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On Information Rates of Time-Varying Fading
Channels Modeled as Finite-State Markov Channels
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Abstract—We study information rates of time-varying flat-
fading channels (FFC) modeled as finite-state Markov channels
(FSMC). FSMCs have two main applications for FFCs: modeling
channel error bursts and decoding at the receiver. Our main
finding in the first application is that receiver observation noise
can more adversely affect higher-order FSMCs than lower-order
FSMCs, resulting in lower capacities. This is despite the fact
that the underlying higher-order FFC and its corresponding
FSMC are more predictable. Numerical analysis shows that at
low to medium SNR conditions (SNR � 12 dB) and at medium
to fast normalized fading rates (0.01 � fDT � 0.10), FSMC
information rates are non-increasing functions of memory order.
We conclude that BERs obtained by low-order FSMC modeling
can provide optimistic results. To explain the capacity behavior,
we present a methodology that enables analytical comparison of
FSMC capacities with different memory orders. We establish
sufficient conditions that predict higher/lower capacity of a
reduced-order FSMC, compared to its original high-order FSMC
counterpart. Finally, we investigate the achievable information
rates in FSMC-based receivers for FFCs. We observe that
high-order FSMC modeling at the receiver side results in a
negligible information rate increase for normalized fading rates
fDT � 0.01.

Index Terms—Markov processes, finite-state Markov channels,
channel capacity, fading channels.

I. INTRODUCTION

A. Background and Motivation

F INITE-STATE Markov channels (FSMC) are widely used
in mobile communications [1]–[14]. There are two main

applications for the FSMC modeling of time-varying flat-
fading channels (FFC). In the first application, FSMC models
are used in the design stages of wireless communication
systems for modeling channel error bursts and for evaluating
system performance measures, such as bit error rate (BER) [1],
[2] or packet error distribution (PED) [4], [6]. In the first
application, it is desired that the FSMC model accurately
predicts BER or PED. The second application of FSMC
models is decoding at the receiver [7]–[14]. To minimize the
receiver computational complexity, an FSMC model with the
minimum number of states and memory order1 is desired in
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1Channel memory order is defined as the number of previous realizations

of the channel that statistically determine its current realization.

the second application.
The information rates obtained by the FSMC modeling of

FFCs play a central role in communication system analysis and
design. In the first application, FSMC information rate affects
how the evaluated BERs or PEDs need to be interpreted.
A particulary misleading evaluation scenario is when the
utilized FSMC model has a higher capacity than the original
FFC, which results in optimistic BER or PED estimation. An
operationally meaningful analysis in the second application is
to consider the situation where the receiver is equipped with a
decoding algorithm optimized for an FSMC, but mismatched
to the original FFC [15]. The analysis can then be used to
design receivers with the minimum number of FSMC states
and with negligible information rate loss. Therefore, in this
paper, we examine the applicability of FSMC models for FFCs
from an information-theoretic viewpoint.

B. Approach and Contributions

In [16] we studied information rates in the first-order FSMC
modeling of FFCs. Here we extend [16] by considering two
applications of FSMC models separately and by studying the
effects of higher memory orders on information rates. Three
new contributions of this paper are summarized below.

In Section III, we provide information rate analysis of
first-order and second-order FSMC models for FFCs in ap-
plication one. The FSMC information rates are computed
using the knowledge-base in [17, pp. 97-111], [10], [18]
and for a practical range of normalized fading rates, signal-
to-noise ratio (SNR) conditions, and modulation schemes.
The expected increase in information rates with the higher
FSMC memory order (higher predictability of the channel
state process) is observed only in almost noiseless receiver
observation conditions. However, at low to medium SNR
conditions (SNR � 12 dB) and in fast normalized fading
rates (0.01 � fDT � 0.10)2, the information rates are non-
increasing functions of channel memory order. We discuss
how this can affect estimation of PED for FFCs.

In Section IV, we present a methodology for analytical
capacity comparison between FSMC models with different
memory orders. The analysis shows that the non-increasing
capacity behavior is a consequence of FSMC states being
hidden in observation noise. We establish sufficient conditions
that predict higher/lower capacity of a reduced-order FSMC,
compared to its high-order FSMC counterpart.

In Section V, we study information rate bounds for FFCs
using auxiliary FSMCs [19] in application two. We discuss

2fD is the Doppler frequency shift and T is symbol period.
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In the FSMC model, a channel observation yk is made for
every transition of the FSMC state sk−1 to another FSMC
state sk. Due to the FSMC substate latency, state transition in
an M th-order FSMC model is due to a new FSMC substate
rk. If the channel observation law is a probabilistic function
of the latest FSMC substate rk, regardless of previous FSMC
substates, an FSMC model with the memoryless observation
property (MOP) is obtained, which may be referred to as an
FSMC-MOP3. In the case of a variable-noise FSMC-MOP, the
channel observation law is simplified to

ψs(z) = Pr
(
z|Sk = s

)
= Pr

(
z|Rk = r

)
= ψr(z). (5)

Let us define the entropy rate of a stochastic process {yk}
as

H(Y ) � lim
n→∞

H
(
Yn

1

)
n

(6)

and the conditional entropy rate of the stochastic process {yk}
given the stochastic process {xk} as

H(Y |X) � lim
n→∞

H
(
Yn

1 |Xn
1

)
n

. (7)

Then, the information rate I(X ;Y ) of an FSMC model is
defined to be

I(X ;Y ) � H(Y ) −H(Y |X) = H(X) −H(X |Y ). (8)

If we maximize the information rate I(X ;Y ) over the set
of all possible input distributions Pr

(
xn

1

)
, we obtain the

FSMC capacity. The capacity of a uniformly-symmetric and
variable-noise FSMC model is achieved by independent, and
uniformly distributed (i.u.d) inputs [10], which can be written
as C � logU − H(Z), where U is the number of channel
output levels and H(Y |X) = H(Z) is the entropy rate of
FSMC noise, due to the variable-noise assumption. Direct
evaluation of FSMC capacity bounds is possible by using
the entropy rate bounds for hidden Markov models (HMM)
and the Bahl-Cocke-Jelinek-Raviv (BCJR) algorithm [24] (for
moderate values of D). The upper and lower bounds in
[25, pp. 69-71] are CD � logU − H

(
ZD|ZD−1

1 , S0

)
, and

CD � logU −H
(
ZD|ZD−1

1

)
, respectively.

C. The FSMC Modeling of FFCs

1) Substate and state definition: FSMC substates are de-
noted by r and are obtained by partitioning the FFC gain
(amplitude, phase, or both) into a number of non-overlapping
intervals. Amplitude-only partitioning of the FFC gain is
widely used in the literature [4], [10], [13], [14], [26] and the
details may be found in [16], [26]. In the joint partitioning of
the FFC gain, the FFC amplitude a and the FFC phase θ in
(1) are divided into La and Lθ partition intervals, respectively,
with the total number of substates equal to L = LaLθ. If
the FFC amplitude is in the interval vra � [ara , ara+1) and
the FFC phase is in the interval v�rθ

� [θrθ
, θrθ+1), then the

FSMC is said to be in the substate r � raLθ + rθ . Phase-only

3The definition of the FSMC-MOP model is in accordance with the notion
of MOP for FFCs in Section II-A, where the channel output yk only depends
on the latest realization of the FFC gain gk . Therefore, the definition of
FSMC-MOP has a practical significance.

partitioning of the FFC is treated as a special case of joint
phase and amplitude partitioning. In this case, all possible FFC
amplitudes form a single partition from a0 = 0 to a1 = ∞(
La = 1

)
. Once the physical link between FFC gain partitions

and FSMC substates is defined, we define FSMC states in
the M th-order FSMC model as sk �

(
rk, . . . , rk−M+1

)
, as

defined in Section II-B.
2) Channel observation law: The FSMC channel obser-

vation law depends on the type of modulation in the FFC.
As a practical example, consider soft detection of the phase
shift keying (PSK) scheme [20]. In a P -ary PSK scheme,
the modulated symbol xk is chosen from the complex-valued
constellation set X �

{√Es exp( j2πp
P ) : 0 � p < P

}
. The

channel observation law for a first-order FSMC model for the
P -ary PSK scheme is given by

f(y|x, s) = f
(
y|x, a ∈ vra , θ ∈ v�rθ

)

=

∫ ara+1

ara

∫ θrθ+1

θrθ
f
(
y|x, a, θ)f(

a, θ
)
dadθ

∫ ara+1

ara

∫ θrθ+1

θrθ
f
(
a, θ

)
dadθ

, (9)

where f(a, θ) is the FFC gain pdf in its polar format [20]. Due
to the channel observation stationarity, the channel observation
law is independent of time index k. For a second-order FSMC
model in the P -ary PSK scheme, the channel observation
law is f(y|x, s) = f

(
y|x, (a, θ) ∈ (vra , v

�
rθ

), (a�, θ�) ∈
(vra′ , v

�
rθ′ )

)
, where (a, θ) denotes channel amplitude and

phase at the current time index k and (a�, θ�) denotes channel
amplitude and phase at time index k−1. For exact computation
of the channel law for a second-order FSMC, one should
replace f(a, θ) in (9) with the joint distribution f

(
a, θ, a�, θ�

)
and carry out quadruple integrations over the desired joint
regions (vra , v

�
rθ

) and (vra′ , v
�
rθ′ ).

The channel observation law in second-order FSMCs can be
very well approximated with (9) under certain conditions. For
example, when the number of phase partitions Lθ is high and
the number of channel amplitude partitions La is either very
high or equal to one (that is vra � [0,∞)). In this case, one
can show that f(y|x, s) is almost independent of the previous
FSMC partitions vra′ and v�rθ′ . Hence, the resulting FSMC
possesses MOP. This is in accordance with the continuous-
state channel observation law in the FFC given in (1). A
similar statement applies to the channel observation law in
high-order FSMC modeling of the FFC in non-coherent de-
tection schemes and with a large number of fading amplitude
partitions.

III. INFORMATION RATES IN THE FSMC MODELING OF

FFCS IN APPLICATION ONE

The analysis of this section is applicable to the FSMC
modeling of FFCs for modeling channel error bursts. The
FSMC is used instead of the original FFC for faster or
closed-form evaluation of system performance measures, such
as BER or PED [1]–[6]. We first model FFCs by FSMCs
using the procedure in Section II-C and then compute FSMC
information rates using the knowledge base in [17, pp. 97-
111], [10], [18]. Information rates of channels with memory
often do not have single-letter and closed-form expressions
and involve computation of entropy rates with limits to infinity
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Fig. 2. The FSMC information rates at the normalized fading rate
fDT = 0.05. The FFC amplitude is partitioned into La = 8 equiprobable
intervals. The FSMC memory order are M = 1 (denoted by ‘*’) and M = 2
(denoted by ‘+’). Therefore, the numbers of FSMC states are N = 8 and
N = 82, respectively. We observe that at the same SNR per symbol, the first-
order FSMC information rate I(1) is greater than the second-order FSMC
information rate I(2) (looking vertically at the curves). That is, resulting
information rates are non-increasing functions of the FSMC memory order.

[see (8)]. Therefore, numerical/statistical computation of infor-
mation rates for such channels (including FSMCs and FFCs)
is commonly used in the literature (for practical examples,
see [18] and references therein).

We first consider modeling the FFC amplitude with first-
and second-order FSMC models and with La = 8 amplitude
intervals. The intervals are chosen such that the first-order
FSMC states are equiprobable. The modulation technique
is BFSK with non-coherent binary hard detection, which is
insensitive to channel phase distortions. The input is binary-
valued and i.u.d and the FSMC information rates4 are shown
in Fig. 2 for the normalized fading rate fDT = 0.05. By
looking vertically at the curves, we observe non-increasing
information rates with the FSMC memory order. That is,
at the same SNR per symbol, I(1) > I(2). For computing
the second-order FSMC information rates, we used the exact
channel observation law using the joint distribution of the
channel amplitude at time indices k and k − 1. However, we
noticed that even with La = 8 channel amplitude partitions,
the FSMC channel observation law shows weak dependence
on the previous amplitude partition at time index k − 1 and
hence, could even be approximated with an FSMC-MOP. In
fact, the resulting information rates using the FSMC-MOP
approximation are very close to those obtained using the exact
channel observation law.

Our a priori expectation was that higher information rates
through higher-order channels would be possible at the same
SNR per symbol. The observation of non-increasing informa-
tion rates with memory order in Fig. 2 is despite the fact that

4The obtained FSMCs for FFCs in this section are uniformly-symmetric
and variable-noise. Therefore, i.u.d input would achieve the FSMC capacity.
However, we refer to the results as FSMC information rates. This is because
the channel input in the original FFC is initially constrained to be (binary-
valued) i.u.d, which does not necessarily achieve the original FFC capacity.
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Fig. 3. The FSMC information rates that are obtained by phase-only
partitioning of the FFC gain into Lθ = 16 equiprobable intervals. The FSMC
memory order is M = 1 and M = 2. At a fixed SNR value (looking vertically
at the curves), the first-order FSMC information rate I(1) can be both lower
or higher than the second-order FSMC information rate I(2). The transition
point between the two situations I(1) > I(2) and I(2) > I(1) and their
difference depend on the fading rate.

the underlying channel processes in a high-order AR-FFC and
its corresponding FSMC model are more predictable or less
random processes, measured by the state process entropy [see
Sections II-A and IV for more details]. This counter-intuitive
observation will be the subject of theoretical investigation in
Section IV.

Fig. 3 shows FSMC information rates for the phase-only
modeling of the FFC using the BPSK signaling scheme.
The studied normalized fading rates are fDT = 0.0125,
fDT = 0.05, and fDT = 0.10. The FFC phase is partitioned
into Lθ = 16 equiprobable intervals. In our analysis, we
do not map the FFC amplitude into the FSMC

(
we use a

single FFC amplitude partition or La = 1, which is consistent
with the negligible effects of the FFC amplitude distortions
on the PSK detection and information rates [12], [28]). The
FSMC memory order is either M = 1 or M = 2. Therefore,
the numbers of FSMC states are N = 16 and N = 162,
respectively. The main observation from Fig. 3 is again the
non-monotonic behavior of the FSMC information rates with
memory order. If the SNR is fixed to a small value, I(1) > I(2)

is observed for all three fading rates. However, the difference
is more noticeable for the medium fading rate of fDT = 0.05.
Moreover, the transition point between the two situations
I(1) > I(2) and I(2) > I(1) moves towards the lower SNR
range for higher fading rates.

Non-increasing FSMC information rates can translate into
optimistic PED estimates for the original FFC. This can be
seen from Fig. 4, where the evaluated PEDs using the first-
and second-order FSMC modeling of the FFC amplitude are
shown, as well as the simulated PED. The simulated PED is
evaluated using the Clarke’s model for the FFC. The FSMC
models are identical to those in Fig. 2 and the average SNR per
symbol is γs = 9 dB. The PED p(m,n) is the probability ofm
errors in a block of length n and can be computed recursively
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Fig. 4. Packet error distribution (PED) p(m, n) using the first- and second-
order FSMC modeling of the FFC amplitude, as well as the simulated PED
using the Clarke’s model. The FSMC models are identical to those in Fig. 2
at γs = 9 dB. We observe that in the range of m = 1 to m = 4 errors,
the PED using the first-order FSMC model is lower than the simulated PED.
Whereas, the PED using the second-order FSMC model is generally much
closer to the simulated PED. A lower PED may also result in an optimistic
packet error rate (PER) evaluation. This agrees with our prediction that a
higher FSMC information rate can translate into PER underestimation. See
the main text for a specific example and more discussions.

for the FSMC model according to [4]. The total block length of
n = 23 symbols is assumed. It is observed from this figure that
in the range ofm = 1 to m = 4 errors, the PED using the first-
order FSMC model is lower than the simulated PED. Whereas,
the PED using the second-order FSMC model is generally
much closer to the simulated PED. Now assume that an error
correcting code is capable of correcting t = 2 errors in a block
of length n = 23. The packet error rate (PER) is given as∑n

m=t+1 p(m,n). Using the values in Fig. 4, we conclude that
the first-order FSMC estimates the PER = 0.5128, whereas
the second-order FSMC estimates the PER = 0.6110 and the
simulated PER is equal to 0.5970. Therefore, the first-order
FSMC provides optimistic PER results. This agrees with our
prediction that a higher FSMC information rate can translate
into PER underestimation. We note that in the example shown
in Fig. 4, the difference among evaluated PERs can be small
for more powerful error correcting codes (for example t = 4).
In this case, the system designer may opt for the simple first-
order FSMC model for evaluating PERs and allow a small
margin for the optimistic PER estimation.

The analysis in this section provides a new information-
theoretic perspective on the applicability of FSMC models for
performance evaluation in FFCs. Previously in [4], [6], [29],
the FSMC applicability was measured by its ability to closely
reproduce the FFC statistical parameters (such as its auto-
correlation function) or to accurately predict BER or PED.
In [4], [6], [29] it was concluded that first-order FSMC models
are suitable for very slow fading channels, and for the medium
to fast fading range, higher order FSMC models are more
applicable. Our results confirm earlier findings in [4], [6], [29]
and further explain the link between FSMC capacity and BER
or PER evaluation. A high sensitivity of the FSMC information

rates to memory order translates into less accurate BER and
PER prediction by low order models, which should be taken
into account by the system designer. On the other hand, if the
FSMC information rates show a relatively small sensitivity to
memory order, the system designer may use a simple first-
order FSMC model for the BER or PER evaluation.

In summary, we consistently observed non-increasing, and
even non-monotonic, FSMC information rates with memory
order for a wide range of low to medium SNR conditions,
medium to fast fading rates, and modulation techniques. One
might argue that this observation is a result of modeling
FFCs with FSMC. Further investigation is required to clarify
this issue, which is the subject of Section IV. Of particular
significance is to determine whether the observed behavior is
merely a consequence of the modeling step for representing
FFCs with FSMCs or whether this behavior is a property of
FSMC models regardless of the physical channel they may
represent. Therefore, in the next section, we break the link
between FSMC models and FFCs and exclusively consider
the effect of memory order on the FSMC capacity from a
theoretical viewpoint. The analysis in the next section will
show that the non-monotonic capacity behavior with the
FSMC memory order is a fundamental consequence of FSMC
states being hidden in receiver observation noise.

IV. THE EFFECT OF MEMORY ORDER ON THE FSMC
CAPACITY

In this section, we first provide a framework for reducing
the memory order of a high-order FSMC with memoryless
observation property (FSMC-MOP) to a lower-order FSMC-
MOP. Then, we analyze the capacity difference between the
two models and identify the contributing factors in the capacity
difference. Finally, we will provide predictive analysis for the
behavior of capacity difference in the form of two sufficient
conditions.

It is possible to reduce an M th-order Markov chain to an
(M −1)th-order Markov chain by ignoring the dependence of
states on the oldest Markov substate rk−M+1, or equivalently
by merging states that differ only in the oldest substate
rk−M+1. If the states in an (M − 1)th-order Markov chain
are denoted by qk, then the state qk consists of M − 1
substates as qk �

(
rk, . . . , rk−M+2

)
. For each state qk in

the (M − 1)th-order Markov chain, the original state in the
M th-order Markov chain includes an additional substate at
time index rk−M+1. That is,

sk =
(
qk, rk−M+1

)
=

(
rk, . . . , rk−M+2, rk−M+1)

=
(
rk, qk−1

)
, rk−M+1 ∈ A. (10)

The main parameter of the reduced-order Markov chain is its
state transition probability, derived as

Pr
(
Qk = qk|Qk−1 = qk−1

)
=

Pr
(
Qk = qk, Qk−1 = qk−1

)
∑

q̃k
Pr

(
Qk = q̃k, Qk−1 = qk−1

) =

Pr
(
Sk = (rk, qk−1)

)
∑

r̃k
Pr

(
Sk = (r̃k, qk−1)

) . (11)
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Therefore, the state transition probability in the reduced-
order Markov chain can be obtained from the stationary state
probabilities of the original M th-order Markov chain. For
M > 2, the above procedure can be repeatedly performed
until a J th-order Markov chain (1 � J < M ) is obtained.

The Markov chain entropy rate is affected by its memory or-
der. Let H(M)(S) and H(M−1)(Q) denote the entropy rates in
M th-order and (M − 1)th-order Markov chains, respectively.
Throughout the rest of the paper, superscripts (M) or (M−1)
will explicitly show the Markov chain or FSMC memory order
to avoid confusion. Using the FSMC state definitions and the
chain rule for entropy, it can be shown that the reduced-order
Markov chain has always an entropy rate greater than or equal
to the original higher-order chain, making it a less predictable
(more random) stochastic process. That is,

H(M)(S) �H
(
Sk|Sk−1

)
= H

(
Rk|Rk−1, . . . , Rk−M

)
�H

(
Rk|Rk−1, . . . , Rk−M+1

)
=

H
(
Qk|Qk−1

)
� H(M−1)(Q), (12)

where the inequality follows from the fact that conditioning
cannot increase entropy.

From the definition of FSMC-MOP in (5), we conclude
that in an FSMC-MOP, the channel observation law does not
depend on the memory order of the underlying Markov chain
and only depends on the latest FSMC substate realization.
Therefore, reducing the memory order of an FSMC-MOP does
not change the channel observation law. This is shown through
the following example.

A second-order FSMC model with four states is shown in
Fig. 5. Due to the FSMC state latency, s =

(
01

)
and s =

(
10

)
in Fig. 5 cannot loop back to themselves. It is observed from
Fig. 5 that states s =

(
00

)
and s =

(
01

)
have the same

channel observation law. The channel observation law in states
s =

(
10

)
and s =

(
11

)
is also the same. Therefore, according

to the definition in (5), the FSMC possesses the MOP. The
original second-order Markov chain is reduced to a first-order
Markov chain as shown in Fig. 5, without affecting the channel
observation law in merged states. Entropy rates of the Markov
chains in Fig. 5 are H(2)(S) = 0.6142 and H(1)(Q) = 0.6533
bits/time unit, respectively.

A. Analytical FSMC Capacity Comparison

As we observed in the previous section, FSMC-MOPs of
different memory orders share the same channel observation
law. This allows a meaningful capacity comparison at the same
noisy receiver observation condition. Assuming i.u.d channel
inputs, the capacity difference between M th-order and (M −
1)th-order uniformly-symmetric and variable-noise FSMCs is
given as

ΔC � C(M−1) − C(M)

= logU −H(M−1)(Z) − (
logU −H(M)(Z)

)
= H(M)(Z) −H(M−1)(Z). (13)

Following a similar definition as in (8) for the mutual infor-
mation rate between FSMC states S and FSMC noise Z , we
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Fig. 5. Memory order reduction of a second-order FSMC-MOP into a first-
order FSMC-MOP, without affecting the channel observation law in each
merged state.

can write

I(M)(Z;S) = H(M)(Z) −H(M)(Z|S)

= H(M)(S) −H(M)(S|Z),

which results in

H(M)(Z) = H(M)(S) −H(M)(S|Z) + H(M)(Z|S). (14)

Similarly, the FSMC noise entropy rate in the (M−1)th-order
FSMC is

H(M−1)(Z) =H(M−1)(Q)−
H(M−1)(Q|Z) + H(M−1)(Z|Q). (15)

The last term on the right hand sides of (14) and (15) is
the FSMC noise entropy rate with perfect CSI. In FSMC-
MOPs, the FSMC noise process Z given the FSMC state
process S or Q, only depends on the latest FSMC sub-
state R

(
refer to (5) and Fig. 5

)
. Therefore, we can write

H(M)(Z|S) = H(M−1)(Z|Q) = H(Z|R). Now the FSMC
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TABLE I
THE GENERIC STATE TRANSITION PROBABILITY MATRIX OF THIRD-ORDER FSMC-MOP MODELS STUDIED IN SECTION IV-B AND IN FIG. 6.

Sk−1\Sk (000) (001) (010) (011) (100) (101) (110) (111)
(000) x1 0 0 0 1-x1 0 0 0
(001) x2 0 0 0 1-x2 0 0 0
(010) 0 x3 0 0 0 1-x3 0 0
(011) 0 x4 0 0 0 1-x4 0 0
(100) 0 0 1-x4 0 0 0 x4 0
(101) 0 0 1-x3 0 0 0 x3 0
(110) 0 0 0 1-x2 0 0 0 x2

(111) 0 0 0 1-x1 0 0 0 x1

slow ch: x1 = 0.95 x2 = 0.968 x3 = 1 x4 = 0.9854
medium ch: x1 = 0.8 x2 = 0.968 x3 = 1 x4 = 0.9854

fast ch: x1 = 0.6 x2 = 0.8 x3 = 0.99 x4 = 0.85
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Fig. 6. Comparison of the channel capacity in the third-order FSMC-MOP
models and their reduced first- and second-order versions. The sufficient
condition in (19) is also shown. Non-monotonic capacity with the FSMC
memory order is observed, especially for the medium-speed channel and very
noisy observation conditions (Pe0 � 0.05).

in Fig. 6 is the BSC crossover probability Pe0 � 0.5, which
is the same for states s = (000), s = (001), s = (010),
and s = (011). The BSC crossover probability in states
s = (100), s = (101), s = (110), and s = (111) is
chosen as Pe1 = 1 − Pe0 � 0.5. Non-monotonic capacity
with the FSMC memory order is observed, especially for the
medium-speed channel and very noisy observation conditions
(Pe0 � 0.05). We also show predictions of Theorem 1 for the
situations C(1) � C(2) or C(1) � C(3)

(
the vertical lines and

arrows specify the regions where (19) predicts C(1) � C(2)

or C(1) � C(3)
)
. Even for very small parameters, such as

D = 2 and D� = 1, Theorem 1 is useful for predicting the
FSMC capacity behavior.

Non-increasing FSMC capacities with memory order in
Fig. 6 are of central significance. The observation confirms
that even in the absence of a prior step for modeling physical
channels with FSMCs, the receiver noise can more adversely
affect high-order FSMC models resulting in lower capacities.
This is in accordance with the analysis in Section IV-A and
(16), which shows that higher predictability of a high-order
FSMC (measured by its state process entropy rate) is not the
only factor that affects its capacity, especially in noisy receiver
observation conditions.

V. FSMC-BASED MISMATCHED DECODING IN FFCS

As discussed in the Introduction, the second application of
FSMC models for channels with memory, and in particular for
FFCs, is decoding at the receiver [7]–[14]. An operationally
meaningful information-theoretic analysis in the second ap-
plication is to consider the situation where the receiver is
equipped with a decoding algorithm optimized for the FSMC,
but the decoding metric is mismatched to the original FFC and
hence, results in information rate loss [15]. Our objective is to
investigate the effect of number of states and memory order
in the FSMC modeling of FFCs on mismatched information
rates and to find the minimum number of FSMC states that
result in negligible information rate loss. In this regard, we first
review the lower bound proposed in [19] for general channels
using auxiliary channels and interpret the lower bound in
the context of FSMC-based mismatched decoding. We then
provide the analysis of this lower bound applied to the FSMC-
based decoding in FFCs.

For easier presentation, we review the lower bound in [19]
for DMCs. Let x and y be the discrete-valued channel input
and output realizations in a given DMC. Their joint proba-
bility distribution is p(x)p(y|x), where p(y|x) is the channel
observation law. Let q(y|x) be the channel observation law
of an arbitrary auxiliary channel with the same input and
output alphabets as the original channel. The lower bound on
the mutual information I(X ;Y ) of the original DMC is then
given by

I(X ;Y ) �
∑
x,y

p(x)p(y|x) log
q(y|x)
qp(y)

, (23)

where qp(y) is the output distribution of the auxiliary channel
qp(y) =

∑
x p(x)q(y|x). The lower bound in (23) is linked

with the GMI lower bound to the DMC mismatched capacity,
defined as [15]

IGMI = sup
s�0

∑
x,y

p(x)p(y|x) log
e−sd(x,y)∑

x′ p(x�)e−sd(x′,y)
, (24)

where d(x, y) is the mismatched decoding metric. Comparing
(24) with (23) reveals that (23) is the GMI lower bound to the
DMC mismatched capacity with s = 1 and d = − log q(y|x).
We refer to d = − log q(y|x) as the decoding metric of a
mismatched receiver, which is intentionally designed for the
maximum-likelihood (ML) decoding in the auxiliary channel
with the observation law q(y|x).
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Fig. 7. The information rate lower bound for the Clarke’s FFC model using
auxiliary FSMCs. The lower bound has a practical significance. It is the GMI
lower bound on the mismatched capacity for FFCs, with a receiver that is
equipped with the ML decoding algorithm optimized for the FSMC model.
The first-order FSMC modeling of FFCs at the receiver side incurs a negligible
information rate loss, compared to the second-order FSMC modeling, for the
normalized fading rates fDT � 0.01. On the other hand, using a second-
order FSMC model for decoding is worthwhile at fDT � 0.10, which results
in higher information rates.

The lower bound in (23) can, under suitable conditions,
be extended to continuous alphabet channel outputs and to
channels with memory, such as FFCs using auxiliary FSMC
models. More details on the extension of the bounds to
channels with memory may be found in [19]. The FSMC
modeling of FFC was discussed in Section II-C. Let the
numerical estimate of the lower bound for an AR-FFC(M)

using a J th-order FSMC with N = LJ states be denoted by

Î(M)

AR

(
LJ

)
. It is noted that the memory order in the auxiliary

FSMC, J , does not have to be equal to the memory order in the
original AR-FFC, M . In the context of mismatched decoding,
the lower bound I(M)

AR

(
LJ

)
is the information rate through

the original AR-FFC(M), when the receiver is equipped with
a ML decoding metric for an FSMC with LJ states and with
the channel observation law defined accordingly in Section
II-C.

In Fig. 7, we have shown the information rate lower bounds

Î(∞)

AR

(
LJ

)
for the AR-FFC(∞) according to the Clarke’s

model. The FFC amplitude is partitioned into La = 1 and
the FFC phase is partitioned into Lθ = 8 or Lθ = 16
substates and the auxiliary (mismatched) FSMC memory order
is either J = 1 or J = 2. The signalling is binary PSK.
Three main observations are made in Fig. 7 as follows. First,
we notice that for the slow fading rate fDT = 0.0125, the

information rate lower bounds Î(∞)

AR

(
81

)
and Î(∞)

AR (82) are
almost identical. We conclude that increasing the FSMC-based
receiver computational complexity by using a second-order
FSMC-based decoding algorithm is not an optimal choice for
this fading rate, as it only results in a negligible increase in
information rate. Second, we notice that for the fast fading
rate fDT = 0.10, there is considerable gap between the

information rate lower bounds Î(∞)

AR

(
81

)
and Î(∞)

AR

(
82

)
. We

conclude that increasing the FSMC-based receiver complexity
by using a second-order FSMC-based decoding algorithm is
worthwhile, which results in a significant increase in infor-

mation rate. Third, we observe that Î(∞)

AR (81) > Î(∞)

AR (161)
for almost the entire SNR range in the slow fading rate
fDT = 0.0125 and that ÎAR(81) > ÎAR(161) for SNR
� 16 dB in the faster fading rate fDT = 0.10. Here, we have
assumed a natural partitioning of the FFC phase into Lθ = 16
equiprobable FSMC substates. However, this may not be the
optimum mismatched FSMC model at the receiver with 16
states at low SNR, which results in ÎAR(81) > ÎAR(161).
A new theoretical framework is required to optimize the
information rate bounds in [19] given the number of FSMC
substates and memory order. This is beyond this scope of this
paper and is proposed for future research. Another thread for
future research is to determine how the studied information
rate lower bounds in this section will translate into decoding
BERs. For example, one would like to confirm that BERs
using first-order and second-order FSMC-based decoding at
fading rate fDT = 0.0125 are almost identical. However,
the BER evaluation will critically depend on the coding
technique at the transmitter and the decoding method at the
receiver. Moreover, practical coding and decoding techniques
that can achieve FSMC information rates are subject of on-
going research [7]–[9]. Therefore, we propose evaluation of
BERs for FSMC-based receivers in FFCs for future work.

VI. CONCLUSIONS

We reported non-increasing information rates with the
Markov channel memory order in the FSMC modeling of
FFCs in noisy receiver observation conditions and fast fading
rates. Hence, BERs and PEDs obtained by low-order FSMC
modeling of FFCs at low SNR can provide optimistic estimates
of the true BER or PED. This unexpected behavior led us
to analytically study the effect of memory order on the
FSMC capacity. The FSMC capacity analysis showed that the
observed non-monotonic capacity behavior with memory order
is a consequence of FSMC states being hidden in observation
noise, regardless of the prior step of FSMC modeling of an
underlying physical channel. We also studied information rates
in the FSMC-based receivers for FFCs and proposed the GMI
lower bound as a criterion to design computationally optimum
receivers with negligible information rate loss.

ACKNOWLEDGMENT

The authors are grateful for the constructive comments by
anonymous reviewers, which improved the presentation of this
paper. The authors would also like to thank Professor Rodney
Kennedy, Mr. Ramtin Shams, and Dr. Pascal Vontobel for
helpful discussions and for their valuable comments.

APPENDIX A

We first need to expand each term in the conditional entropy
difference ΔHZ in (16) in terms of the limits to infinity. The
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term H (M ) (S|Z ) in (16) is deÞned as

H (M ) (S|Z ) = lim
m ��

H
�
Sm

1 |Zm
1

�

m

= lim
m ��

H
�
Sm

1 |Zm
1 , S0

�

m
. (25)

We denote the numerator in the second limit byAm and use
chain rule for entropy function to write

Am = H
�
Sm

1 |Zm
1 , S0

�

= H
�
S1|Zm

1 , S0
�

+ · · · + H
�
Sk |SkŠ 1

0 , Zm
1

�

� �
 �
B m Š k +1

+ · · · +

H
�
Sm |Sm Š 1

0 , Zm
1

�
. (26)

The term denoted byBm Š k+1 in (26) is simpliÞed as

Bm Š k+1 � H
�
Sk |SkŠ 1

0 , Zm
1

�
= H (S1|S0, Zm Š k+1

1

�
, (27)

where the last equality is written using a) the properties of
HMMs

�
the current stateSk , given the previous statesSkŠ 1

0 ,
is independent of the previous observationsZkŠ 1

1

�
[25], b)

the Markov property of FSMC states and c) stationarity of the
FSMC. By deÞning n � m Š k+1 , we have0 � Bn +1 � Bn ,
because conditioning cannot increase entropy. Therefore, the
sequence

�
Bn

�
n �N has a limit and

H (M ) (S|Z ) = lim
n ��

Bn = lim
n ��

H
�
S1|Zn

1 , S0
�
. (28)

Similarly, H (M Š 1) (Q|Z ) in (16) is written as

H (M Š 1) (Q|Z ) = lim
n ��

H
�
Q1|Zn

1 , Q0
�
. (29)

Based on the deÞnition of states in theM th -order and(M Š
1)th -order FSMC models, it can be also shown that� HZ is
a negative quantity. The proof is not central in the following
derivation and is omitted for the sake of brevity.

To lower bound � HZ , we Þnd a lower bound for
H

�
S1|Zn

1 , S0
�

in (28) and an upper bound forH
�
Q1|Zn

1 , Q0
�

in (29). For every integerD � + 1 � n, we have

H
�
S1|Zn

1 , S0
�

� H
�
S1|Zn

1 , R n
D � +1 , S0

�

= H
�
S1|ZD �

1 , R n
D � +1 , S0

�

= H
�
S1|ZD �

1 , Sn
M + D � , S0

�

= H
�
S1|ZD �

1 , SM + D � , S0
�
, (30)

where the inequality follows from the fact that conditioning
cannot increase entropy. TheÞrst equality follows from the
fact that the stateS1 is independent of FSMC noiseZn

D � +1 ,
when it is conditioned on FSMC substatesR n

D � +1 . The
second equality follows from the deÞnition of M th -order
FSMC states. The last equality follows from the fact that
when the stateS1 is conditioned on state theSM + D � , it
is independent of all future statesSn

M + D � +1 . Since (30) is
valid for any n, we conclude thatlimn �� H

�
S1|Zn

1 , S0
�

�
H

�
S1|ZD �

1 , SM + D � , S0
�
. For upper boundingH

�
Q1|Zn

1 , Q0
�
,

we use the fact that conditioning cannot increase entropy to

write limn �� H
�
Q1|Zn

1 , Q0
�

� H
�
Q1|ZD

1 , Q0
�
. Finally,

H
�
S1|ZD �

1 , SM + D � , S0
�

Š H
�
Q1|ZD

1 , Q0
�

� �
 �
� H Z (D,D � )

� lim
n ��

�
H

�
S1|Zn

1 , S0
�

Š H
�
Q1|Zn

1 , Q0
� �

� �
 �
� H Z

. (31)

To upper bound � HZ , we try to Þnd an upper
bound for H

�
S1|Zn

1 , S0
�

in (28) and a lower bound for
H

�
Q1|Zn

1 , Q0
�

in (29). Using a similar technique as above,
we have limn �� H

�
S1|Zn

1 , S0
�

� H
�
S1|ZD

1 , S0
�

and
lim n �� H

�
Q1|Zn

1 , Q0
�

� H
�
Q1|ZD �

1 , QJ + D � , Q0
�
. Finally,

lim
n ��

�
H

�
S1|Zn

1 , S0
�

Š H
�
Q1|Zn

1 , Q0
� �

� �
 �
� H Z

� H
�
S1|ZD

1 , S0
�

Š H
�
Q1|ZD �

1 , QJ + D � , Q0
�

� �
 �
� H Z (D,D � )

. (32)

Applying the bound forJ = M Š 1 yields the desired upper
bound.
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