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Abstract— It is well known that continuous phase modulation
(CPM) serially concatenated with convolutional codes facilitates
powerful error correction. CPM also has the advantage of being
bandwidth efficient and compatible with non-linear amplifiers.
The downfall of CPM systems is their poor performance over
ISI channels. We propose a simple receiver consisting of a linear
filter used to cancel ISI and improve the statistics for the iterative
receiver that follows. We present results for the receiver based on
three well known ISI channels and show that the performance is
comparable to that of serially concatenated CPM (SCCPM) on
an AWGN channel with no ISI.

I. I NTRODUCTION

Continuous phase modulation (CPM) is a commonly used
modulation scheme in both commercial and military wireless
systems due to its bandwidth efficiency and constant envelope
[1]. When transmitted over frequency-selective channels, CPM
signals will be subject to inter-symbol interference (ISI), which
degrades the performance of the system. The optimum receiver
for CPM signals transmitted over channels with memory is a
matched filter bank to produce sufficient statistics, followed by
MLSE or MAP (maximum a-posteriori) decoding. The number
of states required for encoding in such receivers is exponential
with the sum of the inherent CPM memory, and the memory
of the channel.

Another method that has been used for the equalization of
CPM is iterative interference cancellation [2]. This has been
shown to be effective for some channels, but can fail for harsh
ISI channels. This motivates us to explore other sub-optimal
techniques. Designing linear filters under the minimum mean
squared error (MMSE) criterion is a common way of removing
ISI for linear modulation schemes. This technique was applied
to CPM in [3] in order to simplify the receiver structure by
minimising the partial response components of the signal. This
was later extended in [4] to iterative decoding following the
linear filter. Neither of these papers design the filter to equalize
fading caused by ISI channels, which is the focus of this paper.

The remainder of this paper is arranged as follows. Section
II describes the system model, including the CPM and channel
models and the MMSE receiver. Section III presents simula-
tion results for well known ISI channels with full and partial-
response SCCPM schemes, and compares against SCCPM
with no ISI. Finally, Section IV concludes the paper.

II. SYSTEM MODEL

A. Continuous Phase Modulation

If the CPM modulation index,h = K/P , is rational and
irreducible, then the system can be represented by a trellis.
The CPM can then be described by the concatenation of a
continuous-phase encoder (CPE) and a memoryless modulator
(MM). In this case, the complex envelope of a CPM signal
with symbol intervalT and energyE is given by [5]

s(τ + nT ) =

√
2E

T
ejψ(τ+nT ) (1)

whereψ is the tilted-phase and is given by

ψ(τ + nT ) =
[
2πh

[n−L∑

i=0

uimodP

]

+ 4πh
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i=0

un−iq(τ + iT ) + W (τ)
]
mod2π

0 ≤ τ < T (2)

whereW (τ) is a data-independent function. In (2),ui is from
an M-ary information set,ui ∈ {0, 1, . . . , M − 1}, andq(t) is
the integral of a normalized frequency pulse that is non-zero
for L symbol intervals and normalized to 1/2 fort > LT .
WhenL = 1 the system is a full-response and whenL > 1 it
is partial-response.

B. Laurent decomposition of CPM

In [6], Laurent showed that CPM baseband signals can be
represented as the sum ofQ = 2L−1 PAM pulses, i.e.,

s(t) =
√

2E

Q−1∑

k=0

∑
n

ak,ngk(t− nT ) (3)

In (3) theak,n are referred to as “psuedosymbols” andgk(t)
is a pulse shaping filter. Whenh = 1/2 the values of the
psuedosymbols are in the set{±1,±j} and alternate between
real and imaginary values. These symbols are functions of past
and present data symbols such that they can be considered the
output of a set of recursive encoders [4]. For the simple case
of h = 1/2 andL = 1 the encoder is shown in Fig. 1. There is
a separate encoder corresponding to eachgk(t) in (3) having a
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Fig. 1. Laurent encoder.

total of L memory elements between them. The pulse-shaping
filters gk(t) are real and equal to the product ofL time-shifted
versions of a basic functionc(t), which is a function ofq(t),
and defined in [6]. These filters have durations ranging from
T to (L + 1)T . The advantage of the Laurent decomposition
of CPM is that the main PAM pulse,g0(t), contains most of
the signal energy. This means that if the receiver is designed
for this pulse alone, complexity is drastically reduced while
performance is not.

C. Channel model

The channel model we use in this work is the discrete
symbol-spaced tapped-delay-line (TDL). We assume herein
that the channel is known and non-time-varying. The channel
impulse response is then given by,

h(t) =
Lc−1∑

l=0

blδ(t− lT ) (4)

wherebl are the symbol spaced taps andLc is the memory of
the channel. Results are presented for three channels from [1]
with taps shown in Table I. Channels (a), (b) and (c) represent

Channel Channel Coefficients

(a) 0.04,-0.05,0.07,-0.21,-
0.5,0.72,0.36,0,0.21,0.03,0.07

(b) 0.407,0.815,0.407
(c) 0.227 0.46 0.688 0.46 0.227

TABLE I

PROAKIS CHANNELS

slight, moderate and severe ISI channels respectively.

D. Receiver Model

In this section we derive the MMSE filter for a partial-
response system with modulation indexh = 1/2, which can
be easily generalised to the full-response case. As in [3] we
accurately estimate the CPM signal by the first and second
Laurent pulses, i.e.

s(t) ≈
√

2E

∞∑
n=−∞

a0,ng0(t− nT ) (5)

+
√

2E

∞∑
n=−∞

a1,ng1(t− nT )

For the case of L=5 GMSK, for example, the percentages of
energy in the remaining pulses are all in the order, or less than

the order, of10−2. Substituting this approximation gives the
expression for the received signal as

y(t) =
√

2E

( ∞∑
n=−∞

a0,ng0(t− nT ) (6)

+
∞∑

n=−∞
a1,ng1(t− nT )

)
⊗ h(t) + n(t)

where ⊗ is the convolution operator andn(t) is additive
white Gaussian noise (AWGN) with two-sided power spectral
densityN0/2. This gives

y(t) =
√

2E

( ∞∑
n=−∞

Lc−1∑

l=0

a0,nblg0(t− (n + l)T ) (7)

+
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n=−∞

Lc−1∑

l=0

a1,nblg1(t− (n + l)T )
)

+ n(t)

In order to simplify the receiver as much as possible, we
wish to only decode over the trellis resulting from the encoder
shown in Fig.1, and ignore the statistics carried in the other
psuedosymbols. Therefore, given that we are assuming channel
information is available, we match to theg0(t) pulse corrupted
by the channel to generate statistics for decoding. This gives

<
∫ ∞

−∞
y(t)

( ∞∑

k=−∞

Lc−1∑

l=0

a∗0,kblg0(t− (k + l)T )
)

dt (8)

= <
∞∑
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a∗0,kr0,k (9)

Where

r0,k =
Lc−1∑

l=0

bl

∫ ∞

−∞
y(t)g0(t− (k + l)T )dt (10)

It can be seen that the statistic in (10) will be degraded
by AWGN, ISI from neighbouring symbols and the channel,
and interference from the PAM pulses which have not been
considered in detection. We wish to design a filter under the
MMSE criterion to counter these effects, minimising the error
betweenr0,k anda0,k to increase the accuracy of the metric
(9). From (10), we see thatr0,k can be obtained from a
matched filterg0(−t), a sampler acting at times(k + l)T ,
and a summer. The output of the linear filter at timekT
corresponding to the inputr0,k is then

zk =
N∑

i=−N

cir0,k−2i (11)

such that the number of coefficients is2N+1. The filter in (11)
is effectively a2T tap spaced equalizer. By designing it this
way, and recalling thata0,n alternates between real and imagi-
nary values, we avoid having to equalize significant orthogonal
components, improving performance. The filter coefficients
can then be calculated using the orthogonality condition for



a0,n real, i.e. by forcing the error to be orthogonal to the
sequencer0,k

E
[(

a0,2n −<{z2n}
)<{r0,2n−2m}

]
= 0 (12)

The orthogonality condition could also be invoked fora0,n

imaginary to achieve the same result. Solving this equation
results in

N∑

i=−N

γmici =
1√
2Eb

Lc−1∑

j=0

Lc−1∑

l=0

bjbl

∫ ∞

−∞
g0(τ)g0(τ + (j − l + 2m)T )dτ

−N ≤ m ≤ N (13)

whereγmi is defined in (14) at the bottom of the page. This
is a set of2N +1 linear equations that can be solved to obtain
the filter coefficientsci. It should be noted that this result relies
on the fact that for a modulation indexh = 1/2, a0,n anda1,n

are orthogonal.
The system model that has been described is shown in Fig.

2. The SCCPM system operates as the serially concatenated
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Fig. 2. System model.

convolutional code (SCCC) described in [7]. On the final
iteration, a hard decision is made on the log-likelihood ratio
λ(uo; O) to recover an estimate of the information symbolsuo.
For the two soft-in soft-out (SISO) decoding modules, MAP
decoding is performed over the trellis that results from the
encoder in Fig. 1, where the state is defined asSn = a0,n−1.
As such, a symbol-by-symbol metric is required rather than
the metric (9). Slightly modifying the metric derived in [8]

gives

Pr{Sn, zn|Sn+1} = exp
(

2
N0

√
E

T
<{a∗0,nzn}

)
(15)

III. R ESULTS

A. Full-response system

The full-response system considered has parametersM =
2, h = 1/2 and L = 1 and uses the rectangular pulse
shape. The outer code was a G[5,7] rate 1/2 non-recursive
convolutional code. The log-MAP algorithm was used in both
the CPM and outer CC decoders, with both trellises being fully
terminated. The interleavers were psuedo-random. The block
size used was 256 which corresponds to an interleaver size
of 512. The number of filter taps was set to 11. Clearly for
a full-response system, no performance loss is suffered from
conditioning the decoder on thea0,n psuedosymbol only, and
the linear filter will contain nog1(t) component. Results for
the receiver of Fig. 2 for this system on channel (a), (b) and
(c) are shown in Fig. 3. Also shown for comparison is the
result for the same system in AWGN with no ISI. It can be
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Fig. 3. Full-response result.

seen that with this receiver, convergence is obtained for all
three channels. Channel (a) converges to AWGN performance
at approximately 3.5 dB. Interestingly, channel (b) provides
better performance than the AWGN case for an SNR greater
than approximately 2.2 dB. It is feasible that the linear filter

γmi =
µ=∞∑

µ=−∞
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∫ ∞

−∞
g0(τ)g0(τ − (j − l + 2(m− i))T )dτ (14)



can provide this performance given the effect it has on the
noise. However it should also be noted that detection of CPM
signals using the Laurent decomposition has been found to be
resilient to this particular ISI channel in previous work [9].
In this work, the channel (b) result was also better than the
AWGN result for an interference cancellation type receiver.
Channel (c), which is a severe channel, is only approximately
1.4 dB worse than AWGN performance at a bit error rate of
10−4.

B. Partial-response system

The partial-response system considered was GMSK with
parametersM = 2, h = 1/2 andL = 4. All other parameters
were the same as the full-response case. Results for this
system are shown in Fig. 4. In this case, the AWGN result
is also for simplified decoding, i.e. only consideringa0,n

and no other psuedosymbols. It is interesting to compare the
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Fig. 4. partial-response result.

AWGN results from Figs. 3 and 4 given that MAP decoding
is being performed over the same trellis. At low SNR, the
full-response result is superior suggesting that interference
from neighbouringg0(t) pulses dominate the partial-response
performance. At high SNR, the partial-response result is better
than the full-response result. This suggests that the memory
of the partial-response system, i.e. the longerg0(t) pulse,
provides a more reliable statistic from the matched filter. In
terms of the three ISI channels, the results for the partial-
response case are similar to those for full-response. Again the
channel (b) result overtakes the AWGN result at a low SNR.
The channel (a) and (c) results are approximately 0.2 dB and

1.3 dB worse than AWGN respectively at a bit error rate of
10−4.

Complexity must be also considered when determining the
performance of the receiver. Assuming channel information
is available at the receiver, this depends largely on the rate
of change of the channel as this will determine how often a
(2N + 1) × (2N + 1) matrix inversion is required. However

given that only 11 taps were used in these results, and the
simplification of the MAP decoding, in general the complexity
of the proposed receiver will be very low. This is particularly
true for slow varying channels.

IV. CONCLUSIONS

A low-complexity, sub-optimal equalization technique has
been proposed for CPM that involves a linear filter followed
by a simplified turbo receiver structure. The system makes use
of the Laurent decomposition of CPM signals and the MMSE
criterion. Results for three well known ISI channels have been
presented and shown the technique to be very effective. In all
cases, AWGN performance has either almost been reached, or
surpassed.
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