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Abstract— We present an efficient and accurate method for simi-
larity (rigid+scale) registration of 3D images by decoupled estimation
of transformation parameters. The estimated parameters are used to
initialize the search for a more accurate alignment by optimizing a mutual
information-based cost function. We use computationally inexpensive
methods based on image gradients to obtain the original estimates. Our
method improves the efficiency of the overall registration task by allowing
the more expensive optimization step to converge quickly. It also makes
the registration more robust and less sensitive to the shape of the cost
function by reducing the chance of the optimization algorithm being
caught by a local minimum. Our experiments demonstrate up to 10-
fold increase in computational efficiency and significant reduction in
misalignment.

I. I NTRODUCTION

A. Background

Images obtained by various medical imaging techniques, often
depict information of complementary nature. In clinical applications
it is often desirable to combine useful data from different image
modalities to assist in diagnosis, treatment planning, and evaluation
of surgical and therapeutical procedures. To this end, a registration
and a data fusion step are required.

In order to register images automatically (without relying on
landmarks or features), one needs a global means of measuring the
similarity of the images; in other words, a cost function must be
defined which attains its minimum, where the images are perfectly
aligned and increases as the images move farther away. Several
such cost functions have been studied in the literature such as cross
correlation, variance of intensity ratios, histogram clustering, Taylor
expansion of grey values, zero crossings in difference images, and
finally mutual information (for a comprehensive survey refer to [1]).
Since their introduction in the mid 90’s by Collignonet al. [2]
and Viola et al. [3], mutual information (MI)-based registration has
received much attention in the literature [4] and has become the cost
function of choice for registration of multi-modal images. This can
be attributed to the favorable characteristics of the cost function that
yields well to optimization algorithms and the accuracy with which
it can perform the registration task, reaching that of a marker-based
gold standard.

Given a suitable cost function such as MI1, the registration prob-
lem reduces to anN -dimensional optimization problem, whereN
is the number of transformation parameters. Several optimization
algorithms such as Powell, simplex, gradient descent, quasi-Newton
and Levenberg-Marquardt [5] have been used for this purpose (refer
to [6] for a comparison).

1Minimization and maximization are trivially related. We refer to finding
minimum anywhere we discuss optimization even though for certain functions,
such as MI, the actual alignment is where the function is maximum.

−200 −150 −100 −50 0 50 100 150 200
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Translation

M
I

 

 
Level 1: 217x217
Level 2: 108x108
Level 3: 54x54
Level 4: 27x27

Unwanted local extrema Unwanted local extrema 

(a) Translation capture range improves at first but unwanted extrema
is introduced at lower resolutions.
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(b) Rotation capture range worsens at lower resolutions.

Fig. 1. Typical MI functions for multiple resolutions of an MR image of the
brain.

B. Motivation

The computational cost of the optimization process is indeed
dominated by the cost function itself. As such, it is desirable to
reduce the number of times the cost function has to be evaluated. The
number of iterations and robustness of the registration task depend
largely on the starting parameters used to initialize the optimization
process. In the absence of any direction to choose the initialization
parameters, one would use the parameter space’s origin as the starting
position. We refer to this approach as ’blind optimization’. This may
not be a bad choice, where the misalignment between the images
is small. However, with blind optimization the process takes longer
for greater misalignments between the images. The chance of mis-
registration also increases, as the optimization process may be driven
towards a local minimum along the path to the global minimum. The
efficiency, robustness and performance of the optimization process
can be improved by acquiring an initial estimate of the transformation
parameters to guide the algorithm from an initial position close to
the optimal transformation.



Despite favorable characteristics, MI functions typically suffer
from a limited capture range. The optimization algorithm fails to
converge, if it is initialized outside the capture range. Multi-resolution
methods can extend the capture range of translation parameters
(Fig. 1(a)), but are less effective for the rotation or scale and
sometimes deteriorate the capture range as shown in Fig. 1(b). They
can also introduce additional local extrema at lower resolutions
(Fig. 1(a)).

This suggests that a method than can estimate transformation
parameters has an advantage over multi-resolution, as it can improve
the performance of the registration task by starting the optimization
within the capture range of the cost function and without affecting
the shape of the cost function or introducing additional extrema.

C. Contributions and Approach

The main contributions of the paper are as follows:
1) We propose a number of gradient-based methods to decouple

estimating scale, rotation and translation parameters which
reduce the computational complexity of parameter estimations.

2) We proposing a modification to Powell optimization algorithm
to improve convergence of the algorithm.

3) We improve the efficiency of the MI-based registration by an
order of magnitude through our guided optimization method.

4) We improve the robustness of the MI-based registration by
reducing the chances of optimization algorithm being caught
by local minima.

We use center of mass (centroid) and principal axes [8] of image
gradients to obtain an initial estimate for the transformation param-
eters that register the images. Unlike [8] we prefer image gradients
over intensities, due to the fact that a one-to-one mapping between
intensities does not exist among multi-modal 3D medical images. In
contrast, shape of the subject is maintained across different modalities
of medical images [9]. This suggests that gradient images, which
emphasize high frequency components of the image (e.g., corners
and edges), are more suitable for our purpose.

We decouple parameters by estimating scale and rotation inde-
pendently and then calculating translation using rotation and scale
parameters. We use estimated parameters to initialize an optimiza-
tion algorithm based on Powell’s direction set method. Our guided
optimization algorithm operates on an MI-based cost function. The
guided optimization algorithm is specifically designed to converge
quickly when initialized in close proximity of the optimal alignment.
Experiments show that our method significantly improves perfor-
mance and decreases computational cost by an order of magnitude
compared to a conventional blind optimization approach.

We provide a brief overview of gradient image, centroid, principal
axes, entropy, and mutual information in section II. Our registration
and optimization methods are described in section III and the exper-
imental results are discussed in section IV.

II. CONCEPTS

A. Gradient Image

Let I be a 3D image andKx, Ky and Kz 3D differentiating
kernels in x, y and z directions, the gradient magnitude is then
calculated using (2).

Gx = Kx ⊗ I, Gy = Ky ⊗ I, Gz = Kz ⊗ I, (1)

gm(x, y, z) =
√

gx(x, y, z)2 + gy(x, y, z)2 + gz(x, y, z)2, (2)

whereGx, Gy andGz are 3D image gradient arrays inx, y andz
directions,gm is the gradient magnitude at position(x, y, z), and⊗
denotes 3D convolution.

B. Centroid and Principal Axes

A gradient mapG is derived for 3D images using (2) and is defined
as the set of vectors whose gradient magnitude is not less than a given
threshold

G = {x , (x, y, z)|gm(x) ≥ t}, (3)

wheret is the threshold used to remove gradient vectors that do not
contribute to image shape or are more sensitive to noise. We use the
root mean square criterion as the gradient magnitude threshold

t =

[
l∑

z=1

m∑
y=1

n∑
x=1

gm(x)2

l ×m× n

] 1
2

, (4)

wheren, m and l are gradient array dimensions alongx, y and z
axes, respectively.

The center of the gradient mapxc = (xc, yc, zc) is the average
location of the points whose magnitude is above the selected threshold
and is calculated as

xc =
1

|G|
∑
x∈G

x, yc =
1

|G|
∑
x∈G

y, zc =
1

|G|
∑
x∈G

z, (5)

where|G| is the number of gradient map elements.
The principal axes of the gradient image are the eigenvectors of

the inertia matrix [8], [10]

I =

 Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz

 , (6)

where

Ixx =
∑
x∈G

(y − yc)
2 + (z − zc)

2, (7)

Iyy =
∑
x∈G

(z − zc)
2 + (x− xc)

2, (8)

Izz =
∑
x∈G

(x− xc)
2 + (y − yc)

2, (9)

and

Ixy =
∑
x∈G

(x− xc)(y − yc), (10)

Iyz =
∑
x∈G

(y − yc)(z − zc), (11)

Izx =
∑
x∈G

(z − zc)(x− xc). (12)

C. Entropy and Mutual Information

Shannon entropy [11] is a measure of the average or expected
information content of an event described by a random variable and
is defined as

H(X) =
∑
x∈X

p(x) log
1

p(x)
, (13)

where p(.) is the probability mass function (pmf) of the random
variableX.

Mutual information of two random variables is the amount of
information that each carries about the other and is calculated using
the marginal and joint entropies of the random variables

I(X; Y ) = H(X)−H(X|Y ) = H(X) + H(Y )−H(X, Y ),

whereH(X|Y ) is the information content of random variableX if Y
is known,H(X, Y ) is the joint entropy of the two random variables
and is a measure of combined information of the two random



variables.I(X; Y ) can be thought of as the reduction in uncertainty
of random variableX as a result of knowingY . Mutual information
is maximum, when there exists a one-to-one mapping between the
random variables, and is minimum if the random variables are
independent.

III. M ETHOD

The registration task is broken down into five steps: calculation of
gradient images, decoupled estimation of scale, decoupled estimation
of rotation, estimation of translation based on previously calculated
scale and rotation parameters, and optimization.

A. Gradient Images

Gradient images are calculated by convolving images with the
derivative of a Gaussian filter. The derivative of Gaussian has the
desirable property of smoothing the image and being separable. By
separating the kernel the image can be convolved with three1 × n
kernels instead of an × n × n kernel and reduce the number of
operations per voxel fromO(n3) to O(n) [12].

For our experiments we used7 × 7 × 7 x-,y- and z-derivative of
Gaussian with standard deviationσ = 1.5 and separated the kernels
to improve efficiency of gradient calculations.

B. Estimating Scale Parameter

Similarity transformation of a vectorx in 3D can be written as

x′ = sRzRyRxx + t, (14)

where x′ is the transformed vector,s is the scale factor,t is the
translation vector andRx, Ry and Rz are the rotations matrices
alongx, y andz axes, respectively. The distance between two points
x1 andx2 is defined as

d(x1,x2) = ‖x1 − x2‖2 , (15)

where‖.‖2 is the Euclideaǹ 2 norm. It can be easily shown that

d(x′
1,x

′
2) = s ‖RzRyRx(x1 − x2)‖2 = sd(x1,x2). (16)

In other words, the distance between any two points under a similarity
transformation remains constant as determined by the scale parameter.
We need two points and their transformed locations to determine
s. However, since we only have the centroid and its transformed
location, we estimate the scale parameter from the average distance
of the centroids from all other points in the gradient map.

ŝ =

∑
x′∈G′ d(x′,x′

c)∑
x∈G d(x,xc)

, (17)

where ŝ is the estimated scale parameter andG and G′ are the
gradient maps of fixed (reference) and moving (floating) images,
respectively.

C. Estimating Rotation Parameters

We estimate the rotation parameters using the principal axes
method. The principal axes are the eigenvectors of the inertia matrix
(6). We represent the three principal axes by finding the rotation
parameters that align them with the basis axes. This can be done
by equating the normalized eigenvector matrixE with a 3D rotation
matrix.[

cos θy cos θz . .
− cos θy sin θz . .

sin θy − sin θx cos θy cos θx cos θy

]
= E. (18)

By solving (18) we find that2

θy = arcsin e31, θz = arcsin
−e21

cos θy
, θx = arcsin

−e32

cos θy
, (19)

where eij denotes theith and jth element of the normalized
eigenvector matrix. Once the rotation parameters are known for each
gradient image, the estimated alignment between the images is found
from the difference of corresponding parameters:

θ̂x = θ′x − θx, θ̂y = θ′y − θy, θ̂z = θ′z − θz. (20)

D. Estimating Translation Parameters

Given the rotation and scale parameters, the translation can be
found from (14) by replacingx andx′ with the centroid of the fixed
and moving images, respectively.

t̂ = x′
c − sRzRyRxxc. (21)

E. Optimization

Powell’s multi-dimensional direction set algorithm finds the min-
imum of the cost function by iteratively minimizing the function
along a set ofN directions, whereN is the number of independent
parameters of the cost function. One problem with the Powell
algorithm is that from an observer’s point of view who knows where
the minimum is located, it appears to spend a lot of time, aimlessly
iterating on and around the minimum. Obviously, the only way the
optimization algorithm can satisfy itself that it has found the actual
minimum is to spend enough time to check the surroundings.

Our implementation resembles the method described in [5] with
one major difference that it takes advantage of the fact that it has
been initialized not far from the minimum and as such, can quickly
converge by refraining from checking the perimeter excessively. We
define a minimum distance or resolution for the cost function. The
cost function keeps track of each point in theN -dimensional space
that it evaluates and will only evaluate a new point if falls outside all
previously evaluated points by the specified minimum distance. The
cost function quickly returns a previously calculated value for points
inside the minimum distance of a previously evaluated point, which
limits the resolution of the cost function. Obviously, this method is
not suitable as a general purpose optimization tactic, and can only
be used when the optimization algorithm can be properly initiated.
Starting at an arbitrary position, this optimization algorithm is likely
to be fatally paralyzed by the first local minimum it encounters.

IV. RESULTS

We tested our method on 3D simulated MR images of brain gener-
ated by Brain Web [13]. We experimented with various combinations
of MRI modalities (T1, T2 and PD), artificially transformed with
respect to one another. Fig. 2 shows an example of the images used in
our experiments. Bilinear interpolation was used for transformations.
We limited our experiments to transformations in the transversal
plane. However, the method can be extended to out-of-plane transfor-
mations with three rotation, three translations, and a scale parameter.

Fig. 3 demonstrates that our method improves performance and
efficiency of the registration tasks by giving an example for regis-
tration of T1 to T2 images. In this experiment, T2 was translated
by (−20, 20) mm and scaled by0.9, the rotation parameter was
varied from 0◦ to 55◦ in 5◦ increments. The efficiency of the
registration improved on average by a factor of9.6 (Fig. 3(a)) with
the total execution time of around25 seconds on a standard PC.

2The upper left elements of the rotation matrix do not contribute to the
solution and have been removed due to space considerations.



(a) (b) (c)
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Fig. 2. A sample set of synthetic MR images of brain used in our
experiments (a) MRI-T1: reference image. (b) MRI-T2:tx = −20 mm, ty =
20 mm, θz = 20◦, s = 0.9. (c) MRI-PD: tx = ty = 40 mm, θz =
−40◦, s = 0.8 (d-f) Corresponding gradient images with the principal axes
and the centroids overlayed.

We calculated the registration error by transforming the centroid
using the actual transformation parameters and under calculated
transformation parameters. The registration error was then obtained
from the Euclidian distance between the transformed centroids. The
registration error for initially estimated parameters was around twice
the voxel size. However, note that this represents an average of3.5%
error on each estimated parameter, which is close enough to the actual
alignment for optimization purposes. Our guided optimization algo-
rithm, starting off these initial estimates, is able to achieve accuracy
well below the voxel size of1mm with an average of0.25mm.
The registration error for the guided optimization remained almost
constant as shown in Fig. 3(b). The blind optimization method slightly
outperformed our lower resolution guided optimization for smaller
transformation parameters but completely failed as we increased the
transformation parameters.

Our method works well, since the estimated parameters are close
to the actual alignment and as such, initialization of the optimization
algorithm with these parameters (and with a lower resolution) results
in accurate alignment as well as huge reduction in computational
complexity. It should be noted that for blind optimization we used
the standard Powell algorithm as described in [5], which does not
impose an artificial limit on the resolution of the cost function.

The results shown in Fig. 3 are indicative and consistent with
several other experiments, which we have not included due to space
limitations. We experimented by gradually increasing other transfor-
mation parameters and tested our method on other combinations of
image modalities (T1 to PD and T2 to PD).
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