathematical
details and the proofs will be treated in later sections.

Although it very often makes sense that the type of the
AF-FSMC is chosen such that it matches the type of the orig-
inal channel, e.g., that a controllable AF-FSMC is chosen if
the original channel is a controllable FSMC, please note that
such a restriction in choice is not required for the optimization
algorithms that we are about to present.

A. Optimization Approach for the IR-UB

The underlying idea for optimizing the information rate upper
bound is as follows (see Fig. 4).

• Set the iteration number to . Start with an initial
AF-FSMC model with channel law .

• Assume that at the current iteration we have found an
AF-FSMC model with channel law with the corre-
sponding information rate upper bound .

• At the next iteration, we would like to find an AF-FSMC
model with channel law that results in a tighter
upper bound. To this end, we introduce a surrogate func-
tion which locally approximates
around . More explicitly, the surrogate func-
tion is chosen such that
and such that it is never below the upper bound, i.e.,

for all .
• Let us assume for the moment that we can find such a sur-

rogate function that can be easily minimized
and let us call the channel law that achieves the
minimum of over (one such function is
given in Section V).

8In the following, we assume that the trellis section �� is such that in the rela-
tive interior of the set of all possible settings of �� ������ � �� � �� ������ ,
the conditions in Section II-E that were imposed on AF-FSMCs are fulfilled.

9In the following, we assume that the trellis section �� is such that in the rel-
ative interior of the set of all possible settings of ������ ��� � , the conditions in
Section II-F that were imposed on AB-FSMCs are fulfilled.

Fig. 4. Iterative minimization of the upper bound using a surrogate function.

• Using this approach, we obtain a new channel law
that does not increase the upper bound, i.e.,

.
• We increase by one and then repeat the above procedure

until some termination criterion is met.
It is important to note that unlike the idealistic situation de-

picted in Fig. 4, is in general not a unimodal function of
and, therefore, can have multiple local minima. Later,

in Section V, we will study the convergence properties of the
surrogate function for the upper bound.

We will use the following nomenclature: a surrogate function
that is never below a certain function will be called a never-
below surrogate function. On the other hand, a surrogate func-
tion that is never above a certain function will be called a never-
above surrogate function.

B. Optimization Approach for the IR-DF

The underlying idea for minimizing the information rate dif-
ference function is very much similar to minimizing the infor-
mation rate upper bound. Of course, we will need a different
class of never-below surrogate functions: the surrogate function
at the th iteration will be called .

C. Optimization Approach for the IR-LB

Plugging the definition (27) of in terms of into the infor-
mation rate lower bound (39), we obtain

(50)

Let us first consider the second special case of the informa-
tion rate lower bound, cf. Remark 15, where the summation in
the denominator of the logarithm in (50) is always , and there-
fore only the numerator of the logarithm depends on . Max-
imizing is then very similar to minimizing the infor-
mation rate upper bound and the difference function. This simi-
larity comes from the fact that in both the negative upper bound
and the negative difference function, only the numerator of the
logarithm depends on the auxiliary FSMC parametrization. Cor-
respondingly, we are using a never-above surrogate function for
the present optimization. Our practical experience shows that
nonzero values for and must be used in order to obtain
tight lower bounds. Given that the size of the output alphabet is
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usually not too small, this means that the AB-FSMC has many
parameters, which is somewhat undesirable. (See also the com-
ments at the end of Section III and in Remark 36.)

In the general setup of the lower bound, i.e., when we are
not assuming the restriction of Remark 15, the choice
and seems to be sufficient. In this case, however, the
numerator and the denominator of the logarithm in (50) depend
on and we have not been able to derive a surrogate function for
which we can analytically guarantee that it is never above the
lower bound. Therefore, instead of using a surrogate function

for which we can prove that it is never above ,
we will use a surrogate function for which we can
prove the following two properties: first, equals
when , and second, the gradient of with
respect to (w.r.t.) equals the gradient of w.r.t. when

. Such a surrogate function guarantees that we will
be moving in a good direction, however, it does not guarantee
that we obtain a nondecreasing lower bound after each iteration.
Note though that our surrogate function of choice will have a
parameter which enables one to control the “aggressiveness”
of the optimization step. Adaptively setting this parameter
allows one to have a nondecreasing lower bound after every step.

D. Some Key Quantities for Iterative Optimizations

The following quantities will be repeatedly used for iterative
optimizations in later sections. These quantities are evaluated at
the currently found AF-FSMC channel law or the
currently found AB-FSMC channel law . Therefore, we
use the superscript to denote these quantities.

Definition 16 ( -Values):
• In the case of the upper bound minimization, we define

, according to (51) and (52) at the

bottom of the page. Note that

for all .
• In the case of the difference function minimization, we de-

fine and according to (53) and (54)
(also given at the bottom of the page). Note that

for all .
• In the case of the lower bound maximization, we define

and according to (55) and (56)
(also shown at the bottom of the page).

• In these expressions, is defined in the spirit of Re-
mark 8, and is defined to equal one if and
to equal zero otherwise. Moreover, is defined in
the spirit of Remark 8 and is used to emphasize

that the summands of and are nonzero
only when the th channel input in is compatible with
the input symbol of the AF-FSMC branch , denoted by

.
• The asymptotic versions of the above quantities are defined

as follows:

(57)

Direct evaluation of the above quantities for all possible re-
alizations of the channel output is prohibitive. However, there
are efficient stochastic procedures to numerically approximate
them to a precision that is good enough for practical purposes.

(51)

(52)

(53)

(54)

(55)

(56)
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The main idea is to replace ensemble averages by time aver-
ages; because of the assumptions that we made in Section II,
the resulting estimates are equal to the desired quantities with
probability as .

Algorithm 17 (Numerical/Stochastic Computation)

1) For computing the quantities and that
are relevant for the IR-UB we proceed as follows:
• Generate a channel output sequence of length in

the original channel according to its pmf .
• For the generated output sequence in the original

channel, compute
for all by applying the BCJR algorithm [13] to
the AF-FSMC model. (Note that includes the channel
input .)

• Whenever , add the computed to
. Similarly, whenever and , add

the computed to .
2) For computing the quantities and that

are relevant for the IR-DF we proceed as follows:
• Generate a sequence of channel input of length

according to the source distribution .
• Generate a sequence of channel output of length

in the original channel according to its channel law
.

• For the generated input and output sequences and ,
compute by applying
the BCJR algorithm [13] to the AF-FSMC channel.
Obviously, will be zero if the th element
of does not equal .

• Whenever and , add the computed
to . Similarly, whenever ,

, and , add the computed to
,

3) For computing the quantities and
that are relevant for the IR-LB, we use a

procedure that is similar to the procedures listed above.
Of course, in the above sentences , ,

, and “AF-FSMC” have to be replaced by
, , , and “AB-FSMC”,

respectively.

Evidently, instead of using a “large” (and correspondingly
“long” sequences and ) in Algorithm 17, the desired quan-
tities can also be estimated by running Algorithm 17 multiple
times using a “smaller” (and correspondingly “shorter” se-
quences and ) and then averaging the results.

V. OPTIMIZING THE INFORMATION RATE UPPER BOUND

Assume that at the current iteration we have found an
AF-FSMC model with channel law and the corre-
sponding information rate upper bound . In order to
simplify notation, we will use instead of . Let

(58)

be the surrogate function for the upper bound
and let its asymptotic version be

. In the surrogate
function, the conditional pmfs and are induced
by the channel laws and , respectively (cf. Remark 8).

Lemma 18 (Important Properties of ): We recognize the
following properties of the surrogate function.

1) For any , the function is never below
. Moreover, for , equals
.

2) The function can be simplified to

(59)

where is independent of and where
and were defined in (51) and (52), respectively.
Note that denotes the previous (or left) state of

.
3) The function is convex in , i.e., in

.
Proof: See Appendix B.

Lemma 19 (Minimizing the Surrogate Function ): Assume
that we are at iteration and that . The that mini-
mizes is given by

for all (60)

for all (61)

where the proportionality constants are chosen such that the
constraints

for all (62)

for all (63)

are fulfilled.
Proof: See Appendix C.

We observe that the update equations in Lemma 19 are sim-
ilar to the update equations for the Baum–Welch algorithm [22],
which was proposed for parameter estimation in hidden Markov
models (HMMs).10 In contrast to the Baum–Welch algorithm,
here we are also averaging over . Note that some simplifica-
tions in the update equations arise in the case where and
determine the next state .

10The Baum–Welch algorithm is an early instance of the EM algorithm. The
EM theory was later generalized in 1977 by Dempster, Laird, and Rubin [15].
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(64)

With these results in hand, the proposed iterative optimization
of the upper bound is given as follows.

Algorithm 20 (Iterative Optimization of the IR-UB)

1: For all and all , set
and to some positive initial values.

2: Set .

3) repeat

4: Set and use Algorithm 17 to estimate
and .

5) Update and according

to (60)–(63).

6) Increase by one.

7) until convergence or as long as desired.

Lemma 21 (Convergence Properties): For any finite , all
limit points of an instance of Algorithm 20 are stationary points
of . Similarly, for , all limit points of an in-
stance of Algorithm 20 are stationary points of .

Proof: This can be proven by using Wu’s convergence re-
sults for the EM algorithm [23]. In the case , the re-
quired continuity of in and follows from re-
sults in [20], [24].

Note that in general, and can have local
maxima where the algorithm can get stuck. However, because
of the stochastic evaluation of and ,
these local maxima tend to be unstable.

VI. OPTIMIZING THE DIFFERENCE FUNCTION

Assume that at the current iteration we have found an
AF-FSMC with channel law and with corresponding
difference function value . In order to simplify no-
tation we will use instead of . Let
(see (64) at the top of the page) be the surrogate function
for the difference function and let its asymptotic version be

. In the surrogate func-
tion, the conditional pmfs and are induced
by the channel laws and , respectively (cf. Remark 8).

Lemma 22 (Important Properties of ): We recognize
the following properties of the surrogate function:

1) For any , the function is never below
. Moreover, for , equals
.

2) The function can be simplified to

(65)

where is independent of and where
and were defined in (53) and (54), respectively.
Note that denotes the previous (or left) state of

.
3) The function is convex in , i.e., in

.
Proof: See Appendix D.

Lemma 23 (Minimizing the Surrogate Function ): As-
sume that we are at iteration and that . The
that minimizes is given by

for all (66)

for all (67)

where the proportionality constants are chosen such that the
constraints

for all (68)

for all (69)

are fulfilled.
Proof: The proof is very similar to the proof of Lemma 19.

We leave the details to the reader.

Remark 24 (Data-Controllable AF-FSMCs): In case the
AF-FSMC is a data-controllable FSMC, the input sequence
determines the state sequence and therefore also the branch
sequence . This leads to simplifications in the computation of

and .

In particular, if the AF-FSMC is a partial response channel
with memory order , the state at time index is

. With this we obtain for all branches

and so for all . Moreover,
for any and we have

(70)

with the corresponding formula for . In particular, if
the original channel is a partial response channel with memory
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order then we can simplify this expression even further. In-
deed, if then

(71)

and if then

(72)

With these results in hand, the proposed iterative optimization
of the difference function looks as follows.

Algorithm 25 (Iterative Optimization of the IR-DF)

1: For all and all , set
and to some positive initial values.

2: Set .

3: repeat

4: Set and use Algorithm 17 to estimate
and .

5: Update and
according to (66)–(69).

6: Increase by one.

7: until convergence or as long as desired.

Lemma 26 (Convergence Properties): For any finite , all
limit points of an instance of Algorithm 25 are stationary points
of . Similarly, for , all limit points of an
instance of Algorithm 25 are stationary points of .

Proof: This can be proven by using Wu’s convergence re-
sults for the EM algorithm [23]. In the case , the re-
quired continuity of in and follows from re-
sults in [20], [24].

VII. OPTIMIZING THE INFORMATION RATE LOWER BOUND

Assume that at the current iteration we have found an
AB-FSMC model with channel law and the corresponding
information rate lower bound . In order to simplify the
notation, we will use instead of . The derivation of a
suitable surrogate function will be somewhat longer than the
corresponding derivations in the case of the upper bound and
the difference function.

We start by plugging the definition (27)–(29) of in terms
of into the information rate lower bound (39) and obtain

(73)

For the following consideration, it will be useful to split this
expression into three parts, i.e.,

, where

(74)

(75)

(76)

It is clear that is independent of , therefore, in order
to derive a suitable surrogate function for , it is
sufficient to focus on and . Our approach will be
to derive surrogate functions and for
and , respectively, which we will then combine. Namely,
the first surrogate function and the second surrogate
function are defined as

(77)

(78)

Here, is some arbitrary positive real number, is chosen
such that , and was defined
in (55).

Lemma 27 (Important Properties of ): We recognize the
following properties of the first surrogate function:

1) For any , the function is never above .
Moreover, for , equals .

2) The function can be simplified to

(79)

where is independent of and where
was defined in (56).

3) The function is concave in , i.e., in
.

Proof: See Appendix E.

Lemma 28 (Important Properties of ): We recognize the
following properties of the second surrogate function:

1) For , the function value equals the func-
tion value .

2) For , the gradient of w.r.t. equals the
gradient of w.r.t. .
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3) The function is concave in , i.e., in
.

Proof: See Appendix F.

Based on the above definitions, we are ready to introduce our
surrogate function for the information rate lower bound

(80)

with its asymptotic version ,
where is chosen such that .

Lemma 29 (Important Properties of ): We recognize the
following properties of the surrogate function.

1) For , the function value equals the func-
tion value .

2) For , the gradient of w.r.t. equals the
gradient of w.r.t. .

3) The function is concave in , i.e., in
.

Proof: Follows from Lemmas 27 and 28.

Lemma 30 (Maximizing the Surrogate Function ): Assume
that we are at iteration and that . The that minimizes

is given by

(81)

for all and all .
Proof: Follows easily from the definition of ,

the reformulation of in Lemma 27, and the gradient
expressions for in Appendix F.

With these results in hand, the proposed iterative optimiza-
tion can be expressed as shown in Algorithms 31 and 32, where
Algorithm 31 contains the main loop and where Algorithm 32
adaptively chooses a suitable value of .

Algorithm 31 (Iterative Optimization of the IR-LB)

1: For all and all , set to
some positive initial values.

2: Set .

3: Compute the current value of the IR-LB, i.e., .

4: Fix some initial .

5: repeat

6: Using , determine the estimates
and based on Algorithm 17.

7: Find and with the help of
Algorithm 32.

8: Increase by one.

9: until convergence or as long as desired.

Algorithm 32 (Adaptive Algorithm for Choosing in (81))

1: Choose the set .

2: for all do

3: Using current , determine the hypothetical update
of based on (81).

4: Compute , which is defined to be the IR-LB based
on this hypothetically updated .

5: end for

6: Find the that results in the best IR-LB ; denote
this by .

7: if there is an improvement in the IR-LB (i.e., if )
then

8: Set .

9: Choose the updated that corresponds to .

10: Set .

11: else

12: Set .

13: Set .

14: Set try more conservative values of .

15: end if

Remark 33 (Normalization): Note that no normalization is
involved in the update (81). However, because of the way that

appears in the numerator and denominator of the logarithm in
(73), the following normalization can be applied to (if
desired): all can be multiplied by some positive con-
stant that is independent of and . It is important to notice
that this normalization is different from the normalizations that
were applied in Lemmas 19 and 23.

Remark 34 (Convergence): Because we cannot prove that our
is a never-above surrogate function, we cannot make

convergence statements like those in Lemmas 21 and 26.

Remark 35 (Data-Controllable Auxiliary FSMCs): In data-
controllable AB-FSMCs, has a simplified closed
form and can be precomputed before the optimization iterations.
Please refer to Remark 24 for more details. This means that for
the optimization of the lower bound for data-controllable chan-
nels, one only needs to evaluate at each iteration.

Remark 36 (Optimization of the Alternative IR-LB): As-
suming the additional constraint on that we imposed
in Remark 15, we have for all and so

. Therefore, the surrogate function can be chosen
to be , where is
chosen such that and where
is defined as in (77). It follows from Lemma 27 that
is a never-above surrogate function. We leave the details to the
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reader to derive an optimization algorithm where at each step
the value of the lower bound is non-decreasing.

As already alluded to at the end of Section III, we have just
seen that the optimization of the Remark 15 lower bound has
nicer analytical properties. However, we remind the reader of
our previous remark that usually strictly positive choices for
and are needed to yield good lower bounds. We leave it as
an open problem to find suitable modifications of this variant
of the lower bound such that the desired analytical optimization
properties are retained, yet less parameters are needed.

Of course, many other IR-LB maximization algorithms be-
sides Algorithm 31 can be formulated: some algorithms are
more tailored to the problem and use the gradient as derived
in this section, and some algorithms are more generic. In Sec-
tions VIII and IX we will compare Algorithm 31 with two such
algorithms.

VIII. NUMERICAL RESULTS FOR PARTIAL RESPONSE

CHANNELS

In this section, we provide numerical results for the opti-
mization of the upper and the lower bound for (output-quan-
tized) partial response channels, which are connected to a
binary, independent, and uniformly distributed (i.u.d.) source.
In Section VIII-A, we present the channel model and in Sec-
tion VIII-B, we discuss three different initialization methods for
starting the iterative optimization methods. In Section VIII-C,
we discuss how the proposed algorithms may provide tight
information rate bounds with less computational complexity,
when compared to computing the information rate in the orig-
inal channel with a large memory length. Sections VIII-E and
VIII-F provide an investigation of the convergence properties
of the optimization algorithms. Simple channels are used for
this purpose to reduce the computational investment. (The
results are displayed according to the conventions mentioned
in Section VIII-D.)

A. Source, Channel, and Auxiliary Channel Models

As mentioned in the introduction to this section, we assume
a binary i.u.d. source with alphabet . The orig-
inal channel is an (output-quantized) memory-length- partial
response channel with input alphabet , with discrete output
alphabet (that will be specified later), and which is described
by

(82)

Here, is a quantization function that maps elements of to ,
and , , , represent the channel input process,
the channel output process, an additive white Gaussian noise
(AWGN) process, and the filter coefficients, respectively. We
assume that the coefficients are known.
Such knowledge is not necessary for the optimization proce-
dure in its strict sense, because one only needs to know a real-
ization of an input/output process pair . However,
knowing the channel coefficients helps us start optimizations at

more appropriate initial points (see the three initialization algo-
rithms described in Section VIII-B). As usual, this channel can
be described by an FSMC with states, whereby each
state can be labeled by the previous channel inputs ,
and where there are two valid outgoing branches for each state,
hence, . The conditional pmfs and

are then defined in the obvious way.
The AF-FSMC (and, similarly, the AB-FSMC) is chosen to

have a trellis structure that is the same as the trellis structure
of an (output-quantized) partial response channel with memory

, with input alphabet , output alphabet , and the same
quantization function as for the original channel. In the case of
the upper bound and difference function, we will optimize over
the AF-FSMC parameters and ,
whereas in the case of the lower bound, we will optimize over
the AB-FSMC parameters .

B. Initialization Methods

The parameters of the AF-FSMC are
initialized to the natural settings based on the above AF-
FSMC trellis definition. For the parameters of the
AF-FSMC we consider three different initialization methods.

1) Initialization based on channel coefficient truncation.
Hereafter, we refer to this method as . The initial
parameters of the AF-FSMC are derived from truncating
the original channel coefficients into
with length . If the memory length of the
AF-FSMC is greater than the original channel memory
length , then we fill the remaining coefficients
with zeros to obtain

(83)

In summary, we assume an AF-FSMC with channel re-
sponse

(84)

and compute its output probability accordingly.
2) Initialization based on optimized difference function.

Hereafter, we refer to this method as . We select
to minimize the difference function. For partial

response channels, has a closed form and can be
precomputed as discussed in Section VI, Remark 24.

3) Initialization based on averaging. Hereafter, we refer to
this method as . For each channel output ,
we average the original channel law over all orig-
inal FSMC branches and assign it to all the AF-FSMC
branches. That is, for all and all we set

(85)

In all numerical analyses, we use the information rate lower
bound as defined in Definition 12 with the setting and

(and not the specialized information rate lower bound in
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Remark 15). Then, the parameters of the AB-FSMC
are initialized based on the initialization of
and . Namely, for any of the above three initialization
methods, we set . (Note that
because and , we have .)

C. Reduction in the Computational Complexity

As mentioned in the Introduction, and from a practical view-
point, the capacity and the capacity-achieving input distribution
of finite-state channels with not too many states (short memory
lengths, ) is numerically computable. Therefore, for partial
response channels with small memory lengths, the proposed op-
timization techniques may not provide an immediate advantage.
The true benefit of the optimization techniques is for original
partial response channels with large memory lengths, where we
are able to obtain lower and upper bounds on information rates
of such channels with less computational complexity. This is
further clarified through the following argument.

For binary signaling in a partial response channel with
memory length , the computational complexity for running
the “Forward” or the “Backward” part of the BCJR algorithm
is proportional to , which exponentially increases in
the channel memory length and is linear in the input/output
window length . Numerical computation of the information
rate only requires the “Forward” part of the BCJR algorithm.
Let us assume that we use an AF-FSMC/AB-FSMC with
memory length to iteratively optimize the bounds
( is the integer ceiling function). The total cost per iteration
for optimizations is . This is computed as follows:
computing for the upper bound optimization has a
complexity of for a full run of the BCJR algo-
rithm. Similarly, the computational complexity of
is . Let us further assume that according to
Algorithm 32 , we try at most three ’s at each iteration of
the lower bound optimization to compute three corresponding
lower bounds. Then the computational cost per iteration for the
lower bound is . Therefore, the total computational
cost per iteration is . This is shown in Fig. 5,
where the original partial response channel memory length

ranges from to . Two iterations are assumed for the
optimization of each bound. The vertical axis shows the relative
computational complexity in logarithmic scale by assuming the
same input/output window length. The optimization techniques
become computationally advantageous for original channel
memory lengths greater than or equal to .

To verify that the proposed technique can provide tight
bounds for partial response channels with large memory
lengths, we consider the 11-tap original channel with memory
length studied in [3]. The channel coefficients are
defined as for . In contrast
to [3], we also apply a quantization function that is based on
partition points at

(86)

Fig. 5. Comparison of the relative computational complexity (in logarithmic
scale) for numerical evaluation of the original information rate and for optimiza-
tion of the upper and the lower bounds using simpler AF-FSMCs/AB-FSMCs.
We have assumed two iterations for the optimization of each bound. For orig-
inal channel memory lengths greater than or equal to� � ��, the optimization
techniques clearly become computationally advantageous.

Fig. 6. Information rate bounds for the quantized version of the memory ��

channel introduced in [3] using AF-FSMCs/AB-FSMCs with memory �� �

�. It is clear from this figure that at low signal-to-noise ratios (SNRs), even a
closed-form and noniterative optimization of the difference function is enough
to provide tight bounds at a much lower computational complexity. We have also
shown the upper and lower bounds after two and five iterations. We can observe
that the upper bounds do not improve much after more iterations. Whereas, the
improvement in the lower bound at moderate to high SNR is noticeable.

where is the output standard deviation. The results are shown
in Fig. 6, where the signal-to-noise ratio (SNR) is defined ac-
cording to [3]. The first curve from the bottom shows the lower
bound using an AB-FSMC with memory length or with
64 states. The AB-FSMC is initialized based on the (as
explained in Remark 24, the AB-FSMC parameters can be pre-
computed for such an initialization) and no lower bound op-
timization steps are performed. Similarly, the first curve from
the top shows the upper bound where the AF-FSMC is ini-
tialized based on the and no upper bound optimization
steps are performed. It is clear from this figure that at low SNR,
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TABLE I
PERFORMANCE COMPARISON OF THREE INITIALIZATION METHODS FOR THE

UPPER AND LOWER BOUND OPTIMIZATIONS FOR THE CHANNEL DESCRIBED IN

SECTION VIII-E

even a closed-form and noniterative optimization of the dif-
ference function is enough to provide tight bounds at a much
lower computational complexity (there are only 64 states in the
AF-FSMC/AB-FSMC as opposed to 1024 states in the original
channel). If we allow two iterations, we obtain the next set of
inner curves which further tighten the bounds, especially the
lower bound for moderate to higher SNRs. For comparative pur-
poses, we have also shown the upper and lower bounds after five
iterations. We can observe that the upper bounds do not improve
much from one to five iterations. Whereas, the improvement in
the lower bound after five iterations is noticeable. The improve-
ment in bounds beyond five iterations is somewhat limited. We
conclude this discussion by briefly comparing our upper bounds
in Fig. 6 with the reduced-state upper bound (RSUB) in [3,
Fig. 8] with 100 states and its recent improvement proposed in
[25, Fig. 3.6] with 64 states.11 At low SNR (less than about 4
dB), both our technique and that of [25] provide tighter upper
bounds than those reported in [3]. For this SNR range, our upper
bounds are somewhat tighter than [25]. For higher SNR condi-
tions though, [25] provides tighter bounds than ours, but looser
than in [3]. Overall, a combination of the RSUB technique in
[3] at high SNR and our method at low SNR, can provide very
tight upper bounds.

D. Conventions for Comparative Studies

A few points are in order here about the conventions used in
the tables of the following two subsections. The tables aim to
provide the reader with a general understanding of the conver-
gence performance of the studied initialization methods. Less
emphasis is exercised on the actual numerical values and in-
stead, a relative and rather qualitative measure is used in the ta-
bles. For a given test scenario, three checkmarks are awarded to
the method with the best initial value or to the method with the
best convergence behavior. Two checkmarks represent a method
with a slightly inferior performance and finally, one checkmark
represents a method with a more degraded, yet still acceptable
performance. A considerably inferior performance that renders
the method unacceptable is shown with a cross.

E. Original Partial Response Channel With Memory Length

In this subsection, we study the convergence properties of
the upper and lower bound optimizations for a simple partial
response original channel with memory length . We also

11It is reminded that the upper bounds in [3], [25] and those given here are not
directly comparable, because of the quantized output used in our setup. How-
ever, our quantization is fine enough, so that the information rates do not change
much even by increasing the quantization levels. Therefore, the general conclu-
sion applies.

compare tightness of the optimized bounds with those obtained
by general-purpose optimization techniques, such as Soblex
[17] and conjugate-gradient [16].

Because this original channel has memory length ,
there are three normalized coefficients in (82) given as

(87)

We refer to this partial response channel as CH3. The quantiza-
tion function is based on partition points at

(88)

resulting in eight quantized outputs and . The
SNR is equal to 0 dB as defined in [3].

The AF-FSMC/AB-FSMC used for this channel are
output-quantized partial response channels with memory length

. That is, the AF-FSMC/AB-FSMC channel will have
states and branches. Since partial response

channels are controllable, optimization over is
not required (the current state and input immediately
determine the next state ). Therefore, we only need to op-
timize over or . Since there are four possible
branches and eight output levels, optimization of is
over 32 real-valued and nonnegative parameters. For the upper
bound, for all branches and this will further
reduce the optimization to an optimization over 28 parameters.
However, for the lower bound, there are no such normalization
constraints on , cf. Remark 33.

1) Upper Bound Tests: We compared the performance of
three initialization techniques: , , and in
terms of their convergence and their initial values. 3000 itera-
tions were performed for each technique. Our findings are sum-
marized in the upper half of Table I. The initial upper bounds
provided by and methods were higher than that
provided by the method (by about 0.0370 and 0.0130
bits/channel use, respectively). However, after ten iterations,
they converged to about bits/channel use of the upper
bound at final iteration. Therefore, for all practical purposes,
we could stop the optimizations after only a few iterations. Al-
though the method provided a better initial value, it was
stuck in the same value for more than 200 iterations, which
was followed by a further slight improvement. After ten iter-
ations, the upper bounds obtained from , , and

methods are 0.4845, 0.4829, and 0.4806 bits/channel
use, respectively. The actual information rate of CH3 is 0.4525
bits/channel use at SNR 0 dB.

It is also noted that the optimization of the upper bound has
a low sensitivity to the numerical technique used for computing

in (52). For all practical purposes, sequence lengths
of were adequate for our analysis, which resulted
in a standard deviation of bits/channel use over 100
stochastic runs of the algorithm with 300 iterations each.

2) Lower Bound Tests: We compared the performance of
three initialization techniques: , , and in
terms of their convergence and their initial values. For each tech-
nique we performed 50 iterations. Our findings are summarized
in the lower half of Table I. In our analysis, we used
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and in the lower bound optimization algorithm (Al-
gorithm 31) and in the adaptive algorithm for choosing (Al-
gorithm 32). All other parameters are the same as in the upper
bound tests. The method has the best initial lower bound
and convergence behavior, virtually converging within two to
three iterations. The lower bound provided by after three
iterations is 0.3006 bits/channel use and the actual information
rate of CH3 is 0.4525 bits/channel use at SNR 0 dB. While

yields the worst initial lower bound, viz. , it also
converges quickly and within three to four iterations to 0.3006
bits/channel use. Similar to the upper bound tests, our method
has a low sensitivity to the numerical technique used for com-
puting .

3) Comparison With the Conjugate Gradient Optimization
Algorithm: We have compared our proposed optimization al-
gorithms with the general-purpose conjugate gradient optimiza-
tion algorithm [16]. The conjugate gradient method requires
the gradient of the information rate bounds for operation. The
gradients of the upper and lower bounds at a given point are
computable as by-products of our proposed optimization algo-
rithms. In fact, using the properties of the KL divergence, it can
be proven that the gradient of the upper bound and its surro-
gate function at a given point are identical. Therefore,
computing the gradient of the upper bound becomes straightfor-
ward using the properties of the surrogate function
in Lemma 18. The gradient of the lower bound at a given point

was explicitly derived in Lemmas 27 and 28. Since both
the conjugate gradient method and our proposed algorithms rely
on computing the gradient of the surrogate or cost function at
each iteration, their computational complexities are similar.

In our tests, we initialized the conjugate gradient method with
the three initialization techniques described earlier and observed
that it cannot provide any tighter upper or lower bounds than
those already provided by Algorithms 20 and 31. For example,
the conjugate gradient method failed to provide any further im-
provement in the lower bound when initialized by . Un-
like Algorithm 31, the final lower bound found by the conju-
gate gradient method was sensitive to the initialization method.
When initialized by or , the conjugate gradient
method was trapped by inferior local maxima and the final lower
bound could not even match the lower bound provided at initial-
ization by .

4) Comparison With the Soblex Optimization Algorithm: We
have also compared our proposed optimization algorithms for
the upper and the lower bound with an improved variation of
the simplex algorithm (see [16] for the definition of the stan-
dard simplex optimization method). Standard optimization al-
gorithms such as Powell or simplex [16] can easily be trapped
by local minima. Instead, we will use a robust optimization
method by combining the standard simplex algorithm with an
initial sampling of the parameter space with the help of Sobol
quasi-random sequences [16]. This method was originally pro-
posed in [17] and was called Soblex optimization. The Soblex
optimization is initially given a budget, in terms of the number
of cost function calls. Within the initial budget, Soblex evaluates
the cost function using the Sobol sequence and initializes a sim-
plex-shaped subspace, which is constructed from points with the
lowest costs. Intuitively, if the budget is large enough, the sim-

plex subspace can sufficiently close in on the global minimum
to allow successful execution of the optimization algorithm. The
Soblex algorithm has had promising performance results for ef-
ficiently finding the global optimum of problems with low di-
mensionality (three-dimensional rotation space in [17]). How-
ever, the dimensionality of the AF-FSMC/AB-FSMC parameter
space is much higher and requires a large Soblex budget. For ex-
ample, even for the very simple AF-FSMC with memory length

considered here and with eight quantized outputs, the
dimensionality of the parameter space is for the upper bound
optimization, which is very large.

Here, we briefly report some results. With an initial budget of
1000 cost function calls, 53% of the upper bounds found by the
Soblex algorithm were worse than the worst case upper bound
obtained by Algorithm 20 after 300 iterations (both algorithms
were stochastically repeated 100 times). Moreover, the Soblex
algorithm was almost twice as slow as Algorithm 20. When we
increased the number of initial cost function calls to 10000 (ren-
dering Soblex ten times slower than Algorithm 20), still 32% of
the upper bounds were worse than the worst case upper bound
obtained by Algorithm 20.

With an initial budget of 1000 cost function calls, only 3%
of the lower bounds found by the Soblex algorithm were better
than the worst case lower bound obtained by Algorithm 31 after
50 iterations (both algorithms were stochastically repeated 100
times). Moreover, the Soblex algorithm was almost 17 times as
slow as Algorithm 31. When we increased the number of initial
cost function calls to 50000 (which rendered Soblex about 180
times slower), only 11% of the lower bounds were better than the
worst case lower bound obtained by Algorithm 31. In summary,
the performance of the proposed algorithms in this paper were
noticeably better than the general-purpose Soblex algorithm.

F. Original Partial Response Channel With Memory Length

In this subsection, we study the convergence properties of
the upper and lower bound optimizations for a simple partial
response original channel with memory length . Because
the original channel has memory length , there are four
normalized coefficients in (82) given as

(89)

This partial response channel is referred to as EPR4 in the liter-
ature [3]. The quantization function is based on partition points
at

(90)
resulting in 12 quantized outputs and . The
SNR is equal to 0 dB.

The AF-FSMC/AB-FSMC chosen for this channel are partial
response channels with memory length with
states and branches.

1) Upper Bound Tests: We compared the performance of
three initialization methods discussed in Section VIII-B for the
upper bound optimizations. Our findings are summarized in the
upper half of Table II. We observe that both and
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TABLE II
PERFORMANCE COMPARISON OF THREE INITIALIZATION METHODS FOR

THE UPPER AND LOWER BOUND OPTIMIZATIONS OF THE EPR4 CHANNEL

DESCRIBED IN SECTION VIII-F

methods have very good initial value and convergence perfor-
mance, whereas the method performs poorly in both
criteria. After ten iterations, the upper bounds obtained from

, , and methods are 0.4375, 0.4375, and
0.4891 bits/channel use, respectively. The actual information
rate of the EPR4 channel is 0.4172 bits/channel use at SNR
0 dB.

2) Lower Bound Tests: Our findings are summarized in the
lower half of Table II. For each technique we performed 50 it-
erations. Similar to the CH3 experiments in Section VIII-E, the
method has the best initial lower bound and convergence
behavior, virtually converging within two to three iterations. The
lower bound provided by after three iterations is 0.3063
bits/channel use. While yields the worst initial lower
bound, viz. , it also converges quickly to the same value
and within four iterations.

We have also investigated the convergence performance of
the conjugate gradient method for the EPR4 channel. Similar
to the results reported for CH3, we observed that the conjugate
gradient method cannot provide any tighter bounds than those
already provided by Algorithms 20 and 31. We omit the details
for the sake of brevity.

IX. NUMERICAL RESULTS FOR FADING CHANNELS

In this section, we provide numerical results for the optimiza-
tion of the upper bound, the lower bound, and the difference
function for fading channels.

A. Source, Channel, and Auxiliary Channel Models

Throughout this section, we assume that the source is charac-
terized by i.u.d. binary constant power signaling (binary phase-
shift keying—BPSK). The original channel is an (output-quan-
tized) correlated and flat-fading channel (FFC), also known as
frequency nonselective fading channel, and defined as

(91)

Here, is a quantization function that maps elements of to
some discrete set , is a complex-valued AWGN process
with variance per dimension and independent real and
imaginary components, and is the FFC gain
process, with complex-valued FFC gain , with FFC amplitude

, and with FFC phase . The fading power is normalized to
per complex dimension. The average power of the

channel input is . Since the fading power is normalized, the
average SNR per symbol is .

The actual realization of the time-varying FFC gain is un-
known to the receiver and to the transmitter a priori. It is as-
sumed, however, that the statistics of the time-varying FFC gain

are known and do not change over time. Hence, the fading
process is stationary. We assume that the fading process is a
Gauss–Markov process as follows:

(92)

In this model, the FFC gain is complex-valued Gaussian dis-
tributed with Rayleigh-distributed FFC channel amplitude
and uniformly distributed FFC channel phase . In (92),
is the complex-valued and white Gaussian process noise. The
Gauss–Markovian assumption is not absolutely necessary for
optimizing the information bounds, especially the lower bound.
However, it will facilitate obtaining tight lower bounds for

for the original fading channel, which is required for
the computation of the upper bound (see (38), Section III). The
parameter in (92) determines the correlation of the fading
channel gain at two successive time indices. We assume that
this correlation coefficient is given as

, which is the first correlation coefficient in Clarke’s
model [1], [26]. is the zero-order Bessel function of the first
kind, is the Doppler frequency shift, is the transmitted
symbol period, and the superscript denotes complex conju-
gate. Moreover, according to Clarke’s model, we note that the
real and imaginary parts of the fading process and the
process noise are independent of each other.

Direct evaluation of information rates in correlated fading
channels with no channel state information is still an open
problem. Therefore, having access to tight upper and lower
bound for such channels is valuable. It is noted that fading
channels are not naturally finite-state channels. Nevertheless,
the technique first proposed in [11] (see also [3]) is still able
to provide upper and lower bounds for non-finite-state fading
channels using auxiliary FSMCs. The numerical results in
this section will show that using the optimization techniques
introduced in this paper, we are able to noticeably tighten these
bounds on information rates of fading channels.

The AF-FSMC (and similarly the AB-FSMC) is chosen to
have a trellis structure with data-independent transitions (sim-
ilar to the trellis that describes the Gilbert–Elliott channel, cf.
Example 5), with input alphabet , output alphabet , and the
same quantization function as for the original channel. In par-
ticular, the number of states will be , where and

represent the number of auxiliary channel fading ampli-
tude quantization intervals and auxiliary channel phase quanti-
zation intervals, respectively. Moreover, the transition between
any two states is possible. In our experiments, we will look
at the effect of using different values of and for the
AF-FSMC/AB-FSMC.

B. Initialization Methods

For fading channels, we mainly use two methods for initial-
izing the AF-FSMC parameters.

1) Natural initialization method (based on FSMC modeling
of the fading channel amplitude and phase). We refer to
this method as . FSMC modeling of fading channel
amplitude and phase has been used in the literature for a
variety of purposes, including receiver design, see [27],
[28] and the references therein for more details. In this
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initialization method, we model the fading channel am-
plitude with states and the fading channel phase
with states and assume a first-order Markov transition
between the states. This will result in a non-data-control-
lable AF-FSMC model with states, where the ini-
tial AF-FSMC state transition probability and
channel law are readily computable.

2) Initialization based on optimized difference function. As
in the case of partial response channels, we refer to this
method as . We select an initial that (lo-
cally) minimizes the difference function. Unlike the case of
partial response channels, there is no closed-form expres-
sion for the minimum of the difference function. Therefore,
we use Algorithm 23 to iteratively minimize the difference
function, which in turn is initialized by the method.

Similarly to Section VIII, in all numerical analyses, we use the
information rate lower bound as defined in Definition 12 with
the setting and (and not the specialized infor-
mation rate lower bound in Remark 15). Moreover, the param-
eters of the AB-FSMC are initialized based on the
initialization of and . Namely, for
any of the above two initialization methods we set

.

C. A Lower Bound on

As mentioned in (38) in Section III, computation of the upper
bound requires knowledge of the conditional entropy rate

(93)

(94)

for the original channel, which cannot be obtained using any
auxiliary channel. (A similar statement holds for the compu-
tation of the difference function.) For partial response chan-
nels, this conditional entropy was readily computable for the
original channel, as it was the conditional entropy with perfect
CSI and only depended on the distribution of the AWGN. How-
ever, in fading channels, is not easily computable. It should
be mentioned that has a closed-form expression in the case
that the above channel model is such that the receiver does not
use output-quantization and such that the sender uses constant
power signaling, e.g., BPSK [29]. However, this expression is
not readily applicable here, because we need to quantize the
channel output for the optimization of the bounds.12

In this subsection, we provide a lower bound on , which is
applicable for any quantized channel output and can be made
as tight as required (at the expense of some computational com-
plexity). Referring to [21, pp. 63–65], we note that, using sta-
tionarity of the involved processes, the conditional entropy rate
can also be written as

(95)

12The closed-form expression of � given in [29] may provide an estimate
of the conditional entropy for very finely quantized channel output and using
the relation between discrete entropy and differential entropy given in [21, pp.
228–229].

Using the fact that there is no feedback from the receiver to
the transmitter and the fact that, given the channel input up to
time index , the channel output up to time index is indepen-
dent of the channel input from time on, this can be written
as

(96)

Using the fact that conditioning cannot increase entropy, we can
obtain lower bounds on . A good candidate for conditioning
is a past fading channel gain such as for . To see
this, let us elaborate on as follows:

(97)

(98)

(99)

In (98), we have used the fact that given , ,
and is independent of all channel inputs and outputs up
to and including time index , i.e., independent of
and . Finally, the last equality follows form the channel
being stationary. It can also be shown that by increasing the
delay in the above, tighter lower bounds on will be ob-
tained.

As an example of how the above lower bound may be com-
puted, let us consider the case where the conditioning delay is

. Then, we need to find

(100)

(101)

which requires knowledge about and
. These quantities can be computed by inte-

grating over the missing channel gains. Let us first consider
, which can be written as

(102)

(103)

where we have used the Gauss–Markovian property of the
fading process and the fact that according to (91), given
and is independent of all other previous channel gains. In
(103), is the area under the AWGN distri-
bution between the two quantization points and with
a mean of and variance of per complex dimension.
Also, is the probability density function of given

, which according to (92) is Gaussian with mean and
variance per complex dimension.

Similarly, is expanded as

(104)

(105)
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Fig. 7. Lower bounds on the conditional entropy rate � � ��� ��� in the
original Gauss–Markov fading channel with various conditioning delays from
� � � to� � � as a function of the average SNR � �� . The Gauss–Markov

fading channel has � � � ��	 
 and the normalized Doppler frequency
shift is 	 
 � ���.

In principle, computations of the above integrals should be car-
ried out in the complex domain, because both channel output
and channel gain are complex-valued. However, according
to the independence property of the real and the imaginary parts
of the AWGN and the fading process, one can simplify com-
putations greatly by only evaluating the probabilities either for
the real or for the imaginary dimension, computing the corre-
sponding entropies, and multiplying the obtained result by a
factor of . Evaluation of the lower bound can be similarly ex-
tended to larger conditioning delays , which results in tighter
lower bounds, but at the cost of more computational complexity.

We have computed lower bounds on using delays from
to with a reasonable complexity. Fig. 7 shows

the lower bound for conditioning delays from to
for the Gauss–Markov fading channel with
and the normalized Doppler frequency shift . The
horizontal axis shows the average SNR. Each real and imagi-
nary component of the channel output is quantized into ten
intervals using a quantization function that is based on partition
points at

(106)

where is the average output variance per dimension and de-
fined as . In the following subsections, we
will see that even with such modest conditioning delays, we can
obtain good upper bounds for fading channels.

D. Optimizing the Difference Function

Fig. 8 shows the iterative optimization of the difference func-
tion. The original fading channel has a normalized Doppler fre-
quency shift of and the average SNR is 0 dB.
The window length of the channel output for optimizations is

. The number of states in the AF-FSMC model is

Fig. 8. Performance of the difference function optimization initialized by
�	
� . The original fading channel has a normalized Doppler frequency shift
of 	 
 � ��� and the average SNR is 0 dB. The AF-FSMC model has 16
states. The �	
� method is applied with three different mappings of the
fading channel amplitude and phase into the AF-FSMC model.

set to 16 states. Initialization is done according to using
three different mappings of the fading channel amplitude and
phase into the FSMC model. The difference function is com-
puted using the lower bound for in (99) with as dis-
cussed above. Therefore, the values shown are, in fact, upper
bounds on the difference function values. The figure only shows
the first 500 iterations of a total of 3000 iterations, because the
improvement in the difference function after the first 500 it-
erations was less than bits/channel use. Although
the optimization algorithm eventually converges to the same
difference value (independently of the initialization method),
the optimization run with an AF-FSMC with more phase states

and less amplitude states converges faster.
Also note that after a few iterations, the value of the difference
function for this SNR is, at most, only about 0.06 bits/channel
use, which shows the effectiveness of the optimization tech-
nique.

E. Upper Bound Tests

The first two rows in Table III compare upper bounds ob-
tained from and initialization techniques.13

The original Gauss–Markov fading channel has a normalized
Doppler frequency shift of and the average SNR
is either low (0 dB) or relatively high (16 dB). The number of
states in the AB-FSMC model is set to 16 states (with ,

). In the method, after obtaining the auxiliary
FSMC parameters, 200 iterations were performed to optimize
the upper bound. In the method, 200 iterations were
performed to minimize the difference between the upper and
lower bounds and then the obtained FSMC parameters were
used to compute the upper bound. Further iterations for the
optimization of the upper bound function did not result in any
improvement. It is observed from this table that the

13Similar to the conventions used in Section VIII, the table presents relative
performance of �	
� and �	
� methods. Two checkmarks show a slightly
better performance of one compared to the other. A cross shows unacceptable
performance.
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TABLE III
PERFORMANCE COMPARISON OF TWO INITIALIZATION METHODS DESCRIBED IN SECTION IX-B FOR THE UPPER AND LOWER BOUND OPTIMIZATIONS OF A

GAUSS–MARKOV FADING CHANNEL. (SEE SECTIONS IX-E AND IX-F FOR DETAILS)

method provides better upper bounds for both SNR values,
where the difference between the obtained upper bounds is
more pronounced at high SNR. It is worth mentioning that at
an SNR equal to 16 dB, the optimized upper bound provides a
much tighter upper bound compared to the CSI upper bound.
(The new upper bound is 0.8643 bits/channel use, whereas the
CSI upper bound is 0.9736 bits/channel use.)

F. Lower Bound Tests

The last two rows in Table III compare lower bounds based
on and initialization techniques. The fading
channel parameters are the same as those studied in the upper
bound tests. We used Algorithm 32 for adaptively selecting

at each iteration. In the method, after obtaining the
auxiliary FSMC parameters, 50 iterations were performed to
optimize the lower bound. In the method, 50 iterations
were performed to optimize the difference between the upper
and lower bounds. Further iterations for the optimization of the
lower bound did not result in any noticeable improvement. As
can be seen from this table, is more suited for the higher
SNR value and is more suited for the lower SNR value.
Therefore, for obtaining the tightest lower bound trying both
methods is recommended.

Finally, we would like to emphasize the importance of op-
timizing the lower bound from the mismatched decoding per-
spective. FSMC models have been proposed in the literature
[30]–[35] for channel estimation and decoding in time-varying,
continuous-valued, and continuous state-space fading channels
(see [28] for a review of FSMC-based decoding in fading chan-
nels). However, the fact that such decoding is mismatched to
the physical fading channel often goes unnoticed. In particular,
the choice of FSMC parameters (type of FSMC, number of am-
plitude and phase states, the FSMC state transition probabili-
ties, and the FSMC output probabilities) are often chosen on an
ad hoc basis and mostly using the natural mapping of fading
channel amplitude and phase into FSMC models. On the other
hand, the results in this section showed that by optimizing the
AB-FSMC parameters, we can achieve higher lower bounds on
mismatched decoding rates and therefore achieve higher infor-
mation rates in AB-FSMC-based decoding for fading channels.

G. Optimized Bounds Versus SNR

Fig. 9 shows optimized upper and lower bounds for a practical
range of SNRs and for the considered Gauss–Markov fading
channel as in previous figures with a relatively fast fading rate
of . The upper bound is considerably tighter than the
CSI upper bound and together with the lower bound, can suc-
cessfully bound the range of possible information rates. To the

Fig. 9. Optimized upper and lower bounds for a practical range of SNR and for
the Gauss–Markov fading channel with the normalized fading rate of � � �

���. The upper bound is considerably tighter than the CSI upper bound and
together with the lower bound, can successfully limit the range of possible in-
formation rates.

best of authors’ knowledge, no such good bounds have previ-
ously been shown in the literature for time-varying fading chan-
nels, where neither the sender nor the receiver has knowledge
of the fading gain realization.

X. CONCLUSION

In this paper, we devised iterative algorithms for the min-
imization of an information rate upper bound and the maxi-
mization of an information rate lower bound for communication
channels with memory. Moreover, we discussed the minimiza-
tion of the so-called difference function which represents the
difference between the upper bound and a specialized version
of the lower bound.

Our proposed optimization techniques are EM-type al-
gorithms and optimize auxiliary FSMC models under the
constraint that the (time-invariant) trellis is fixed. We ap-
plied the optimization techniques to original channels that
are finite-state (such as partial response channels) and non-fi-
nite-state (such as fading channels). In both cases, we observed
that the optimization techniques considerably tighten the
bounds with a reasonable computational complexity. This is
particularly important for finite-state channels with a large
memory length , where the numerical computation
of the information rate is complex, or for non-finite channels,
where direct or numerical evaluation of the information rate
is not possible. Using the proposed techniques, we improved
the upper bound of the considered fading channel by as much
as 0.11 bits/channel use below the CSI upper bound in binary
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signaling, which together with the optimized lower bound, suc-
cessfully provided bounds for the fading channel information
rates. Optimizing the lower bound is also significant from a
mismatched decoding viewpoint for receivers that are equipped
with a decoding metric for the auxiliary FSMC model, which
is mismatched to the original communication channel.

APPENDIX A
PROOF OF THE STATEMENT IN REMARK 15

In this appendix, we verify that if
for all , all , and all

. Indeed

(107)

APPENDIX B
PROOF OF LEMMA 18

We remind the reader that the information rate upper bound
is shown in (36) and that the surrogate function

is shown in (58).

A. Property 1

This follows from standard KL divergence properties.

B. Property 2

Using the definition of in (36), we obtain

(108)

We note that the first and third terms on the right-hand side are
only functions of , , , and are independent of . By

combining these two terms as and by combining the
second and fourth terms, we can write

(109)

Now using the AF-FSMC’s decomposition property (17) for

we can simplify the surrogate function further to

(110)

where we notice that the second term on the right-hand side is
independent of . Therefore, by combining and this
term into and after a few manipulations of the third
and fourth terms, we obtain

(111)

where and were defined in (51) and (52),
respectively.

C. Property 3

In order to prove convexity of w.r.t.
, we need to show that the cor-

responding Hessian matrix is positive semi-definite. This can
be done as follows. First, we use the expression in (111) for

to obtain the following second-order partial
derivatives:

(112)

(113)

(114)

(115)

(116)

(Here we assumed that and that

.) Second, we note that and are non-
negative, cf. (51) and (52). Third, we combine these results
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(124)

and see that the Hessian matrix is diagonal with nonnegative
diagonal elements, i.e., the Hessian matrix is indeed positive
semi-definite.

Let us remark that in the above computations of deriva-
tives we did not impose the constraint that and

lie in the corresponding probability simplices for
every and every , respectively, and therefore we actu-
ally proved a stronger convexity result than really needed. Note
that this approach of proving convexity worked well because
the surrogate function is well-behaved also outside these prob-
ability simplices. This is in contrast to [10] where information
rates were optimized as a function of source probabilities: for

, the information rate was not well defined outside
the corresponding simplices and so it was important to take
directional derivatives within the simplices. For more details
we refer the reader to [10].

APPENDIX C
PROOF OF LEMMA 19

In this appendix, we minimize the surrogate function
subject to the following constraints:

for all (117)

for all (118)

(For the moment we omit the nonnegativity constraints; we will
see at the end that they are automatically satisfied.) Clearly, the
Lagrangian is

(119)

where and are Lagrange multipliers.
Using the expression in (59) for and setting the
derivative of w.r.t. equal to zero yields

(120)

which results in

(121)

Therefore, the Lagrange multiplier is just a normal-
ization constant so that . Since is

nonnegative, cf. (51), nonnegativity of the pmf is
automatically satisfied. The optimum setting of is sim-
ilarly found.

APPENDIX D
PROOF OF LEMMA 22

We remind the reader that the information rate difference
function is shown in (46)–(48) and that the surrogate
function is shown in (64).

A. Property 1

This follows from standard KL divergence properties.

B. Property 2

Using the definition (46) of the difference function, the sur-
rogate function in (64) is rewritten as

(122)

The first and third terms on the right-hand side are only func-
tions of , , and and are independent of . Therefore, by
combining them as , we can write

(123)

Now using the AF-FSMC’s decomposition property (17) for
, we can simplify the surrogate function further to the

expression in (124) given at the top of the page. After a few ma-
nipulations, we obtain

(125)
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where and were defined in (53) and (54),
respectively.

C. Property 3

Similarly to the proof of Property 3 of Lemma 18, the con-
vexity of w.r.t. is established by looking at the
corresponding Hessian matrix and by verifying that it is positive
semi-definite. We leave the details to the reader.

APPENDIX E
PROOF OF LEMMA 27

We remind the reader that the function is shown in
(75) and that the surrogate function is shown in (77).

A. Property 1

This follows from standard KL divergence properties.

B. Property 2

Inserting the definition of into the definition of
, we obtain after some simplifying steps

(126)

where is independent of . Applying the product de-
composition (28) of , and the relationship (32), i.e.,

(127)

we get, after some simplifying steps

(128)

C. Property 3

Similarly to the proof of Property 3 of Lemma 18, the con-
cavity of w.r.t. is established by looking at the cor-
responding Hessian matrix and by verifying that it is negative
semidefinite. We leave the details to the reader.

APPENDIX F
PROOF OF LEMMA 28

We remind the reader that the function is shown in
(76) and that the surrogate function is shown in (78).

A. Property 1

This statement follows trivially from the definition of .

B. Property 2

On one hand, taking derivatives of w.r.t.
we obtain

(129)

On the other hand, can be expanded to the expression
shown in (130) (at the bottom of the page), where is
independent of . At first sight, (130) looks more complicated
than (76), however, the relevant gradient of (130) is easier to
find. Namely, the gradient of the first term with respect to is the
zero vector and so we do not have to worry about it. Similarly,
the third term is a KL divergence and so the gradient with respect
to at is also the zero vector. Therefore, we only need
to have a close look at the second term. Applying the product
decomposition (28) of , and using (27), i.e.,

(131)

we get the expression shown in (132) (also at the bottom of the
page), which indeed agrees with the expression in (129).

C. Property 3

Similarly to the proof of Property 3 of Lemma 18, the con-
cavity of w.r.t. is established by looking at the cor-
responding Hessian matrix and by verifying that it is negative
semidefinite. We leave the details to the reader.

(130)

(132)
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