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Hilbert calculus, algebraic and Kripke semantics (Rauszer 74)
Type theoretic interpretation of co-routines (Crolard 04)
Cut-elimination fails in traditional sequent calculi

¢ Need one of: labels, variables, nested sequents, display calculi
Deep inference in nested sequents (Kashima 94, Brinnler 06)

¢ A nested sequent is a tree of traditional sequents
e Inference rules operate at any level of the nesting
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Motivation and Related Work

Rauszer’s sequent calculus requires cut (Uustalu 06)
Solution 1: cut-free semantically complete calculi

e Labelled sequent calculus (Pinto and Uustalu 09)

e GBilnt variables, refutations/derivations (Goré and Postniece 08)
Solution 2: display logic and derivatives

o Display calculus (Goré 98) is not suitable for proof search

e Unrestricted display postulates and structural contraction
e LBilnt: nested sequents (Goré, Postniece, Tiu 08)

e Sound and complete w.r.t. Rauszer’s Hilbert calculus
e Syntactic cut-elimination relies on residuation
e Derived calculus has proof-search

Goal: show that deep inference can mimic residuation for Bilnt
Broader goal: proof search in display calculus
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Uustalu’s Example: Using Cut

e Rauszer's —<_ and —g require singleton antecedent/succedent:
A=B,A rA=B
®o — L — /R
A—<B = A r==A—>B

e p=40,r — ((p—<0q) Ar) is not cut-free derivable in Rauszer's G1
e Derivation using cut:

p=<qr=p=<q 9 p=<qror |ch
R
p=p 4 Gg=q'd P—<q,r = (p—<q) AT
p=0,p—<( R pP<a=r—((P=<arr) o

p=q,r—((p—=<aq)Ar)
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Nested Sequents Definitions Shallow vs Deep Inference

Formula where p is an atom:
A=p|T|LIA-A|A<A|AAA|AVA.

Structure:

X:=0]A](X,X)|X>X.
Nested deep sequent: X > Y
Nested shallow sequent: X =Y

Example ({t}, {r—<s})

(p>Qq),t>r—<s is a deep sequent /
(p>q),t = r—<s is a shallow sequent  ({p},{d})
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Contexts and Polarities

Context: X[] a deep sequent with a single hole

Negative context ¥~ [] means X, [| > Y is a substructure of X
Positive context X [] means X > [], Y is a substructure of
Sequent translation to formula:

77(0) = T (D) = 1

7 (A) = A TT(A) = A

=(X,Y) = 7(X)AT(Y) (X, Y) = 7(X)vr(Y)
T(XpY) = 7(X)—=<7(Y) TH(Xp>Y) = 7(X)—7(Y)
TX=Y)=1XpY)=7"(X) = 7(Y)
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Filling a Context

e > [X]: context X[] filled with structure X

Example (Z0.25) — 7
/
Zi[] = Z]_,(Y]_DYz),[]DZZ <Y1,Y2>
(Z1,2Z2)

/N

Y [Xe > Xo] = Z1, (Y1 Y2), (Xe > X2) > Z2 (Y1,Y2) (X1, X2)
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Top-level Formulae

e Top-level: {X} ={A|X =(A,Y) for some Aand Y}

Example
{(xl I>Yl)ap‘a B} = {Aa B}
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Xo =Y, Y1 by (X1>VY1),X2 = Y2 5.
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Deep inference
e Apply rules at any level
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Shallow vs Deep Inference

Shallow inference
e Apply rules to top-level sequent only
X=AY X,B=Y
X,A—-B=Y
e Residuation rules show/hide required sequent
Xo =Y, Y1 by (X1>VY1),X2 = Y2 5.
Xa>Y2)=Y, X1, X2 = Y1,Y2
Deep inference
e Apply rules at any level
Y[X,A—=BrA Y] Y[X,A-BBrY]
Y[X,A—=B>Y]
e Propagate some formulae between sequents at different levels
X} (XY
Y[ X>Y]
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Example

Shallow inference

(0. {D})
/

({A—B}L{AC})
(A—=B>AC)=D

A-B=SACD - ..  ({A—B}{ACD}
A-BA-B=CD -
A-B=CD 0, {D})
(A—-BrC)=D /
({A— B}, {C})
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Example

Shallow inference

(0. {D})
/

({A—B}L{AC})
(A—=B>AC)=D

A-B=ACD .. _ ({A-BL{ACD}
A-BA-B=CD :
A-B=CD (0, {D})
(A—-BrC)=D /
({A—B}{C})
Deep inference
(0.{D})
(A—BrAC)>D /

-1 ({A=BL{AC)
(A—=BrC)>D
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Nested Sequents Definitions  Shallow vs Deep Inference

Problems with Shallow Inference

e Residuation and contraction required for cut-elimination
e Naive application of above can lead to non-termination

(A—>BI>C):>D
A—B=C,D
(A—>BI>C):>D

SL

>L

Linda Postniece Deep Inference in Bi-intuitionistic Logic



Nested Sequents Definitions  Shallow vs Deep Inference

Problems with Shallow Inference

e Residuation and contraction required for cut-elimination
e Naive application of above can lead to non-termination

A—-B=C,D

- A-B=ACD =<
(A—BrC)=D (A—BrAC)=D S
A-B-=C,D ; A_-B=ACD = L
(A-BrC)=D A-BA_-B=C,D

A_-B=C,D -

>
(A-BrC)=>D -
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DBilnt

Logical rules:

T~ [A—<B, (AvB)] T[A—B,(AcB)] _
¥ [A—<B] TTA — B]

YIX,A—B>AY] Y[X,A—B,BrY] R
Y[X,A—=BrY]

Y[X>Y,A—<B,A] Y[X,B>Y,A—<B]
Y[X>Y,A<B]

L

<R
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DBilnt

Logical rules:

T~ [A—<B, (AvB)] T[A—B,(AcB)] _
¥ [A—<B] TTA — B]

YIX,A—B>AY] Y[X,A—B,BrY] R
Y[X,A—=BrY]

YX>Y,A<B,A]  X[X,B>Y,A—<B]

L

T[X>Y,A<B] R
Propagation rules:
xR (XeY)] L T Y). (Y)Y
Y [XpY] YHX Y]
IX e W, (X}, Ye2)] | E(XeY.(Z).W)eZ] |
Y[X (W, (Y >2Z))] Y[(X>Y),W)>Z]
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DBilnt

Propagation Example

T[X s (W, ({X},Y >2))]
TIX > (W, (Y 52))]

L2

Linda Postniece Deep Inference in Bi-intuitionistic Logic



DBilnt Rules Sou

Uustalu’s Example Revisited

p>q.AX.Bp<ap ¢ pasq.AX.Bp<q
—<R
p>q,A X,B, p—<q
peq,A, (p,r>B,p—<q)
p>q,A (p,r>(p—<q)Ar) oL
Pra.A (r>(p=<a)nr)
p>q,r — ((p—<q)Ar)

>R1

AR

Where
A = 1—((pP—=<ag)Ar)
B = (p=<a)Ar
X = p,reB,p—<(q
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DBilnt Rules Soundness Completeness Proof Search

Soundness

Theorem (Soundness)

For any structures X and Y:
if Fogint M1 : XY then FLBiint n:xX=yY.
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DBilnt

Soundness

Theorem (Soundness)

For any structures X and Y:
if Fogint M1 : XY then FLBiint n:xX=yY.

Proof.
By induction on |I1|. Example case:

M
My X = (Y1>Y2),{Y2}
XD(Y]_DYz),{Yz} s ~ X,Y]_ :>Y2,{Y2} R
R1 Cr
XI>(Y11>Y2) X,Y]_:>Y2 B>
X = (Y15Ys) <
Where we obtain 7 from M using IH and weakening. O
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DBilnt

Admissibility of Residuation

Lemma (Admissibility of >g)
If |_DBiInt I: X,Y > Z then "DBiInt n:Xpe (Y [>Z)
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DBilnt { C ompleteness

Admissibility of Residuation

Lemma (Admissibility of >g)
If |_DBiInt I: X,Y > Z then "DBiInt n:Xpe (Y [>Z)

Proof.
By induction on ||. Example case:
rll
" Xa5 Yo (Z1)5 (Y 52).(Z
(1> %0, {Z}). Y22 - 1; 2;({ })Dé( ZD )é{ DI
Ko X), Yoz Xai>Xo)o ((Y>2) {2))
(X1>Xz)> (Y >2Z)
Where we obtain 1] from I, using IH and weakening. O
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DBilnt Rules Soundness Completeness Proof Search

Completeness

Theorem (Completeness)

For any structures X and Y':
if Figimt MM: X =Y then FoBiint n:xXsY.
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DBilnt U Completeness P

Completeness

Theorem (Completeness)

For any structures X and Y':
if Figimt MM: X =Y then FoBiint n:xXsY.

Proof.
By induction on ||. Example case (logical rule):
My My ny g
X =AY X,.B=Y ~ X,A—BrAY X,A—B,BpY
L
X,A->B=Y X,A—=BpY
Where we obtain 1/, from /T, using IH and weakening. O
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Theorem (Completeness)

For any structures X and Y:
if Figint M : X =Y then FoBiint n:XwsY.

Linda Postniece Deep Inference in Bi-intuitionistic Logic



DBilnt U Completeness P

Completeness

Theorem (Completeness)

For any structures X and Y:
if Figint M : X =Y then FoBiint n:XwsY.

Proof.
By induction on ||. Example case (structural rule):

M, »
XY=z | S ey bz
X=(Yrz) * > (Y>2)

Where we obtain M} from IM; using IH and admissibility of >g. O
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DBilnt indness Completeness Proof Search

Termination

e Non-termination caused by implicit contractions in —| and —<g
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e Non-termination caused by implicit contractions in —| and —<g
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Termination

e Non-termination caused by implicit contractions in —| and —<g
e Asin Int and dual-Int logic
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Termination

e Non-termination caused by implicit contractions in —| and —<g
e Asin Int and dual-Int logic
e Solution:

o Extend traditional saturation methods to deep inference
e Define blocking conditions in contexts
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DBilnt Rules Soundness Completeness Proof Search

Blocking

Definition (Immediate super-structure)

=~
Y[] =X »>Y suchthat X > Y is a sub-structure of X and X =[], X’ for
some structure X’ or Y =[], Y’ for some structure Y.
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Example
If X[] = A,B>C,(D,(E >F)>[]), then £[G] = (D, (E > F) > G).
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DBilnt

Blocking

Definition (Immediate super-structure)
=~
Y[] =X »>Y suchthat X > Y is a sub-structure of X and X =[], X’ for
some structure X’ or Y =[], Y’ for some structure Y.
Example
If [ =A,B>C,(D,(E>F)r[]), then ¥[G] = (D, (E > F) > G).
Definition (Sequent superset)
(Xl I>X2) > (Yl I>Y2) iff {Xl} D) {Yl} or {Xg} D {Yg}
New — rule:
SX,A—=BrAY] FX,A-B,BoY]
Y[X,A—=BrY]

L

Where X[X,A - BrA Y] D E[X,A—=BrY]
and X[X,A — B,B>Y]| D X[X,A = BpY]
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Conclusion

Conclusions and Further Work

e Bilnt presents proof-theoretic challenges
e Deep inference in nested sequents

e Mimicks residuation
e Gives a sound and complete calculus for Bilnt with proof-search
e Is a step towards taming display calculi

e Further/related work:

e Implementation of DBilnt

e Tense logic and its extensions (Goré, Postniece, Tiu 09)

e Characterisation of logics/axioms where residuation can be
mimicked by deep inference
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