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Abstract

An iterative multiuser detection (IMUD) receiver is considered for a code-division multiple-access (CDMA) system

with turbo codes. Fidelity is considered as a metric for convergence analysis and an approximation of fidelity
as a function of variance of the log-likelihood ratios is introduced. Fidelity charts are compared with extrinsic

information transfer (EXIT) charts as tools for convergence analysis and a close approximation of the relationship
between fidelity and mutual information is proposed. We then use this function to approximate a closed form
expression for the EXIT function of an interference canceller. Further, we propose a new stopping criterion for the
turbo decoder and the IMUD receiver which achieves complexity saving of up to 50% over conventional designs.

1 Introduction and consists of symmetric parallel concatenated 8-state,
_ ) ) rate 1/2 convolutional codes with generator polynomial
The 3rd Generation Partnership Project (3GPP) stan-, @) = (015,013). The trellis is terminated in the
dard mobile communication system uses a combinationgncoders and the overall code rate Rs — 1/3 (no
of code-division multiple-access (CDMA) with turbo  puncturing) and information block lengths range from
coding. Predicting the convergence behavior for even ajogg up to 3856 bits [6]. We use an additive white
moderate number of users is computationally demand-gg,ssian noise (AWGN) channel. The IC takes channel
ing. Methods such as variance transfer and extrinsicy,5)yesy anda priori input ic (from each of thek’
information transfer (EXIT) analysis have been devised users) and outputs extrinsic information (on the coded
for describing the convergence behavior without the pits for each usenEic which is de-interleaved and
need to run large-scale simulations. The Fidelity chart yecomes thea priori input Ap to the TD. On the
was introduced in [1] and [2], and was shown in [3] 0 first jteration of the receiver tha priori input to the

be similar to the EXIT chart in terms of accuracy. | is zero. The TD outputs extrinsic information (on
We propose an approximation of fidelity as a function the coded bits)Erp and a posteriori output (on the
of variance which we define as ti®function. While  jnformation bits)Drp. Erp is interleaved and converted

Fidelity and EXIT charts are essentially representing to soft bits c = tanh(Erp/2) which becomes tha
the same thing, there is no closed form representa-priori input ac to the IC. Hard decisions are made
tion of the relationship between fidelity and mutual oy pry. Note that Fig. 1 shows the receiver for a
information. We propose transfer functi@hexpressing  single user. In reality there ar& TDs, which feed
mutual information as a function of fidelity. We show  tneijr extrinsic output LLRs back to the single IC.
that this function proves to be useful since a closed
form solution exists for the variance transfer chart of
an interference canceller (IC) [4]. ) ) )

In [5] Land and Hoeher proposed the use of mean3 Flde“ty and Mutual Information
reliability of the extrinsic log-likelihood ratios (LLRS)
as a stopping criterion for turbo codes. We extend the pefine the LLRs)\ and the soft bits: as
work in [5] and propose a variant on stopping criteria

for the iterative multiuser detection (IMUD) receiver Mz = +1
rap(PAlE=FD) g 1
and turbo decoder (TD) based on mean reliability. = p(Nz = —1) = 1)
A_
. = tanh<A> = e/\ ! € [~1,+1] (2)
2 System Description 2] ertl

The IMUD receiver consists of an IC and a TD as wherex € {+1,—1} can be either equiprobable infor-
shown in Fig. 1 and was first described for convolu- mation bits or coded bits. Due to the definition of the
tional codes in [4]. The turbo code is 3GPP compliant A in (1), the conditional probability density functions
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Fig. 1. IMUD receiver with IC and TD.

(PDFs) of A have the following relationship [2]
pt(N) £ p(Az = +1) =epAz=-1)  (3)
p~(N) £z =—1) = pT(\). (4)

Hence, assuming equiprobable data, i.es {+1,—1}

the PDF of is

67)\
PO =5 (T ) + ) = ). )

Fidelity was first introduced in [1] and [2] as
E{z2} = E{ztanh(%)}, whereE{-} denotes expecta-
tion and \ the a priori (A) or extrinsic ) LLRs for
input and output fidelity respectively. We now show
that fidelity can be estimated without knowledgexof
Using (2)—(5) we note that
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Identifying that (7) and (2) can be rewritten as (6), we
conclude that

M2 E{3?} = E{tanh2 <;>}

(8)

is equivalent toE{x tanh (%) }. Hereafter, we will use
M in (8) as the fidelity measure, since it can in contrast
to E{zz} easily be estimated using a non-data-aided
estimator based o, samples of the LLRs without
knowledge ofz, i.e.,

L
1 o AK)
k=1
Define the variancer? as the input/output variance
from [4] and [7]
o2 2 E{(w -2} =1+ E{a%} - 2E{wi}. (10)
Using (6)—(7), the following relationship is found
ol =1-E{zd} =1-E{3’}=1-M. (11)

The mutual information betweem and A can be
expressed as [8]

©)

+oo
I=1- / log, (1 + e_’\) pT(N)dA.

— 0o

(12)

Assume) has a mixed Gaussian distribution, i.e.,
2

= %x +n, where neN(0,03).  (13)

Since the mutual informatiod in (12) cannot be ex-
pressed in closed form under the Gaussian assumption,
close approximations were developed in [9] and [10] in
form of the J function. TheJ function and its inverse
defines the relationship between the mutual information
I'in (12) and the variance? in (13), i.e.,

J(o) & I(oy = 0). (14)

Using (5), the expression of the fidelity in (6) can be
simplified to
+oo

2
M=1- ———pt(N\)dA
| vt an

which is quite similar to the expression for the mutual
information in (12). Therefore, we propose a function
similar to J, the S function and its inverse, defining the
relationship between? and fidelity //. The S function

is defined as

(15)

S(c) 2 M(op = 0). (16)
SinceS(o) is monotonically increasing iery
oy =S7(M) (17)

where it is assumed that is Gaussian according to
(13). Note also that using the relationship between the
mutual information in (12) and the minimum mean-
square error in (10) derived in [11], the following
relationship between thé function and theS function
is true

0J (o)

do

o—ocS(o)
In(16)

(18)



The S function has no closed form solution, but it 1 ‘ ‘ ‘ ‘ = 1
can be closely approximated by o
@
0.8 o
H.
S(o_) ~ (1 _ 2—H10‘2H2) 3 : (19) l,g
1 ¢
1 1 2Hy 0.6r )
S7H(M) ~ ——logQ(l - MH?) . (20) .
Hy ,®'
0.4r .
where H; = 0.4282, H, = 0.8130 and H3 = 1.1699 /) -1
were obtained using the Nelder-Mead simplex method o Joy)
[12] to minimize the squared difference between the 02 55' —M
approximation and the actual function. The approxima- % o So)
tion of the S function in (19) has the same form as ob ‘ ‘ ‘ ‘ ‘ ‘ ‘
the approximation of the/ function proposed in [10], 0 1 2 3 4 5 6 7 8
i.e., using the constant&; = 0.3073, H, = 0.8935 )

and H3 = 1.1064 in (19) give the approximation of Fig. 2. Mutual information! (dashed line) and fidelih! (solid
. : ig. 2. utual information/ (dashed line) and fideli soli
the J function [101' Fig. 2 shows the actual and J line) and their approximations, thé function (circles) and thes

functions along with their approximations, which are function (squares).
shown to be very close.
Since 0.07

ox=J7(I) = 57 (M), (21) 0081

. . . 0.05

we can express mutual information as a function of
fidelity, this function is almost a straight line [7]. With 0.04k
the aim of deriving a close approximation to the exact B
relationship between mutual information and fidelity = 0.03;

we propose a functiof3 (M) describing the difference —Actud
between fidelity and mutual information 0.02r + Approximation
0.01¢
BM)=M —-1. (22)
0 L L L L
This function is shown in Fig. 3. Bounds on tte 0 02 04 M 06 08 !
function were derived in [7]. We suggest the following
approximation of B(M) Fig. 3. Difference functionB(M) = M — I, showing the actual

function (solid line) and the approximation (crosses).
B(M) ~ 0.26(M — M?), (23)

: : 4 Convergence Analysis
where the constan®.26 is chosen to approximately

satisty the actual difference when/ = 0.5. The  1he tyrbo receiver can be thought of as a three-
difference function (22) and the approximation in (23) gimensional decoder. This allows the decoding trajec-

are shown in Fig. 3, where we see the approximation iSqry o be visualized in three dimensions. The trans-

very close to the actual function. We then extend this tg;” charts then become transfer surfaces and for the
to a transfer function between mutual information and decoding to converge a tube must be open between

fidelity the three surfaces. It is also possible to project this
three-dimensional transfer chart onto a single two-

I=T(M) = J(S_I(M)) ~ 0.74M +0.26M2, dimensional chart as described in [10,13]. However,
(24) instead of iterating between the decoders until con-
5 vergence we limit the number of decoder activations
M= T(1) ~ —0.74 \/(()74) n 1 (25) to 6. That is, after each activation of the IC we run
0.52 0.52 from 1 to 6 TD iterations before activating the IC

again. The maximum number of TD iterations was

which can be used to translate Fidelity charts into EXIT determined arbitrarily through asymptotic performance
charts and vice versa. Due to the Gaussian assumptiomnalysis. The Fidelity and the EXIT charts for the
in the J and S functions, our proposed transfer function 3GPP TD running 6 iterations are shown below in

(24)—(25) also requires a Gaussian assumption on therig. 4 as the solid unmarked curves. The transfer charts
distribution of A. were found through Monte Carlo simulation of the TD

0.26’



05

using an interleaver length of 3856 bits. The fidelity
in Fig. 4(a) was calculated using (9) and the extrinsic 045 |
mutual information in Fig. 4(b) was calculated using a I
non-data-aided method introduced in [13] 04f
log (1 + e*ETD) e 035"
D __ 2 =
I =1- QE{ 14 e—Em (26) o° — Turbo Decoder
_ELU 0.3r —&—Interference Canceller|]
L _
2 logy(1+e ETD(’“))
~1_2 0.25
-7 kz_:l Tremom - 2D
N 0.2
We can also use (24)—(25) to translate EXIT charts
to Fidelity charts and vice versa. The EXIT chart in 0.15) ol 02 03 02 05
Fig. 4(b) can be obtained using the Fidelity chart in M 'S M TP

A E

Fig. 4(a) and (24) and the Fidelity chart in Fig. 4(a)

can be obtained using the EXIT chart in Fig. 4(b) and (@) Fidelity Chart

(25). 05
A closed form solution exists for the variance transfer 0.5l
chart of an IC [4]
04 P
L (K1> +o? (28) ) X
Ok N - . 035 ]
whereo? = 4/0% is the variance of the IC extrinsic ° o
. . — - — Turbo Decoder
output LLRs,c? and o are the variance of the input o Interference Cancaller
and output soft bits, respectively, as defined in (10), 0.25¢ 1
is the spreading factor and = ;3%-, whereR = 1/3
is the code rate of the turbo code aRgl/ N, is defined 02
as the signal-to-noise ratio (SNR). The input variance 015 ‘ ‘ ‘ ‘
o2 from [7] is equal too? = 1 — M'C using (11). 0 0.1 O-ZI | 23 04 05
The fact that we have a closed-form solution for an ACE
IC variance transfer chart means that we can easily (b) EXIT Chart.

derive the transfer chart without the use of Monte Carlo Fi . .

. . s . . ig. 4. Convergence analysis of the IMUD receivermat/Ng =
simulation. The IC Fidelity chart can be derived using ;.95 dB, & = 20 and N = 20.
(28) to obtainor and theS function to determine the

corresponding value af/!$

4
Mg =S8 —
(\/(1 - ‘Z\/‘[E)% + Qg%b

Derivation of the IC EXIT chart involves an extra step
which is the translation of2 to mutual information,
that is

Fidelity charts is a useful tool since variance-based
transfer charts (such as Fidelity charts) are useful for
analysis of coded CDMA (among other) systems and
EXIT charts are readily available in the literature for

many forward-error correction decoders [8]. The trans-
fer function in (24)—(25) can then be used to translate

7S _ g 4 (30) the transfer curves onto a common chart for analysis.
E - —1(7IC :
(=7 (1

> A function to translate between EXIT charts and
(29)

)) % 4 Zg%b Fidelity charts are convenient since, as shown in Fig. 1,
’_ we have soft bits with variance? = 1 — E{aj} =

Furthermore, both. (29) and (30) require the usual ; _ MLE and extrinsic LLRs with variancer?, as
Gaussian assumptions on the input LLRs (13), as for|c jnnut and output, respectively. Furthermore, online
EXIT/Fidelity charts of component codes. In contrast egtimation of the IC extrinsic output fidelity is simple
to EXIT/Fidelity charts for component codes generated gjce (9) requires only afls = E{tanhz(Em/Z)}
through Monte Carlo simulations, (29) and (30) also operation on the output extrinsic LLRs.
require that the output LLRs are Gaussian, which is in
general true ifK and N is not too small [4]. Refer to
Fig. 4 for a convergence analysis for the IMUD receiver 5 Stopping/Termination Criteria
with a fully loaded systemK = 20 and N = 20).
The fidelity and EXIT curve in Fig. 4(a) and Fig. 4(b) Stopping and termination criteria are considered as
for the IC (marked with triangles) can be found using a means of decreasing decoding complexity and de-
Monte Carlo simulations or by using (29) and (30), lay. We define a stopping criteria as a detection of
respectively. Note that both transfer charts predict aconvergence and a termination criteria as determining
convergence threshold df,/N, = 1.95 dB. when a target bit-error-rate (BER) has been reached.




We extend the work of Land and Hoeher [5] and use
mean reliability as a stopping criteria in both the TD
and the turbo receiver. Mean reliability is chosen since 0.8t
it is easier to calculate the mean of the LLRs than
to estimate fidelity of mutual information. A decoder e
iteration is here referred to an iteration in the TD and =*
a receiver iteration is the iteration between the IC and ¢

TD 1 Iteration IC @ 2.3dB

TD 6 lterations

the TD. Mean reliability of the extrinsic (superscrigt = 04 c @'Lods
output LLRs is defined as Point 2: ’ |
0.2 Receiver Stopping Point 3: :
Ff = E{|Ez|} , (31) ' TueroDIiDn;éc:)der Receiver Termination (i)
Stopping BER=10%" !

where E; is the extrinsic output of decodeér= 1,2 o5 o3 o oe os —

in the TD. Decoding is stopped if§ andI'S do not ' M€ . TD '
A’ E

change in two subsequent iterations [5] of the TD.
We propose the use of the mean reliability of the Fig. 5. Fidelity chart showing regions/points of activity of the
extrinsic output of the TD, that is stopping/termination criteria.

I'* = E{[Ero|}. (32)

We also propose the use of mean reliability as aiterations of the TD are shown since the Fidelity chart
stopping criterion for the turbo receiver, where mean re- of iteration 2 to 5 lie between these curves and are not
liability is defined similar to (31), i.eI'lz = E{|Eic|} necessary in this chart. The TD stopping criterion is
andT'¢, = E{|Etp|} are the mean reliability of the active for decoder input fidelity of zero up to Point 1,
extrinsic output of the IC and TD in Fig. 1, respectively. that is for low fidelity input where there are no (signif-
Note thatI® is measured after each iteration in the icant) gains to be made from running more iterations
TD, while T'¢y is measured before each time the IC of the decoder. Point 2 shows the convergence point
is activated. Decoding is stopped if there is no changeof the system (in this case &k,/N, = 1.8dB), where

in 'z andT%, over subsequent receiver iterations. We the receiver stopping criterion is active since no further

also use an LLR-based BER estimator [14] iterations of the receiver will improve performance once
I this point has been reached. The receiver termination
P 2E 1 ~ L 1 33 criterion is active for decoder output fidelity greater
bIA — Dol [~ Z [Dro (k)] ( ) . . . ™ .
1+ elPm L= 1+elPmw than at Point 3. A fidelityM ;> = 0.95 of the bits fed to

the IC corresponds to a BER ®0—*. Note that this is

as a receiver termination criterion, together with the o figejity of the coded bits and corresponds to fidelity

above stopping criteria. In (33prp (k) denotes théth /10 _ ) 9995 of the information bits according to

information bit. (34). Therefore, if the extrinsic output fidelity is greater

Assuming that the posteriorioutput from the TD, 51 4t point 3 the BER estimator in (33) will be below
Drp in Fig. 1, is Gaussian as in (13), the BER can be 154 \yhich in this case is the target and therefore no
predicted by the EXIT chart [8]. However, it can also ¢, ther decoding is required.

be predicted based on the Fidelity chart as

pb|]\f £Q (

The IMUD receiver was simulated for a loading of
g1 (MBD) K = 20 with spreading factotV. = 20. In each case
—s ] (34)  a block length of 3856 bits was used with maximum
of four iterations of the IMUD receiver and a target
where Q(-) is the integral of the tail of a zero-mean BER of 10~%. Quantization of the mean reliability was
Gaussian PDF with variance one angfP is the fidelity ~ considered and in each simulatibf, I'* andT't, were
of Drp. rounded to the nearest integer afiff was rounded
We define the stopping/termination criteria as fol- to one decimal place, before comparison to previous
lows: Method 1 as our proposed new stopping criterion iterations.
in the TD with LLR-based BER estimation termination ~ The simulation results of the stopping and termina-
using (33); Method 2 as our proposed new stopping tion criteria for Method 1 (diamonds) and Method 2
criteria in both the TD and the turbo receiver with LLR- (dots) are shown in Fig. 6 and Fig. 7. For comparison
based BER estimation termination using (33); and thewe also show the performance of 4 iterations of the
Land/Hoeher Method as the mean reliability stopping IMUD receiver running 6 iterations of the TD, i.e.,
criterion from [5] in the TD with LLR-based BER no stopping or termination criteria activated (squares),
estimation termination [14]. the BER prediction based on Fidelity chart analysis
Fig. 5 shows a Fidelity chart for the IMUD receiver (34) with no stopping or termination (crosses), and
and illustrates the regions/points of activity of each of the Land/Hoeher Method (triangles). Our proposed new
the stopping/termination criteria used. Only 1 and 6 stopping criteria further reduce the complexity with
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Fig. 7. Complexity (average total number of TD iterations) analysis
of the stopping/termination criteria.

respect to [5], as shown in Fig. 7, without any signifi-
cant degradation of BER performance. Typical cellular
systems operate at frame error rates (FER) of 0.1 [6]
which corresponds to a BER of approximat8ly 10~3

or E,/Ny = 2.35dB (for a block length of 3856 bits).
At this operating point we save 1 iteration over [5]
with a complexity saving of 50% over conventional
designs. We assume the IC complexity is insignificant
with respect to turbo decoder complexity.

We see that the stopping criterion in the receiver
is only active for low SNR as shown by Point 2 in
Fig. 5, and the termination criterion is only active for
SNR greater than the turbo waterfall, as is evident from
Fig. 5. Note that the waterfall in the simulation occurs
at a slightly higher SNR than predicted in Section 4.
This is due to the constraint we placed on the receiver
of a maximum of 4 iterations and that we are only using
a block length of 3856 bits, while EXIT/Fidelity charts
analysis assumes infinite block lengths [8].

6 Conclusion

We introduced theS Function which gives a close
approximation to the relationship between fidelity and
variance. Furthermore, we extended the work in [7]
and proposed a functiod = T(M) which gives a
close approximation to the relationship between mutual
information and fidelity. We applied these functions to
a convergence analysis of a 3GPP compliant IMUD
receiver utilizing an IC and a TD. We extended the
work of Land and Hoeher and proposed new stop-
ping/termination criteria to further reduce the decoding
complexity and delay of the IMUD receiver.
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