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Abstract— This paper investigates the relationship between the whereas in our paper we utilize analytical techniques to
Ext_rinsic Information Transfer (E_XIT) analysis method and the compare the two methods. Hagenauer compared the EXIT
Variance Transfer (VT) analysis method as used to analyze ohart with the soft bit transfer (SOBIT) chart (also known

turbo decoding. The two methods are compared numerically - .
and analytically. A function is derived to closely approximate 2 & fidelity chart) in [7]. The SOBIT chart however, uses the

the relationship between the mutual information and the in- €xpectation of the soft bitsp = tanh(£/2), whereas the VT
put/output variance. Upper and lower bounds are derived to show chart traces the mean squared error (MSE) of the soft bits.
the error in this approximation is small. The result of this work
allows for easy translation between the EXIT and VT methods.
Furthermore, three methods of measuring mutual information II. SYSTEM DESCRIPTION
are compared and motivations for use of each are discussed.

A. Logarithmic Likelihood Ratios and Extrinsic Information

. INTRODUCTION In this paper we consider the iterative decoder for systematic

Powerful channel coding is possible today with the ytarallel concatenated codes _(PCC). For the_systematicz_bits_
lization of turbo codes [1]. The decoding technique iteratéd® Soft output of each constituent decoder is the logarithmic
between two decoder blocks where the data exchangelif§lihood ratio (LLR) D = Z + A + E [2], where Z is the
separated by an interleaving function. The original technigléR Of the received signal from the AWGN channél,is the
can produce performance which is less than 1dB from capacf§trinsic information generated in the decoder ahds the
and subsequent results can get to within a small fraction ofigPriori input to the decoder
decibel from capacity.

Three main methods exist to analyze the performance of
turbo cpdes[l]. On.e method is _knowq as E)_(IT analygs ar\]/gnere na ~ N(0,0%) and s = o%/2. Capital letters are
determines a function through simulation which describes tlag ;

: . X . ed to represent LLR’s.
change in mutual information between the input and the output
of the decoder [2]. This method typically assumes a Gaussian
distributed input s_ignal,_ h(_)wever the output signal does ngt Input and Output Variance
need to be Gaussian distributed. . ) . ]

The second method that was published before ten Brink’sWith the VT method, variance is defined as [4]
paper is known as the Variance Transfer (VT) method [3, 4]. 9
This technique essentially determines by simulation the input- Uzzn/out - E (tanh (A) — x) , 2)
output relationship of the decoding unit by comparing the 2

a-priori input noise variance to the a-posteriori output noise . , .
variance, for a fixed, /N. where \ is equal to A or E for input and output variance

The third method is density evolution. Divsalar et al arjespectively. We assume the probability density functions of

alyzed iterative systems by tracking the density of extrinsid and £ are Gaussian.
information in [5]. This technique uses the signal-to-noise ratio
as a metric and is useful for optimizing LDPC codes. .
) L L . C. Mutual Information

The open question which is addressed in this paper is how
can one compare these first two techniques and what is funThe mutual informatior’ 4 of the a priori input and/g of
damentally different between the two analysis methods. Thehe extrinsic output are defined as in [2], where the assumption
have been several papers that have compared the EXIT &nthat thea priori input is an independent Gaussian random
VT techniques [2,6]. However, these papers only compargdriable. No assumptions are made on the distribution of the
the analysis techniques numerically by utilizing simulatiorextrinsic outputs.

A=pg-x+na 1)
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Fig. 1. EXIT and VT Characteristics of a symmetric PCC (rétmemory 4 Fig. 2. Comparison of computational complexity per bit for each method of
(037,021)) atE: = 0.8dB, showing different methods of measuring mutuaFalculatingZx ando?,,,, normalized relative to ten Brinks” method
information

F. Computing the Transfer Chart
D. Simplified Mutual Information To compute the transfer functionss = T'(I4, Ey»/No)

Hagenauer [7] described two methods of measuring mutd@d oou = T(07,. Ey/No) we generated the priori input
information of the extrinsic output that do not involve deterd USing (1) over a range of values ofs. The values of
mination of the extrinsic output distributions. We will refer tofa and o7, were calculated and the corresponding and
these methods as the Ergodicity Theorem (ET) and Nonline&r.: Were obtained through Monte Carlo simulation in which
Transform (NT) methods, in which mutual information i} Was applied as the priori input to the decoder. When

calculated respectively as computing the transfer chart for a constituent decoder we used
a block length ofl0* bits, which was determined in [2] to be
IET -1 % Zi\le log, (1 + esz) A3) sufficiently long to suppress tail effects.
NT o 1 N eTIEl/2
g7 =1-5Yna o (6*‘EV2+6*‘E‘/2) ) [1l. COMPARISON OFEXIT AND VT CHARTS

Itis interesting to note the symmetry of EXIT and VT charts
and that if one of the charts is flipped on the= 1 — «
axis that the charts are very similar. Figure 1 shows EXIT
and the “flipped” VT characteristic§] — o2,) vs (1 — 02,,),
of the code discussed in Section II-D. We can clearly see the
A major motivation for use of the EXIT chart is its ability similarity in these curves, especially as the decoder approaches
to predict the convergence behavior of a turbo code withotenvergence wheré; — 1 andco?,, — 0. This is intuitive
computationally demanding simulations. The VT, ET and NJince the iterations begin with zesopriori knowledge o2, =
methods could potentially be used as an alternate methbé@nd I, = 0, and as the iteration proceedg, — 0 and
of monitoring decoding behaviour. All methods have lineata — 1, which suggests such a relationship. We can follow
complexity of ordern where n is the block length. We a similar argument for the extrinsic outpft if we make the
determine the complexity by timing the simulation run-timéaussian assumption on the output data.
and averaging the results over the rangergfvalues tested.  Sinceo?, andI, are both functions of 4 we must express
These results are shown in Figure 2. The VT method is them as functions of 4 in order to compare the two metrics.
this case less complex than any other method, while the NTIf we express input variance in (2) as
method has the highest complexity. Since ten Brinks’ method 9
uses histogram measurements theamples ofE are sorted 05 = f(0a),
into bins and further calculations are dependent only upQfhere
the number of bins used in the histogram. This explains

2
why the other methods are less complex when the block floa) = E{(tanh (/\) _x) }
2 )

where Hy(p) = —plog, p — (1 — p)logy(1 — p).

E. Motivation

length is small. Since all methods have linear complexity,
increasing or reducing the bin size would simply lower or : .
raise (respectively) the ling = 1. While the NT method and mutual information as

clearly has the highest complexity it may be useful since In=1-g(o4),
knowledge of the systematic bits is not required./g can

therefore be determined after each iteration to estimate Wiere

error rates for early termination decisions. These results must

be interpreted with care since they are of course dependent gloa) :/
upon the implementation. —o0 V2o
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Fig. 3. Comparison of input variance and mutual information as functio§g. 4. Linear Approximation Upper and Lower Bounds to functiofg)
of the variance of the a priori input.

approximations to the true function(¢) £ ¢(¢) —r(€) as

We see thalf(0.4) ~ g(04) and can therefore postulate thatgp . in Figure 4. We use the complementary error function

Iy~1-02, (5) to evaluate (8) using the linear approximation/dgt) to get
_ . N , the bounds
This is shown graphically in Figure 3, where the different
functions are plotted. The triangles represgfat, ), while the ow(oa) < d(oa) < dup(oa).

circles represenf(o 4). As can be seen there is little differenc
in these functions. The solid line represents the differe
between the two functions.

nel'he derivation of these bounds is shown in the Appendix.

f:?gure 3 graphically presents the lower and upper bounds
derived, which are shown to be quite tight across a range of
oa. The functiong(o 4) represents the difference between the

IV. VARIANCE AND MUTUAL INFORMATION : . . .
) ) ) ) ) mutual information transfer function (EXIT) and the variance
In the previous section we derived a relationship betwegmnsfer function (VT).

mutual information and noise variance based on a comparison
via simulation. In this section we derive analysis to support

. . . . . V. CONCLUSION
our claim of the relationship between mutual information and ] ] ) )
input noise variance. Using the definition of input variance W& have derived a function that links EXIT chart analysis

from (2) and to VT chgrt analysis, Whgre this function ig ~ 1 - o? . We
have validated the function through the utilization of upper
tanh(z) = (e** —1)/(e** + 1), and lower bounds. This function can be useful to translate
we get between EXIT and VT analysis methods.
oo 2 We compared several mgthods of measuring mutual infor-
o2 2/ [P(ﬂﬂ? =+41)  e*p(lz=-1) dc. mation and found the Egodicity Theorem method to have the
o oo (ef +1)2 (ef +1)2 lowest computational complexity for small block lengths.
Due to the symmetry in conditional PDFs, iigé|z = —1) =
e ¢p(€|lx = +1), 02, can be simplified as APPENDIX
+00 Consider the error function
o= [ plelo = +Dr(©)de, ®) boo
o0 o) = [ 1al®) = r(©)p(els = +1)d ~ 0
wherer(¢) = 2/(1 + €%). oo
If we compare this to mutual information, which can bevhere r(¢) = 2/(1 + ) and ¢(¢) = logy(1 + e7%),
written as representing the difference between the mutual information
+o0 transfer function and the variance transfer function. We use
Th=1- / p(&lz = +1)q(§)d¢, (7)  linear equations to bound the function
whereg(¢) = log, (1+e~¢), we see that in order to validate the hg) = &) —r(©)

observation made in (5) we need to show that the difference

betweenr(£) andg¢(¢) is approximately zero. Substituting (6).
and (7) into (5) and rearranging, we get in order to create an Upper and Lower Bound ¢z 4).

We used the derivative and double derivative /af) to

+o00o : . . :
2 _ N determine the gradient and concavity of the function over
9(o4) = /_Oo [9(&) = r(Q)]p(Ele = +1)dE ~ 0. ®  several intervals of. Since
We must therefore show that(c4) =~ 0, to this end we h(€) = log, (1 +e_5> _ 2

define lower and upper bound functions which are linear 1+ef’



then
e (2ln2—-1) -1
wig= G2
(1+ef)" In2
and
e [(2In2+1) —ef (2In2 —1
(14+€f)”-1In2
We define

Emin = —In(2In2 — 1),
such thath/(¢m:,) = 0, and

2In2+1

urn =1 51 o 10
& Y ome—1

such thath” (&rn) = 0.

We calculate a number of linear approximations to the
function h(¢) over a number of subsections @f These
subsections are characterized by the valuesi@f), h'(£)
and””(¢), and are not distinct (there is some overlap). Thug (&) < h(&min) + (€ — Emin)
we define the bounding function as the concatenation of the

B. Upper Bound
Here we divide the domain into six subsections.

V€ € (—00,&0),

ME) < — 5 (€~ &) + (o) = Ta(€)

(see Proof 1), wheré, is an arbitrary real number satisfying
& < 0. The tightness of the upper bound may be adjusted
through selection of, the bound shown in Figure 4 is for

o= —3.
V€ € (€0,0),h"(€) >0,
h(&) — h(0)  h(&o)
hlE) < h(0) + (¢ — ) eI A8
Ve € (0,&min), K" (€) > 0,

§=Us(§).

min h min
) < o) + (¢ -0y =30 M)
vé. € (Sm,ivugturn)y hN(E) > 0;
h(&turn) - h(gmzn) _
ftu’rn - f’min B U4(€)

uppermost (Lower Bound) or lowest (Upper Bound) linear V¢ € (&, +00), h" (€) < 0,

approximation for each value @f

A. Lower Bound

Here we use five subsections &f

V¢ € (—00,0],
2 ¢
h(§) > logy(e™) — 14> 2 2=11(§)
Ve € (—00, Eturn), B (€) > 0
M(E) > (0) + H(0) (6~ 0) = o2 Le = Ly(e).
V¢ € (—o0, +00),
BE) > hEmin) = —— 2t IIN2 ey

In2
V€ € (51‘,urna§l)7h”(£) <0

h(f) > h(fturn) + (5 - gturn) — = L4(§)7
gl gturn
where¢; is any real number satisfying > &n.
V¢ € (0, +00),
2
h(§) > logy(1+0) — 0r e~ —2e~% = Ls().

Thus, the lower bound can be written as

L(€) = mx(Ly(€))

h(g) < h(gturn) + h/(fturn)(g - gturn) = U5 (5)
Vé- S (gturny +OO)1
h(§) <0=Us(&)

(see Proof 2).

Thus, the upper bound can be written as

U() = min(Ui(6))

C. Bounds

Our bounding functions are therefofeand U, which are
linear approximations of the error functid¢). By imposing
these bounds oh we in turn boundp, since¢ is a function
of h.

Proof 1:
Define f(€) = h(€) — U1(€).

When —co < £ < &, we have

f(&) = 0

e = WO+
Jim f(©) = 0

(e = W >0

When¢ > —oo,
F(&) > f(=00) =0= f(&) < f(&) = 0= h(§) <U1(§)

O



Proof 2:

h(Eurn < 0, lim h(€) =0, Lim h'(€) =0
(§eurn <0, lim h(€) =0, lim A'(¢)

— 400

When &, < € < +00, we have

h'(€) < 0= B (€) > h'(+00) = 0 = h(€) < h(400) =0
O
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